Available online at www.sciencedirect.com 


y : JOURNAL OF 
ScienceDirect Functional 
Analysis 


www.elsevier.com/locate/jfa 


ELSEVIER Journal of Functional Analysis 254 (2008) 1-83 


Compact quantum ergodic systems 


Reiji Tomatsu 


Department of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, Meguro, Tokyo 153-8914, Japan 
Received 8 December 2005; accepted 21 August 2007 
Available online 8 November 2007 


Communicated by Alain Connes 


Abstract 


We develop theory of multiplicity maps for compact quantum groups. As an application, we obtain a 
complete classification of right coideal C*-algebras of C(SU,(2)) for g € [—1, 1) \ {0}. They are labeled 
with Dynkin diagrams, but classification results for positive and negative cases of q are different. Many of 
the coideals are quantum spheres or quotient spaces by quantum subgroups, but we do have other ones in 
our classification list. 
© 2007 Elsevier Inc. All rights reserved. 
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1. Introduction 


The core of this paper consists of studying general compact quantum ergodic systems and clas- 
sifying right coideals of C(SU,(2)) for g € [—1, 1) \ {0}. Our motivation relies on the works [20] 
and [21] by A. Wassermann, where he has established theory of multiplicity maps and classified 
ergodic systems of the compact group SU(2). It is natural to ask whether his theory can be 
adapted to the classification of ergodic systems of a compact quantum group SU, (2), which is 
an example of a compact quantum group and we regard it as a deformed SU(2) group with a 
parameter q. First of all, we look back upon ergodic actions of compact groups. 

Ergodicity means that the fixed point algebra of given action becomes trivial. This strong con- 
dition derives several special properties. For example, the invariant state must be tracial and the 
multiplicities of irreducible representations are bounded by dimensions of their representation 
spaces [10]. In quantum setting, the multiplicities of them also become finite [4], however an 
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invariant state has no longer the tracial property and the multiplicities are bounded not by usual 
dimensions but by quantum dimensions which are larger than or equal to usual dimensions. 
Actually in [3], a great deal of examples of compact quantum ergodic systems which have the 
multiplicities strictly larger than their dimensions are constructed. Keeping in mind these phe- 
nomena, one shall notice there are rather differences between the ergodic actions of classical and 
quantum groups. In studying compact quantum ergodic systems, the main machineries treated 
in this paper are multiplicity maps and their diagrams developed by A. Wassermann [20]. Since 
multiplicity maps are defined via equivariant K -theory, one easily obtains its quantum version by 
using the work due to, for example, [1,4,19]. The most non-trivial important problem is whether 
there exists a common eigenvector of multiplicity maps or not. One shall notice that its existence 
is guaranteed by a tracial invariant state. For that problem, we show its existence in two cases, 
(1) A has a (not necessarily faithful) tracial state and G = SUq (2), (2) A is a right coideal. 

With these results, we can proceed to classify all right coideals of C(SU,(2)), which is the 
aim of the latter half of this paper. In the classical case, we know the continuous function algebra 
on the homogeneous space H \ G by a closed subgroup H C G gives a right coideal and its 
converse holds via the Gelfand—Naimark theorem on abelian C*-algebras. However in the case 
of a quantum group, such a correspondence breaks down in general. For example, in [16], a one- 
parameter family of quantum spheres C(S? ,) is constructed, which consists of right coideals 
and most of them are not obtained by taking quotient by subgroups. Therefore, it is interesting to 
investigate the other non-quotient type right coideals. The most important information of a right 
coideal is its spectral pattern, that is, multiplicities of irreducible representations. We will see that 
multiplicity diagrams are labeled by closed subgroups of SU(2) or SU_;(2) as McKay diagrams 
with respect to the fundamental two-dimensional representation and from those diagrams, one 
can compute the possible spectral patterns. These data enable us to classify right coideals into the 
several types by connected graphs of norm 2 as is used in the classification of ergodic systems 
of SU(2). Then one can find absence in some spectral patterns. Their gaps often become a good 
obstruction for existence of ergodic systems. Then we carry out case-by-case study of them. In 
that procedure, one has to be careful of the essential effect of |g| 4 1 and its sign. In fact, when 
we work on the negative g case, it is also needed to treat the graphs with a single loop at a vertex. 
As a result, right coideals of some types such as the regular polyhedrons do not appear in those 
cases. We state the main result on this classification. 


(1) The case 0 < g < 1. A right coideal must be one of type 1, SU(2), Tn, T and D3,. When it is 
of type T, then it is one of series of the quantum spheres. Otherwise it is uniquely determined 
by the type. 

(2) The case —1 <q <0. A right coideal must be one of type 1, SU(2), T,, T, DS, and Dj. 
When it is of type T, then it is one of series of the quantum spheres. Otherwise it is uniquely 
determined by the type. 

(3) The case g = —1. If a right coideal A is not of type T, (odd n > 3) or D, (odd n > 1), there 
exists a closed subgroup H in SO_,(3) such that A is C(H \ SO_,(3)). If a right coideal 
A is of type T, (odd n > 3), A is conjugated to C(T;, \ SU_1(2)) or C*(n?, fi2). If a right 
coideal A is of type D1, then A is conjugated to C(D, \ SU_1(2)). Ifa right coideal A is of 
type D, (odd n > 3), A is conjugated to C(D, \ SU_,(2)) or C* (72). Here conjugation is 
given by the left action pr of the maximal torus for some z € T. 


In each of the above cases, uniqueness is up to conjugation by the left action of the maximal 
torus T. On right coideals which are of type D&, in the case 0 < qg < 1, of types D&, and D; 
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in the case —1 < g <0 and C*(n?, 2), C*(n?2) in the case g = —1, one can see that they are 
not the quantum spheres nor the quotient spaces. Moreover, in the case gq = —1, a right coideal 
which is not of type T, (odd n > 3) is SU_\(2)-isomorphic to each other in the same type, 
however, C(T,, \ SU_;(2)) is not SU_;(2)-isomorphic to C* (n?, f2). Hence there exist at least 
two non-conjugate ergodic systems of type T, (odd n > 3). 

We briefly explain the content of each section. In Section 2, we collect well-known facts on 
compact quantum groups and their actions and also prepare their notations. In Section 3, general 
compact quantum ergodic systems are studied. In Section 4, we extend the theory of multiplicity 
maps for compact groups to the case of compact quantum groups. Section 5 is a summary of 
representation theory of SU, (2). In Sections 6-8, we carry out classification of right coideals 
of C(SU,(2)) for 0 < gq < 1, -1 <q < 0 and g = —1, respectively. In Appendix A, all the 
connected graphs of norm 2 are listed. If one has only interest in classification of right coideals, 
he or she can skip results in Sections 1-4 except for Corollary 4.21. 


2. Preliminaries 


We collect basic notions on compact quantum groups and their actions. Our standard refer- 
ences are [24] for theory of compact quantum groups and [2] for their actions. In this paper we 
only treat minimal tensor products for C*-algebras and use the notation simply ®. Although it is 
not essential, separability of compact quantum groups is always assumed. 


2.1. Compact quantum groups and theory of their representations 


Definition 2.1. (See [24, p. 853].) Let A be a unital C*-algebra and 5: A > A@ A be a faith- 
ful unital «-homomorphism. If they satisfy the following conditions, the pair (A, 4) is called a 
compact quantum group. 


(1) The map 6 satisfies coassociativity condition 
(6 @idy) 05 = (idy @ 8) 06. 
(2) The vector spaces 5(A)(C @ A) and 6(A)(A @ C) are dense in A @ A. 


Let (A, 6) be a compact quantum group. Then there exists the unique state called the Haar 
state h with the invariance condition, 


(h @idy) 0 d(a) = (idy @h) od(a)=h(a)ly, forallacA. 


We always consider a compact quantum group whose Haar state is faithful. A compact quan- 
tum group (A, 4) is often regarded as “the continuous function algebra” on a non-commutative 
space G. From this concept, we write G = (A, 6) and A=C(G). 

Let H be a Hilbert space and v be a unitary in M(K(#) © A). A unitary v is called a unitary 
representation of G if it satisfies the following equality: 


(id @ 6)(v) = v1 2043. 


Let {v;};¢7 be a family of unitary representations on Hilbert spaces {H,,}ice;, respectively. 


The direct sum representation [|;_; vj is defined as the direct sum of unitary operators via the 
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natural inclusion [];.; M(K(y,) ® C(G)) C M(K(Q@ je; Hv) ® C(G)). Let v, w be unitary 
representations on Hilbert spaces H,, H,,, respectively. The tensor product representation v © w 
is defined as a unitary operator vj3w 23 which is an element of M(K(H, ® Hy) ® C(G)). An 
operator T in B( Ay, Hy) is called an intertwiner of v and w if it satisfies (T ® l)v = w(T @ 1). 
The set of intertwiners between v and w is written as Hom(v, w) and it is called a hom-space. For 
one unitary representation v, its hom-space Hom(v, v) becomes a C*-subalgebra of B(H,). If it 
is trivial (that is, Hom(v, v) = C1y, ), the unitary representation v is called irreducible. Let v be a 
unitary representation of a compact quantum group G and v is a direct sum of finite-dimensional 
irreducible representations [24, p. 864]. In particular, any irreducible unitary representation is 
finite-dimensional. 

In the set of all irreducible unitary representations of G, we define unitary equivalence relation 
naturally and denote its quotient set by G. We can select one unitary representation w(z) € 
(H;,) ® C(G) for each equivalence class mz € G. Let {&i}ier, be an orthonormal basis for Hz. 
We can identify w(z) with the matrix {w(7);,j}i,jez, where w(7);,; are elements of C(G). 
From the definition of unitary representation, we obtain the following formula: 


5(w(r)i,j) = >) wr). @ w(r),j, for alli, j € Ip. 
kelly 


Let us define the smooth function algebra on G, A(G) = span{w(z);,; |i, j € Iz, 0 E G}. It is 
in fact a unital «-subalgebra dense in C(G) and the set {w(7);,; |i, j € Jz, m € G} is a linear 
basis for A(G). Two maps ¢: A(G) > C andx«: A(G) — A(G) defined by 
e(w(z)i,;) =5i,;, « (w(s);,;) =w(r);; 
for each x € G and i, j € Iz give the algebra A(G) a Hopf *-algebra structure: 
(1) The map 6: A(G) > A(G) ® A(G) satisfies coassociativity 
(6 @ id) 05 = (id @ 5) 06. 
(2) The map (called the counit) ¢: A(G) > C is a unital x-homomorphism and satisfies 
(€ ® id) 06 = (id @ €) 06 = id. 


(3) The map (called the antipode) xk: A(G) — A(G) is a linear anti-multiplicative map and 
satisfies 


m({k @id)oéd =miid®k)od=e 
and 
K(«(a*)*) =a _ forallae A(G). 


Let A(G)* be an algebraic dual space of A(G). For a € A(G) and 0, @1,@2 € A(G)*, we 
define their convolution products and the involution, 
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0 xa = (id @ 0)(5(a)), 
a x6 = (6 @ id)(S(a)), 


1 * W2 = (@1 @ w2) 04, 


0* (a) = 0(k(a)*). 


With these operations the dual space A(G)* becomes a unital *-algebra (its unit is the counit) 
and acts on A(G) from the left and right. On the smooth function algebra A(G), there exists a 
unique family of characters { f;}-ec which are called Woronowicz characters with the following 
properties: 


() f-C) =1 forall z eC. 
(2) For any element a € A(G), the mapping z € Ct f(a) € C is an entire holomorphic func- 


tion. 
(3) fe: * foo = fey +z, for all z1, 22 € C. 
(4) fo=e. 


(5) f-(k(a)) = f_z(q@) for all z EC, a € A(G). 
(6) f,(a*) = f_z(a) forall ze C,ae A(G). 


We can define one-parameter automorphism groups {o}ier and {t;};eR and x-anti- 
multiplicative linear map R by 


o}'(a) = fir xa* fi for alla € A(G), 
t(a) = f-iz xa fir forallae A(G), 
R(a)= fi *x(x)* f_1 forallae A(G). 
2 2 
They are called the modular automorphism group, the scaling automorphism group and the uni- 


tary antipode, respectively. They are norm continuously extendable to the continuous function 
algebra C(G). The Haar state h is a o"-KMS state. For any a,b € A(G), we have 


h(ab) = h(o/"(b)a). 
Relations of these maps are as follows: 


of oy=tyoo! for alls,t ER, 


Root =o" oR, Rot =t]oR, 


kK=Rotix=tiorR. 
3 


Let v be a unitary representation on a finite-dimensional Hilbert space H, and jy: Hy > 
H, be a conjugate unitary map where H, is the conjugate Hilbert space. The transpose map 
ty : B(H,) > B(A,) is defined by f(x) = jux* jp ' We define the contragradient representation 
(which is not necessarily a unitary operator) v° and the conjugate unitary representation v of a 
finite-dimensional unitary representation v by 


vo = (ty @K)(v), v= (ty @ R)(v). 
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The F-matrix of a finite-dimensional unitary representation v € B( Hy) ® C(G) is defined by 


Fy = (id ® fi)(v) € BU). 


This matrix is strictly positive definite. It is known that F% = (id @ f,)(v) for any z € C and 
Tr(Fy) = Tr(F, '). For a unitary irreducible representation v, its second contragradient (not 
necessarily unitary) representation v is also irreducible and equivalent to v. In fact we have 
Hom(v, v°°) = CF,. The value Tr(F,,) is called the guantum dimension and denoted by D,. 
Since we have Fy = ty(F, 1), the quantum dimension of v is equal to that of v. We write d, for 
the usual dimension of the vector space H,. The quantum dimension is larger than or equal to 
the usual dimension. When we fix a selection of {w(z)},<G, we write H,;, F;, Dz and d, for 
Awaz), Fwor), Dwr) and dyix), respectively. 
Using F-matrices, we have the following equalities about the Haar state: 


h(w(r)i,;w(o)p.5) = Dz | (Fa)s,j8x,05i,r> 

h(w(x); ;w(p)r,s) = Dz'(Fr'),;5x,0i,s 
for any 7,9 € G. i, j € J, and r,s € Ip. For the tensor product H @ K of two Hilbert spaces 
H and K, we define its conjugate unitary map by jyagx:H ® K > K @ H, jueax(E ®n) = 


jxn ® ju€&. Then for two finite-dimensional unitary representation v and w, we obtain v @ w = 
DW @ dv. 


2.2. Multiplicative unitaries, group C*-algebras 


Let L?(G) be the GNS-representation space of C(G) associated to the Haar state h. Its cyclic 
vector is denoted by 1,. We define the modular conjugation J and J by 


Ixtp =o" (x)* th, 
2 
Ixtn = R(x)* tp, 


where x is an element of A(G). We also define a unitary U = J J = JJ. When we consider 
L™(G) which is the o -weak closure of C(G) in B(L?(G)), it becomes a von Neumann algebraic 
compact quantum group. Precisely speaking, the coproduct 6 and the Haar state h extend to 
L(G) as a normal x-homomorphism and the faithful normal invariant state, respectively. By 
the invariance of h, we define the following two unitaries on L?(G)@ L?(G), for all x, yeC(G): 


ViCein ® yla) =S(y) (rin @ ih), 
Vixin ® yln) =8(x) (in ® ylh). 


They satisfy the following pentagonal equality and therefore are called multiplicative unitaries, 
V12V13V23 = V23 Vi2. 


We also use other unitaries: 
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V = SU @U)VUI@U)S, 
W=(U®l1)VU@)), 


where ¥ : L?(G) @ L(G) > L*(G)® L?(G) isa flipping unitary  @n h 1 @é. The unitary V 
satisfies the above pentagonal equality and W satisfies W23W 13 W12 = W 12 W%3. It is easy to see 
Ve = S(F ® SJ)V*(F ® JNE = (1 @ V)EVE(1 @ UV). We define a left G-action on H, by 
ET be Dijete w(z)i,j @ gF and denote it by He. Let ©, be a unitary map He ® Hy, > L*(G) 
defined by ©, (& ® &}) = Dz (Fr )i,iw()i,;. It intertwines the left and right G-actions. Then 
we have the Peter—-Weyl decomposition ©: @,<G HE ® H, —> L*(G) with 0 = @OrcG Ox- The 
left, right reduced group C*-algebras are defined by 


Ci(G) = span{ (@ @ id)(Ve) | » € B(L*(G)),}, 


C(G) = span{ (id ® @)(V) | o € B(L*(G)), }, 


where the closure is taken with respect to the operator norm of (L?(G)). Note that C 7(G) is 
contained in the commutant algebra of C7 (G) = IC *(G)J . There is a distinguished projection 
Po = (id @ h)(V) in CF(G). It is also included in C7r(G) and hence it is a central projection 
of C(G). Moreover it is a minimal projection of IKK(L7(G)), in fact, we have pox ih = hix)ip 
for x € C(G). We now have a map p:B(L?(G)), > Ce(G) by p(w) = (id @ w)(V). Let us 
define a normal functional 6(z);, ;(x) = Dy (Fx); ph w(a)} ;) for x € B(L?(G)). Then the 
linear space span{p(@(z)i,;) | i,j € In, m € G} is dense in C(G) and moreover we have 
P(O(7)i,j)P(O(O) p,q) = $2,085), p 0 (O()i,qg). Hence we obtain a *-isomorphism 


Ci(G) > @ End(A,) 


eG 


defined by p(0(z)j,j) Pe Ef j which is a matrix unit. With this identification, the action of E . j 
on L7(G) is given by 


EX ,w(O)p.qlh = 82,05j,qw(7)p,iln. 
Using this fact and the Peter-Weyl decomposition, we see that the C*-algebras C7(G) and 


C;(G) act on the first and the second tensor components of the Hilbert space Dre é Ht ® Az, 
respectively. This is just the differential representation of (L?(G)), C A(G)*. Notice that EF j 


is an operator of rank n and hence C7 (G) and C*(G) are contained in IKK(L?(G)). The projection 
*-homomorphism C*(G) — End(H,,) is denoted by pr,,. 
The dual coproduct is defined by 5: Ci(G) > M(C3(G) ® CF(G)) by 


3(x) =V*(1@x)V_ forall x € C*(G) 


and it follows that linear subspaces 5(CA(G)) (C ®C;(G)) and 5(C* (G))(C(G) @C) are dense 
in C¥(G) ® C*(G). On C7 (G), we define 6¢(x) = VV F(x @ Vey. 
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2.3. Representation rings 


Let R(G) bea Z-module @, <G Zn. Fortwom,a € C , we define their product via irreducible 
decomposition of the tensor product representation w(z) ® w(a). More precisely, let N7° be the 
dimension of the hom-space Hom(w(t), w(t) ® w(c)), which does not depend on the choice 
of representatives of {w(7)},,-G. Then we have 


I-o= y NP°et. 


teG 


The module R(G) has an involution, that is, 7 is an equivalence class of w(s), which also does 
not depend on the choice of representatives of {w(z)},,.<G- By these operations, R(G) has an 
involutive Z-ring structure and it is called the representation ring of G. We define the positive 
cone R(G)+ = @,<GZ>07. : 

Since the hom-space Hom(w(t), w() ® w(o)) is naturally isomorphic to the hom-space 
Hom(w(z), w(t) ® w(a)) or Hom(w(c), w(t) ® w(t)), we have symmetry of N77 = 
NOONE 

From now on, we use the letter A not for a continuous function algebra on a quantum group 
but for an arbitrary C*-algebra. 


2.4, Actions, spectral patterns, crossed products 
The following definition of an action is standard. 


Definition 2.2. Let A be a (not necessarily unital) C*-algebra and (C(G), 65) be a compact 
quantum group and a: A — A @ C(G) be a *-homomorphism. The triple {A, G, a} is called 
a compact quantum covariant system (or simply covariant system) if the following statements 
hold: 


(1) The map a is injective and satisfies (a @ id) oa = (id @ 5) og. 
(2) The vector space a(A)(C ® C(G)) is dense in A ®@ C(G). 


If we consider a compact quantum covariant system {A, G, a} where A is unital, we always as- 
sume that @ is a unital *-homomorphism. Let {A, G, vw} be a compact quantum covariant system. 
We can select representatives {w(7)},-@ of G whose F-matrices are diagonal and fix them in 
this section. We give comodule structure I, : H, — H, ® A(G) toa representation space H, by 
fixing an orthonormal basis {EF Viet: In (§7) — eye. Ef @ w()x,; for any j € I,. Form € G, 
define the functional 6, on C(G) by 6, (x) = Dyh(x(Vier, ae: w(7);;)) for any x € C(G). 
As in the case of a compact group [18, Theorem 2], A is completely decomposable. Define the 
linear map Pz; = (id @ @,) 0 @ on A. From simple calculations, we have Pz Py = dz, Px. Put 
Az for the range space of the projection P. Then the linear subspace A = ),-G Ax is norm 
dense in A. Let Homg(H,, A) be a set of intertwiners, that is, Homg(H,, A) 3 S if and only if 
aoS=(S @id)oJ,. Then we have A, = Span{Sé | « H,, S e Homg(H,, A)}. The dimen- 
sion of Homg(H,, A) is called the multiplicity of m2. Especially for the trivial representation zo, 
the closed linear subspace A,, coincides with the fixed point algebra A® = {x € A| a(x) = 
x ® 1}. Let m(zr) be the multiplicity of 7. We often use a formal symbol OreG m(z)z which 
is called the spectral pattern of {A, G, a} (or simply A). 
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We recall the notion of the crossed product. Let {A, G, a} be a covariant system. Consider 
the Hilbert A-module A @ L?(G). Ina C*-algebra K(A ® L?(G)) = A ® K(L?(G)) define the 
crossed product C*-algebra 


A xXq G =a(A)(C @ Cx(G)), 


where the closure of linear space is taken with respect to the operator norm. It is also charac- 
terized as a fixed point algebra of {A @ K(L?(G)), G,@}: A xg G=(A® K(L2(G)))”, where 
a(a @k) = W23a(a)1,3(1 @k @ 1)W5; for alla ¢ A andk € IKK(L?(G)). Note that (A), C,*(G) 
are C*-subalgebras of M(A = G) naturally. When we consider A = C(G) and a = 6, we have 
a natural isomorphism 


C(G) xs G > K(L7(G)) 


defined by 5(x)(1 @ y) & xy. The dual coaction @: A Xq G > M(A xq G @ CF(G)) is defined 
by 


&(x) = Vo3(x @ 1) V3, 


which satisfies the density condition that a linear space @(A xq G)(C © C*(G)) is dense in 
A Xq G @ C3(G). We define a *-homomorphism @z:A gq G— A X%q G @ End(H,,) by the 
composition (id ® pr,,) o @. Now we introduce the famous duality theorem. Let {A, G,a} be a 
covariant system. We consider the «-homomorphism @° = (id@ AdU)0@:A XqyG —> M(A Xq 
G ®C;(G)). It satisfies (id @ 57°?) 0 &? = (& @ id) 0, that is, & is a coaction of the opposite 
discrete quantum group C7(G). Define the crossed product A xg G x go (Gyr by the norm 
closure of the linear space @°(A xq G)(C @ C @ C(G)). Its dual action &° is given by &(x) = 
V34(x @ 1) V3i,. The duality theorem says there exists an isomorphism between A xq G Xqo (Gy! 9p 
and A @ K(L?(G)) such that &°(a(a)(1@x))\(1@1@ y) is mapped to a(a)(1 @ x)(1 @ UyU) 
for all a € A, x € C*(G) and y € C(G). This isomorphism conjugates @ and a. 


2.5. Quantum subgroups and their quotient spaces 


Let G = (C(G), 6g) and H = (C(#A), 6x) be compact quantum groups. We say H is a 
quantum subgroup (or sometimes simply called a subgroup) if there exists a surjective x- 
homomorphism r:C(G) — C(#) such that r satisfies by or = (r @r) 0 dg. This surjection 
is often called the restriction homomorphism. In general, a choice of r is not unique. The (left) 
quotient space is defined by 


C(H \ G) = {x € C(G) | (r @ id) 08G(x) =1@x}. 


We have to be careful of r when we consider a quotient space. Actually it depends on r and we 
shall denote it by “ C(G), however, we abuse the notation of H \ G. Note that the left quotient 
space has a right G-action. 
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3. Ergodic systems 


A compact quantum covariant system {A, G, a} with A® = Cl is called a compact quantum 
ergodic system (or simply an ergodic system). We investigate ergodic systems in this section. The 
faithful conditional expectation g = (id ® h) oa onto A* = Cl is the unique invariant state in 
this case, where invariance means: (g @ id)(a@(x)) = g(x)1 for any x € A. Note that g becomes 
a trace if G is a compact group [10, Theorem 4.1]. In [4, Theorem 17], it has been proved 
that the dimension of A, is less than or equal to D2 for any 2 € G. We will make a sharper 
estimate of these dimensions. In order to do this, we have to explain the existence of the modular 
automorphism group with respect to the state g. By [4, Proposition 18], there exists the unital 
multiplicative linear map © : A > A such that g(ab) = g(@(b)a) for any a,b € A. Let M be 
the von Neumann algebra 2,(A)” associated to the state g via GNS-representation {Hy, 1, Eg} 
and the extension of g to M is also denoted by ¢. We often identify A with my(A). Let p<¢ M 
be a projection with y(p) = 0. Then for any a € A we have y(a* pa) = y(O(a)a* p). This is 
equal to 0 by the Cauchy-Schwarz inequality. From this we see pA&, = 0 and p = 0, because 
the linear subspace Aé, is dense in Hy. Hence ¢ is a faithful normal state on M and there exists 
the modular automorphism group {o°};eR on M. Since g is an invariant state on A for the action 
of G, the action a extends to the action on M. An action of a compact quantum group on a 
von Neumann algebra is defined similarly to the case of a C*-algebra. Note the following useful 
equality about the modular automorphism group and the scaling automorphism group: 


aoc? = (of ® T1) oa forallteR. 


For its proof, readers are referred to [7, Théoréme 2.9]. The spectral subspace M,, is the o-weak 
closure of A,,, however, they coincide because of the finite-dimensionality of A,. The proof of 
the following lemma is straightforward by the above formula. 


Lemma 3.1. Let S be an intertwiner of Hz and A. For any t € R, we define the map S;: Hz > A 
by SEF = (Fr); j oF (SE) for any j € I,. Then S; is also an intertwiner of Hz and A for any 
t ER, in particular we have of (Aq) = Ax for any t € R and we see any element of Ax is 
analytic for {oP hier. 


From this lemma we see that o£ (A) = A for t € R and the following proposition holds. 


Proposition 3.2. Let {A, G,a} be an ergodic system and be the invariant state on A. Then 
there exists the modular automorphism group {of };eR on A. 


Definition 3.3. Let {A, G,a} be an ergodic system and z be an element of G. A vector é= 
Gj jer, € Dich, A, is called a 7-eigenvector if a(&}) = ee & @ w(m)x,; for any j € I,. 
The set of m-eigenvectors is called the 2-eigenvector space and denoted by X yz). 


Let {A, G, a} and {€*},¢, be a covariant system and a set of its 77,,-eigenvectors, respectively. 
A C*-subalgebra generated by fA for all r € Iz, and A € A is denoted by C* ({&*}aea). The 
quantum group G acts on it invariantly. We say that it is a G-invariant C*-subalgebra generated 
by {&*},<,. We make a z-eigenvector space to a Hilbert space by defining its inner product with 


(ln)= Yo eng, forall 7 € Xwor). 
kelz 
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Indeed, the above right-hand side sits in the fixed point algebra and therefore becomes a scalar 
by ergodicity. 


Definition 3.4. Let {A, G, a} be an ergodic system and z be an element of G. We define the 
following two operations on eigenvector spaces. 


(1) For any t € R, we define the linear map ue > Xwor) > Xwor) by 
(UP), = (Fre for Ee) forall & € Xx,k € Ty. 


(2) We define the conjugate linear map Ty (7): Xwin) > XZ 


w()* 


pared 
(Twiy)k = (Fa) pf for all & € Xz, k € In. 


The well-definiteness of the above first operation has been already checked in Lemma 3.1. 
For the second one, we shall justify the equality @((Twr)&)x) = iek (Twa é)e ® w()e,x for 
any € € Xyr) and k € I. Indeed, 


ull 
(Tw) )k) = (Far) pO) 


eal 
= (Frei >, of @ wore, 


Lely 


_! I a 
= (Free >, 8 @ (Frigg (Fardeg we 
Lely 


eS ye (Twn )e ®@ wr )e,k- 


Lely 


Proposition 3.5. Let {A, G, a} be an ergodic system and 1 be an element of G. Then the map 
Homg (Hz, A) 3S (S(E"))ketg © Xw(a) is a linear isomorphism. 


Proof. For € € Xwcz), define the element S ¢ Homg(H,, A) by Sf) = & for any k € J,. It is 
easy to see that this map is well defined and gives the desired inverse map. 


This proposition shows a spectral subspace A, is spanned by entries of 2-eigenvectors. The 
next lemma has already appeared in the proof of [4, Proposition 18], however, we give a proof 
for readers’ convenience. 


Lemma 3.6. Let € and n be -eigenvectors of an ergodic system {A, G, a}. Then the following 
equalities hold: 


(1) p(Eenz) = Dz! (Fr)kedk,e(€ | n), for all k, € € In, 
(2) g(EEne) =, fk Al € In, and o(EEnk) = o(Efne), for all k, € € Iz. 
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Proof. (1) It is a straightforward calculation as follows: 


(En) = D> &nkh(w(r),.cw(r)% ¢) 


r,sElyz 


= >> & nt Dz! (Fr)kk5r,s5k.t 


r,sElyz 


= Dz! (Fr )k,k,e >) Sn 


rely 
= Dz! (Fr)k x5k,e(€ | 0). 


(2) Let Z = (v(E Ne))k,€el, be a matrix on the representation space H,,. Then we have: 


(w(r)*Zw(r)), ,= YO wore Zeewre,; 
k,lelz 


= Do w(r)j o(Eine)wr)e,j 


k,lelz 


= > @@id)((E& ® w(T); ;) (ne ® w(7)e,j)) 


k,leln 
= (9 @ id)a(&*n;) 
= o(é;'nj) 
= Zjj. 


Therefore the operator Z commutes with the irreducible unitary representation w(z), so we 
have Z EC. 


Lemma 3.7. Let {A,G,a} be an ergodic system and m be an element of G. Then it follows 
Te Tie = Ul, 


w(z) i 


Proof. Take 2-eigenvectors € and n. Then we have 


(Tw | Twr)) = Ne (Two) € )k (Tw) 
kelz 


= pak 
=) 0 (Fadgt Fady pein 
kelz 


= 0 Fre pv (Eine) 


kelz 


= Fee (o? mee) 


kely 


= yooh (Up On) 2) 


kelly 
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=o (Free: Da! Fadi e(Un | €) 


kelz 
= (Un 8), 


where we use the result of the previous lemma and > Ree. (Fr 1) kk = Dj. Hence we obtain the 
desired equality. 


Let Ty iz) = Jwor)|Twr)| be the polar decomposition of the conjugate linear map Ty) : 
Xu(x) > XZ. Since it is easy to see T-_) Pea es Tw(r) = idx the map J, (7) is a conjugate 


a 


an 


w(m)* w(m)? 


unitary map and satisfies J7—~ 


| om) = and J; aap loa Jun) = Behe ae In particular, we 
obtain 


With these preparations, the following result about bounds of multiplicities holds. 
Theorem 3.8. Let {A, G, w} be an ergodic system and m be an element of G. Then we have 
dim Homg(H,, A) < D 


Proof. The proof is essentially due to [4, Theorem 17] or [20, Theorems 1, 2]. As we have 
proved, in Proposition 3.5, the hom-space Homg(H,, A) is naturally isomorphic to X yz). 


Hence it suffices to show d := dim(Xy, 7)) < Dz. The unitary R-action { UP) eR enables 


us to take an orthonormal basis of X wor) {E?}i<p<a as UP gp = aie? for all t € R where 4.) 
is a positive real number. Then we define an operator entry matrix M by 


M=] . | €Maa,(Az), 
g4 
where each &? is treated as a row vector. Adding 0 entries, we embed the matrix M to a 
larger square matrix (still denoted by M) of size n (2 d,d,), if necessary. By ea ie 


ity, we have MM* = 1g. Let k, F be positive matrices diag(; |, heer ee = ee ,1,..., 1) and 
diag( Fw), 1,..., 1) in M,(C)+, respectively. Then we have 


d 
dap = Tela) 
p=1 
= (y @ Tre) (MM*) 
= (9 ® Trx)(M* (0%, @ Ad(k))(M)) 
= (y ® Tx) (M*M Fk") 
= (vy ® Tr)(M* MF) 
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< (gy @TH(1® Fla,) 
= Dy, 


where we use (o;’ @ Ad(ki'))(M) = MF"'k-"' for t € R. Hence we obtain Try oor) < 


we Noe wr 
D,, and similarly Ti Ue) < Dz = Dy. Since we have already known spur) = 


spU2™)-1, it follows 2d < Terry. (UP) + TUS). Therefore we obtain 2d < 
2D,. O 


From this result, the dimension of the zr-eigenspace A, is less than or equal to d; Dz. We can 
derive the quantum version of [20, Theorem 2]. 


Theorem 3.9. Let {A, G, a} be a compact quantum covariant system and 1 be an element of G. 
If p and q are minimal projections in A®, then we have: 


dim Homg (Hz, pAqg) < Dr. 


Proof. This proof is also essentially due to [4, Theorem 17] or [20, Theorems 1, 2], however, we 
cannot use the trace property as in the case of a compact group, we have to prove the finite- 
dimensionality of Homg(H;, pAgq) at first. If the linear space pA%q is not 0, we can take 
non-zero norm | element x from pA%q. Then we see xx* € pA® p = Cp and x*x € gA%q =Cq 
and have xx* = p and x*x = q. It follows (pAq)x = (pAp)xx. Therefore the assertion of this 
theorem follows from applying the previous theorem to pAp. Next we assume pA%q = 0. Be- 
cause of p Lg, we may assume that A is unital and | = p+q by considering (p+ q)A(p+q). 
Let g(x) = @p(pxp) + %q(gxq) where gp and gz, are the invariant states on pAp and qAq, 
respectively. Since the conditional expectation with respect to gp Ey:A — A® is given by 
Eq(x) = pxp + qxq, ¢ is the invariant positive functional on A. Let d < oo be the dimen- 
sion of the linear space Homg(H,, A) and fix a natural number 0 < d’ < d. Note that we can 
take -eigenvectors {€/})<j<q from (pAq)z = pAxq, which satisfy p((E/ )*EK) = 8; 45r,5 
for 1 < j,k <d' and r,s € I. In fact, if we have {Ei <j<k-i as before, we can take a z- 
eigenvector &* which satisfies o((E{ )*éf) = 6;,« for 1 < j < p—1. Then modifying Lemma 3.6 
to the case of pAq, we achieve to take desired vectors. Let M be the matrix 


Tope! 
M= Tan $* 
a 


Adding 0-entries, we embed M to a larger square matrix (still denoted by M) of size n (= d’, dz). 


‘ ; =e 
Note that T,,(7)&/ is a 7-eigenvector for gAp: Ty 7)é/ = (Farr ha ae By the computation 
in the proof of Lemma 3.7, it follows MM* = D,q ® 1a. Hence we have M*M < D,p ® la, 
in pAp ® B(A,). Then it yields: 


Dz > (y ® Trr,)(M*M) 


7 
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Gs ‘)) 


I<j<d’ 


(Feder), Fe), 


rely 


ETP): 


I< j<a' 


where (&/ | €/) means the inner product of z-eigenvectors for pAg. Let us define another in- 
ner product (- | -)2 of w-eigenvectors for pAg by (& | n)2 = v(n7é,) for any m-eigenvectors 
&,n. Note that this value does not depend on the choice of r by Lemma 3.6. Let W be a 
linear space spanned by {EJ }1<j<a’. There are two inner products (- | -) and (- | -)2 on W. 
Let Aw be the matrix which satisfies (Awé | n)2 = DZ '(é | n). Then from the above in- 
equality we have Trw(Aw) < D,, where Try is the non-normalized trace associated to W. 
Similarly considering Tyr)(W) for W, we also obtain TIT, (2) (W) (AT yo) (W)) < D,. More- 
over, we see Aw = T*_. Ty), where the involution * comes from the conjugate linear map 


w(z) 
Tw): W > Tyr) (W) between (- | -)2-inner product spaces. In fact, we have 


(Twory€ | Tworyn)2 = o((Pn)1*(T)1) 
=(Fz'), ,¢(mé) 
=(Fz'), Dz! Fii1@1é) 
= Dz'(n|&). 


Let us denote Tyir)(W) by W. Let Two) = Jw|Twx)| and T—— wa) = J wlloq! be the polar 


decomposition of the conjugate linear a Twa) ee To) between W and Tyx)(W). The 
equality Ty) © Tom = = idy yields TwA2 wiv = Ay 3 . Then we have JwAwJy = = Ay  be- 
cause Jw and Jj are conjugate unitary. Hence we ata Tr(Aw) = Tr(a ) and it pias 


2d' < 2Tr(Aw) <2D,. 


Finally we state the modified version of Theorems 3.8 and 3.9. 


Proposition 3.10. Let {A, G, a} be an ergodic system and x be an element of G. Assume that A 
has a tracial state. Then we have: 


dim Hom(H,, A) < dz 


Proof. We have proved finite-dimensionality of Xz). Let d be its dimension and {&?}i<p<a 
be an orthonormal basis of X,,() for the inner product (- | -). Take a tracial state t on A. Define 
the matrix M by 


él 
£2 
m=|-. 


é 
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As the proof of Theorem 3.8, we look at M in a bigger square matrix algebra. Then we have 
M M* = 1, and it yields 


dz > (t ® Tr)(M*M) 
= (t @ Tr)(MM*) 


=d. 


Proposition 3.11. Let {A, G,a} be a compact quantum covariant system and m be an element 
of G. Assume that A has a tracial state. If p and q are minimal projections in A® and they are 
not annihilated by a trace on A, then we have 


dim Hom(H,,, pAq) < dy. 


Proof. Let d (< D,,) be the dimension of dim Hom(H,, pAq). Let {§?}1<p<a be an orthonor- 
mal z-eigenvector for pAg where we define the inner product by 


Elnp=)>_&nf 


rely 


for all x-eigenvector & and 7. Take a tracial state t on A with t(p)t(qg) 4 0. Define the matrix M 
by 


gl 
eg? 
M=]|. 
4 
and embed it into the larger square matrix as in previous theorems. Then we have MM* = p@1q. 
This yields 
dt(p) =(t ®Tr)(MM") 
= (t @ Tr)(M*M) 
<(t OTN ® la,) 


=T(q)dz. 
Hence we have d < dz ae. Considering g Ap = (pAq)* and d = dimHom(H,,, gAp), we also 
have d < dz UP} = dy 21}. Finally we obtain d < dy min(7%, 42) < dy. 


Remark 3.12. Assume that the linear space p Aq is not 0. Then t(p) ¥ 0 if and only if t(qg) 40. 
Indeed, take 7 € G as pA;q #0 and assume t(q) = 0, then we obtain t(p) = 0 by the proof 
of the above proposition. The converse assertion holds by applying the involution « from pAq 
to gAp. 
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4. Equivariant K -theory 


We follow [20] and use equivariant K -theory to obtain a multiplicity map. Readers are referred 
to, for example, [1] and [19] for equivariant K-theory. Let {A,G,a} be a compact quantum 
covariant system with A unital. Let E be a finitely generated projective Hilbert A-module and 
bd¢:E —- E@C(G) bea linear map. The pair {F, 5¢} is called a G-equivariant A-module if they 
satisfy the following: 


(1) Gd @ 5) od¢ = (Sg @ 1d) 0 dz, 

(2) dz (ea) = dg (e)a(a) for alle € E andaea, 

(3) (de (e) | de(e’)) =a((e| e’)) foralle,e’ cE, 

(4) the linear subspace 5¢(E)(C ® C(G)) is dense in E ® C(G). 


Actually the second equality follows from the third one. Inner products of Hilbert modules 
are conjugate-linear for the first variable. Two G-equivariant A-modules are equivalent if there 
exists a bijective linear map intertwining of the actions of G and A. The set of these equiva- 
lence classes becomes an abelian semigroup by the direct sum and its Grothendieck group is 
denoted by Ke (A) and this is called an equivariant K-group. For a G-equivariant A-module 
{E, 5} we define its crossed product Hilbert A xg G-module by E xy G= E @,4 (A Xq G). 
This module becomes a (left) C}(G)-module by an appropriate way [19, Lemme 5.2]. Here 
we take a non-rigorous picture for its action. Let x be an element of C*(G) and we assume 
its dual coproduct has an expansion 5(x) = >> x(0) ® x1). It is considered that C*(G) acts 
on E through the differential representation with respect to 5g. Hence we have an action 
X-(€@ay) = >> x) (e) a x1yy. This action is compatible with the right action of A, because in 
A Xq G we have z(a(y)) = >°(z(0) - y)z(1) for z € CX(G) and y € A where C(G) acts on A with 
the differential representation about a. We next recall the Green—Julg isomorphism. If Ez is a 
tensor product module H, ® A with a finite-dimensional irreducible G-module H,,, then we have 
Ex @, (A Xq G) = Hz @ (A Xq G). We apply po € C7 (G) to this space. Since this action is ob- 
tained by the dual coproduct, we have po(Ex @4 A X%q G) = po( Hz ® CF (G)) @cx(G) A XaG = 
pCi (G) @c*(G) A Xq G=(1®@ pz)A Xq G. In general, FE is a direct summand of a direct sum 
of E,,. Hence the module po(E x G) corresponds to a projection in M,(A xq G) for some n. 
We also notice that A xq G is stably unital. In fact we have an approximate unit of IK(L?(G)) 
which consists of projections in C*(G). In this way, we obtain the Green—Julg isomorphism (see 
[19, Théoréme 5.10] for its proof of KK-version): 


®,: KE (A) > Ko(A Xe G) 
defined by [E] + [po(E xq G)]. The inverse map of ; is given by 

7: Ko(A Xq G) > K§ (A) 
which sends [q] to [¢(A ® L?(G))"], where q€M,(A Xq G) is a projection and A @ L?(G) is 
a G-equivariant A-module with 6 4972(g)(4@ §) =(1 ® WE @ 1))a(a)13. We define the usual 
R(G)-module structures on Ke (A) and Kg(A xq G) as follows. Let z be an element of Gand E 


be a G-equivariant A-module and g € M,(A xq G) be a projection. For them, define the action 
of z: 
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nm -[E]=[Hyz @ E], 
a -[q]=[(idu,(c) ® &x)(q)], 


where the isomorphism Ko(A Xq G) = Ko(A Xq G ® End(H,,)) is used. We observe the Green— 
Julg isomorphism is an R(G)-module map as in the compact group case. 


Lemma 4.1. Let B be a C*-algebra and E be a Hilbert B-module which has a C;(G)-action 
o:Cx(G) > B(E). Then for any 1 € G there is an isomorphism as Hilbert B-modules between 
po( Hz ® E) and po(E ® Hr). 


Proof. First we compare 5 (po) and its opposite §0P( po). Using po = (id @ h)(V) and the pen- 
tagonal identity, we obtain 3(po) = (id @ id @ h)(V13 V23) and 5°P (po) = (id @ id @ h)(V23 V3). 
Since V has the expansion rei j€Iy ER; @ w(z);,;, we have the following equalities: 


5(po) = > h(w(r)i,;w()k,e) EN; @ Ej y, 
EG, i, jElq, k,CElg 
5°? (po) = - h(w(®)k,ew(sr)i, j) EN; @ Ej y. 


néG,i,j€ln, k,Celz 


We use o”(w(®)ee) = (Free(Freew(@xe in order to get h(w(®)xew(r);,j) = 
(Fr kk Fa e,ch(w();, ;w(@)x,c). Define a densely defined unbounded positive operator F = 


> eG Fx. With this operator we get the identity 


5°? (po) = (1 @ F)S(po) (1 @ F). 


Then we define the map x: H; ® E> E ® Hy by x(é ®e) =e ® Foe, This is a bijective 
adjointable map for Hilbert B-modules. Then we get 


xX 0 (id @ $)(5(po)) E ®@ e) = (1 ® Fz')(H @ id) (5°? (po)) (e @E) 
= (¢ ®id)(5(po))(e ® Fr). 


Hence we see x maps po(H, ® E) onto po(E ® H,). 


Lemma 4.2. The Green—Julg isomorphism ®, is an R(G)-module map. 


Proof. Take 7 € G and a G-equivariant A-module E. We shall prove ®)(z - [E]) = 
(Gz )x(®1 ([E])). For the left-hand side we have 


[po((Hz ® E) @a A Xa G)] =[po( Ha ® E xq G)]. 


For the right one we have 


(Gx)«([po(E ™a G)]) = [pol(E a G) ®g, (A Xa G @ End(H,))] 
=[po(E ™a G @ End(H;)) |. 
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Moving it to Ko(A Xq G) by tensoring A xy G ® Hy over A xq G ® End(H,,), we get 
(Gz )x(®1([E])) = [po(E Xq G ® H,,)]. Hence we obtain the desired equality by applying the 
previous lemma to E x, G and B=A xy G. 


Let {A, G,a} be a compact quantum ergodic system. Then there exist an index set 7 and 
a Hilbert space H; for each i € J such that the crossed product A xq G is isomorphic to 
QQ; <y K(H;) (see [4, Theorem 19], [20, Corollary 2] for its proof). Let us fix minimal projec- 
tions e; € K(A;) for all i € 7. Hence we have K&(A)= = Bier Z{e;] by the Green—Julg theorem. 
Using the isomorphism ®2: Ko(A xq G) > KS(A), we can easily check that in K& (A), [e; ] 
becomes a G-equivariant A-module [e; (A ® 121G))]. Now we consider the R(G)-module struc- 
ture of K, f(A). Let 2 be an element of G. We define the (not necessarily finite size) matrix 
M(r) = = (M(x)i, ji, jer by 


= 5 0M@);,;lel. 


iel 


This equality holds in Ke (A) = Ko(A Xq G). If we treat [e;] = [e;(A @ L7(G))] in Ke (A), we 
get the equality M(sz);,; = dim Homg, 4)(Hz ® e;(A ® L*(G)), e;(A @ L7(G))). 


Lemma 4.3. We have an isomorphism between linear spaces Homg,a)(Hz ® ej(A @ L*(G)), 
e)(A @ L*(G))) and Homg (Hx, (A ® K(L7(G)))e;). 


Proof. We may assume projections e; and e; are majored by 1 ® p where p is a projection 
in C;(G) Cc K(L?(G)). Let Ho be a closed subspace pL?(G). It is finite-dimensional and 
G-invariant, that is, W(H @ C) C H @ C(G). Let {np}pey be an orthonormal basis of Hp. With 
this basis we give a matrix representation (Wp,q)p,qey Of W by W(np @ 1) = oe Nq ® Wa,p- 
From now we write Jo and I, for C(G)-comodule maps H; ® A ® Hp > Hy ®A® Ay ®C(G) 
and A ® Hp > A® Ho ® C(G), respectively. Take an intertwiner S from HomG,4)(Hz ® A ® 
Ho, A ® Ho). Then we can choose ax,g,p € A for all k € I; and p,q € J such that they satisfy 
S(E, @aA@Np) = Sedel ak,g,p4@Nq for alla € A by A-linearity. Since S'is a G-homomorphism, 
we have I S(& @ 1 @ np) = (S ® IUo(E ®@ 1 ® np)). The left-hand side is equal to 


YiMiGkg.p Bg) = D5 1B Mr @ Wy.g)oe(Ak.g,p)13- 
qed qres 


The right-hand side is equal to 


V5 SOV(ES1V7 @wM@ecwsp)= Yo ders @n- @wlwenWs,p- 
lel, sed lel, rset 


Hence we get 


Yi @ wrong) = D> ders @wlwenws,p- (4.1) 


qed CeIn set 


Next take an intertwiner T from Homg(H,, A ® B(Ho)). Then we can choose bx,¢,) € A for 
all k € I, and p,q € J such that they satisfy T& = anes bk.g,p ® Nq © Np. Since T is a 
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G-homomorphism, we have @ o T (&) = (T ® 1) o w()(& @ 1) for all k € J. The left-hand 
side is equal to 


ss a(Dk,g,¢ @ Ng OM) = > W230 (bk,4,1)13(1 ® 1 ® ng © m1) Wz 
g.tet qg.ted 


= > On On @Y1@1® wrg)eEg.1)13(1 @ 1@ w*,). 


grs, tet 


The right-hand side is equal to 


> TE @ wren = > bers ® Nr © Ns ® ww ex. 
Lely Lr,s 


Hence we obtain the following equality: 


x (1 @ wy,q)o(bi,g,1)(1 @ we ,) = Yo dens @ ww yek. 
qg.ted £ 


Multiplying ws, and summing up with s, we get 


V5 @ wg eOeg.p) = D> bers @ wr) ews, p- (4.2) 
qed lel, sed 


Now we construct maps v: Homg,4)(Hz ® A ® Ho, A ® Ho) > Homg (Az, A @ B(Ap)) and 
v—!:HomG (Hz, A @ B(Ho)) > Homa, 4)(Hz7 ® A ® Ho, A ® Ao) by the following equalities. 
For all k € J; and pe J, 


v(S)(E) = D> ak,g,p @Nq © Np, 
gq. ped 


vl(T)(E ®a® np) = > bk.g,pa B ng- 
qeJ 


They are actually linear operators in each hom-space because equalities (4.1) and (4.2) have 
the same form. Since clearly we have v o v—! = id and v~! o v = id, they give an isomor- 
phism between HomG,4)(Hz ® A ® Ho, A ® Ho) and Homg (Az, A ® B(Ao)). Then we also 
easily check that v maps the subspace HomyG,4)(Hz ® e;(A ® L?(G)), ei(A ® L?(G))) C 
HomG,4)(Hz ® A ® Ho, A ® Ho) to the subspace Homg(Az, e;)(A @® K(L7(G)))e;) C 
Homg(H,, A ® B(Ap)). 


Therefore, as in the classical case we can derive the following result by A. Wassermann 
(20, p. 304]. 


Corollary 4.4. Let {A, G,a} be a compact quantum ergodic system and M: R(G) > M,;\(Z) 
be the multiplicity map. For alli, j in the index set I, we have 


M(z);,; =dimHom(H,, e;(A ® K(L*(G)))e;). 
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It yields the identity M(7);,; = M(zr);,; for all 2 € G and i ,j € TI and therefore the multi- 
plicity map M: R(G) > M;\(Z) is a *-homomorphism. As we have seen, some properties of 
multiplicity maps also hold in the quantum case. However, we have to be careful of the exis- 
tence of its common eigenvector (see, [20, Theorem 17] for classical case). In order to study this 
problem we need several lemmas. 


Lemma 4.5. For alli, j € I, the reduced G-space e;(A ® K(L7(G)))e; is not 0. 


Proof. Let M be the o-weak closure of A in B(Hy) where Hy is the GNS Hilbert space 
of the invariant state g. Define the relation ~ in the index set J as i ~ j if and only if 
ej(A @ K(L7(G)))e j #0. We show this is an equivalence relation. A non-trivial part is tran- 
sitivity of ~. Assume i ~ j and j ~ k. Then there exists 77, p € G which satisfy M(z);,; > 0 
and M(p);,x > 0. Then we have M(z - p)i,x > M(z);, jM(p)j, xk > 0 and the left-hand side 
is equal to )7, ee M(z);. x. Hence there exists t € G with M(t); > 0. Therefore the 
reduced space e;(A ® K(L2(G)))e is not O, that is, i ~k. Let J = Lea I, be the decom- 
position with respect to the equivalence relation ~. Let z; be the central projection in Z(M) 
with z(e;) = z; ® | for all i € J where z(e;) means the central support projection of e; in 
M ® B(L?(G)). Since for A # w € A we have e(A ® K(L7(G)))e; =0 for all i € J, and 
j €I,, we see z;z; =0 for all i € J, and j € J,,. We claim 1 = \/j¢, zi = ew Weis Zj. 
This follows because A X¥g G = @,-,; K(Hj) and the sum of all diagonal atoms is equal 
to 1 in strong operator topology. By definition of a central support projection we obtain 
Mz; @ B(L2(G)) = M ® B(L2(G))e;M ® B(L?(G)) for all i € J. Then we see &(Mz; ® 
(L*(G))) C (M ® B(L*(G))e,M ® B(L*(G))) ® L(G) = Mz; ® B(L*(G)) ® L*(G) and 
hence a(z; ® 1) < z} ® 1 @ 1 for allie J. Set z= Vien, zi. Then a family {z,}aca is a 
partition of unity and satisfies a(z, ® 1) < z, ® 1 @ 1 for all 4 € A. Therefore we obtain 
a(z, ® 1) =z, ® 1 @ 1 for all A € A. Since the left-hand side is equal to W230(Z,)13W53, 
we have a(z,) = z, @ | for all A © A. Ergodicity of a yields z, = 1 or 0 for all A € A. Hence A 
is a singleton and it completes the proof. 


From this lemma we have the following irreducibility criterion which has been studied in 
[20, Section 10]. 


Lemma 4.6. Let a be an element of G. If for any p € G there exists k € Z>o such that p is 
contained in s*, then for any i, j € I there exists £ € Z>0o with (M(r)*)i, j > 0. 


Proof. Since G-space e;(A ® K(L7(G)))e j is not 0, there exists an element p in J such that 
M();,; = dim Hom(Ap, e;(A ® K(L?(G)))e;) > 0. By assumption there exists 2 € N such that 
a contains p. Then we have (M(z)‘);, j = M(x); j >M(p);,; > 0. 


In this case, we want to show the existence of a Perron—Frobenius eigenvector, however, we 
cannot use the dual weight @ as in the compact group case because it is not necessarily a trace. 
We will give an eigenvector under some assumptions later. 


Lemma 4.7. Let m: R(G) > Z be a x- homomorphism such that it satisfies m(zo) = 1 and 
m(G) C Zo. Assume M(r);,; < ms) for all wm € es and i, j € I. Then the matrix M(p) is a 
bounded operator on /?(1) and its norm is less than or equal to m(p)* forall p € R(G)4. 
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Proof. Take p from R(G)+. Then inequality }~ jel M(p); : < m(p)? is checked by the follow- 
ing calculation, 


YM)? = MyM); 


jel 

= M(0- )i,i 

= D> NgPM(o)i.i 
o€G 

< ye NPP m(a) 
ocG 

=m(p)m(p) 

=m(p)°. 

Take a finitely supported vector & in 1?(Z). Let C(i, p) bea finite set {j € J | M(p);,; 40}. From 


the above inequality we particularly obtain |C (i, 0)| < m(p)*. We assume p = p € R(G) +. Then 
we have the desired inequality 


2 


mie ||* => 


iel 


3 


iel 


S>M()i, 58) 


jel 


2 


y, M(p)i, )§; 


JECip) 


=) Dd Mey; YO le? 


ie! jeC(i,p) jeC(i.p) 


<m(opy >> >) 1? 


iel jeC(i,p) 


=m(p) 9 )|CG. py [lei 


jel 


<m(p)* S18) P. 


jel 


For general p € R(G)+ we apply the above result to a positive self-conjugate pp and get 


Mc) |* = |M@p)| < m@py? = m(py*. 


Lemma 4.8. /f a self-conjugate element m € G has the property in Lemma 4.6, then M(z) 
has an eigenvector with the eigenvalue \|M(z)|| < D2. Moreover if A has a tracial state, then 
M(n)II < dz. 


Proof. Since we know the matrix M(z) is irreducible and bounded, there exists an eigenvector 
with the eigenvalue ||M(z)||. For all i, 7 € J we have proved e;(A ® K(L7(G)))e; #0. By 
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Theorem 3.9 we have M(zr);,; < Dz. Hence we obtain the first assertion by Lemma 4.7. If A 
has a tracial state t, then the tracial weight tT = t ® Tr is semifinite on A %q G and T(e;) > 0 
for all i ¢ J. In fact if t(e;) is equal to 0 for some i € J, we have t(e;) = 0 for all j € J by 
Remark 3.12 and Lemma 4.5. It shows tT = 0 and this is contradiction. Now we apply Lemma 4.7 
with m(z) = d, and obtain the second assertion. 


Now we consider the special case G = SU, (2). We refer to [13,22] or the next section for 
its representation theory of SU, (2). Its irreducible representations are labeled as {7}, alge and 
3: Pa 
their fusion rules are determined by 


for all ve 5. 


Lemma 4.9. Let m: R(SU;(2)) — Z be a dimension function with m(zy) < de forallve 7 
Then we obtain m(aty) = dz, for all v € 5. 


Proof. Write to for m(z 1 ). Define polynomials {py}... lz recursively by p,,., 1 (s) = spy(s) — 
Py} (s) and po = 1, Pl=s. Then we get m(z,) = py, (to). From the positivity of m(z,) we have 
to > 2. Assume fo > 2. For s > 2, the polynomials p,,(s) are strictly increasing and we get a lower 
bound by an affine line p,(2)/(s — 2) + py(2) where p,(s)’ means the derivative at s. Putting 
s = to, we obtain an equality m(z,) > (t —2) p,(2)’ +2v+ 1. The left-hand side has upper bound 
by a = (2v + 1). In order to derive contradiction, it suffices to show the right-hand side has 
a polynomial degree 3 with respect to v. By the definition of py, we get p,, 1 (2) — py (2) = 


Py) - Py_12)' + 2v + 1. This immediately gives p,(2)’ = Sv(v +1)Qv+1). 


We show the following main result in this section which asserts the existence of multiplicity 
vector ¢ under a tracial condition on A. 


Theorem 4.10. Let {A, SU, (2), a} be a compact quantum ergodic system. Assume that A has a 
tracial state. Then there exists a positive entry vector ¢ = (cj)ie such that M(z,)e = dz,c for 
allv € 4, 

2 


Proof. By Lemma 4.8 there exists an eigenvector c such that M(z 1 Je = te where t = ||[M(z 1 y|I. 
Since any 7, is written by the polynomial P, of z 1, we can define the dimension function 
m: R(SUg(2)) > Z with M(x, )e = m(zy)e for all v € 5. We show m(z,) = ||M(z,)|| for all 
ve 5 The self-adjoint operator M(z,,) is written by the polynomial P, of M(z 1 ). Hence we 
have ||M(z,)|| > Py(IMGrs ID) = P,(t) = m(z,). The converse inequality is obtained by ap- 
plying the Schur test to M(z,,)¢ = m(z,)c. Therefore we have m(z,) = ||M(z,)|| < ee By the 


previous lemma, we have m(z,) = dy, for all v € 5: 


The next lemma has already been proved in [21, Lemma 1, Theorem 2] for g = 1, that is, the 
SU (2) case. 
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Lemma 4.11. Let {A, SU(2), a} be an ergodic system. Then its TI -eigenvector space Xx, is not 
2 


one-dimensional. 


Proof. Let € = (a, b) be a 1 -eigenvector. Then we have 
2 


a(a)=a@x+b@v, a(b)=a@ut+bd@y. 


Consider a vector n = (b*, —q~'a*). By an easy calculation, we see 7 is also a 1 -eigenvector. 
Assume that X,,, is one-dimensional. Then there exists a complex number jz such that 7 = wé. 


1 1 


2 
So we get b* = a and —q~!a* = wb. It follows —q~!a = |u|*a. Hence we obtain 0 > —q7! = 
||? > 0. This is a contradiction. 


Actually, we can show 7/2-eigenvector space (v is odd) is even-dimensional. Hence we ob- 
tain the result corresponding to [21, Theorem 1] for positive q. 


Corollary 4.12. Let {A, SU(2),a} be an ergodic system. Assume that A has a tracial state 
and q is positive. Then its multiplicity diagram is one of type 1,T, (n > 2),T, SU(2), DF 
(n > 2), D3, Aq, Sq and Az. 


Example 4.13. We consider the multiplicity diagrams of quantum spheres C(S? ,)- IfAg =c(), 
then its spectral pattern (or finite-dimensionality) allows only the diagram of type SU(2) in Fig. 6 
(see Appendix A). If 0 < Ag < 1, then its spectral pattern derives the diagram of type T in Fig. 5. 
If {A, SU, (2), a} is an ergodic system and A is finite-dimensional, then its multiplicity diagram 
of 71 must be of type SU(2) by its finite-dimensionality. Hence the classification by Podles [16] 
iene that A is G-isomorphic to End(H,,,) for some v € Zs). 


We recall the definition of the McKay diagrams. Let H C G be a quantum subgroup with 
the restriction map ry and w € B(A,,) ® C(G) be a unitary representation of G. We denote 
the restricted representation (id @ rz7)(w) by w|y. Prepare the vertices {0}, 74. Let 09 be the 
one-dimensional trivial representation of H. First we consider the irreducible decomposition 


wily :-o0 = Q. ef No 1 ¢ where the scalar Ne 11 means a multiplicity. Then we draw arrows 


from op to o as above with Ng lH -times, respectively. Second for each o in the above decom- 
position we consider the irreducible decomposition of w|4 -o and we draw arrows from o to 
the irreducible representations in a similar way. By repeating this procedure, we get the McKay 
diagram for H C G with respect to w. If w is self-conjugate, then the diagram is non-oriented 
because of the symmetry Nz’ lat Nie >: When we treat quantum subgroups of SU, (2), the 
McKay diagrams are drawn with respect to the fundamental representation 2 1. Now we con- 
sider a G-covariant system {C(H \ G), 5} where H is a quantum subgroup with the restriction 
map ry. It is well known that the multiplicity diagram and the McKay diagram coincide in the 
classical case, however, we give the proof of the general quantum group case for readers’ con- 
venience. We denote (ry ® id)(Ve) by Ve|y. The C*-algebra C(G) ® IKK(L?(G)) has the left 
and right actions ag and 8, defined by ae(x) = Ad Vei3 Vein (1 ® x) and 6, (x) = Ad Vi3(x @ 1) 
for all x € C(G) @ K(L7(G)), respectively. We define the left H-action alt by the composition 
(ry ® id) o a. Consider the map Ad V;: C(G) @ K(L?(G)) > C(G) @ K(L7(G)). 
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Lemma 4.14. 


(1) The map Ad V_ gives an isomorphism between C(H \ G) ® K(L2(G)) and #(C(G) @ 
IK(L?(G))) where the latter one is the fixed point algebra of the left H-action a}, Moreover, 
it maps C(H \ G) x5 G to C @ "K(L7(G)). 

(2) Ad Ve intertwines the right G-actions a and B,. 


Proof. (1) It suffices to show that the map Ad V; intertwines left H-actions Ad V;|4 @ id and 
al . This is immediately verified by the equality Veo3Velu} = Velu}3 Vel j> Ve23- 
(2) Similarly the equality Ve,2W23V13 = Vi3 Ve12 gives the desired intertwining property. 


Now we choose a left irreducible H-module K& for each o € HT. Then we have the irreducible 
decomposition L?(G) = ® oc K 2 ® Lo where Lg is the multiplicity space for o. Note that all 
the Lg are non-zero, because there exists 7 € G such that o is contained in z|q. Then we 
get “IK(L7(G)) = @, -@Clo ® K(Lz). Let eg = 1g ® po be a minimal projection of C1, ® 
K(ZL,). By the previous lemma we have Ko(C(H \ G) 15 G) = Osc Zé, |. Hence the vertices 
of multiplicity maps are represented by the elements of H. Then the following proposition holds. 


Proposition 4.15. Let x be an element of G. Then we have M(t) 5.0 = NZI#? for all p, o in H. 


Proof. We use Corollary 4.4. The G-module e,C(H \ G) ® K(L7(G))eg is isomorphic to 
A(C(G) @ ep K(L?(G))ea) by the previous lemma. Since the quantum group G acts on the 
first tensor component, the multiplicity space for z is = (HE ® ep K(L?(G))ea) which is linearly 


isomorphic to Homy (He , Kp, ® Kg). Hence its dimension is equal to No — NaIHe 
H H 


Define the vector d = (d,),<4 and we have M(z)d = d,,d. Hence we have solved the eigen- 
vector problem in the case of the quotient spaces. 


Corollary 4.16. Let H be a quantum subgroup of G and consider the ergodic system {C(H \ 
G), 5}. Then the multiplicity diagram for m € G coincides with the McKay diagram of H C G 
with respect to 7. 


Next we study reduced ergodic systems associated to ergodic systems and show the heredity 
of information of multiplicity maps. 


Definition 4.17. Let {A, G,a} and {B, G,a} be compact quantum ergodic systems and take 
index sets J, J with A xy G = @j<; K( Ai) and B xg G= Dies K(ii;’). We say two ergodic 
systems are of the same type if there exists a bijective map 0:/ > J satisfying M' (2) 0@ = 
6 oMA(z) for all x € G, where M4 and MP are multiplicity maps for ergodic systems {A, G, a} 
and {B, G, a}, respectively. 


Theorem 4.18. Let {A, G, a} be a compact quantum ergodic system and take an index set I with 
AxXyGS Dies K(H;). Take minimal projections {e;}ie7 from {KCHj)}ier. Then for alli € I, 
two ergodic systems {A, G, a} and {e;(A ® K(L?(G)))e;, G, &} are of the same type. 
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Proof. Denote K(L7(G)) and B(L*(G)) simply by K and B. We claim that the covariant system 
{A ®K ®K, G, @} is strongly equivalent to {K ® A ® K, G, id ® @}. Let us consider the map 
Ad(W33):A@K@K—> A@K@OK. Forx € A,k € K@K we have: 


W3,G(Wo3 (x @ k) W33) W23 = W533 W34W4 Wo30(x)14(1 @ k @ 1) W353 W5y W354 W3 
= W34a(x)14(1 @k @ 1) W3y, 


where we use the pentagonal identity for W, W23W13Wi2 = W12W23. Next flip the first and 
second tensor component of A ® K ® K and the claim is proved. Hence we get an isomor- 
phism (A @ K) x, G=K®@ (A X, G). A projection e; © 1 is in the fixed point algebra of 
the multiplier algebra M(A ® K @ K) for a. So it is mapped to a projection fj in the mul- 
tiplier algebra M(K @ A xq G). Hence the system {e;(A @ K)e; ® K, G, a} is conjugate to 
{fi(K ® A @K) fj, G, id ® a}. The projection f; is decomposed into a direct sum of projections 
{pj} jer which are in {B @ B(H;)} j<7. We claim that they are non-zero projections. It suffices to 
prove the central support of f; in B@ M xq G is equal to | by passing to von Neumann algebras, 
that is, isomorphic covariant systems {e;(M @B)e; @B, G, a} and { f;(B®M @B) fj, G,id@a}. 
Hence we show the central support of e; ® 1 in (M @ B® )e = (M @B) Xz G is equal to 1. 
By duality theorem, we get the isomorphism of inclusions, M xy G@CC(M @B) x4 G= 
a(M xy G) C M Xqy G ® B. We study the central support of &(e;) in M xy G @ B. Fix 
j € I and we can take mz € G with M(zr);,; > 0 by Lemma 4.5. By the definition of M(z), 
we have [@, (e;)] = ie ,M(z)x,ilex]. Hence the jth component of a@ (e;) is a non-zero pro- 
jection, in particular, the central support of @(e;) in M xq G ® B is equal to 1. Therefore 
the claim is proved. Let Hi be a Hilbert space p; (L?(G) ® H;) and we have an isomor- 


phism e;(A ®@ Kye; xg G = coe K(H; ). Next we choose minimal projections {g;}j<, from 
K(H; ). Let p be a minimal projection in K. For any j € J, the projection qj; is equivalent 
to p@ej n K® K(Aj) CK@A® IK)'48@, Then we have a G-isomorphism between re- 
duced spaces gj(K @ A @ K)qx and (p @ ej) (K®@ A @ K)(p ® ee) = Cp @ej(A @ Rox 
for all j,k € J. Therefore we have proved the equality dim Homg(Hz,qj(K ® A ® K)qx) = 
dim Homg (Hz, ej (A ® K)ex) for all x € G and LkeT. 


Definition 4.19. Let {A, G,a} be a compact quantum ergodic system. A unital C*-subalgebra 
B C Ais called a G-invariant C*-subalgebra if it satisfies a(B) C B ® C(G). Then {B, G, a} is 
called a subsystem of {A, G, a} and denote this situation by {B, G,a} C {A, G, a}. A subsystem 
of {C(G), G, 6} is called a right coideal. 


Let B be a G-invariant C*-subalgebra of A. The inclusion G-homomorphism 1: B > A in- 
duces the inclusion of crossed products, B xy GC A ™q G. Taking index sets J, J as B X¥y9 G= 
@ic, KCHi) and A xq G= Dies K(K;). Let A be an inclusion matrix of B xg GC A xq G, 
that is, K(H;) is amplified into K(K;) by Aj;,; times. We can easily show the next proposition 
by the definition of multiplicity maps. 


Proposition 4.20. Let {B, G,a} C {A, G, a} be an inclusion of compact quantum ergodic sys- 
tems. Let M? and M4 be the multiplicity maps. Then we have AM (2) = MA(z)A for all 
weG. 
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We recall an observation by A. Wassermann, which has an important role in his classification 
program in [21]. Let po = (id ® h)(V) be a minimal projection of C;*(G). Note that it is central 
in not only C*(G) but also C7(G). It is also a minimal projection on L?(G). Then we have 


(1® po)A Xe G(1 ® po) = (A ® poK(L7(G)) po)* = A* @ Cpo = C1 @ po). 


This shows that po is a minimal projection in A xq G. Hence if we take minimal projections in 
{e;}icz as before, then there exists unique ig such that e;, is equivalent to po in A Xy G. We often 
say this index corresponds to pg. Then we obtain an isomorphism as covariant systems between 
{A, G, a} and {e;,,A ® K(L7(G))eig, G, a}. From this we get the following result. 


Corollary 4.21. Let A C C(G) be a right coideal. Then there exists an eigenvector c = (C;)ieI 
which satisfies the following conditions. 


(1) All entries of c are strictly positive integers and there exists an index ig € I which satisfies 
Cig = 1. 2 

(2) It is acommon eigenvector of the multiplicity map; M(a1)c = dye for all a € G. 

(3) Two covariant systems {A, G, a} and {e;,A ® K(L7(G))éig. G, @} are isomorphic. 


Proof. Take a minimal projection pz of End(H,) C Cx(G) for a € G. Let a be an element 
of G. Consider the dual coaction bn :C(G) > C*(G) ® End(H,,). We want to compute os (po) 
in Ko(C;(G)). Since we have the isomorphism Ko(C;(G)) = R(G) = K& (C) by [px] > 2, we 
see [5 (po)] = [px]. Now let A be an inclusion matrix for A ¥y G C C(G) &s5 G. It is actually 
a row vector because C(G) Xq G is isomorphic to IK(L?(G)). By the previous proposition we 
have M' (7). A = AM(z) for all x € GC, where Ml and M are the multiplicity maps for {A, G, a} 
and {C(G), G, 5}, respectively. Let us take 1 ® po for a minimal projection of C(G) x3; G = 
K(L?(G)). From the first part of this proof we have z[ po] = [px] = dx[po] in Ko(C(G) X35 G). 
Hence the action M'(zr) is multiplication by d; and we get AM(s) = d, A. Transposing it, we 
have M(z)! A = dz! A. Define a vector c = 7 A. Let us take an index ig which corresponds 
to po in A Xq G. Since | ® po is also minimal in C(G) x3 G, we get cj, = Aj, = 1. 


We end this section with the following proposition. We use the same notations as before. 


Proposition 4.22. Let A C C(G) be a right coideal and take an eigenvector ¢ =" A for its 
multiplicity map. If there exists an index j € I with cj = 1, then the reduced ergodic system 
ej A® K(L7(G)))e; is G-equivariantly embedded into C(G). In particular, it becomes a right 
coideal of C(G). 


Proof. Let po be a minimal projection in KK(L?(G)) associated to the trivial representation. 
Since the ranks of e; and po in C(G) x; G= IKK(L?(G)) are equal, we have a partial isometry v 
in C(G) X35 G such that it satisfies v*v = e; and vu* = po. Note that v belongs to C(G) x5 
G = (C(G) ® K(L2(G)))©. Then we have a desired G-equivariant +-homomorphism e;(A @ 
K(L?(G)))e; — C(G) ® Cpo defined by at vav"*. 


Remark 4.23. Let {A,G,a} and {B,G, 6} be two ergodic systems and 6:A — B be a 
G-equivariant *-homomorphism. Then it must be faithful as we see below. Let g4 and gg be 
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the unique faithful invariant states. Since 0 is G-equivariant, yg o @ is an invariant state. By its 
uniqueness we obtain g4 = 9g 0 O. Hence 6 is faithful. 


5. Elementary results for SU, (2) 


In this section, we summarize basic facts for SU, (2) for readers’ convenience. Readers are 
referred to, for example, [13,22] for its basic theory and [6,11,12,15—17] for the results on quan- 
tized universal enveloping algebras, the quantum spheres and quantum subgroups in SU, (2). We 
adopt the same notation as [13] in this paper. We treat a real number g in [—1, 1] \ {O}. 


5.1. SUg(2) 


The smooth function algebra A(SU4q (2)) is the universal +-algebra generated by four elements 
x,u,v and y with the following relations: 


ux =qxu, UX = qx, yu=quy, yu=qvy, 


1 


uv = vu, xy—q uv=yx—quv=1, x"=y, uu=—q vz 


Its universal C*-algebra is denoted by C(SU4(2)). We often use a positive operator ¢ = —q7 luv. 
We make A(SU,(2)) a Hopf +-algebra by defining coproduct 46, counit ¢ and antipode « as 


follows: 

d(x) dU)\_(x@1 u@l\ (1@x 1@u 

d(v) d(y)/ \v@l ye@l 1@v 1@y/)’ 

e(x) elu)\ (1 0 

e(v) ey) \O 1)’ 

K(x) Kw))_( y  -au 

Kv) K(y) age ey 
Then the pair SU, (2) = (C(SUq(2)), 5) becomes a compact quantum group and it is often called 
the twisted SU(2) group. The maps 6 and ¢ are extended to C(SU,(2)) norm continuously and 


the map « is extended to C(SU;,(2)) as a closed operator. The Woronowicz characters { fz}-ec 
are given by 


as £2) 0 |q\-* orallze, 


5.2. Irreducible representations 


The equivalence classes of irreducible representations SU, (2) are indexed by spin numbers 
ve 5Z>0 and we fix a selection of irreducible representations {w(z,,)},, corresponding to spins v 
as follows. The representation space Hy = Hy z,) is (2v + 1)-dimensional and fix the orthonor- 
mal basis {&,},-e7, where the index set J, is {—v,-v + 1,...,v — 1, v}. Then we define the 
matrix w(7,) € B(Hy)) @ A(SU,(2)) by setting w(7,);,; as follows. 
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(1) Casei+j7<0,1 2): 
1 


VSI}? Gages) 2 
P. j ; ; ’ 
ee v+J (¢ q ) 


1 
xvi h yi g@t DG aed 
i-jlp 

(2) Caseei+j <O0O,i<j: 
1 1 


og fd. Gey aay | YS OU SEAT 2 tenon 8 
x Sy g toe ee lame yeti (¢: 47), 
q q 


(3) Casei+ 7 2>0,i< j: 


1 


1 

ng [ YF]? [YTS]? pU-Litd(p. 22) ii yiti 

gveM seme ee Pong (Gar yul ty, 
q q 


(4) Casei+ j 20,12): 


1 
ah as i : 


ay 
da edi POM egy ty, 
i—J q 


i—J g 


where we have used the q-binomial coefficients and the little g-Jacobi polynomials: 


m-1 


m (4; Wm : he gE 
"I, a, Gale =| Tae) 


a (4; Dn(43 Mm—n s<0 


n a+p+n+1. 


q "3 arq :Qr 
PERG = 
? ; za 
ro BORG Dr 


(qz)’. 


This yields the following formula: 


wry )7 j= (-g) wry) i,j 


for all m7, € SU) and i, j € J,. For an integer n, we define the g-integer and its factorial by 


_ lal" = lal 


(n) —_— ’ 
4 Iql—lal-! 


(n)g! = (M)g(n— I)g-+: Dg: 
We summarize useful formulae as follows: 


(1) fc(w(ttv)r,s) = 5r,s1q\-", 

(2) of (w(tv)r,s) = lgl20F wl)r,s, 
(3). tw Ges) = 1g" woes, 

(4) R(w(ay)y,s) = (-1)" Sw (ty) ~s,-r5 


29 
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forall ze C,reR, ve 5Z>0 and r,s € I,. The F-matrix F;, = (id @ f1)(w(,)) is equal 
to diag(q?”, q?”~?,...,q7@”-), q~*”). Hence we obtain D,, = (2v + 1),. In the case of spin 
we have the following matrices: 


(Ge a (le u ) 

Ce) eho mee Jel tay” 
(es we) -( x at) 
Bay Oe Nig) Ft: ue 
R(x) RW\ (yy =u 

bs ee ) 


On the calculation about the Haar state, we have 


1 
v= >> 


n Lisg® 
nO\= Ta qa for alln € Zyo. 


5.3. Quantum subgroups of SUq(2) 


We recall the embedding of T into SU, (2) for —1 <q < 1. The torus group T is identified 


with the set {z € C | |z| = 1} and its cyclic subgroup T,, (m > 2) is generated by exp(22¥=1), 
For —1 <q <1 if 09: C(SU,(2)) > C(T) is a restriction map, then it must be as follows: 


Ge $0) _ (5 o) (; °) 

A(v) A(y)/ \O z 0 z/}’ 

where z € T C C is a usual coordinating map. Let my and zp be the first and second restriction 
maps in the above equalities, respectively. The group T is called the maximal torus subgroup of 
SU, (2) and we always treat it with the restriction map zp. Note that quotient space T \ SU, (2) 
or Ty, \ SUg(2) do not depend on the choice of mp or Top The quotient space C(T \ SU, (2)) 
is often called the canonical homogeneous sphere, which is generated by {w(7)o,r}rez,- The 
quotient space C(T2 \ SU,(2)) is denoted by C(SO,(3)) which is also a compact quantum 
group by restricting the coproduct 6. We can easily see C(SO,(3)) has the spectral pattern: 
Die Zso(2k + Lx and hence it does not depend on positivity or negativity of the parameter q. 
In fact, we have an isomorphism &, :C(SO,(3))  C(SO_,(3)) as compact quantum groups 
defined by the following equality, where 2 by 2 matrices G 3) and C i) are fundamental repre- 
sentations of SU, (2) and SU_, (2), respectively: 


Bg (x?) Vv 1+ q’ Eq (xu) Eq (u?) 
Vl+q?Sq(xv) Egl+(qtq7'juv) V1+q?q(uy) 
Ey (v’) V1+q?8q(vy) Eq (y) 


a’ —iVv1+ q2ab b* 
=|iJ/l+q2ac 1—-(qt+q7!)be if14+q2bd 
c? —i/1+ q2cd a 
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With this isomorphism, we often identify SO (3) with SO_, (3). 
Now we recall classical results on closed subgroups of SU(2). Let us use the Pauli matrices 


01 0 -i 1 0 
Bel oye PRC gy Belo) 


They give an orthonormal basis for a three-dimensional real vector space R? = Ro, + Ro2+Ro3. 
We define a double covering 2; : SU(2) > SO(3) by the adjoint action 71 (g)(a) = gag! for all 
g € SU(2) and a € R®. For a subgroup H C SO(3) we write H* for its inverse image by 7 
and such a subgroup is called a binary subgroup. A symmetric group and alternative groups 
A4, S4 and As are embedded into SO(3) as the tetrahedral group, the octahedral group and the 
icosahedral group, respectively. The group D», (2 <m < ov) is a dihedral group, and T and 
Tm (2 < m) are the ordinary torus and the cyclic groups of order m. In SU(2) all the closed 
subgroups are conjugate to one of the trivial group 1, the cyclic group Tn, SU(2), the maximal 
torus T, the binary dihedral group Dj, (2 <m < oo), the binary tetrahedral group Aj, the binary 
octahedral group S{ and the binary icosahedral group A%. Since we need explicit embedding 
of T, and D, in the final section, we prepare a few notations. Let us define rotation matrices 


R gts: 6 93 cos g —isin g 
r@)= Git)? r-(@)= 4 a |> 


—isin z cos 5 


0 - 6 
r@)=( COS 5 a) 


# é 
— sin 5 COS 5 


where zr; (r‘/ (9)) gives the rotation of angle @ in o;-o j plane. The cyclic group T,, is specified 


by two angles x and y and denoted by TX, It consists of rotations of the angle 27 around 


the axis; —cos x sin wo; — sin x sin oz + cos Wo3. The dihedral group D, is specified by three 
angles ¢, x and w and denoted by pb? OY Tt is generated by THY and the rotation of the an- 
gle m around the axis; cos ¢@ cos x cos yo, + sing sin xo2 + cos ¢ sin yo3. By definition we have 
TAY = Ader P(r (yy) Tn) and Dp? = Ado PCr (Wr) (Dr). 

In [17] he has classified all the quantum subgroups of SU, (2) for —1 <q < 1. We summarize 
it for readers’ convenience and analysis on SU_, (2) later. 

(1) 0 < |q| < 1 case. Its quantum subgroup is one of 1, T,, (m > 2), T, and SU, (2). For Tin 
(m > 2) and T, their restriction map is wr or Toy. 

(2) q =—1 case. For g = ( ay € SU(2), define the «-homomorphism vz : C(SU_)(2)) > 
B(C?) by 


ae ae = ee i) 
Ug(V) Ug(y) ~ \ yor ado, )" 
Now we define the irreducible representation t, of C(SU_|(2)) asa C *-algebra. They give all 
irreducible representations of C(SU_,(2)). 
(i) a, y #0 case. Tz = Ug. 
(ii) a = 0 case. Tz: C(SU_\(2)) > Cis 


ee oa i 
Tg(v) Tey) y O}- 
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(ii) y = 0 case. Tg : C(SU_|(2)) > C is 


Goma) tee) 

Tg(v) Te(y) 0 a) 

For a compact subset Z C SU(2) we consider the direct sum representation 7z = B gez Ue: 
In [17, Proposition 2.4], it is characterized when 2z:C(SU_,(2)) > mz(C(SU_(2))) gives a 
restriction map to a quantum subgroup. We write C(Gz) = mz(C(SU_|(2))). Before a summary 
we study the embedding T,, C SU_;(2) a little. For a € C(SU_,(2)) and g € T,, we write simply 


a(g) for r(a)(g) where r is a restriction map. Let g be a generator of T,. Since we have xv = 
—vx, x(g) =0 or v(g) = 0. We consider v(g) 4 0. By the definition of the restriction map we 


have Ce a = ( ay This shows n must be 2. We denote the restriction by 2p,. Hence if 
n > 3, the embedding of T, is unique and if n = 2, two embedding arises. Since in this paper 
notations T and T, are used for the maximal torus and its cyclic subgroups, we prepare the 
notation D, for a subgroup of order 2 which is embedded by zp,. Of course subgroups D; and 
T2 are isomorphic, however, right coideals by them are not isomorphic. 

(a) C(Gz) is an abelian C*-algebra case (that is, Gz is an ordinary group), then Gz is (iso- 
morphic to) one of trivial group 1, the maximal torus T, the cyclic groups T, (Cc T) (n > 2), 
D, and dihedral groups D, (2 <n < oo) containing T,. (This isomorphism gives the conju- 
gation Br on right coideals by them.) About D, (1 <n < 00) its corresponding subset Zp, is 
{r 12 (22k) 12 (22k) p23 (7) | O<k <n — 1}. Note that Zp, is not a subgroup in SU(2) if odd n. 
If Gz is not T, or D, (odd n), Z is a binary subgroup and it shows the spectral pattern of the 
right coideal C(Gz \ SU_1(2)) consists of integer spins. If Gz is, then it also has half-integer 
spin parts. 

(b) If C(Gz) is a non-abelian C*-algebra, Z is one of binary subgroups whose image by 7 is 
listed in [17, p. 11]. Note that it depends on the embedding of a closed subgroup into SO(3). Then 
itis known that C(Gz \ SU_1(2)) C C(SO_)(3)) and &_1(C(Gz\SU_1(2))) = C(A\ SO; (3)). 


5.4, Ug(su2) 


The quantum universal enveloping algebra U,(suz) is generated by four elements k, ke 
and f which satisfy the following relations: 


ke a t=h 
kek! = qe, kfk t=qo ly, 
k2 —k-? 
ef = fe = —__ T° 
q-4 


Ug(suz) is realized as a Hopf *-subalgebra of the algebraic functional space A(SUq(2))* as 
follows. 
(1) gq > 0 case. 


ie (w(sy)r,s) _ qt’ brs, 


e(w(my)r,s) = Srttsy/ + S)q(v —s+ lq, 
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f (w(ty)r,s) _ b—t.sy/ = S)q(v +5 + 1)q. 


(2) q <O case. 


Ge (w(sy)r,s) _ qt brs, 


e(w(ay)r,s) = brstsV—t + S)q(v —st+ lq, 


f (w@)r,s) = basv=t —S)\gvts4t Dg, 


where gq” = /-—1 - (—q)" for a half-integer n. The Hopf *-algebra structure of Uy (suz) is given 
by 


OPS a7 fae . 
(2) 6(k) =k @k, (ce) =e @k +k! @e, S(f) = f @k+k'@ f, 
(3) KM) =k, Re) =—Ge, k(f)=—-q''f. 


Hence U,(su2) is a Hopf *-subalgebra of A(SU,(2)). For a smooth corepresentation of 
A(SU,q(2)), a: K > K @ A(SU,(2)), we prepare U,(su2)-module structure on K by 6-§& = 
(id @ 0)(w&) for all 6 € Ug (suz) and € € K. This representation of Ug (suz) is called a differen- 
tial representation of a corepresentation (a, K). Consider irreducible representation (w(z,,), Hy) 
and we have the following formulae about its Uy (suz)-module structure. 

(1) gq >O case. 


+1 #F: 
ke EP = qe, 


e-6) = [wtngv—rt Daft, 


fe = /—ngvtrt IgE z. 


(2) q <O case. 


+1 =: 
kV. Pg Fre? 


e-§?= vat To +r)gv—r+lgé?_1, 


f-eve= vat Vo =r)qgvtrt Dgk yy 


for all r € J. For a half-integer n a vector  € K is called a highest weight vector of weight n if 
it satisfies k-& = q"& and e-& =0. For example, the vector €” , € H, is a highest weight vector 
of weight v. It is well known that a tensor product U,(su2)-module H,, ® Hy is isomorphic to 
the direct sum Ug (su2)-module ) NS Hy, where € runs through half-integers. If we 
want to make a highest weight vector of Hy from those of H,, and H,,, the following well-known 
lemmas are useful. 
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Lemma 5.1. For positive q, consider the tensor product Ug(su2)-module H, ® H,. Let £ be a 
half-integer with |u — v| <€ < w+ v. Define the coefficients (Cf yr for O<r<ptv— by 


3(C4 Duty (_ qh "1 (utv—€4+1—-Hg(u—vt+lt+tq 
(f)gQv—t+ lq ; 


e 
(Cis) =q 
Then a vector n° = = f (Ce a aaa @ &",, is a highest weight vector of weight € in 
@ A. 
Ay, 


Proof. The action of U, (su) on H,, @ H, is given via coproduct. With this, we can easily justify 
k-n?' =q-'n' ande-n’ =0. 


Lemma 5.2. For negative q, consider the tensor product Ug (su2)-module H,, ® Hy. Let ¢ be a 
half-integer with |u—v| <€< wt+v and &" and &” be vectors of copy of m,, and 1, respectively. 
Define the coefficients (Cl Js forO<r<pt+v—€by 


—LeeDu@ty-O enpr [Mutv—€41-dg(u—vtl+n) 
(cf ) =H 2 (=1)' HE NEOT Ge + TI q qo 
= (t)g2v+1—t)g 


Then a vector n° = ane (ae PS ae rae @ &",, is a highest weight vector of weight € in 
A, ® Ay. 


5.5. Eigenvectors and their products 


Let Y,, be a linear space of z,,-eigenvectors of C(SU;, (2)). We prepare the notation of eigen- 
vectors wh! := (w(t )rt)re I, for r € I,,. They give an orthonormal basis of Y,,. Let us consider 
a covariant system (A, SUg (2), a). For its eigenvector spaces {X)},, 1 Z59 WE define the product 

22 


of eigenvectors Wy: X, x Xy — X¢ by using Lemma 5.1: 
u+v—l 
£ 
Wi (ERE ley = » (Cia) Spy ee 
r=0 

for all eigenvectors €” and &”, where the coefficients (C ee ry are given in Lemmas 5.1 and 5.2. 
5.6. Quantum spheres 

In [16], ergodic systems {A, SU, (2), a} with dim A,;, = 1 and A = C*(Ajz,) are classified 
for |g| < 1. They are SU, (2)-isomorphic to one of the quantum spheres. We summarize his 


classification. Let X,, be the 7r-eigenvector space. Since this is one-dimensional, we can take 
the (unique) zr;-eigenvector € with the following properties, 


Th =&, (&.6)=1, W (6,6) =A&, 
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where A is a non-negative real constant. From the second assumption the C*-algebra A is gen- 
erated by (&)—1, (€)o and (&)1. Write Ao for (q7! — q)7!a. For n € Z>) we define a positive 


+1 —n-1l 
number c(n) = 4—+4 


a/ (n)q (n+2)q : 


Case 1. If Ag > 1, then there exists n € Z>, such that A = c(n) and we obtain a G-isomorphism 
A = End(4A,,,, ). In this case the spectral pattern of A is 79 21 ®--- On. 
2 


Then the classification is done as follows. 


Case 2. If 0< Ago < 1 and g > 0, then the map & = ((&)-1, (Exo, (&)1) B (gas) OD, 0 do, 


1 


32 
—q 2,] a) - w(z1) gives a G-equivariant embedding A <> C(SU,(2)). In this case the spec- 
q 
tral pattern of A is Byez,, Te. 


Case 3. If O< Ao < 1 and gq <0, then the map &, = ((&)-1, (&1)o, (6) 1) B C(- q)2,| 7 a ere 


(—q)~2,/ + a a) . w(1) gives a G-equivariant embedding A <> C(SU,(2)). In this case the 


spectral pattern of A is Deezso Te. 


In this paper, we use the notation C (S5 . ,) for the right coideal which is defined in the above 


cases 2 and 3. The quantum sphere C (So ,) is considered as a g-deformation of C (To¥ \SO()) 
with the parameter Ap = cos ¥ (see Lemma 8.2). If Ag = 1, C (Sq, (q-!—q)- 1) becomes the canon- 
ical homogeneous sphere C(T \ SU, (2)). Let Br be a left action of the maximal torus on 
C(SU,(2)) defined by (ev, o wr @ id) o 4 for all z € T. It satisfies (ph @id)od=Sd0 Be, that is, 
pe gives an SU, (2)-isomorphism. Note that all embeddings of quantum spheres into C (SU, (2)) 
are obtained by rotations of 6“ for the above given embedding. Similarly we define the right 
action BR of the maximal torus by BR = (id @ m7) 06. 


5.7. Connected graphs and McKay diagrams 


We show the list of all the connected graphs of norm 2 in Appendix A. For their classification, 
readers are referred to [9, Lemma 1.4.1]. The labels except for A‘, correspond to closed sub- 
groups of SU(2) or SU_, (2) by their McKay diagrams about fundamental representation 71 or 

2 


multiplicity diagrams of the right coideals obtained by quotients. We will see later that type Aj, 
does not occur even if we investigate right coideals. 


Remark 5.3. We give a simple remark on the absence of Aj, (3 <m < ov) for a special case. 
Let C(G) be a compact quantum group which has an irreducible unitary representation w gen- 
erating R(G) (that is, C(G) is a compact matrix pseudogroup [23]). We consider a compact 
quantum subgroup C(H) whose McKay diagram about w is of type A’, (m > 3). We simply 
denote the restriction of w onto H by w|y. Now vertices in Aj, corresponds to the irreducible 
representations of H and let po, 01, ... be the irreducible representations from the left-hand side 
in Figs. 14, 15. Since the entries of the Perron—Frobenius eigenvector are equal to the dimen- 
sions of the corresponding irreducible modules, A must be a group. By definition of the McKay 
diagram, w|y - P90 = po + o1 holds. Hence we have w|y =0+ LiPo where 0 is the trivial 
representation. Then it yields w|y - 01 = P1 + P19 : (1, and this shows there must exist a single 
loop at o;. Hence in this case, the McKay diagram of type Aj, (m > 3) does not appear. 
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6. Classification of right coideals of C(SUq(2)): 0 <q <1 case 


In the case of g = 1, the main theorem of [21, p. 309] asserts that any ergodic system of SU(2) 
is an induced system {End(W), H, 6} where H is a closed subgroup of SU(2) and W is a finite- 
dimensional H-module. A closed subgroup H is conjugate to one of 1, T, (n > 2), T, SU(2), DF, 
(n > 2), D5,, Az, Sj and Az and the multiplicity diagrams of the induced systems from them are 
the Mckay diagrams (see Appendix A). However, in the case of 0 < g < I, there are a little quan- 
tum subgroups of SU, (2) as is proved in [17, Theorem 2.1]. So we are interested in the absence 
of some types of right coideals for 0 <q < 1. Finally, we obtain the following classification 
result for right coideals. 


Theorem 6.1. Let A C C(SU,(2)) be a right coideal. Then its multiplicity diagram is one of 
types 1, Ty, (n > 2), T, SU(2) and D&.. If it is of type T, then it is one of the quantum spheres. 
Otherwise it is unique up to conjugation by B*. 


Now we start the proof of Theorem 6.1. In cases (I)-(III), AZ, Sf and Az types are rejected. 
In case (IV), we show that D%, type survives and it is unique. In case (V), D¥, (m > 2) types are 
rejected. In case (VI), we show that T,, (m > 2) types are quotient ones. 

(1) Aj case. A has a spectral pattern 79 © 73 ® 174 ® 2076 O17 @ - --. Like the discussion of 
(21, p. 321], we focus on spectral gaps: 71, 72 and 75. We will soon notice the importance of 
using the both of even and odd spin. Let 7 = (7,)-ex, be a self-conjugate m3-eigenvector of A. 
Take scalars {c;}-e7, such that n, = eh Csw(73)s,r for all r € 13. Applying Lemma 5.1, we 
obtain the following highest weight vectors: 


Ws(n,n)—s =q>n-2n-3 — q?>n-3n-2, 


_ 3 [(4qQ@) (4) (3) 
Wo(n, n)-2=47°mn_s — G72. | eee OC 
2(7,n)-2= 4" n1N-3 — q (6), non—2 OROKORE 1N-1 
_ 3 [Aaa 6 
q (6, n-2n0 + G N-3"1, 


(5)q(2q -1 [AqgQaq 
(6), M1N-2 1 4q (6), 0n-1 


(4)qBq 3 | ODqQa 
©, n-1n0 +4 6) 


Wi(n.n)-1=q >nn3-q > 


5 
-271 — | -372.- 


They are actually 0 vectors because of the absence of spectra. Applying the lowering operator 
f € Ug (suz) to these vectors, we obtain 


f(y, n)—s = yf (5)q(2qn-1n-3 + 4/ Oqg(a-> — 9°) 2.9 — / Bq (2qn-3n-1, 
f? -Ws(n, n)—s = 97\/(4)q(3)gnon—-3 + (G73 +47! —47),/ gq (5)q(2)qn—1n-2 
+ (q-7 -—4—@°)y/ )q(5)q(2qn-2n-1 +4734) (4qBqn-3N0 
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and 


(6)gf- “itn, M1 =4 ?)qn3n—3 + (-47!(5)q(2q +97 7° (O)q)n2n-2 
+ ((4)q(B)q — 47 (5)q(2)q)min—1 + (G7! — 4) (4g Bang 
+ (47(5)q(2)q — (4)q(Bq)n—1m + (4(D)q(2Qq — G(O)gq)n-202 


— 4? (6)qn—3m3. 


Recall a restriction map mp: C(SU,(2)) > C(T). It sends w(z);,5 to rae forve 5Z>0 
and r,s € J. Then we have rq¢(7,-) = z2"c, forr € 1. From 0 = mr(f - s(n, n)—s), we obtain 
c_2 = 0. Then from 0 = 27 (%(y, n)-1) = my (f? -Ws5(n,)-5), we have c_3cp = c_1co = 0. If 
co is not 0, then c_3 and c_ are equal to 0. Hence {c;},¢7, are all zero except for r = 0. From 
O=amr(f -“%1(7,n)~-1) we have co = 0, this is contradiction. Therefore co must be 0. Then the 
last equality deduces to (6)4c3c_3 = (5)q(2)qc1c_1. Because of the self-conjugacy of n we have 
C3= -PB and c_; = —qcy}. Then we have 


()glesl” = 4 *(5)q(2gler?. 
From the second one we get 


_ (4), (3) 
6 4 76 4 Al a eee) 
ae ie JOi@Qq 


We can easily see that there does not exist a solution to the above two equalities except for the 
case cz = c) = 0. Therefore we have rejected existence of right coideal of type Aj. 

dD) Sa case. A has a spectral pattern 79 ® 74 © 76 P13 P Mo M10 P---. There are spectral 
gaps of z, for v = 1,2,3,5,7. Let n= (Hs)seq = Yeh cswt be a non-zero self-conjugate 
m4-eigenvector of A. We derive contradiction by showing the coefficients cs are all zero. Let us 
consider eigenvectors 


W(n,n)-7 =q ‘n_3n_4 — q*n_an-s, 


(6)gA)q 3 | O)qgB)q 
(8) n-2N-3 Tq SET 


Ws(n,n)-s=q -n-1n-4-q > 


= @on-an-1, 


= 6 | G)q(4) £ (5)q (4) 
Behr ie Sa DOE oa ca iva? gq 
3(7,n)-3=q “nN1Nn-4—4q 8), non—3 + 4 J®_(,," 1N-2 
Ca n-21 i+¢° Sys — 41am, 
qg\)q4q \ q 
6), 
W(n,n)-2=q ?n2n-4-q-° 3 
\ q 
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3 (Oa aq ; (5)g(4q ee 
(8)q(Mq2q “Ba QalDa 


3 | OqSqaHqQq 6 | O)qgBq 
a (8)g(MqQDa eras aa (8)q m1N-3 + N-4N2, 


= _5 |g) _, |(6),(3) 
Wiini=¢- maa—q" Chee eee 3 GOT ie 
17,-1=4 °13n-4—4q (8), n2n-3 + 4 (8), n1N-2 
(5)g(4qg (5)q(4q (6)g(3)q 
-—jt = 
(8), non—-1 +4 (8), 0 (8), 


| (Tq (2) 
ee CNN ir Neg 
q (8), -312 —@ 413 


They are in fact 0 vectors by the gap at each spectrum. Applying lowering operator f to these 
vectors, we get 


f Yn n)—7 = yf gq (qn-2n-4 + (a7! — 4"), B)qn23 — Ng (2)qn-an-2, 


—10 
5 q(8)q — 6)qB)q 
f-Ys(n.n)-s = 4 ~/S)q¢Aqnon-4 + ®, n-1N-3 


T)q)qg3)q2 
tip =q7) (1g (9)q Bq Qa ee 
(8)q 


—4'9(8)q + 6g (Bg 


5 
Ja n-3N-1 — F°4/ 5)q(Mqn-ano, 


f-BQ.n)3 = gy q@)qnn-4 + ae le es nin-3 
+ (gq — 1 Da Qa) ey ys 
+(q°- Pum oot 
+ (q°(7)q(2)q — (5)g(4q) wo" 
FO ty on 4°,/@q()qn-am, 


f % WY (n, n)-1 a qe (8)q 74-4 + q (8)q q (Nq(2)q 


Jaq 31-3 
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4 q'(6)q(3)q — 9° Mq2)q ‘ q*(6)qB)q — (qq 


®, a 8) ' 
(q—47')(5)q(4q se (5)q4q = 2g B)q 
(8), (8)q 
gq (1q(2)q — 9©)qB)q gq (Ng Qq - 4*(8)q 


®, ®, n-3N3 


— @?\/(8)qn-ana. 
Applying zr to these vectors, we obtain the following equations: 


c-3 =0, (6.1) 


7) q(6)q (Fg (2 
(a5 — 4°) @4@yeve-a+ (a —4°°), | PH a 42, =0, (6.2) 


. 6 5)q(4) 
(q~6 — q°),/(@)qB)geoc-4 + (q° — 97) i, 4 eyc_2 


Ss (6)¢ (3) 
PS Oe ee, 6.3 
+(q q )¢ Yq ( Yq qe (6.3) 


| = g))q3)q — G3 — 977) M)q2 
(q? —@)V (8)gc4c_4 + @ Ea a = qa a C2C~2 


or) 
(q-— 4 )B)qAq oe _~(. (6.4) 


= ny) 
cf (q I )(6)q Bq ae 
(8)q (8)q 


Also noticing c_3 = 0, we get the following equations via original eigenvectors W%,(7n, 7) for 
v=5,3,2: 


(q~° — q?)c-1c-4 =0, (6.5) 


2 _ 9?) O)aAq 
(8)q(MqQa 


a. Pe OMOROnOr Ca 
= ~ =0(0. (6.7 
COPE TE) eo, "OOO 


From (6.5) c_1 or c_4 are 0. If c_a is 0, then we have c_2 = c_1 = co = 0 by (6.2)-(6.4). This is 
a contradiction. Hence c_4 is not 0 and c_ is equal to 0. Next we can derive czc_4 = coc_2 = 0 
by (6.3) and (6.7). Then we have c_2 = 0. This yields co = 0 through (6.2). Finally we get 
c_4 = 0 by (6.4). However this is a contradiction. 

(III) Az case. A C*-algebra A has a spectral pattern 79 ® 7 © 710 © 112 ®---. Let n= 
(Ns )selg = ee ih csw® be a non-zero self-conjugate m6-eigenvector. Equality c_s = (—q)*Cs 
follows from the self-conjugacy. We show coefficients cs are all zero and derive contradiction. In 
order to do it we make use of spectral gaps at 2, for v = 11,9, 8,7, 4, 2 and 1. 


(q7° — 9" )eic_4 + (q~ c_1c_2 = 0, (6.6) 
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First we see the gap at 11. We construct a 7r1;-eigenvector %1(, 7) and apply the lowering 
operator f to W41(, n)_11. Then we have the following equalities: 


Wii(n, n)—11 =q °n_sn_6 — q°n_on_s, 


Ff Yrn M—-u1 = Dg Qqn—an-6 + (q7"! = 4") ADqn2s — Dg Qqn—on-4. 


Applying srr to the second one, we get c_5 = 0. 
Next we see the gap at 9. We make Wo(n, 7)_9 and f - Wo(n, n)~9 as follows: 


(12)q¥o(n, m)-9 = 47 '?\/(12)qn-3n-6 — 4g [40)4)gn-an-s 
g° (10)4B)qn-sn-4—q'>[02)gn-6n-s, 
(12)q f - Yo(n n)-9 = 4? y/(12)q(MqAgn-2n—6 + (q7!8(12)q — (10)q(3)q)-37-5 
+ (4? — 479)y[ A 1)q(10)q(3)q2gn—4n-—4 


+ ((10)q(3)q — ¢'8(12)q)n—sn—3 — 974) (12)q(9)q(4)qn—6n-2. 


Applying zr to the first one, we get c_3c_6 = 0. Similarly from the second one we get the 


following equality: 
y 2)q()q(Age-2¢-6 — Ja 1)q(10)q(3)q(2)gc7 4 =0. (6.8) 
Next we look at the gap at 8. In this case we need two operators: 
Vy 2)qC1g2)q¥8(7, 0)-8 
_ 18 -9 
=q ~ 12)¢dDq@)qn-2n-6 — 4 Ja 1) qq (4)q(2)qn-3n-s 


+ /10)q()q(4q(3gn-4n-4 — 44 Wg Og (Ag (2qn-s9-3 


HU 2)g(lDgl2)on-ons, 


(12)q(1)q(2)q f? - ¥8(n, 0)-8 


= 4° ,[12)q4(1Dq(8)q(Tqq Bq 2g non-6 


(g7'3 +47 "5)(12)q — @)q (Aq) y/ Dg Bq Sq 2gn—19-5 


( 
{q8(10)q)q(4)q(3)q +97 (12)g (1 D)q (2)q 
al 
( 


+ + 


gq ° +4 *)ADqg(B)q(4)q(2)q}n-an—4 


+ ((10)qB)q — (475 +4") q) gy 10g M%q(4qB)qn-31-3 
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+ {q7¥(10)q()q(4)q(B)q +97 (12)9g A Dg (2)q — (4° +98) Dg (8)q(4)q (2)q fn-an—2 


+ ((q'9 +.4')(12)q — a1 )q(4)q) yA Dq (Bq Sq 2qn-s7-1 


ae q°\/(12)q(1 1)q(8)qg (qq (S)q(2)qn-ono. 
From the first equality we get the following one: 


(q7"8 + q'8) (2) Vq2)qe-20-6 + 7 (10)q(9)q(4)q(3)qen4 = 0. (6.9) 


Equalities (6.8) and (6.9) shows c_2c_6 = 0 and c_4 = 0. Hence by the above second equality 
we get 


(47° +45), 12)q (1 Dg B)q(Nq Og (5g 2)qcoe-6 


+ (10g Bg = (G78 +4 )ADg)@Day/IDqMqAqBge23=0. 6.10) 


Next we see the gap at 7. The operators \/(12)g(11)¢(2)g¥(m, n)—7 and /U2)gdDqgQDaf- 
W7(n, n)—-7 are as follows: 


02)q(1 Dg 2g, m)-7 
= 47, [(12)q(11)q(2qn-1n-6 — 47? Aq Bq S)q(Qqn-27-5 
+ 4-4 [)q(B)q(5)qAgn-an—a— 4*\/)q(B)q(S)qAgn-4n-3 
+4! [148g Gg 2gn-sn—2 — 49, /12)q(MDg2qn-6n-1, 
(12)g(1Dg Qq FY, M7 = 4-4 /12)4 (14 (Mg Og 2qnon-6 
g77"(12)q — @-"(8)q(5)q)/ Aq 2qn—17-5 
+ ((g(4)q — 47411) g(2)q)y)8)qS)qn—20-4 


at 
( 
+ (4-7 = 47), 10) q)q(B)q(5)q4)q(3)gn-3n-3 
( 
(q 


+ ()g(4)q — 97 4A Dg (2)q)4/ 8g (S)gn—4n-2 
(8)q(5)q — 7! (12)q),/ Dg (Qqn—sn-1 


— q'*/(12)q(1Dq(Mq q 2)qn—sn0- 


+ 


From the second one we get the following equation: 
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(g7'4 — g'4),/(12)g(1 qq Og 2qcoe-6 


+ (4-7 = 47)/ A0)q(M)q(B)q (Sq (Aq B)qe23 = 0. el) 


On Eqs. (6.10) and (6.11) we can easily show that the determinant of the following matrix is not 
0 for0<q <1 


( (q+ 4°) ((10)g(3)g — (qa oe aes 
(q7\4 —q"*) (q~7 —4")(8)q(S)q 


Hence we obtain cgc_6 = 0 and c_3 = 0. 
Next we see the gap at 4. We use an eigenvector W4(n, 7), 


(dda 1)q10)q (Pq Ag Bq 2)q¥4(n, )—4 


= 4-9, /(12)q(1D)q(10)q (9g (Ag (Bq Qqm7-6 


- ame Vg (10)q (9)q(8)q (5)q(4)q (3)q(2qnin-s 


" q7'°[a0), (9)q(8)q(Mq()q (5)q (Aq (3)qnon—4 


— 4 (NqOqy/ ()q(8)q(5)q(4qn-1n-3 


+ (8)q(1)q(6)q(5)qn7o 


=F (Nq)qy/ (9)q(8)q(5)q (4qn—3n-1 


+ ¢!9\/ (10)q ()q(8)q(7)q(q (5)q(4)q(Bqn-an0 


— g'5\/(11)q(10)q%q(8)q (5g (4)q Bq 2qn—sm 


+g? | (12)q(11)q(10)q(9)q (4)q Bq (2)qn-om2- 


We know c2c_6 = 0 because of c_2c_6 = 0. Hence the above equality derives c_z = 0. 
Next we see the gap at 2. The operator Y%(7, n)_2 is 


(02)q(1Dq 2g. Wo(n,n)—2 
= 9719, /12)41qQqnan-6— 977, Dg 10g B)q@qnan-s 
+4 ,/10)q(9)q(4)qB)qn2n-4 — 4 )q Bq Sq Hymns 
+ 4-3\/8)q(Nq(q(5)qnon-2 = (Ng (Og 
+ 4° [8g (Dq (6g (S)qn—200 — 4°y/ Og (8)q(5)q(4qn-3m1 
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+.4°,/(10)q(9)q Ag (Bqn-am — 4'?,/ 11g (10g (Bq (2qn-sm3 


+q'?,/(12)q(11)q(2)gn-6na. 


This shows c_; = 0. 
Finally we see the gap at 1. The operators ¥%(n, 7)_1 and f -W(n, )-1 are 


(12),¥i(n, m1 = 47 "',/(2)qnsn—6 — 9 ?,/ Dg (2)qnan_s +47 /\/(10)q(3)¢n3n—4 


— 4° /OqA4qnan-3 +47?) (8)q(Sqnin-2 — 47 ',/(q(®)qnon-1 


+ q,/ 6)q(Tqn-in0 — 4°) 5)q(8)gn—2m1 +. 9° (Ag (qn—3n2 
+q"\/(10)q(3)qn—an3 — 4?,/ 11) q(2)gn—sna — q""\/ (12)qn—ons, 
(O2qf- Wn, n)-1 
= q~(12)gnon—6 + (q7°(12)q — 9771) q(2)q)nsn—s 
+ (q-3(10)9(3)q — 4g? (1D)q(2)q)nan—a + (g~4(10)q (3)q — 9 (9) q(4)q) 3-3 
+ (q7"(8)q(5)q — 9° )q(4)q) 2-2 + (477 (8)q(5)q — qq) 19-1 
+ (q—47')()q©)qnono + (qq — 97 (8)q(5)q)n—11 
+ (G7 (9)q (Aq — 4(8)q(5)q)n—202 + (47g (Aq — 4 (10) q(3)q) 308 
+ (4g? (11g (2)q — 4° (10)q(3)q)n—ana + (G4 (11) g (2)q — 9°(12)q) n-sns 
— 4? (12)qn—6n6. 


Since we have c; = 0 for s = 5,4, 3,2 and 1, the above equality yields 
(q-° — 4°) (12) gcoc—6 + (4 — 4 ')(Nq()qeo = 0. 


We also know coc6 = 0 because of coc_¢6 = 0. Hence we obtain c_6 = cp = 0. 
(IV) D&, case. We conclude that this case actually occurs and a right coideal of this type is 
unique up to conjugation by Bes 


Lemma 6.2. Consider the quantum sphere C (SZ g)- Then a vector 


(a,/ B)q!, 0, -\/ (4g, 0,971 y/ 3)q!) w(r2) 


is a 12-eigenvector of C(Se 0): 


Proof. A highest weight vector of weight 1, (&})-1 in C(SF 9) is given by (&})-1 = 
qd 3 V2)q “12 _ qv? (2)q c v~. Then it is easy to see that the vector in the above statement is 
a highest weight vector of weight 2, (2)q\/(@)q!(&)7- 
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Let € = (€_1, &, &) be the canonical -eigenvector of C(Sé 9). By its definition, {&-},ey, 
satisfies the following conditions, 


g =-gii, ef =f,  &4180 =9**Eobar, (6.12) 
fé1=(¢+q') (78-1), (6.13) 
é1&=(¢t+q') '(¢7& - 1). (6.14) 


An embedding of C(SF 9) into C(SU,(2)) is given by 


&= (V 1 re ae, —/1 +@ )wom) 


or more precisely 


Consider the smooth part of C (Si 0). that is, the «-algebra generated by {&,},¢7, and denote 
it by A. Let Ap bea S U,(2)-invariant +*-subalgebra of A generated by {&,&},,se7,. In [5, Propo- 
sition 2.9], it is shown that {962 |}m,neZso and {9 §] bm.neZso are basis for a vector space A. 
Since the *-subalgebra Ao is generated by words of even length because of the previous equali- 
ties, we see that &, is not contained in Ag for r € 1. In particular, we have Ag ¢ A. Let Ao be 
the norm closure of Ag. By SU, (2)-invariance of Ag we see that Ao is also SU (2)-invariant and 
Ap SC (SZ Q). Next we prove that 73-spectral subspace of Ag is 0. Since &? , #9 is the highest 
weight vector in C (So g)as , itis not contained in Ag. Again SU, (2)-invariance yields that ey is 
not contained in Ao. In a similar way, we can prove that all the odd spin spectral subspaces of Ag 
are 0. Of course, even spin spectral subspaces of Ag are not 0 because of eo # 0 for alln € Z>0. 
The spectral pattern QB, Zoo 2k follows from the spectral pattern of C (SF 0) Ba keZ>o Tk There- 
fore, we have shown that Ao is of type D&,. Next lemma says that a right coideal of D3.,-type is 
unique up to conjugation of the automorphism BE. 


Lemma 6.3. Let A C C(SU,(2)) be a right coideal of type D3,. Then there exists z € C such 
that A is Bf (Bo). 


Proof. By assumption A has the spectral pattern 79 @ 12 @ 14 ®---. In the following discussion 
we do not need to use the gap at 73. Let 7 = (Ns)sen = ek csw be a self-conjugate z- 
eigenvector of A. We consider zero vectors %(n,7)-1 and f - %(n,7)-1. They become as 
follows: 


= _1 | Bg 1 (3)q (2) 
Win, n)_1= 3 ae ae at prea ae - pid Mar re —¢on_ ; 
17,-1=4 “mN-2-4 A), non-1 +4 (4), n-1N0 — 9° n-21 
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f- “Wnn-1=47'\/ qnn-2 + (Oi (724, — (3)q!)nin-1 
Oy @-a )@anb+ (@qy_ (Ba!-F4a)n-1m 
(4)qn-2N2. 
Apply the map zy to the above equalities and we obtain: 


! 
£ C_1COQ = 0, 


GB 

(4)q 
=f 

(a7! — 4) Agerc-2 + (9°? — 47) Agere-1+ (4-47!) Aq Bg!eg =0. 


Self-conjugacy of n yields c_1 = —qcj and c_2 = q°c2. Assume cj is not 0. Then from the first 


equality we get c_2 = —q acing St =, C0: If we put this one to the second equality, we get 


(q-3 — @)eie-2 + (q—47) 


(2) (3)2(2 ) 
gee 2 + (Q)g(A)gcic_1 =0. 
q 


Since we know (3), > 1 and cjc_) = —q|c1 |? < 0, the left-hand side is strictly negative unless 
co = c) = 0. This also shows cz = 0 and this is a contradiction. Hence we get c; = 0. Then 


from the second equality we get |c2| =q7! ie |co|. We may assume co = —,/(4)q by scalar 
q 


multiplication and cy = g7!,/ (3)! by a conjugation of pe: 


Let Ao be the right coideal of type D3, generated by g,/(3)q!w(m12)-2,5 — (Ag w(t2)0,5 + 
gq! /@)q!w(2)2,5 for s € In as before. We remark that we does not generate a right coideal 
of type D3,. In fact, it generates the canonical homogeneous sphere C(T \ SU, (2)). This is 
essentially due to the effect of g 4 1 (see also Lemma 7.5). The C*-algebra Ao is actually the 
Toeplitz algebra as we see below. By [14, Lemma 3.2] there exists the matrix units {e7" }i, jeZ>0 


and {ej i, jeZso inC (S79) which satisfy the following equalities: 


Beep = trie eee = FT Vee (6.15) 
[o,@) 

y=) —q?k*le athe ee (6.16) 
k=0 


for all k € Z>0, where yy, = qq + q7')721 = gikt4y2, Note the equality 1 = }°?° 9 Cnt 
ae eee in C(SUq(2)) where the summation converges in the strong operator topology in 
GU; (2))). In order to verify it, it suffices to show | = Baer h(e, 4) + Vohee,) be- 
cause the Haar state h is normal and faithful. This equality holds by the following lemma. 


Lemma 6.4. We have h(ej,) = 2~'q** (1 — q’) for all k € Z>o. 
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Proof. Let X,, = Cé be the z1-eigenvector space of C (Sé 9). Recall the conjugation map T 
and the one-parameter unitary group U; on Xz, which are defined by (T&), = (—q)~"&*,. and 
(U,é), = (Fp or G) for all r € J,, and t € R, where of! is the modular automorphism 
group with respect to the invariant state h on C (S29). As is proved in Lemma 3.7, we have 
IT*TI* =U; where the unitary map / is defined by (/&), = &_, for r € I,. It shows that the 
spectrum of U; is inverse-closed and hence U; = id. It yields the formula at (&,) = qo ie é,. We 


have the equality h(&1e;, ,§-1) = —q lyZ_ hee, z_1) by (6.15). The left-hand side is equal to 


h(E1ee,8-1) = h(of' EEE; 4) 
= qh(é_181e;;) 


=q?(q+q"') | (a - 1n(ee,), 


where we used (6.13) for the third equality. Hence we have h(e,,) = q**h(e 0) for k > 1. Since 
the equality (&)) = 0 holds, we get h(e 9) = h(ep 9). Using Lemma 3.6, we see h(E) = (3)! 
and obtain h(e59) =27'(1 — q”). 


Now we consider the invariant subalgebra Ag C C (SZ o)- Let us define the matrix units e;,; = 


ej. oh er j for i, 7 € Z>0. The C*-algebra Ag is generated by them and the unilateral shift. It also 


concludes that the right coideal von Neumann algebra Ao is isomorphic to (€7(Zs0)). 
(V) Dz, (m > 2) case. We will show their non-existences. We study a C*-algebra A whose 


spectral pattern is Brett + [~£)mx. Making use of a gap at mz; as Lemma 6.3, we 
can similarly prove that elements of one m2-eigenvector generates a right coideal of type D%,. 
(The zr2-eigenvector space is two-dimensional when m is equal to 2.) So we may assume there 
is a m-eigenvector & in A. Recall that &} is defined by &} = (q\/@)qQ)q.0. —/Aq- 9, 
q '/@)qQq )w(s2). Note that the index 0 of &} means 4 = 0 of C(Se. he 


Lemma 6.5. Let n be a half-integer with n > 2. Then we have the following equalities for all 
te ly: 


n—2 
Wo» 


nag [(M4+Dgn +t — Dyin +t —Dgin+t—3) 
2 n\ _ 2t+6 q q q q 
Yn—2(wia, wr) =4 / (2n)q(2n — 1)q(2n — 2)q(2n — 3)q 


W,-2(wo, w?) =4q 


-on-2r44 [Mag [@+Dg@+t— Vga = Dg =t= Da no 
Oy (2n)q(2n — 1)gQn—2)gQn—3)g  * ’ 


—4n—2t+2 (n t)g(n t I)g(n t 2)q(n t 3)q yr-2 
(2n)q(2n — 1)g(2n — 2) (2n — 3)q $2" 


Proof. For the first equality we use w(22)_2.2-; = leox" u*—" for r € Ip. From this we obtain 
4 1 
2 it 2,n 4:\2 r,4—r 
Yn—2(w= 2, w; ) (m2) = di Crna)y glee Wn )t,—n+r 
r=0 q 
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for all t € J, where the coefficients (C ony, are given as follows: 


n ~2(n— n =@=1y, | 
(Ce )s a amas (Cr), =-g Qn), : 
OWN os (4)q3)q 2n\) _ n-l Aq G)qQa 
(Cya)a = \ Qn), Qn — 1,’ (Cr“2)3= 4 lane =1),Qn= 2). 


DA on 4061) (4)gQ)qQaq 
(C2)4=4 / (Qn), Qn — 1qgQn —2)gQn—3)q" 


This must be a scalar multiple of x”~'v"*'—*, So we may compute only the r = 4 term 
(CO ak wt nes If w(at)¢,-n4+4 Contains the word u such that t < —n + 4, we can disre- 
gard the effect of this term. In order to simplify calculations we use the symbol ~ which ignores 
terms with a power of uv. Assume t > —n + 4 and then we have 


1 1 
n+t]|?2 [2n—4]2 : 
w(tn)t,—n44 éy gee tA yt 4 iff -—n+4 < 0, 

4 @ n—t g 


1 
py) ntt |2 
viteonagmeron-a 


1 
: ie - prttsy tes sepa 450, 
L 


Wt @2 


In both cases, the following result holds: 


1 1 
n+t|2 [2n—4]2 
stole roma~ gir >| os ht ynti-4 
2 


= Gree 


is 
wo 
re | 
3 
o 
Ly 
Ni 
TS) 

s 
— 

q 

T 

i) 
wm 

Pe 

| 
- 

| 
= 

T 

No 
LY 


Hence we obtain the first equality: 


Jah fate (4)! 
Ww az w : w” = qu” Dil n—t+4) 
n-2(Woa, Wi!) ona (2n)g-+-(2n —3)g 


1 
n+t|2 
x W (n—2)1—2,—(n—2) 
4 g2 


W (In—2)1—2,-(n—2): 


= 972146 (n+t)g:::(+t—3)q 
(2n)g-++(2n — 3)gq 


Next we show the second equality. The matrix element w(7r2)o,2-, is as follows. 
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1 1 
2 72 %r]2 

w(12)02-1 ~ gare ast). Tree 

r—2 @? 2 

w(t)o2-~0, ifr<1. 

n—t—2,yn+t—2 


Hence we may only compute the coefficient of x of the next one 


1 1 


= = 2 2 r|2 = = 
Y (Cogs r)(2 sat ‘4 x 2 yw (te, tre 
q 


ro2 


If t >—n +4, then we have 


1 1 
2 n+t|?2 |2n—r}?2 
—(2t+4)r—2n+2t+8 
w (702)0,2—r W (Tn )t,—n-tr 7 q’ aah a ae 
2. 


r 


Etre on=4 72 eo 
x Ty AGE )a\« 
r—2|> 21¢2 n+t—2],2° ete is) 


q 


When t < —n+4, then w(zn)+,-n+r contains the word u if and only if 2n —r < n—t. In this case 


2H=F 
n—-t 
under t > —n + 4 in order to get the result about general t. Then we can carry out the following 
calculation: 


I 
the binomial [ Ie is 0 by definition. From this observation, we may continue the computation 


1 


4 i 1 1 1 “1 
YG) a ae etl 2 lf Bh 2n—4 2 
= n—2/r r q2 >t @2 r— 249212] 42 n+t—2),2 
1 1 1 
2, Bas Pies n+t|2 |2n—2]|2 In—-4 |~2 
aes UA par oe 
L. ge n+ Z 
1 1 1 1 1 
2: _on—ares | +t]? [2n—3]? [2]2 [3]2 [ 2n-4 |? 
+ (C35) 39 as 3 le pepe health al gear, tolls 
q q q q q 
1 1 1 1 1 
2, _on—ares | +t]? [2n—4]2 [2]? [4]? [ 2n-—4 |? 
FAG, 5) 48 ov 4 ii ces aliis |b ailte peeps | 
q q q q q 
1 
-| conn (4)gBq (2n — 4)g! D4 Phat 
n+t—2]2¥ Qq Y Qndg--Qn—3)q ¥ @—Hq! 


(2n ~— 2)g2n = 3)g —ngtp1 — An = 3)q Qa gute? | 
(n +t —2)q! (n+t—3)g!  (n+t—A4)q! 


= gt 244 (4)g3)qg [atDgntt—lga—tgn-t—Dg 
(2); (2n)q(2n — 1)q(2n — 2)q(2n — 3), 


Hence we have proved the second equality. 
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49 
1 
Finally we prove the third equality. The matrix element w(z2)2,2-, is equal to be yy” 
foralO<r<4.Ift >—n+4, we have 
I I 
vy wath): es gee) i + | : l" = / yh—t—4yntt 
; r 2Ln—t |,2 
q q 
47)? [2 21 2n—47-2 
_9,—-4)] 1 n—r n—- 
age a W (In—2)1-4+2,—(n—2): 
bg Ne 2 @ 


For t < —n +4, w(atn)t,-n+r contains the word u if and only if n + t <r. Then the binomial 
[eee 
r dq 


| 2 1s equal to 0. As in the proof of the second equality, we may treat only t > —n + 4. We 
compute the coefficient of the desired equality as follows: 


+ 2.n 4 2 r(r—2t—4) | 7 atl 2 2n—r 3 2n —4 a5 
SC) q 
r |2 ) 
r=0 q q 


r n—t 


gv glit2 
=f 2n ii eee 
n—-t a? t+2 PD 
aro ng as [Oa igo ie ile eee 
Qaliel 1 Jela-tlelt+2 Joe 
pg |_MaBa (} ea peal peek 
(2n)q(2n — 1)q |2 42 2 Pah Is t+2 Pe 
gigero | (A)q! ) uh eal bees 
(2n)g---Qn—2ql3Jgel 3 Jgln—t Jal t+2 Jae 
4 gitDgr8t (4)4! leek bee Pe, 
(2n)g +++ (2n — 3)g 4 re n—t 7 t+2 P 


~ gimp (n+t)q! 


(n —t)q! 


(2n)q +++ (Qn —3)qL t+2 


tL 
49,!_ vane | ; 
. 
x {a22"*602m, +++ (Qn —3)g —g "FP (4)g Qn — Ig Qn —3)g +t) 
(4)q3)q Qn 


OF 2)q (2n 3)q (n+ tq (n+t— 1)q 


— gq” *3(4)g(2n — 3)g(nt+tg-(n+t—2zq 


+g ton + tg (+t— 3} 


be teor4 [@+D4! 1 Vn! 2 - sis 
‘ (n—Dq! N+Nq! Qn)q +++ Qn — 3) 2 


t+2 
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x gH — tas (Nn —t — 3)g 


= rican [o 7 tg --(n-t— 3)¢q 


(2n)q +++ (2n — 3)g 


Let n be the smallest odd integer which satisfies [7] = 1. Then 7, appears in the spectral 
pattern of A once and z,_2 does not. Therefore %,_2: X2 x Xn > Xp~—2 is a O-map. Let 7 = 
ar 1, dw? be a self-conjugate 7, -eigenvector. The self-conjugacy yields d_; = (—q)'d; for all 
t € I,. We shall show the complex numbers {d;};<7, are all 0. It derives non-existence of type D*, 


for m > 2. 


Lemma 6.6. The complex numbers {d;};<1, satisfy the following recurrence formula for t € I, = 
{-—n,-n+1,...,n—1,n}: 


gq fin +t+Dgn+t+Vgn+oqntt—Vg dev 


— Ag lint gin +t Igin-—thgn—t—Dgd; 


+g 1 2)4/(n —t+2)gn—-—t+)gn—tgn—t— 1)qd:2=0, 


where d, = Oif |t]| >n+1. 


Proof. Take the 22-eigenvector & = ie In CsWs where c+i2 = qt /(3)q!, C41 = 0 and co = 
—,/4q. Then we have W,_2(J,¢) = 0. Multiplying g7”~4,/(Qn)q--- (2n — 3)q to the left- 
hand side, we can derive 


Do (e202 ener D qT Dada 


tel 


[(4)3 
+ coq! Bt or og Ig(n —t)g(n—t — lq 


+ Sg PG =tt2ga—t— D4dh-2) wr? = 0. 


Then we obtain the desired formula. 


Let us write 


a = 9" "Qa (ntt+2Dgnttt+ Dgn+Ngn+t— Dg. 


Br=-Ag [at gn+t gn —t)g(n—t— Dg, 


n= "1 Q)q\/( = t+ Dg(n t+ Vg (n= Ng (n= 1 = Dg. 
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Then {d;};c,, satisfies 
a d;42 + Brdt + yrdi-2 = 0. (6.17) 


4n 


By definition, we have a_; = q —2y, and B_,; = 6,;. From the above recurrence formula at —f, 


we obtain 
qn y,d_142 + Brd_-1 + Qa; d_1_-2 = 0. 
The self-conjugacy d_, = (—q)'d, yields the following equality, 
qo diaa + Bidi + qe idh—2 = 0. (6.18) 


Through formulae (6.17) and (6.18), we obtain 


9g {@—t4+2)q:--—t—-Ng 
h2=4 [orate ee) 


for t > —n + 2. Again from (6.17), we have B,d; = (—1 — g*”~*) y;d;_2. Hence for |t| <n — 2, 
we obtain the following formula. 


d;=4q '(q PASS Agee A) (6.20) 


(2)q [(m=t+2qn—t+ Dg , 
COM ae Ce ae) ciel 


Then we consider the above equalities (6.19) and (6.20). For —n + 2 <t <n —4 we obtain by 
using (6.20) twice 


ay ant, an—2,2 DQ f—t+ qe M—t— Ng 
dy=q(q +4 oe aD Oe 


By (6.19) and (6.21) we have a equality 


2 (2)5 
(4)5 


dyn = (qr? +g?) Fa, (6.22) 


224 holds if and only if 
@? 2 


n= 0 or 2, however, this does not occur because n is an odd number. Thus we have d;_2 = 0 
for -n+2<t<n-—4. It follows d; =0 for —n <t <n -—O6. Forn >7 we can derive d; = 0 
immediately. So we have to consider the cases n = 3 andn =5. 

(1) n =5 case. We have already known d; = 0 for —5 < t < —1. Using (6.20), we have 
dy = 0. Hence we have d; = 0 for all t € Js. 

(2) n = 3 case. We have already known d_3 = 0. Using (6.20) for t = —1, 1, we have d; = 0 
for odd t. From (6.19) and (6.20) for t = 0 we obtain 


for —n +2<t<n—4. We easily see that 1 = (q77"+? + q?"-) 
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dy =q"*d_», 


ahi: (2)q [(5)q(A) 
do =q lige * pa) aes ole 7 
. ( \, GyuOn 


This shows d_2 and d2 are real numbers. Now we consider a 71 -eigenvector Y% (7, 7) = 0. As in 
the case Aj, we obtain 


()gf -Yin.m)-1 = 4? )gnsn—3 + (—47"(5)q(2)q +9 *)q)m2n-2 

+ ((4)qB)q — 9? 5)q(2q)min-1 + (47! = 4) Hq Ban 
+ (q7(5)q(2)q — (4)q(3)q)n-1m + (43)q(2)q — 4° )q)n-202 
— 4° (6)qn-3n3- 

Applying zr to the above both sides, we have 

0= ((¢—47'))qQq + (4 — 4°) q)d-2d2 + (a7! — 4) (4g Bq 
Since d_2 and dp are real numbers, we obtain 
q*((6)q(3)q — (5)q(2)q)d22 + (4g B)qdp = 0, 
however, the left-hand side is positive because the above d; are real. Hence we can get d_2 = 


do =d2,=0. 
(VD Tin (m > 2) case. We treat a C*-algebra A whose spectral pattern is one of the following: 


© T2e-1 (> 2): Dpezyo(l + AT © Deezzy AIG ey 
© Tre (> 1): Dgezy)(1 + AFD Ae- 


If A is of type Tz, then we can easily derive A = C(T2 \ SUq(2)). Hence we study the case Ty, 
for m > 3. In the cases, the |-multiplicity are one, so the linear subspace A, generates a quan- 
tum sphere C (Sz ,). We shall prove this is the canonical homogeneous sphere C(T \ SU, (2)), 
that is, the parameter 49 = (q~! — q)~!A is equal to 1. In order to do this, we take the same 
strategy as in the case of type D*,. We have to prepare the following lemma which is proved in 
similar way to Lemma 6.5 and we omit the proof. Recall a 1-eigenvector of C (Sz a) 


Lemma 6.7. Let n be a half-integer with n > 1. Then we have the following equalities for all 
tel: 


142 [@ADgMH+t—De y- 
Ww 1 ny _ 42 q q .n—-1 
a ae Qn)gQn—Dg i!’ 
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tony -n-t4t [QADa@—HqaM@ tq ni 
Yai (Wo, i) = —4 / (2n)g(2n — 1)g a 


m+ [(N-Hg(n-t—-l¢_ n-4 
Y,_1(wi, w")=g 7" wr. 
. ( ! ') (2n)q(2n — 1)q rt 


The following lemma is easily proved. 


Lemma 6.8. Let n be a half-integer with n > 1. Then we have the following equalities for all 
tel: 


q"' [| Q)q2n)qQn ~1)q Yi (&}, w”) = greed ~ 12 ja +0q(ntt—1_w! 


—q*(Dgho,/(n— thant, wr 
ey ae vee AB) ~fqg(n—t—Vq wt. 


We need another lemma whose proof is also the similar as for Lemma 6.6. 


Lemma 6.9. Let n be a half-integer with n > 1 and n = ee d,w! be a m,-eigenvector of 
C(SUg(2)) such that %,_| (I, n) =0. Then {d;}re1, satisfies the following recurrence equation 
forallt €1,={-n,-n+1,...,n—1,n}: 


1 
gh = 1B [ttt Dyn + Dg de 


— Qqho/ (t+ tq(n— Hq dt 


area -a3 a-t+ gin — tq d)-1 =0 


where we define d; = 0 if |t) >n+ 1. 


We show A = C(Tm \ SUq(2)) for in each case of odd and even order cyclic groups. 
(1) Toe_) (€ > 2) case. We focus on m,_1-Spectral subspace. Write n for £ — 5. Since 
2 


In-eigenvector space is two-dimensional and z,_1-eigenvector space is 0, the map W,_1 é}, ‘): 
Xx, > Xz,_, is O-map. Letn = 7, Ely d,w!’ be a non-zero z,-eigenvector for A. Recall its con- 


jugate eigenvector Tn = ee (—q)~‘d_,;w", where we have defined (—q)*° = J—1"* Iq for 
all real number s. Then 7 and T7 are in the kernel of W%_4(& ie -). By Lemma 6.9 we obtain the 
following recurrence equations: 


ardi41 + Bid + Y:d:-1 = 0, (6.23) 
qt odi+1 + Byd; + g v%1d;-1 = 0, (6.24) 


where we put 
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1 
a; =g"th/ ~13 Jatet Dginttq, 


Br = —(2)qho (n+ t)g(n— t)q, 


1 
a qf —13 /@=t+ Ig(n — tq. 


Assume that Ao is not equal to 1. Then we know a, = 0 if and only if t = —n and y, = 0 if and 
only if t =n. By (6.23) and (6.24) we obtain 


adj = ge M4d;-1. (6.25) 
Hence again by (6.23), we have 


Brdt = -(1 a ge") yrds—1. 


Assume Ag is equal to 0. Then the above equality shows d;_1 = 0 for -n <t<n- 1. 
By (6.25) d,—1 and d, are also equal to 0, however, this is a contradiction to non-triviality of 7. 
Next we consider the case 0 < Ag < 1. From the above equality d, for -n+1<t<n-1 
are uniquely determined by d_,. The number d, is determined by the previous equation 
as dy, = qo! Yn—1dn—2 where we use the fact that a@,_; is never 0 for n > 3. There- 
fore (d;);ez, is a scalar multiple of a vector. In particular the z,-eigenvector space Xz, be- 
comes one-dimensional. This is a contradiction. It concludes Ag is equal to | in this case. 
From simple computation we obtain X, = Cw", + Cw. We show A = C(T2¢_ \ SUg(2)). 
The C*-algebra C(T2¢_1 \ SU,(2)) is generated by the matrix elements w(7y)ns, for all 
ve 5Z>0 and t € J, where s is an integer such that ns € I. If A contains C(T2¢_1 \ SU, (2)), 
then they coincide because of its common spectral pattern. By SU,(2)-invariance of A, it 


1 
o) D} a) : : : 
[vane] 2x’ t"Sv?—"S are contained in A for non-negative s. 
v+nsig 


1 
pe exes, Since A contains xv € C(T \ SU,(2)) and xen = 


suffices to show w(7y)ns,-v = 


This is equal to [ ” | 


v+ns 


1 
[iins|g> tn) —n.—ns the element x’t"5v"~"’ is in A. This shows A is in fact C(T2¢_1 \ 
SU, (2)). 

(2) Tre (€ > 2) case. Write n for @ in this case. We analyze the recurrence equation in 
Lemma 6.9 under the condition that a z,-eigenvector n = )),< 1,4; is self-conjugate. As- 
sume that A is not equal to 1. When Ao is equal to 0, 7 is the zero vector as in the previous case. 
In the case 0 < Ag < 1 we know that the space of its solution is one-dimensional and we can 


assume that d; are all real number. Then we have 
d= -(1 ar gq") By ¥ids—1 


for all |t]} <n — 1. For-—n+1<t <n —2 we obtain the following equality: 


d_4= -(1 a a 
-t 
y- 


=-(-q)'T"(1 +9") 5 dist 
—t 
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2¥-tVr+1 
i ee ae, Paha” 
Y-tVt+1 
=—g(1+q”" ee : 
ae) BB 


Since its coefficient ae is strictly positive, we have d; = 0 for -n+2<t<n-— 1. We 


now treat a positive integer n > 2. It deduces —n + 2 <n — 2 and we obtain d, = 0 by (6.25). 
Hence we have d; = 0 for all t € J, because of —n + 2 < 0 and the self-conjugacy of 7. Un- 
der the condition 49 < 1 we have shown 7 = 0 if 7 is self-conjugate and Wr}, n) = 0. 
Now we consider the map W,-1E}, +): X, > Xy_1. We know X,, is three-dimensional and 
Xn—1 is one-dimensional. Take two linearly independent z,,-eigenvectors ¢; and ¢2 from Xy, 
which satisfy Wn}, “j= Vn—1}, ¢2) = 0. For conjugate eigenvectors T¢, and T¢2, we 
can take complex numbers jz; and f42 which are defined by Wri}, TO)= Mini}, &) 
and W,_1 Ge T 02) = W2W_-1 (é), &%), where &y is a self-conjugate 7,-eigenvector for C(S7 ,). 


Note W,_1 (&}, &) is not the zero vector. Multiplying complex numbers to ¢; and ¢2, respectively, 
we may assume j1; and {22 are real numbers. If jz; is equal to 0, then the self-conjugate vectors 
¢, +7 and J-1(4 — T¢) are in the kernel of Wri}, -). From the above discussion they 
are 0. This shows immediately ¢; = 0. This is a contradiction. Hence we have a non-zero real 
number j2;. Similarly we show j12 is non-zero. We may assume they are equal to 1. For i = 1,2 
we have Y%,_| (i, G& +76; —&') =0. Then it yields ¢; + T¢; = &' because of the self-conjugacy 
of ¢ +T¢; — &} for each i. It follows ¢) — ¢2 = —T(¢, — 2). In particular T (¢ — ¢) is in the 
kernel of W%,_4(é Ae -). This shows €; — ¢2 = 0, however this is a contradiction to linear indepen- 
dence of ¢; and ¢2. Therefore we can derive 49 = 1. Then we obtain X, = Cw", + Cw + Cwy. 
As in the proof of the case T2¢_1, we can prove A = C(T2¢ \ SUq(2)). 


7. Classification of right coideals of C(SU, (2)): —1 < q < 0 case 


We use the same strategy as in the previous section in order to classify right coideals of 
C(SU;,(2)) for negative g. We prepare a positive parameter go defined by qo = —q. Recall a 
q-integer (1)g = (N)gy and q" = V=1" qh for a half-integer n. Now we investigate each type 
of multiplicity diagrams. Contrary to the case of positive g, we have to treat other graphs which 
have a single loop at a vertex as listed in Appendix A. Recall the z1-eigenvector of C (Sz. a) 


1 yD meet yD 
eo ea a. 40,4 aL) wr). If a right coideal A is of type T, then it actually be- 


comes ioe (C On ,)) for some z € T by Podles’ classification results on the quantum spheres 
[16, Theorem 1]. We know that C(SO, (3)) and C(SO_,(3)) are isomorphic as compact quan- 
tum groups. Hence we have the complete collection of right coideals which have only spectral 
subspaces with integer spins. In this way, we can reject the existence of type Aj, Sj, AZ and 
D;*, (m > 2). For right coideals of D3, and T2, (n > 1) we have shown their uniqueness up to 
conjugation by 6. Hence we have to investigate right coideals of type T, (odd n > 3), Dy (odd 
n > 1), Al, (m > 3). The main classification result for —1 < q < 0 is as follows. 


Theorem 7.1. Let A C C(SUq(2)) be a right coideal. Then its multiplicity diagram is one of 
type 1,Tp (n > 2), T, SU(2), D&, and Dj. If it is of type T, it is one of the quantum spheres. 
Otherwise it is unique up to conjugation by B*. 
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In case (I), it is shown that T2¢_; (€ > 2) types are quotient type. In case (II), D, (odd n > 3) 
types are rejected. In case (III), we show that D; type survives and its uniqueness. In case (IV), 
Aj, (m > 3) types are rejected. 

(I) Toe_1 (€ > 2) case. We treat a C*-algebra A whose spectral pattern is Drezyy (1 + 
ay me @ Drezso 213m 4s . As in the previous section we study the C*-subalgebra gen- 
erated by z1-spectral subspace and assert that is the canonical homogeneous sphere. We begin 
classifying this case by stating a negative g version of Lemma 6.7. 


Lemma 7.2. Let n be a half-integer with n > 1. Then we have the following equalities for all 
tel: 


n—1 
Wii 


1 ony 142 HED g(ntt— Da 
Vr—1 (we ,w?) = 4 / (2n)g(2n — 1)q 


n n— —n—- (2) (n—t) (n+t) n—- 
na 7 (On), Qn lg cial 


m1 | —tHg—t—-Vg a 
Ww : ny _ ant q 7 ayn 1 
n i(w w?) do / (2n)q(2n -_ ie Writ 


If necessary, we consider the conjugation by B/ and may assume C (So CA. 


Lemma 7.3. Let n be a half-integer with n > 1. Then we get the following equality for t € In: 


Loony +5 2 {M+Dg@ +t Vg nt 
Pn—1 (Ei, w7) = 49 8] (2)g(2n)g@n—Ng 


yee es (Q)qaM@—-HgM@+Oq ni 
(—1) do io (2n)q(2n — l)q t 


—2n-1—-4 / 2 (n—t)g(n—t — 1)g n-1 
+ i) 1 | (2)q(2n)q (2n — lq Wr+t . 


Lemma 7.4. Let n be a half-integer with n > 1 and n = as dw) be a mn-eigenvector with 
Wn-1 é!. n) = 0. Then we get the following recurrence equation for t € I,: 


ee 
rene = [nt dgatet Dg den 


= (-1)"0(2)qy/ (n — tg (n+ tq ds 


ee 
ne ae 13 [= Dyin = t+ Dae SO: 


where we define d; = 0 for |t| >n+ 1. 
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We write n for € — 5 Then z,-eigenvector space of A is two-dimensional. We may assume 
Jt1-part generates a quantum sphere C (S74) as usual. We derive 49 = | and it immediately 
derives A = C(T2¢_1 \ C(SUq(2))). Now let n = See. d,w? be a m,-eigenvector of A. By the 
absence of z,_1-part we have %,_1 (él, n)=0= Wn—1}, Tn). From the previous lemmas we 
get 


a d41 + Bids + yrdy-1 = 0, 
do "ord — Brdy + ae vd;-1 =9, 


where we put 


1 


Br=—(-1)" Dg a — Dg nt Hq, 


eg ds 
as i — 13 [a—pgn—t+ i. 


Then we can prove (d;);<z, is a scalar multiple of a vector as in the Tz¢_1 case in the previous 
section. This is a contradiction. Hence we have proved Ap = 1 and A = C(T2¢_-1 \ SUq(2)). 

(I) D;, (odd n > 3) case. Before proof of the non-existence of this case, we shall state some 
basic lemmas without proofs which are proved similarly by direct calculations as before. We 
state a negative q and W,,_; version of Lemma 6.5. 


Lemma 7.5. Let n be a half-integer with n > 2, Then we have the following equalities for all 
tel: 


1 
2 —p —N-2t+6 1 
eee lee), 


[Ma at+ Da tq tt—Dgn+t=2%q 
(2n)q(2n — Yq 


—n—-1 n+l 
3 eas Gog Ge) 
Yn —1(w, w7) = (—1)"" qo 7 ° TV : 


n—1 
Wyo 


(2n — 2g 
3 BDaglnt+ tg —tq wl, 
(2n)q(2n — 1)q 
25 ys 1 
1 (w3, wt) = ("gg 
qd 
: (Agntt+Dgn—tg(n-t—Dgn—t—2)q snc 
(2n)q(2n — Vg He" 


We take a vector & = (qov 3)q!,9, -/ (Aq, 90, Go. a/ Qa! )w(st2) as a w2-eigenvector of 
Cc (S? o)- Recall its entries generate the right coideal of type D>,. We denote it by Apx.. 
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Lemma 7.6. Let n be a half-integer with n > 2, Then we have the following equalities for all 


te l,: 


3 | (2n)g(2n — 1) Fs 
“ie —@r -1(&, w?) 


=D gg 24 [att gn tg n+t = Vga tt —2q wiry 


+ (-1)" a9" (ag" (a —t- De —gat tt —Dq)f +g —tg wr! 


$ (1 gg" 4 Jatt t Dan y(n —t — Vg in —t —2)q wd. 


Lemma 7.7. Let n be a half-integer with n > 3; and n = Ser d,w? be a m,-eigenvector of A 
such that it satisfies Wn—1(&, n) = 0. Then we have the following recurrence equation for t € In: 


= gi [nt Dg ln +t t+ Dg att + Dan +04 dr2 


+ (q9" '@—t-Vg—aet (ntt—Dq) {tg — tg dr 


tq" (att Dg (n —t + 2)g(n —t + gn — 1g dy-2 =0, 


where we define d; = 0 for |t| >n+ 1. 


Lemma 7.8. Let n be a half-integer in 3 + Zp 0 and A be a right coideal in C(SU,g(2)) such that 
A contains Ap:.- If a Mn-eigenvector n of A satisfies V,—1 (&5, n) = 0 and Wn—1(&. Tn) =0, 
then n is the zero vector. 


Proof. Take complex numbers {d;};e7, with n = Se ia dw}. Note that Tn = 
Sots rf (—q)~‘d_,w". Let us prepare the following notations a,, 8; and y;: 


Ot = qi /(n—1- Dgnt+t+2)qgntt+lga+t)g, 


Br=(Qo" (n-t Vg —9ot +t — Dg) (Mtdq(n-Dq, 


N= Gq" [Att —Vgln t+ 2g(n —t + Dg =D. 


From our assumption on 7 and Tn, we get the following recurrence equations for t € J, by the 
previous lemma: 


Ord+42 + Birds + yrdy_-2 = 0, 
don ar di42 — B-1d: + 92"? v:dh-2 = 0. (7.1) 


In the above equations put t = —n + | and we get 
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— 95x (2n — 2)q(3)q!d—n43 +49” |(2n — 2)g,/(2n — Vg d_n4i =0, 
—95"*?,/ (Qn — 2)q(B)q!d-n43 +497 | (20 — 2)gy/(2n — Vg d-nti =0. 


This derives d_y41 = d_n+3 = 0 because 0 < go < 1. We know a; = 0 if and only if t = —n, 
n — 1. By using (7.1) inductively, we get d_y42,-1 =0 fork =1,...,n+ 7 Similarly we get 


dn—2k41 =O fork =1,...,n+ 5. Hence we have proved 7 = 0. 


Let A be a right coideal of type D, (odd n > 3). Then its spectral pattern is 


OG)? 8 CFE) 


keZ>0 


If we look at the integer spin spectral pattern, then we have zp © m2 ®---. Therefore the 22- 
spectral subspace A,, generates a right coideal of type D3. Considering pe (A) for some z € T, 
we may assume A contains A ps . Next look at the half-integer part and we see that 72 appears 
once and ny does not there. Then we can make use of Lemma 7.8 and conclude such a right 
coideal does not exist. 

(II) D; case. We show the existence of this case and its uniqueness up to conjugation. In 
order to do we need some elementary lemmas. 


Lemma 7.9. Take a positive integer n. Then we have the following equalities: 


n / —ntl 2H n—-1 n / —atl Bt n—-1 
fx =vVJ-1 40 (N)qx U, fru =v-1 10 (n)qu 


Proof. It is easily proved by using 


—n+l1 
x"=wre)2_2 and f-x"=Vv—1 (n)qw(w4)_» 444. 


It is similar for v”. 


Lemma 7.10. For r,s > 0 we have the following equality: 


(r)q\(s)q! 
h(x’ yw r(st+l) q qe 
ee a Oe re 


Proof. Recall f - y’ = f -u’~'! =0 and we get 
es Gee a vee) (k- yu s—l v’) + + (kl x't1). (f- yu s=l v’) 
=/-1" qe (r+ 1)q- ee 


—(r+l1) r4s-— 
44 ab ert poe Ge 2 (5), xitly rsa 1 yr y 


= V=1 ger + 1)g gr ttixty usu 
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s —s+l § \ \ 
4qi7! | s+ 46. (34 2s Dyrtlyr+lys Let 
er an —r+5 aN ee ene Soe s+} rt+1l.r+1,s—-1,,s-1 
=vV-14q (r+Dq-x' yu —V—-1d (S\gx yw. 


The Haar state / has the property that h( f -a) = 0 for a € A(SUq(2)). Apply h to the above both 
sides and we have 


a8 r&+Dq, 


h(x” hye) 1s 1s ') qd (x"y"u'v'), 
(S)q 


Inductively we can calculate as desired. 


Recall the m1 spectral subspace Y =Cx+Cv+Cu+Cy. Let Py :C(SUg(2)) > Yr be 
the projection introduced in the second section. It is an orthogonal projection with respect to the 
Haar state. 


Lemma 7.11. For r,s > 0 we have the following equalities: 


r(s+2) 2QqMal(s + Ig! 


Pilx’ yuyu) = 
u(x" y"ut vu) do (P+s4+D,! ; 
ays (2 + 1),! ! 
Pi (x"y"u vy) = 4)" 1) s ( )q(r da (S)q i 
2 (r+s+2)q! 


Proof. Recall two maps pt = (m7 @ id) od and BR = (id ® m7) 0 6 which act on x, v, u and y 


as follows: 
(a. jan _ CG = 
Bev) BEY) zu zy} 
iG 7) 7 (- an 
BE) BEQ) av zy}” 
where z runs on the torus T Cc C. Hence the above four elements have the different spectrums 


with respect to 6” and f*. It is easy to see that the element x” y"u°v°u has the same spectrum 


as u. Hence it has the expansion in LSU, (2)) x” y"usv’u = Au +--+ where A is a complex 
number. By orthogonality of u and w(z,)j;,; for v > 1 andi, j € I,, we get 


A= h(uu*) "h(x" y'usvsuu*) 
= Go(2)q(—q7')h(x" y"us tts!) 


___or(s+2) (2g Mais ag 1)q! 
S30 (r+s4+2)q! 


We also get the desired result on y in the same way. 


We propose the following lemma. Later we see this equality guarantees the existence of the 
right coideal of type D,. Let us write p, =[]/_, +47‘). 
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Lemma 7.12. For k > 0 we have the following equality: 


k k 

k _ * 2 k = _ 
>|" (1 tg’? p, De-r41 = || (=1) 7g" ppt Pir. 
r=0 q r=0 q 


Moreover, this is precisely equal to (1 +.q7!)(q7*;.q7')k. 


Proof. Denote the above left- and right-hand sides by ax and bx, respectively. We want to lead 
the recurrence formula of them. In computations below, we use the following equalities: 


n+1 n r{ —n-1 
= 1 +q , Pn+i=Pn+4 Pn. 
aan foal, rl, 


Change variables r to k — r in the formula of ax and by and we get 


k 
k a 
a=q') (—1)'q’?— p, 41 pir, 
r=—0 qd 


k 
k aps 
b=) > A (-1)' gq? *™ py Der 
r=0 q 


For ax we compute as follows: 


peel 
ae DS (1g dys Pert 
Pilg 


k+1 k - 
= (| ed +a'| Jepg prapiers 
rao SL ~ * dq "dq 


k k 
k ps k LAs 
=|] (-1ytigrtDe-k » resort 1 | (<1)'q" = peat erat 
q r=0 q 


k 
_p- k _ oe: 
-q* one (Dit M(1+4+q7 ‘prairr] 
q 


r= 


k 
k 
+>| (1g? YD (14g!) pra kr 
r=0 : q 


k 
k 
=(1-q-**) SS | (-1 gO? py Pk 
0 q 
= q(t _ gap. 


Hence we get agi = (q — q~*~7)ag. Similarly we compute by + as follows: 
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k+1 


Pale k+1 apis 
q* ‘oni = | (—1)' gq" py pe—r42 
r=0 r q 


k+1 ; 
> (ne |, i Je 1)’q ar >) Dy Pk—r4+2 
r=0 q 


k k 
k ps k _k- 
=) A (SD ge tne Op piri | G1 2p pia 
q 


r=0 q r=0 


k 
---(yf | = 1)"q r(r—k— Morse" p rat) 


r=0 


k 


# || (-1)'q"* (1g?) py Peri 


r 
F=0 


k 
Seg sl: | (-1) ql *™ py per 


Hence we get by11 = (q — q~*~*)bx, which is the same form as ay 1. We can easily check 
ao = pi = bo and it deduces the desired equality. 


At last, we prove the existence of a right coideal A of type Dj . It has a spectral pattern, 
DreZso (k+ HOW ym ® DreZso (k + Days. If A really exists, its spectral subspace Az, 


2: 
generates the whole C*-algebra A. In fact, the generated C*-algebra contains 71 and the only 
2 


1 
Dj case admits it. We have to clarify a self-conjugate 1 -eigenvector 7 = )~ dsws . By the 


sel, 
vi 


self-conjugacy, we get d_ i= (—q)?dy . We may assume d 1 is real number by applying pe 
for some z € T. Uniqueness up to conjugation follows from this observation. Hence we conclude 
n= (/qox + v, ./qou + y) is a desired 71 -vector. Let us write a = ./qox + v andb= ./qgu+y. 
We study the C*-algebra A, which is generated by a and b, and derive the result that it is really of 
type Dj. By direct calculation, we obtain a* = ./qgb and ./qgab + ./qo Tha =1+ qo. Because 
of this equality, the smooth part of A is linearly spanned by a‘b‘ for k, > 0. We shall show 
Py (a‘b*) € Ca + Cb. If it is done, then it shows the 71 -multiplicity is exactly one. Since other 


types which have a single loop at a vertex do not occur, we can conclude A is of type D;. Now 
we start a proof. Applying B* to a and b, we get pe (a) = za and BE (b) = zb for z € T. Hence 
the element P1 (a‘b*) must have the following form. 

2 


(aot pF) =a, 


(akbk+1) = ub, 
(atb’)=0 if|k—2| 41, 


NI NI Nie 


R. Tomatsu / Journal of Functional Analysis 254 (2008) 1-83 63 


where A and jz are complex number. If we show a‘ bk! = wb +.---, then we have a**+!pk = 
jla+---.Hence it suffices to show P1 (akbk+!) = ub. Recall the following well-known binomial 
2 


equality 


n 


(c+a)"=>> "| cd" ifdc=qcd. 
r 


r=0 q 


Then we have 


apoa > ie Sao Pat yetl s 
Figk *°J@ 


0<r<k 
O<s<k+l 


We want to take out the coefficient of u and y. For the sake of this, we make use of 8”. Since we 


have BE (x" vk ry ykt1 S) = zr t2s 2k—-1 xt yk rys ye l-s , we obtain 


k+1 
eal Jago t' Py Gee ye) 


| 
“Eten 
¥ 


k k+1 : ya 
=>. + 4 pt lg ED ps (ah yuk yk") 
q 


r 
r=0 
k 
k] [k+l 
+> | i Va Ge (fy r pk ry) 
rag Hg h*® — FP dg 


_ VG" ; | e ‘| (—1y gr (r)g(k —r + Iq! 
(kK + 2)q 7 "dq (k+ Dg! 


y> 


V0" V 40-40 Pq ‘Qa i i ee al rk—r)+k rr—k42) FF Dg ik = 1a! 
baer rae : en q (+ D,! 


(7.2) 
where we have used Lemma 7.11 in the last equality. Moreover we use the following formula: 


(n)q! pes ee, JP 
(r) Gm ey aa " 
qd qd rPn—-r q 


Then (7.2) is equal: 


I a Qa — kt ee) 
7.2)= 1 'r Pk—r 
(7.2) (ay) Fee y (-l)""q Pr Pk—r+1u 
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= k 
(-D* /qo*ag * (qk rae 
=) r or(r—k+2) = 
+ (EX Dy ipes zB : ‘ yg Pr+1Pk-ry 


4k k 
_ VV 


1 2p. 1 
(k + 2)q Pk+1 a asd )e/aou + ¥), 


where we have used Lemma 7.12. Hence we have obtained P1 (akbF+!) e€ CC /qou + y) and this 
completes the proof of the existence of a right coideal of type Dj. 

(IV) Aj, (8 <m < ov) case. We assume that there exists a right coideal of type Aj,,. Although 
we only treat the case of finite m here, we can similarly derive a contradiction in the case of 
m = oo. Look at the first vertex from the left of Fig. 14. Since the entry of the Perron—Frobenius 
eigenvector of this vertex is 1, the corresponding ergodic system becomes a right coideal of 
C(SUq(2)) by Proposition 4.22. Let us denote the right coideal by A. It is also of type A’, by 
Theorem 4.18. The spectral subspace Az, generates a right coideal of type D1, which is denoted 


2 
by B. Now we consider the subsystem B C A. Let A be the inclusion matrix of B x3 SU,(2) C 
A x3 SU,(2). Apply Proposition 4.20 and we get the equality AM (711) = M4(z1) A, where 
2 2 


M® and MA are the multiplicity maps of B and A, respectively. They have the following form: 


i a. <0 
1 0 
MBG y=(1 | M4 (11) = Se ae 
doesn ns A100 0 0 
ae: 1 0 
eae | ae | 
OO. 2g. OF OY Lt 


We know that the minimal projection po € C*(SU,(2)) is also minimal in B x3 SUg(2) and 
A x5 SUq(2). We discuss the corresponding vertex of po. About B x3 SU,(2) we may assume 
Po Sits at the left vertex of Fig. 12. About A x3 SU, (2) we may assume po sits at the first vertex 
from the left in Fig. 14 because the reduced system po(A ® K(L7(S U,q(2)))) po is canonically 
isomorphic to A. Hence the inclusion matrix A must be as the following form: 


1 MM 
A2 
A=]: : 
0 Am-1 
0 Am 


Then we want to solve the equation AME (a i= MA (x 1)A about the non-negative integers 


A ,..-Am, however, we immediately see it has no solutions. This is a contradiction and hence 
there is not a right coideal of type Aj,. 
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8. Classification of right coideals of C(SU_,(2)) 


In this final section we complete the classification program of right coideals associated to the 
quantum SU(2) group. Its representation theory such as actions of U_;(su2) on C(SU_;(2)) 
or the Clebsh—Gordan coefficients is obtained by the limit of go — 1. The continuous function 
algebra C(SU_,(2)) is generated by x, u, v and y which satisfy 


ux =—Xxu, vx = —Xv, uy=—yu, vy =—yv, uv = vu, 


xy+uv=yx+uv=1, x"=y, ue=v.z. 


By simple calculation, we see «* = id. Hence C(SU_(2)) is a compact Kac algebra. Refer the 
theory of general Kac algebras to [8]. One of differences between cases of g = —1 and q? #1 is 
amount of the quantum subgroups (or right coideals). Indeed, as we have seen there are not a lot 
of right coideals in C(SU, (2)), on the contrary, in [17] he completely collects plentiful quantum 
subgroups of SU_;(2). The main result in this section is as follows. The definition of n? and A? 
is given in the case of type T,, with odd n > 3. 


Theorem 8.1. [fa right coideal A is not of type Ty (odd n > 3) or Dy (odd n > 1), there exists a 
closed subgroup H in SO,(3) such that A is C(H \ SO_\(3)). Ifa right coideal A is of type Tn 
(odd n > 3), A is conjugated to C(T,, \ SU_(2)) or C*(n2, 42). If a right coideal A is of 
type Dj, then A is conjugated to C(D, \ SU_,(2)). If a right coideal A is of type Dn (odd 
n > 3), A is conjugated to C(D, \ SU_\(2)) or C* (2). Here conjugation is given by Br for 
some Z€T. 


Although C(T,, \ SU_;(2)) is not isomorphic to C*(n?, 2) as a SU_;(2)-covariant system, 
in Proposition 8.11 we show that C(D, \ SU_;(2)) is isomorphic to C*(n2) as a SU_;(2)- 
covariant system. As we have said in the previous section, we have the isomorphism between 
C(SO_(3)) and C(SO;(3)) as compact quantum groups. Hence we can mn conclade that right 
coideals are quotient by subgroups when they are one of type Aj, Sj, Az, Dj, (m > 2), Ds, 
Ton (n > 1). Hence we have to study other types: T, (odd n > 3), Aj, (m > - 3), Dn (odd n > 1). 
Contents of proofs are as follows. In (I), Aj, (m > 3) types are rejected. In (II), we show D, type 
is unique and therefore quotient type. In (IID, T, (odd n > 3) types are classified. In the last (IV), 
Dy, (odd n > 1) types are classified. 

(I) Aj, (m = 3) case. The entirely same proof as in the previous section derives a contradiction 
well. 

(I) D, case. If we consider the limit gy > 1 in the previous section, we can show its existence. 
In that procedure we do not need any lemma stated in that section, because 1 -eigenvector is 
uniquely determined and in [17, Proposition 3.8] it has been shown that there exists a right 
coideal by subgroup D; whose x 1 -multiplicity is one. 

(ID) T,, (odd n > 3) case. A has the spectral pattern 


any (1+2]* |e a 2| A rea: 


keZ>0 keZ>0 
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Since its integer part becomes a right coideal in C(SO_1(3)), it must be quotient by a subgroup 
H Cc SO_\(3). From the spectral pattern there exist angles 0 < x < 27 and0 < W <z such that 
H= THY. We begin to determine a 7; -eigenvector of C(TxY \ SO_1()). 


Lemma 8.2. The following vector is a m\-eigenvector for c(t \ SO_1@)): 
~1 , ; 
Ex = /2 (—ie'* sin, V2cos wy, ie * sin y) w(z1). 


Proof. First we consider a s-eigenvector ¢%'¥ = er cw} of C(TxY \ S$O(3)). The left ac- 
tion of 71(g) € TX is given by multiplication of w(7)(g) to w(7) from the left. Hence we 
have to get a vector (c_1, co, C1) w(71)(g) = (c_1, co, €1) for all g € SU(2) with m1 (g) € Th, 
If x and w are equal to 0, we can easily get cx; = 0 and co = 1. Since we know Te = 
Adi (ror BQH) (Tr), we obtain (c_1, co, ¢1) = 0, 1, Ow )(r 8 (-W)r!?(—x)). Us- 
ing two matrices 


cos” 4 J2 sin 4 cos 4 sin? ¥ 
w(m)(r'3(—w)) =] V2sin ¢ cos y 1 —2sin2 t J/2 sin t cos g 
sin? —/2sin ¥ cos ¥ cos” ¥ 


and 


ex 0 0 
wenpiePen)=( 0 1 O ) 
0 O ex 


we have c+; = J/2 | eFix sin and co = cosy. Next we make use of &) :C(SO,(3)) > 
C(SO_(3)) and get the desired eigenvector. 


Next we determine the Tn -eigenvector space which is two-dimensional. Let us write m for 5. 
For 1 = Do y¢1,, d:w7" we use q = —1 version of Lemma 7.2 and we obtain 


V2m(2m = 1) Bn (En) = be {-iel* sin /(m + D(m+t4+ dist 


teEln 


— (-1)""'2.cos W/m — 1(m +0) d; 


+ie'* sin (m —1)\(m —t + 1) d,-1}w™. 


Define a,, 6, and jy, by 


a; = —ie!* sin /(m + 1)(m +t + 1), 


Br = —(-1)"'2cos py (m — t)(m +1), 


¥; =ie sin /(m —t)(m —t +1). 
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Then we have a_; = yj; and B_; = —f;. If 7 is a 2,,-eigenvector for A, then we have the follow- 
ing recurrence formula for t € I: 


oy d:41 + Bids + yrdy—-1 = 0. (8.1) 
If we assume 7 is self-conjugate, we have 
or d41 — Bid; + ¥:4;-1 =0 


where we define d; = 0 for |t| > m+ 1. From (8.1) we get 6;d; = 0 and a;d;41 + yd;-1 = 0. 

(a) w £0, a case. Since B; is equal to zero if |t| =m, we have d; = 0 for |t| <m — 1. We 
also have Q)—1dm + Y¥mn—1dm—2 = 0. Then we get dy, = 0 by an; #0 andm—2>-m+1. 
This shows d; are all equal to zero. This is not appropriate. 

(b) w =0 case. Then similarly we have d; = 0 for |t| < m — 1. Since z,,-eigenvector space is 
two-dimensional, it is spanned by w",,,. This shows A = C(T,, \SU_1(2)). 

(c) w= case. We have only a non-trivial equation a;d;+1 + ¥%;d;—1 = 0. Its solution space 
is two-dimensional. We give an explicit solution as follows. The proof is straightforward. 


Lemma 8.3. Let m be a half-integer in 3 + Z>0 and 0 < x < 2m. Consider the recurrence 
equation, 


~ielX /(m + 1)(m +t + Diy tie % /(m — Hm —t + Id;_1 =0. 


Then its solution is a linear combination of 


1 I 
ay = eiemon 2m ii aha ay = (9 telonx 2m ie 


m—t m—t 


Define two z,,-eigenvectors of C(SU_(2)) Ny and ih by 


1 1 
fs 2m z 3 2m 2, 
m,X el lm—)x w™ am, X | m—t gi(m—t)x w”™. 
ee D eae pe “Mes eA) mot) 


téElm tEln 


Since the z,,-eigenvector space of A is two-dimensional, it is spanned by the above vectors. 
Conversely we consider the right coideal B which is generated by 7’"°* and 7%. We want 
to conclude that B is a right coideal of type T, and hence B coincides with A as a result. 
For the sake of this, it suffices to show that the z-eigenvector space of B is trivial for all € € 
{5, ...,m— 1}. We prepare the element g** of SU(2) defined by 


6 —je7iX sin 2 
0% COS 5 le sin 5 
oP 0 0 : 


—jelX sin 2 g 
ie'* sin 5 cos 5 


Recall the «-homomorphism Ug6.x : C(SU_;(2)) > B(C?): 


a EX ein 8 
fae ieee COS 50] ie a) 


Ug6.x (V) Ug6.x (y) —ie'* sin $02 cos So 
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Define a «-homomorphism Po.x = (Ug0.x ® id) od and we have 


Ge (x) Pg9.x =) 
Pe.x(V)  Pge.x(y) 
cos So @x +ie!X sin $09 @v_ cos So @u+ie—'X sin $09 @y 


fae sin $02 @®x + cos So @v_ —ie!X sin $02 @u+cos So ) i 


Lemma 8.4. Let m be a half-integer in 5 + Zy0. For all s € Im we have the following equalities: 


1 
Pgo.x((n™*) ) = es (cosmo) + (—1)"~"i sinmOo2) @ e!\"—* ee / ene 


rélm 


1 
Peon (A) .) = > ((—1)"~" cosmo) — i sinm@o2) ® ae on z w(m)r.s- 


m—r 
réeln 


Proof. Since p,0,, commutes with the lowering operator f, it is enough to show those equal- 


ities with s = —m. Here it is proved by induction on m. We can easily show pgo,x © pe = 


. ; ix ; x 
(id ® BE) © Pgg Where z is equal to e' 2. Moreover we have nix = elmx BE (nm) and #_7* = 


el™X BEG), Hence it yields pgo.x ("7") = e'™* (id @ BE) 0 epee) and pge.x (Ar) = 
e!™X (id @ Br) © goo (Am), Hence we may assume x is equal to 0. For simplicity of nota- 
tions we write 2°, 1” and 7” for go.9, n° and A”, respectively. When m is equal to 5. the 
desired equalities are easily obtained. We assume that the desired equalities hold for m. We 
can justify an equality about p,o Gee. a 1) as follows. Making use of the equality (ae +) = 
ee ae + 2x0, Vt v*, the computation of Po (An) Poe (2x7™,,v) and p,o(7”,, v*) is 
carried out in the following way: 


0 0 0 0 
P ge (x° 43) = (cos* 5 @ x? —2sin 5 cos 593 @ xv — sin” 5 ® ) 


2m 
ra) —1)" isi 6 m—r,.m+r 
ye (cosm o1 + (-l) isinm 2] ae v 


0 2 
= > cos* 5 (cosmoo Doe arb ane sinmdon)| - 


m—r—-1 
reling1 


m—r 


6 0 2 
+2sin a cos A (—sin mo, fat T cos moos)| a 


6 2 
— sin? 7 (cos mOo, + (—1)"*!i sinm@o2) he a te |) 


® yntir yntlir 
6 0 2. 
(0 (xn”,,0) = = (sin 7 0085 (—sinm6o + (—1)""""icos mtor)| i 


m—r—-1 
ré€In+1 
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6 6 2 
4660s" == si? — (cos moo, —(-1)" i sinm602) us 
2 2 m—r 


é é 2 
+ sin 5 cos 5 (sin mOo, — (—1)”""“icos m0o2) E 7 ie :}) 
@ ition ymtltr 


5 0 ee 2m 
1 (Tm v)= ~~ —sin? 5 (cos mo, — (—1)"TisinmOo2) E 


rélm+1 


0 0 2. 
+ 2sin — cos — (—sin m0o, + (—1)"*"icos m0o2) se 
2 2 m—r 


+ cos2 © (cosmdor _ (—D)"7i sinmdon)| )) @xmtionymtltr 


m 
m—-rt+l1 


2 
Then we can derive pg, Ce nt ty) —e 
Fee oe r 


r€ln 4 CoS + LO + (—1)"*!"i singn + 16) @ 
m+l1—r vm '*" where we use the formula Lr i Pree + 7) Besta + Base 
By induction the assertion about p,0(7™,,) is justified. About p,» (7",,) we make use of 


p,0 0 BY = (id @ BY) 0 py-o and A”, = 17" BE (Nn). 


Especially putting 6 = ak (k=0,...,n—1) andz= ett, we get 
Pex, (me) = (-Dhoi @ ny, 
Pex, , (fig *) = (—Dio1 @ A. 
Therefore B is contained in a C*-algebra 
CM = {a € C(SU_1(2)) | Pea, @) € C + Coy) ® Ca for all O<k <n}. 
Actually, C”’* is a right coideal because of (Pex, @id)od =(id@®@d)o Peng: 
Lemma 8.5. The following equalities hold: 


Wi (9%, HX) = ifm 2?™ AMX EXT, 
Wy (A™%, ™X) = ifm 27M 7M EXT, 
(XX) = (9X, G™X) =O, 


Proof. We give a proof for only the first one. Others are proved similarly. By defini- 
tion we have (7%, 9%) = yg Ce ee where (Ci: is equal to 


(—1)" 2m LAG + 1)(2m—r). Define complex numbers c+; and co by (7%, 77"%) = 
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€= pw 1+ cows + cw}. In order to obtain their values we use the restriction homomor- 
phism mp: C(SU_;(2)) > C(T). In fact we get mp(W(n"%, 9"%)5) = 2c, for all z € T and 
1<s< 1. First we have 


2m—1 
va (n™* A"), = 2 V2m (1 MEF DG — (1), A, (8.2) 


r=0 


Applying zr to the both side, we have 


— -1 2m 2 2m |? 
c=) Vv2m (-1! F+DGm—7] 2" | 


2m —r 
r=0 
x (Se Or ex 


2m—-1 


1-3 2m! 
er | 2m ) i(2m+1)x 
Soa ag 16 py riQm—1—n)! 


= 22-1 am ei emt Dx | 


If we apply the lowering operator f to (8.2), then we can easily obtain 


a GO" He *) 9 = —JVm dian = PN) os te es (8.3) 


r=0 


where we use the fact of f -&p) = i+ / — p)vt+ pt) €y+1 for a m)-eigenvector §. Ap- 
plying zr to (8.3), we obtain co = _J/m' Sar (m—r) bal (—1)”"-" = 0. Since we also have 


2m—-1 


Wily) 2 Vim (“1 VG +) Qm —1)\(q*) Pert 


similarly we can derive cy = 27”—! /2me!@"-Dx, 


Now we start to prove that B is a right coideal of type T,,. Let n’ be a smallest odd integer 
such that the z,,-eigenvector space of B is not trivial. Put m’ = us We claim m’ > 3. This 
is because there exist no non-zero complex numbers c_ 1 and c 1 such that c_ 1x +c iv is an 
element of C’”:*. From the previous lemma, B contains z-part and it shows B is not of type De 
for some odd ¢ > 3 but of T,,. Again by Lemma 8.3 for m’, the z:,,"-eigenvector space is spanned 


by nit ox and An ox, In particular, qe is an element of C”’*. Since we have forO <k <n—1 


m' , m' 
X m—-re a 
Peon, 7 (n™ "> ‘= a ) (cos mates -(-l isin  xko>) 
rel, 


1 
ne ae 2m' 2 
@ eifm a ! W tO nomt 


m’ — 
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by Lemma 8.4, ue must be equal to 1. Hence the z-eigenvector space is trivial for ¢ € 
{5 ...,m — 1}. This case is only admitted as type T;,. As a result we also see that B coincides 
with C”*, 

We have proved that a right coideal of mas Ty (odd n > 3) arises from the cyclic group in the 


maximal torus T or the cyclic group T,; ce * We have to check two right coideals C(D, \SU_1(2)) 
and C”* are not SU_;(2)-isomorphic. It suffices to prove it in the case of x = 0 by consider- 
ing B“. Assume that there exists an SU_j(2)-isomorphism 2 : C(Dy \ SU_1(2)) > C”™®. It in- 
duces the map between eigenvector spaces defined by 7 (€) = (0 (&-))re I, for z,,-eigenvector &. 
On the eigenvector spaces, 3 preserves the inner product, the conjugation operation T and more- 
over the product map W. Take complex numbers A and jz which satisfy 3 (w™,,,) = An” + wn” 

By Lemma 8.5 and ¥%4j(w”,,, w”,,) =0, we have —idp/m22"+!£% — 0, Hence A = 0 or 
ju =0. By using 6’ we may assume jz = 0. Now we have v(w”,,) = An”. If we apply the 
conjugation T to the both side, we obtain %(w!”) = An’. This shows the range of % onto 2m- 
eigenvector space is one-dimensional, however, this is contradiction. Therefore C(T,, \ SU_1(2)) 
and C”° are not SU_\(2)-isomorphic. Finally we will make a discussion on characterizing 
a right coideal C”’* by a para subgroup of SU_;(2). Let us recall a closed auberouy of 


SU_,(2) which corresponds to T,’ , that is, we consider the compare - Z=T ler? ) and 
define C(Gz) = mz(C(SU- 1(2))). We denote a Subproup ig by (Tr? roid The set Z i: actu- 
ally a binary subgroup (T, 3 ys and consists of { Par ae |O<k <2n — 1}. Hence C((T? se) C 


Bo< k<2n-t ae (C) where s(k) = 1 if k =0,n and s(k) = ; athenwise: We denote the es 
uct of C((T, a a) by 6z. Now we look at the equality P 2s) = (—1)*o, @ nv forO<k< 


2n—lands € J,,. Define a self-adjoint unitary in C((T?””)#) by w= Drv0, t= 1*‘o,@1@-1. 
Then the above equality is equivalent to (77z @ id) o 6(n”") = w @ n". Moreover, we have 


5z(w) @ ny" = (5z oz @ id) 0 5(n\") 
= (1z @1z ®@ id) 0 (5 @ id)3(n”") 
= (1z @ mz @ id) o (id @ 8)5(n"”) 
=WOwen,. 


Hence we have proved the following proposition. 


Proposition 8.6. A self-adjoint unitary w is a group-like element in CUT?’ 4). 


A C*-algebra generated by w becomes a Hopf *-algebra which is isomorphic to C(Z2). With 
this identification we have C”° = {a € C(SU_,(2)) | (1z @ id) 0 8(a) € C(Zz) ® Ca}. For gen- 
eral C”’* we also get similar results by using Be. We study all the irreducible representations 
of (T? yr as follows. Let us denote the restriction of the fundamental representation to (T,? Oy 


simply by w(m1)|. Then we have w(m1)| a (a mz (u) 


hes op) where we have 


xz(x) = @) cos Ole 
iba. 
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0,2 
Fig. 1. The McKay diagram of (T,, 7 )#, 2n nodes. 


xz(u) = G) isin kor 6080, 
k#0,n i 


xz(v) = G) —isin kor ©060, 
k#0,n mt 


xz(y)= @ cos = kot @10-1. 


k£0,n 


The unitary representation w(z1)| invariantly acts on two lines Cé4 = C(,;) and their one- 
5 + 


dimensional actions are given by w+ and w_ with 


W+ = QB Gz o Je1e-1. 


k#0,n 


Hence we have w(z1)| = w+ © w_. Notice that w+ are the self-conjugate unitary representa- 
2 


tions. This shows the difference from the fusion rules of the ordinary cyclic group T2,. And 
define the tensor product representations wi_ = wiw_ and w_+ = w_w4y. Then they are 
self-conjugate and non-equivalent to each other, where non-equivalence comes from the non- 


commutativity of the underlying space (T? are If we want to write the McKay diagram, we 
compute w (zr 1 )|- w4 = 1 @ w_+ and bond the vertices + and —-+ by a single line. We continue 
these procedures to get all the irreducible representations. As a result, they are represented by 
the reduced words (+ — + —, etc.) whose lengths are less than or equal to n (Fig. 1). For length 


n word, we can easily check w = + —---—+=—+--:+-—. Hence w sits at the bottom vertex. 
The fusion rules are given by this equality, +7 = 1, —* = 1 and (4) = +. In the above proposi- 
tion, we get a self-adjoint unitary w. It is the nth irreducible representation + — -.- — +. Let us 


denote g = +— and s = +. Then we have s* = 1, g’? = 1 and sgs = g~!. This shows that the 


dual group (T?”\y is isomorphic to D,, and hence C((T?””)x) = C*(D,) as the Hopf algebras. 
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(IV) Dy, (odd n > 3) case. A has the spectral pattern 


@ (F]-4)x9 @ (A) Ls 


keZ>0 keZ>0 
Let B be a right coideal of the integer parts of A. Since B is a right coideal of C(SO_;(3)), 
it must be a quotient by subgroup of SO_;(3) for some angles 0 < ¢ < an O<x < 2m and 


—m <w <1. Look at the spectral pattern for B and we see that B = Cc(De XY \ SO_1(3)) We 
have to clarify its self-conjugate z2-eigenvector. 


Lemma 8.7. The following vector is a 12-eigenvector for c(pe \ SO_1@)): 
: 6 . /6 6 
CPV — [ el?x v6 sin? yp, ie!* v6 sin cos, 1 — = sin’ y, 
4 2 4 
 /6 ; 6 
—ie x ue sin y cos , e7/7% ve sin? v won, 


Proof. The proof is done as Lemma 8.2 with considering w(72) and Dnygy4 = 
Ad(ai (r(x) Bab)? @)))(Dn?”). 


Next we use the following lemma in order to get a Tn -eigenvector of A, which is proved by 


qo — 1 in Lemma 7.5 and an elementary calculation for wit. 


Lemma 8.8. Let m be a half-integer with m € 5 + Zy0. Then we have the following equalities 
for allt € In: 


. 1 4m —t+1)(m+t)(m+t—-—1)(m4+t-2) 
we 2 ; m) _ 1 m—-t m » 
ve 1(w-2 al ) (“D 2m — 7 2m(2m — 1) m2 


2(m—2t+2) [(m+t)(m+t—-1) 4-4 
Vn—1(w~,, wy") = rly 
m (we, Ww, ) 2m — 2 / 2m(2m — 1) ie 


os en ee: Se EVE)» agit 
Ym—1(wo, w;") = —(—1) ese ) 


2(m+2t+2) /(m—t)(m—t—1) wr! 
2m —2 2m(2m — 1) ttl? 


Un 1(w?, w?") = 


. ne (L [4Qn4t4+Dim—HNn—t—-D(m—-t-2)_ 
Yn—1(w3, w;") = —(-1) po 2m (2m — 1) wha 


Let us define a;, 6, y%, 5; and e, for t € Im by 
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Oe= WE i sin? w(—1)"~",/4(m — t — D(m +t +2)(m4+t+ Dim +d), 


Br = V6e"% sin wy cos v(m — 2t),/(m +t + 1)(m +1), 
= 2(-1 + ; sin’ vont 3m +1(m—1), 
5; = —V6e7'* sin w cos w(m + 2t),/(m — t + 1)(m — 1), 


= ei sin? y(—1)"~",/4(m +t — I(m —t +2)(m —t + 1)(m— 0), 


with a, = 0 = €_m. Now we put m = ie Take a self-conjugate ,-eigenvector 7 = Der, dw" 
of A. The self-conjugacy means d_; = d;. Since the Im—i-part of A is zero, we obtain 
Wn—1(Sy, 7) = 0 and this is equivalent to the following recurrence formula: 


a d+42 + Brdr4i + Vd + 6:d;—-1 + €rdy_-2 = 0 (8.4) 


for t € Im, where we define d; = 0 for |t| > m+ 1 as usual. Making use of d_; = dd, 0-1 = &, 
p_; = —6, and y_; = y;, where we use (—1)*' = —1, we also have 


Ord +2 — Brdisi + edt — b¢dy—1 + €rdy-2 = 0. 
From (8.4) and this we get 
Ody 42 + Vd; + &:d;-2 = 0, (8.5) 
Brdi41 + 6;d;-1 = 0. (8.6) 
We analyze them as follows. 
(1) 0 < w < 4 case. We want to derive a contradiction to non-triviality of n. If we give a 
number d_,,, then by (8.5) or (8.6) we can inductively determine d_»,+2,...,dm—1. By the self- 


conjugacy, we obtain the whole numbers d;. Hence 7 is uniquely determined by d_m or dm. 
Because of non-triviality of solutions {d;}+<7,,, the determinant of the following matrix must be 


zero for all t € In: 
Qt Vt et 
Boi O41 O |. 
O Bra 5-1 


Hence we have the equation for t, m and w, 


7 64—-16;41 — Bro %d:—1 + Br-1B:41€ = 9 (8.7) 
for t € Im. If we put t =m — 1, then we easily get sin? y = ge 
(la) n =3 case. Then m is equal to 3 and we have sin” w = —1 <0. This is a contradiction. 


(1b) n >5 case. If we put t =m = Spas + 1), then we easily get sin? y = ae This 
a 


. . . - 2 — 
is a contradiction to sin* w = =. 
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Therefore yy must be equal to 0 or 5. 

(2) w =0 case. We have n = wi and y, = —2(-1)"'t./3!(m + t)(m — ft) and a, = B; = 
6; = &; = 0. Then we get d,; = 0 for |t| < m— 1. This case A is C(Dn \ SU_,(2)). 

(3) w = & case. We have 60% = ¥8ei2x w?, — 1w2 + YEe-i2x w? and f, = 5, =0 and 
others are 


Oo, = ve um (—1)"—"1,/4(m —t — I (m+t+2)(m4+t+Dim+), 


Y= (-1)" 1t/3'm + t)(m — 1), 


&; = Bein (—1)"—" /4(m +t — 1)(m — t +2)(m —t + 1) (m — 28). 


Recall vectors 7’""* and 7% which are introduced in the previous case T,,. We easily confirm 
that they are independent solutions of a;dj42 + yd; + €:d;-2 = 0. Let n = Agy’™* + A1H"% be 
a self-conjugate z,,-eigenvector of A where Ag and A; are complex numbers. Since the con- 
jugation operation T satisfies Tn% = e7!2"Xy™X and TH = —e7!2"XA"™X, there exist 
real numbers jg and 41 with Ag = woe !”"* and Ay = ipye !”"*. The m1-eigenvector Y%(n, 7) 
must be zero because of the absence of mz \-part in A. By Lemma 8.5 we have %(n, 7) = 
Qos /2m22"— lex, 2. It shows [Ao OFr [41 is equal to zero. Hence the z,,-eigenvector space of B 
consists of scalar multiples of 7’"°* or 7%. We can easily check Brie") =i?" A"% for all 
r € I, and hence may assume that the z,-eigenvector space of A is spanned by 7’"’* if necessary 
by applying Be . Moreover we may also assume x = 0 by applying BE where z =e! os Let B be 
a right coideal generated by 7)" = nm? with all r € I. Notice that B is contained in C”° which 
is defined in the discussion on the type T,,. Hence B is of type T, or D,,. We want to show B is 
actually of type D,. This is proved by Proposition 8.11 or the following direct calculation which 
takes us the similar characterization on the right coideal as Proposition 8.6. In order to study it 
we have to clarify the type of the right coideal C which is the integer part of B. Whether C is 
of type T, or Dy, its 22-multiplicity is one. Hence the 72-eigenvector of C is a scalar multiple 


of O00 We show that there exists an angle O < ¢ < on such that C = c(pe? \ SO_1(3)). 


We already know all 7)” for r € I, are fixed by the rotation of Ty It suffices to show n}"n" 


is fixed by the rotation of angle 2 around the axis 7 (r3 (—¢)) - 03 for any r,s € I. This ro- 
tation is obtained by the matrix k? € SU(2) k? = (a rah Define the «-homomorphism 
Pye = (Uys @ id) 0 6. 


Lemma 8.9. For any m € 5 + Zy0 and s € In the following equalities hold: 


1 
2 2 
pro (nt) = a y (cos 2m@o, — (—1)"~i sin2mgo2) ® cur ti w(tm)rss 
m—r 
rély 


2m |2 
Am -2m m—reo: 
= ) 2. +(-1 2 : 
Pee (A ) i (cos modo, + (-1) isin mooz) ® . , W(m)r,s 


réln 


Proof. k? is equal to r!*(m)r73(2¢) = r!?(1)g7° where g®* is a matrix defined in the 
study of T;, case. Since we have p;¢ (x) = —ifPy-29.0(x) and po (v) = iPg—29.0(v), the equalities 
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Peo (Tem) = i ” 126.0) and po rm) = i ™ 0220.0(1,) hold. By Lemma 8.4 we obtain the 
desired equalities. 


Now we solve the equation for @; ppo (nny) = 1 @ nn” for all s,t € In. First we con- 


sider 5 = t = —m. We focus on the term of x4” in the both sides. In the left-hand side, we 
have i*” (cos 2mgo, — isin 2mor)” @ x*". In the right one, we have | ® x*. Hence we have 
qn (cos PHOS — isin2mgo2)” = 1. It yields cos4m@ = —1 and hence @ must be equal to 


3, or 5. Then we obtain pyo(ny") = +i7"*!o @ n!” for all s € Im with respect to ¢ = on 


or 3 : tt shows the desired fixed element property of n/n!" by o;¢ for all s,t € I because of 


i2"+! © {_1, 1}. Therefore We have proved B is aright coideal of type D,. Note that B does not 


depend on the choice of ¢ = = or 3m In summary, a mene coideal of type D, is made from the 
quotient D, \SU_,(2) or generated by a z,,-eigenvector 7”. 
As in the previous case of T;, (odd n > 3) we can also observe the similar results about a 


ca |e ee 
group-like unitary. Here we treat only the case x = 0, = 5, that is, Z is 7) kepe" an 
0,4 
ores to avoid similar Meum, Denote the subgroup Gz < or: >a. Now Z consists of 
(gr ock<2n-1 - tity 0 Voc ¢<on-I1- Hees the subgroup (D3 yy contains (Ty Dy. We 


call the subsets { 7 a Mo<k<2n— , and {k? gi 7 mate ¢<2n—1 the cyclic component and the reflective 
component, respectively. By definition of the restriction map, we have 


c(DF"*),)c QB Mwo©e QB Mo© 


0<k<2n-1 0<e<2n-1 


no 


where s(k) = 2 except for k = 0, 2 and t(€) = 2 except for @ = 
k? 2? — k?+3. Then we get 


. First note the equality 


1 


: fed a 2m |2 
Py g0 (ne) =i" Y > (=sinméo, — (-1)” "i cosmOa2) ® (—1)" Tn WT dine: 


réln 


Hence it immediately derives 


Proper (Is) =O" (Dio @ns forO<k<n—1. 
Define a self-adjoint unitary 


w=we QB Bin ees S11 


where w is a self-adjoint group-like unitary defined in the previous T,, case. 


0,2 
*2 


Proposition 8.10. A self-adjoint unitary W is a group-like element in c(D2° )#). 


cL 
2 


Let C(Z2) be a Hopf «-subalgebra C + Cw in CD” )#). Then we get 


B= {a € C(SU_1(2)) | (tz @id) 0 8(a) € C(Z2) ® Ca}. 
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7? 
TY T2 
To. Th 


 9.e 


Fig. 2. The McKay diagram for (D,2”" ’ )4, n +3 nodes. 


We study all the irreducible representations of (D,” ee )#. The McKay diagram of (D;” aa dtc 
SU_,(2) about 71 is shown in Fig. 2. In Fig. 2, ly is the trivial representation and Tt, is the 
2: 


Sa Sure 5900, 5 : ; imsiois 
restriction of w(z1) to Dz" ’*. We study where the above group-like unitary w sits. The re- 
2 


z= 0, cL \ : 
striction of w(z 1 ) to (D,""’* )z is denoted simply by w(z 1 )|. For the z 1 -module W, we use an 


orthonormal basis 4 = C( 
and w( 1 )|-&+ = & @ v+ for the reflective component, where w+ have been already defined in 


: ). Then we obtain w(z1)|-&4 = 4 ® wa for the cyclic component 
- 2 


- 


the previous T,, case and 


Vi = QB (—icos(#+ 001 sisin( 6+ = 1) 02) @+ti @ Fi. 


n-1 3n-1 
tf 2: 2D 


* = —v4 and v2. = —1. Let us consider the tensor product W; ® W,. Its irreducible 


Hence v5 4 
submodules are Wy = C(+ @ 4 F& @ &_) and W, = C&, @ & + C& @ &, which give 
T) and 72, respectively. Hence for tj , the cyclic component acts trivially and the reflective 
component acts as the multiplication of —1. Proceeding tensor products and decompositions, we 
get the t;-module W; = Cé; @€_ @---@&_ @& +Cé& @&,@---@& @& forl <j <n-l, 
where the length of the words &4 is 7. The cyclic component acts on W; as the direct sum module 
of wpw_---w_wy and w_wy---w,_w_. The reflective component acts there v_v_ +--+ v_v4 


and v_v+---v;u_. When j is odd, we have 


V4LUze-+ + UZUL = B i1(-cos.i(6-+ =e) +sinj(o+=0)o2) @+/ 0, 
n n 


n-1 3n-1 
tf De 2D 


~ 


Finally considering the tensor products module W; @ W,,_1, we get its one-dimensional submod- 

ules Wo = C(Ex @E- @--- @ Ee SEL LIE OE, ®--- OE @ Ex). We investigate the action 

of (D2? yy on them. The cyclic component acts by wi w_---w_w+ = w. Since we have 

the equality vive +++ veut = Dy ynct ano i" (— 1)*(—1)*!+ 10 @ Hi © Fi, the reflection com- 
22 2 

21+1 


ponent acts on W* by Dyynst an—1 i +1(—1)k(—1) => on © £1 © FL. Hence the self-adjoint 
20 2 


group-like unitary i is the unitary representation on W,". Especially we get te =T, . Recall 
the classical g = 1 case D* C SU(2). Then it has the same McKay diagram, however, we know 
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ca 
0,4 


T;, =T, . This shows the difference of the representation theory of (D?""’? jw C SU_\(2) and 
D* c SU(2). 

We have classified all the right coideals of type D, (odd n > 3). They are C(D, \ SU_1(2)) 
or C*(n) up to conjugacy by the maximal torus action B“, where C*(n’”) is a right coideal 


generated by 7” for all r € I,,. Finally we end this section with the following result. 
Proposition 8.11. As SU_(2)-covariant systems, C(D, \SU_,(2)) and C*(n"") are isomorphic. 
Proof. Let g be a matrix in SU(2), 
"@)-(Se #5) 
2 —J20 2 
Recall the SU_;(2)-homomorphism pg = (vg @ id) 0 5: C(SU_1(2)) > (C*) @ C(SU_(2)). 


Ug (x) ce = ( V2-'o; —V2"'o2 
Ug (Vv) Ug (y) a ay eu) V2‘ o 


Ug Satisfies ( i Then we obtain 


-2 2 
Ug (worn) rir) = V2 ee Das E il oy" "os, 


~2 2 
Ug (w(stm)m.r) = /2 Cates E "| Gra 


for all r € I,,. We also have the equality 
(1)? ap os he 1) "oy or = (ae% (09 _ 01) 
for all r € J,,. Then we have 


fo(x” + v") = Pg Cee mene + W(Im)m,—m) 
— De (ue wWow—ar) + Ug (w(tm)m,r)) @ w(%m)r—m 


réln 


1 
=, 2 2 
=V2" E i (HD of Tos" + (-1)" "of" "ot" *) 
rely 


@ w(%m)r,—m 
1 
—2 2m |? 
=-V2") , : / (02 — 01) @ W(rm)r,—m 
réln 
=) 
= —J/2 "(op = 01) ® Hee 


Let us define the self-adjoint unitary v = fa — 01). Then we have pg(w(%m)—m,s + 


W(m)m,s) = gr ® ni" for all s € Im. Hence we get pg(C(Dy \ SU_1(2))) C C*(v) ® 
C*(n'"). Take a x-homomorphism w:C*(v) > C and we have an SU_;(2)-homomorphism 
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(@ @ id) o pg: C(Dy \ SU_\(2)) > C*(n”). This is clearly surjective and the injectivity fol- 
lows from Remark 4.23. 
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Appendix A 


We list all the connected graphs of norm 2 from Fig. 3 to Fig. 15 and the spectral patterns of 
ergodic systems which sit at the vertex of | (the entry of the Perron—Frobenius vector). Because 
we need not to specify the detailed pattern of type A’,, in our classification program, we do not 
list it in the Aj, case. 


Fig. 4. Ty, m nodes. 


Fig. 5. T. 
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CSS SS = ss 
1 2 3 4 
Fig. 6. SU(2). 
1 1 
2 2 2 2 
ih 1 
Fig. 7. D* (n > 2), n + 3 nodes. 
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Fig. 14. A‘, (m > 3) nodes. 
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Abstract 


For a (point-wisely non-negative) positive definite function a certain criterion for its infinite divisibility 
(i.e., all its fractional powers are also positive definite) is obtained. This criterion enables us to show infinite 
divisibility for many positive definite functions appearing naturally in study of operator means. In particular, 
we determine when the function 


cosh(vx) +s’ 
coshx +s 


(v €[0, 1]; s,s’€(-1, 1) 


is infinitely divisible. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Hadamard product; Infinitely divisible function; Infinitely divisible matrix; Operator mean; Positive definite 
function 


1. Introduction 


Operator means and comparison of their (unitarily invariant) norms are under active investiga- 
tion (see [5,12—14,17,22] for instance), where many positive matrices with non-negative entries 
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naturally appear. Typical examples are A = [ajj]i,j=1,2,...n and B = [Djj]i,j=1,2,....n (or their 
suitable variants) with entries 


no — 48 ae + as 
aj=———, bj = 1 (<@<1) 
; Ai - Aj Ait Aj 
with 1, A2,...,An > 0, and the positivity of A, B corresponds to the positive definiteness of the 


functions sinh(@x)/sinhx and cosh(@x)/coshx, respectively (see Section 2 for details). Thanks 
to Horn’s theorem [15] the positive matrix A is actually infinitely divisible in the sense that 


[aj]; j=1,2 ane n 20 


for each r € (0, 1), showing that the positive definite function f(x) = sinh(@x)/sinhx is indeed 
infinitely divisible (see (2) in Section 2), 1.e., all the fractional powers f(x)’ (0 <r <1) are 
positive definite. The reader is advised to see the recent (partly survey) article [1], where the 
importance of this concept is explained together with an abundance of old and new examples. 

In our previous work [4] among other things the infinite divisibility of the positive definite 
function cosh(@x)/coshx (0 <0 < 1) was established based on a certain power series trick (see 
the power series (8) used in Section 4), which shows the infinite divisibility of the matrix 


ee 
be 
i are es ee 


From this the infinite divisibility of many “mean matrices” can be derived (as was demonstrated 
in [4]), and the present work can be considered as a natural continuation to this study. Let us 
recall that for an operator monotone function g(x) :[0, 00) — [0, oo) the positivity 


jeer 
Oe NO Nd >0 
it Aj i, j=l,2,..0n 


is known ([19], see also [5, Remark 5.2]). However, a general result on the infinite divisibility for 
matrices of this type (except for the special case g(x) = x®) is unknown and seems to deserve 
investigation. 

The classical Bochner theorem asserts that a function is positive definite if and only if its 
Fourier transform is non-negative. Difficulty for study on infinite divisibility lies in the fact that 
explicit computation for Fourier transforms of fractional powers of functions in question is al- 
most hopeless. A notable exception is 


/ el dx — YP(r £iy)/DP 


= ; 0,1 
cosh’ x T(r) ee 


—co 


(see [10, 3.985 on p. 507] or [14, Appendix A.6]). This formula yields the positive definiteness 
of 1/cosh’ x, i.e., the infinite divisibility of 1/coshx, which corresponds to the well-known fact 
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that the Cauchy matrix 


| 1 
hi j RJ=) 40a 
is inf initely di visible. 


Based on some complex analysis technique we will obtain a certain criterion for infinite di- 
visibility (see Theorem 2 and Corollary 3) in Section 3, and the Hadamard factorization theorem 
indeed plays a crucial role in our proof. Our criterion enables us to show the infinite divisibility 
for the above-mentioned functions (and many others) in a unified way. In Section 4, by combin- 
ing this criterion with explicit computations of relevant Fourier transforms, we will determine 
when the function 


cosh(vx) + s’ 


(with vé[0, 1] ands,s’ € (-1, 1)) 
coshx +s 


is infinitely divisible. It is shown to be so exactly when the function is positive definite (see 
Theorem 11). Here is one of the most basic norm inequalities on operator means: for Hilbert 
space operators H, K, X with H, K > 0 and a unitarily invariant norm ||| - || we have 


|a°xK'? + A! XK? || <|JAX+XKI| O<@<)1). 


It is known as the Heinz inequality [11], and can be derived from the positivity of the matrix B or 
equivalently from the positive definiteness of cosh(@x)/coshx (see [14] for instance). In recent 
years various estimates on norms of more general operator means such as 


JHOXK' 8 + OX Ke 4 xP XK!?|| 


(containing a parameter x) have been studied by several workers (see [5,19,22] for instance). 
Our analysis here gives rise to very precise information on such “generalized” Heinz-type norm 
inequalities. This subject (together with related topics) will be covered in our forthcoming ar- 
ticle [18]. In the final Section 5 we will discuss infinite divisibility for miscellaneous functions 
such as 


1 
cosh z + s cosh(@z) 


(with w € [0, 1] and s € (1, 1]) 


(see Theorem 14). 
2. Preliminaries 
2.1. Infinitely divisible matrices 


The classical Schur theorem states that the Hadamard product (or Schur product) A o B of 
positive matrices A, B is positive: For A = [a;;], B =[b;;] > 0 we have 


AoB=[ajjbij] 20. 
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Here and throughout the positivity A = [ajj]j, ;=1,2,..... 2 0 means 


n 


> ajj&i&; > 0 


i,j=l 


for each &; € C. In particular, if A = [a;;] is positive, then so are the Hadamard powers A°” = 
[a aij], m €N. When each entry is non-negative in addition, fractional Hadamard powers A°” = 
la; jl (r > 0) also make sense. It is known (see [9, Theorem 2.2]) that (i) for such an n x n matrix 
we have A°” > 0 as long as r > n — 2 and (ii) this lower bound n — 2 is optimal. Note that for 
a positive matrix A = [a;;] with a;; > 0, the following three conditions are equivalent (thanks to 
the Schur theorem and the obvious continuity argument): 


(i) A°m > 0 for each m € N; 
(ii) A°” > 0 for each r € (0, 1); 
(iii) A°” > 0 for each r € (0, 0). 


A matrix satisfying these conditions is called an infinitely divisible matrix. A very readable ac- 
count on such matrices can be found in [16] and many examples are worked out in [1,4]. 


2.2. Infinitely divisible functions 


A study on positive matrices is closely related to that of positive definite functions. Let us take 
f(x) = sinh(@x)/sinhx with 6 € (0, 1) for instance and observe 


1 "(AG /Aj)9/? = (Aj di) oF; 
‘2 (5 loga; — 5 eB; ea >» (Aj /Aj)!/2 — (A; /di)!/? 


i,j=l pal 
See es 
Rit 


for 4; > 0 and & € C @ = 1,2,...,). This computation obviously shows that f(x) is positive 
definite if and only if the matrix 


Nee ta Ss 
U J 4.2 2 
ree eae 


is positive (for each n € N and 41, A2,..., An > 0), or equivalently so is the congruent matrix 


6 6 
faa 
di — Aj ij=1,2,....n 


The Fourier transform of f(x) is non-negative and f(x) is a typical positive definite function 
(by the Bochner theorem), showing the positivity of the above matrix. 

The theory of operator monotone functions (see [7] for instance) neatly fits into the current 
picture. Let g:[0,00) — [0, 00) be an operator monotone function, i.e., we have g(A) > g(B) 
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for arbitrary positive matrices A, B (of any size) with A > B. The operator monotonicity is 
known to be characterized by (one of) the following conditions: 


(i) [Eos], > 0 for each A1, 2,-.-, An > 0 (andn EN); 
(ii) g(x) extends to an analytic function on the upper half-plane Hi = {z € C; 3z > 0} satisfy- 
ing g(Hy) © Hy. 
no —08 
The operator monotonicity of x° is well known, i.e., Gat) > 0 so that (1) indeed gives us 
an alternative proof for the positive definiteness of sinh(@x)/sinhx. Actually we can do much 
more. Namely, Horn’s theorem [15] asserts that 


Ee - a 
hi Aj a 


is infinitely divisible if and only if g(z) is univalent (i.e., one-to-one) on H. This criterion guar- 
r9—78 
i 6 


antees the infinite divisibility of Feu (since z 


ToL is univalent on H) while almost identical 
U J 


computations as (1) yield 


nT r n 0 Ovr 
1 1 = Ae — he (yr yr 
» (4( F184 - = l0g2,) &E= > (2) eae £8). (2) 
i,j=l : J 


i,j=l 


Consequently, the positive definite function f(x) = sinh(@x)/sinhx (& 0) is actually infinitely 
divisible in the sense that f(x)’ is also positive definite for each r € (0, 1), or equivalently, for 
each r € (0, 00). 

Here are some observations: 


Gi) If f(x), g(x) are positive definite, then so are the sum f(x) + g(x) and the product 
f (x)g(x). 
Gi) If f(x), g(x) are infinitely divisible, then so is the product f(x)g(x). 
(iii) When a sequence { f;,(x)} of positive definite (respectively infinitely divisible) functions 
is convergent, then the limit function limy-+ oo fn(x) is also positive definite (respectively 
infinitely divisible). 


These are obvious consequences of respective definitions, which will be freely and repeatedly 
used in subsequent sections. 


3. A certain criterion for infinite divisibility 


In this section we will present a general criterion for infinite divisibility. Our criterion is 
obtained by combining the key lemma below with the classical Hadamard factorization theorem 
(see for [6, Chapter XI, Section 3] for instance). 


1+bx? 


Lemma 1. We assume a > 0 and b > 0. Then, the function Tat 


ifaSb. 


is infinitely divisible if and only 
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Proof. The function (whose value at x = 0 is 1) tends to b/a as x — oo. When it is infinitely 
divisible, it is of course positive definite, forcing b/a < 1. Hence, it remains to show the non- 
trivial converse. For this purpose we make use of the well-known integral expression 


(oe) 

sin(zr) x dx 

v= [sas (x > 0) (3) 
0 


for the fractional power x”,0 <r < 1, which plays an important role in the theory of operator 
monotone functions (see [7] for instance). Based on this formula we compute 


[oe 
1+ bx? = ne f (1+ bx?)\(1+ax?)-! da 
ltax2?) (1+ bx?) +.ax2)-! 4.4 al-r 
0 


(oe) 
sin(zr) | 1+ bx? dx 
4 14+ bx? +40 + ax?) Alor 
0 


(oe) 
sin(zr) | 1+ bx? dx 
ws 
0 


142+ (aA +b)x2 alr 


[oe 
sin(r) b Ma —b) 1 da 
= ge : —. (4) 
aa a+b ak+b 14+A4+(a.4b)x?2/) Al 
0 


Note that the integrand here is positive definite thanks to 


1 
LtA+(aA+b)x2 2yC 


arx+b 
1+A 


lee) 
1 yl. 
e ve dy withhy= 5 
rr / y Y (5) 
—oo 


b  X(a—b) 


together with the positivity 57. Taqp 


> 0. Being a “superposition” of positive definite func- 


1+bx2yr : ie ear 1+bx? :_: ; eae 
tions, (==-7)’ is also positive definite, 1.e., + tax? 1S infinitely divisible. 
We observe 


foe) 
sin(zr) b dx 
z | asp P= 0/0" 
0 


due to (3). After substitution of (5) into (4) we change the order of two integrals, and then we set 
t = 1/y. In this way it is not so difficult to get 


pane CO 7 | Gay 1/Jb isi 
+ bx _ ; sin(zr tly — bt i) 
(5) = (b/a) + { (2 i e a ae dt Je” dy. 


—00 \/ Ja 
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This expression will not be used in sequel, and details are left to the reader. 


Theorem 2. Let f(z) be an entire function taking real values for the reals (the restriction to R 
is denoted by f (x)). We assume: 


(i) f() > Oand f'(0) =0; 
(ii) all the zeros of f(z) are pure imaginary; 
(iii) the order p of f(z) is less than 2, i.e., 


Ee > with Mir) =max{|f@ 


p = limsup : [z|=r}. 


roo 1 


Under these circumstances the (real) functions 1/f (x) and f (vx)/f (x) (v € [0, 1)) are infinitely 
divisible. 


Proof. Firstly we collect all the zeros in the upper half-plane (repeated according to multiplicity). 
By the assumption (ii) they are of the form {i@y}n=1,2,... with 0 <a, < a2 < a3 <---. Then 
(thanks to the Schwarz reflection principle) all the zeros are given by {+iay,}n=1,2,.... Let p be 
the smallest integer satisfying 


ee) 


1 
Ser 


n=1 Gn 
The basic property p < p can be deduced from the Poisson—Jensen formula on distribution of 


zeros, and this exponent p is called the rank of f(z) in [6]. The Hadamard factorization theorem 
enables us to factorize f(z) in the following way: 


rermePT1((1~55,)20Cs,) )EU((~n,) (sn) 


n=1 


(when p = 1) or 


pone F((1- 2) F(- =) 


n=l n=1 


(when p = 0), where the infinite product in the right-hand side is uniformly convergent on 
compact sets in the complex plane. Here, P(z) is a polynomial of degree g and we have 
max(p,q) < p. (In [6] max(p, g) is called the genus of f(z).) The requirement (iii) forces g = 0 
or q = 1, and we have e? ®) = f (0)e“ with some a. Observe that (when p = 1) the above two 
exponential factors cancel out, Therefore, f(z) is of the form 


oo 2 
f= fe" TT (14 5). 


n=1 7 
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Logarithmic differentiation yields 


f G)2 a? 
7@ ST ee eye 


and hence we must have a = f’(0)/f(0) = 0. This computation looks somewhat formal, but 
it is not. In fact, for each fixed r > 0 one can choose an integer no large enough satisfying 
|z*/a2| < 1/2 for n > no and |z| <r (due to a, /7 00). We thus have |1 + z*/a?| > 1/2 and 
estimate 


or) a? an] 
Ds <> Ge 
aed 7 

n=no [+z |e n=no On 


From the arguments so far we have the factorization 


showing 


fx) Py (1+ 0?x?/a2 
f (x) = in TT( 14+ x7/a2 ). 


Products of infinitely divisible functions are obviously infinitely divisible. Therefore, the above 
finite product []/"_, is infinitely divisible (for each m) thanks to Lemma 1 and so is the limit 


f(vx)/f (x). 


In Appendix B we will present a general result (Proposition B.1) on infinitely divisible matri- 
ces based on the Hadamard factorization, which is motivated by arguments in [1, Section 2.3]. 
The reasoning in the preceding proof obviously works in the following situation as well: 
Corollary 3. Let f(z), g(z) be functions satisfying the conditions in Theorem 2 with the zeros 
{in }n=1,2,.... (Bn}n=1,2,.... respectively, in the upper half-plane (satisfying 0 <a, < a2 <--- 
and 0 < B, < B2 <--- with multiplicities included as before). If &n < By (n= 1,2, ...), then the 
ratio g(x)/f (x) is an infinitely divisible function. 


A few remarks are in order. 


Remark 4. 


(i) The functions 


coshz, sinhz/z and coshz+s (with s ¢ (—1, 1) 


92 


(ii) 


(iii) 
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are typical examples satisfying all the requirements in the theorem. Other typical examples 
will be also pointed out in Section 5. The well-known formulas 


sinhe=2]] (14+) and coshz= H+ ae) 
n=1 n=1 
are the Hadamard factorization for sinh z/z and cosh z (while that for the third function is to 
be worked out in the next section). Anyway, the theorem guarantees the infinite divisibility 


of the following functions: 


cosh(vx) sinh(vx) x 1 cosh(vx) +s 


coshx ’ sinhx °’ sinhx’ coshx+s’ coshx +s 


with v € [0, 1] and s € (—1, 1]. In our previous studies on operator means (see [5,12—14,17] 
for instance) positive definiteness of relevant functions played an essential role. Factoriza- 
tion technique was also used in [5] to establish positive definiteness. 

In [4, Theorem 3] the infinite divisibility of the function 


x cosh(vx) (v < (0, 1/21) 


sinh x 


is proved, which can be also easily seen from Corollary 3. In fact, with f(z) = sinh z/z and 
g(z) =cosh(vz) we have 


A,=nx (n=1,2,...), 
1 Qn-—1)r 
Bn = — * ——>— (n=1,2,...), 
v 2 
and observe ay < By (n = 1,2,...) as long as 0 < v < 1/2. In the recent article [8] it is 
shown that the function x cosh(vx)/sinhx with v > 1/2 is not positive definite. 
The function tanh x /x is infinitely divisible. More generally so are the functions 


sinh x 
x (coshx + s) 


Clerc: 


Indeed, with g(z) = sinhz/z and f(z) =coshz +s we can use Corollary 3 (see the first 
part of Section 4 for the zeros of the latter). A different proof for this fact is presented in the 
forthcoming book [2, Chapter 5]. 


Remark 5. A probability measure ju is said to be infinitely divisible if for each m € N it can be 
written as the m-fold convolution product [lj * dm * +++ * 4m With some probability measure [n,. 
The probability distribution # - a) (with parameters —oo < m < oo anda > 0) is known 


as the Cauchy distribution and is a typical infinitely divisible distribution. Lemma | is of course 
closely related to this fact. An infinitely divisible probability measure plays an important role 
in the study of Lévy processes (see [20,21] for instance), which the author is unfortunately not 
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so familiar with. It is known that ju is infinitely divisible if and only if the Fourier transform (1 
(called a “characteristic function”) admits a Lévy—Khintchine representation, i.e., 


CO 


A at? < its . 
(u(t) = exp ane +iyt+ (e *— 1 —its x1.) dv(s) 


—cC 


with a > 0, y € R and a measure v satisfying v({0}) = 0 and fa min(s, 1) dv(s) < oo (see 
[21, Section 2.8] for details). However, it is practically impossible to check this criterion in our 
setting. Another related and useful notion is self-decomposability for probability measures (see 
[21, Chapter 3]): Namely, if a probability measure ju is self-decomposable (i.e., (4(t)/ f(b!) is 
positive definite for each b > 1), then it is infinitely divisible. This fact can be also used to see 
the infinite divisibility for some of the functions in Remark 4(1). 


Remark 6. The function exp(—ax?) (with a > 0) is obviously infinitely divisible, but exp(az’) 
is of order 2 so that this situation is not covered in Theorem 2. Let us assume that an entire 
function f(z) in Theorem 2 (i.e., f(z) satisfies (i), (ii) and f(R) C R) is of order 2. As in the 
proof of Theorem 2, the zeros of f(z) are of the form {+ia,}n=1,2,.. withO<a,; <a2<---. 
Let us further assume that the rank p of f(z) is 0 or 1, ie., 


Then, the Hadamard factorization theorem shows 
fo 22 
Fo= fOr T](14+5 
n=1 Oe 


for some constants a, b (after canceling exponential factors when p = | as in the proof of Theo- 
rem 2) and with the logarithmic derivative 


f'@ aoe 
f@ mothe b aed) 61+ 2 yaR 


Hence we get a = 0 again from the assumption f’(0) = 0. By differentiating the both sides, we 
observe 


oo —4 


” 2 
SEC Marts 2a = 242) es fay i - 

ff) ze jae “aj Fe /otn) 
showing i 7 fo = = 2(b+) thanks to f’(0) = 0. Therefore, with the additional requirement 


f"O) 
f (0) 


> 25s 
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the positivity of b is guaranteed and consequently the same conclusion as Theorem 2 is available 
(for op = 2 and p #2). 


4. Infinite divisibility for (cosh(vx) + s’)/(coshx + s) 


We set 


cosh(vx) +s’ 
coshx +s 


fios,s'(X) = (for s,s’ € (—1, 1] and v € [0, 1}). 


We have already known the infinite divisibility of f,,s,s(x) (see Remark 4(i)). In this section 
we will determine when /f,,,5.5/(x) is infinitely divisible. As mentioned in Section | this kind of 
information will be quite useful for investigation on generalized Heinz-type inequalities. 

For 0 € [0, 77) we set 


g(z) =coshz + cos8@, 
which is an entire function of order 1 due to the obvious estimate | cosh z| < e!¢!. We will explic- 
itly write down the Hadamard factorization for g(z). (The Hadamard factorization for cosh z+ s 
with s > 1 will be worked out in Appendix A, see Proposition A.1.) Let us begin with the zeros 
of g(z). We observe 


g(z)=0 <= > coshz=—cosé =cos(z — 6) 


so that z = i( — 6), i(a +8) are zeros. They are simple zeros for 6 € (0, 2) while iz is a double 
zero for 9 = 0. All the zeros are obviously 


z=i(w—O+4+2nr), i(7+O0+2nr) (ne), 


or equivalently, 


z=ti(n -—O+2nn), +i(m+O+2nm) (n=0,1,2,...). 


We observe 
lo) [o@) 
1 1 
6 ae eae ae 
n=0 n=0 
= 1 = 1 
+ fe 0), 
errr 2 @eo+ Inne <% Gore”) 


showing that the exponent p (in the proof of Theorem 2) is 1. Therefore, the Hadamard factor- 
ization theorem asserts 


= az = z ~iz/(n—0+2nm) 
8(@) = se II((: ass) ) 
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(oe) 
Z, . 
1 iz/(w—0+2nz) 
<TI(( “i@catinw 
n=0 
(oe) 
x I 1 z eo iz/(+0+2nz) 
4 i(zm +0 + 2nzr) 
ies Zz 
1 iz/(a+0+2nr) 
<TI( SEEDS 
n= 


with some constant a. We can obviously rearrange involved products into the following form: 


8 2 oo 2 
a az a . a 
£@) = 204" | [(1+ (x oy) (1+ aterm): 


n=0 


We note 
g(0)=1+cos@ and a=——_=0 


(as in the proof of Theorem 2), and hence we have shown 


Proposition 7. For 0 € [0, 2) we have the factorization 


cosh z + cos@ z2 ~ z 
a areaea -T1(: +——_, a0! begat 
1+ cosé (a —0+2nz) nae (7 +0+ 2nz) 


One should be also able to derive this factorization formula from that for coshz (in Re- 
mark 4(i)) and the identity 


cosh z + cos@ = coshz + cosh(i@) = 2 cosh((z + i0)/2) cosh((z _ i0)/2). 


However, the direct argument presented so far seems easier. The concrete factorization formula 
for coshz + s (i.e., information on zeros) and Lemma | are main ingredients in the next lemma. 


Lemma 8. We assume s,s’ € (—1, 1] and v € [0, 1]. The function fy.5.5'(x) is infinitely divisible 
when the following two inequalities are satisfied: 


x —cos ! 5’ mw +cos's 


VS aay and Vi ee 
mw —cos ‘Ss mw +cos ‘Ss 


Proof. Proposition 7 shows 
cosh(vz) +s’ 74 Veg bore 
costo _Ti(14 ™"_) f(s 2 _,), 

1+5s’ (a — 0'+2nz) a (a + 0'+ 2nz) 


ce 14 z Il i+ Ze 
Lis (x — 0 +2nr)? (x +6 +2nr)2 


n=0 
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with 6 =cos—'s and 6’ = cos~!s’. Thus, thanks to Corollary 3 the ratio is infinitely divisible 
when 


(x —0+2nr)~* > v*(n —0'+2nm)-* and (1 +60+2nr)* > v* (4 +6! 4+ 2nm)~? 
for each n = 0, 1,2,..., or equivalently, 
az —6'+2nn > v(m —O+2nm) and w4+6'+2nn >v(n +0+2nr) 


for eachn = 0,1, 2,.... We observe that as soon as these inequalities for n = 0 hold true then so 
do all the others, meaning that this condition is the same as what is stated in the lemma. 


Let us consider the following two cases: 


Case s’ > s. We have 


x —cos ! 5’ 
EES Pea (6) 
wz —cos—!5 


ie., the first inequality in Lemma 8 is always satisfied. 


Case s’ < s. We have 


x +cos ! 5’ 


Sleep, 7 
az+cos7!s ) 


i.e., the second inequality in Lemma 8 is always satisfied. 


The second inequality in Lemma 8 does not necessarily hold true when s’ > 5 so that we 
cannot use the lemma in this circumstance. Instead the following power series expansion is in 
rescue: 


[oe 
(=x) = Yo anx" for € (0,1) and |x| <1 (8) 
n=0 


with the coefficients 


gee 0) ferns 
nN: 


and ag = 1. 


Lemma 9. Assume s,s’ € (—1, 1]. If s’ > s, then the function f,,5 s(x) is infinitely divisible for 
each v € [0, 1]. 
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Proof. We note 
cosh(vx) + s’ 
coshx + s’ — (s’—s) 


cosh(vx) + s’ (1 s'—s ) 


coshx + 5s’ coshx + s/ 


Fv,s,s'(X) = 


with 0 <s’ —s <coshx +5’, and hence (8) yields 


(F ey = Ga + “) 3 (s’ — s)"ap 


coshx + s/ “ (coshx + s’)” , 


The desired infinite divisibility follows from this expression. Indeed, the first factor in the above 
right-hand side is positive definite thanks to Remark 4(i) while (coshx + s’ )—! as well as its 
powers are also positive definite. 


The above “power series trick” was quite useful in our previous work [4]. It will be also 
repeatedly used in Section 5. 

Information on Fourier transforms for relevant functions is indispensable for the proof of the 
next lemma (Lemma 10). Here we record required formulas on Fourier transforms. They can be 
found in [10] (and detailed computations are presented in [18] for instance). 


(i) We have 
(oe) 
| / eb? dx= ee Eee 
20 coshx + 1 sinh(zy) 
—Co 


Moreover, for v € [0, 1) we have 


_y sinh(zr y) cos(z7v) + vcosh(zry) sin(z v) 


CO 
1 f cosh(vx) oi) dy 
2x J coshx +1 sinh” (wy) + sin? (stv) 


[ee) 


(ii) For s € (—1, 1) we have 


l-s 
20 coshx+s 9 sinh(z y) 


oo 
J 2 ii elxy sinh(Oy) 
dx = ———— 

—0o 


with @=cos7!s. 


(ii) For s € (—1, 1) and v € [0, 1) we have 


ey dx 


coshx +s 


(oe) 
V1 —s? i; cosh(vx) 
20 
—00 
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_ cos((z — 9)v) sinh(zry) sinh(@y) + sin(zrv) sin(@v) cosh((z — 8) y) 
~ sinh” (wy) + sin? (Vv) 


with 6 given in (ii). The numerator here is equal to 


(cos(sr v)cos(@v) + sin(zv) sin(6v)) sinh(zry) sinh(@y) 
+ sin(zv) sin(Ov) (cosh(zry) cosh(@y) — sinh(zry) sinh(6y)) 
= cosh(zy) cosh(@y) sinh(zry) sinh(@y) + sin(zv) sin(@v) cosh(zy) cosh(@y), 


and we easily observe that it can be also written as 


5 (cos((x _ 6)v) cosh((z + 6)y) — cos((z + 0)v) cosh( (sr _ 0)y)) 


(by just expanding everything as above). This last expression actually appears in [10, 3.983, 
formula 6, p. 506]. 


It is possible to get the formulas in (i) from those in (iii) by letting s 7 1, which is certainly 
legitimate thanks to the dominated convergence theorem. 


Lemma 10. We assume s,s’ € (—1, 1] and v € [0, 1]. If the function f,,s,s'(x) is positive definite, 
a—cos™! s’ 


then we must have v < = ee 
IT —COS AY 


Proof. For v = | we note 


si—s : 1 
F fiis,s' =F 1+ ————— } =d0+(s S)F 


coshx +s coshx +s 
with the delta function dg together with the Fourier transform given by either (the first part in) 
(i) or (ii), showing that the function is positive definite if and only if s’ > s. Thus, in the rest we 


may and do assume v € [0, 1). 


Case s = 1. Thanks to (i) we compute 


1 
Fg OF Fut sY) 


_y sinh(zr y) cos(zv) + vcosh(zry) sin(zrv) s'y 
7 sinh? (ry) + sin? (xv) sinh(zy) 
1 


= sin Gry) a5 SGA : lo sinh(z y) cos(zrv) + vcosh(zry) sin(zv)) 


/ 


sy 
+ = Se 
sinh(zr y) 
1 


= . ! . h 
sinh? (ry) + cos2(z v) ( + cos(zv))y sinh(zry) 


- (sinh? (ary) + snr) 
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+s’ sin? (rv) . = + vsin(zv)cosh(zry) |. 
sinh(zr y) 


We notice that the inside of the big bracket is asymptotically equal to 


m\y| my m\y| 
(s’ + cos(zv)) . pe + vsin(zv)- z wy (s’ + cos(zrv)) . Iyle 


as y > oo. Thus, if the function f,,1,5/(x) is positive definite, then the above Fourier transform 
is non-negative thanks to Bochner’s theorem and we must have 


s't+cos(rv) 20 (=> aVES cos”! (—s') = —cos7! Sale 


Case s € (—1, 1). Based on (ii) and (iii) (with 6 = cos~! s) we compute 


/| — 52 
2 a (F fuss )Q) 
IT 


= cos((z — 9)v) sinh(zry) sinh(@y) + sin(zv) sin(@v) cosh((a — 8) y) 
7 sinh? (zy) + sin’ (Vv) 


s’ sinh(Oy) 
sinh(ry) 
= sinh(@y) 
~ sinh(ry)(sinh2(ry) + sin2(v)) 


G + cos((x — @)v)) sinh? (sy) 


+ s' sin? (rv) + sin(zv) sin(@v) - 


sinh(z y) cosh((a — 0) y) 
sinh(Oy) 


We notice that the inside of the big bracket is asymptotically equal to 


2m |y| e2(t—9)Iy 
+ sin(zv) sin(@v) - —— 


(s’ + cos(( — 6)v)) - : 


erly 


~ (s’ + cos((z — 6)v)) - 


as y — oo. Thus, by the same reasoning as in the previous case, the positive definiteness 
of fo,s,s'(X) forces 


s'+cos((x —6)v) 20 (=> (-Ov< cos~!(—s') = — cos”! s’), 


Theorem 11. For the function 


cosh(vx) + s’ 
coshx +s 


with s,s’ € (—1, 1] and v € [0, 1] the following three conditions are equivalent: 


(i) the function is infinitely divisible; 


100 H. Kosaki / Journal of Functional Analysis 254 (2008) 84-108 


(ii) the function is positive definite; 
(iii) the inequality 


v << ———— (9) 
is satisfied. 


Proof. The implication (i) => (ii) is trivial while (11) => (iii) is exactly Lemma 10. Hence, it 
remains to show (iii) > (i). 


Case s’ > s. The inequality (9) is always satisfied (see (6)), and the function is indeed infinitely 
divisible by Lemma 9. 


Case s’ < s. The second inequality in Lemma 8 comes free (see (7)). Therefore, if (9) (i.e., the 
first inequality in the lemma) is satisfied, then the desired infinite divisibility is guaranteed. 


The condition (9) means that the infinite divisibility and the positive definiteness are com- 
pletely governed by the location of just the “first roots” of the entire functions cosh(vz) + s’ 
and coshz + s on the imaginary axis (see the proof of Lemma 8). We note that only asymptotic 
behaviors of relevant Fourier transforms were needed in the preceding arguments. However, the 
converse of Lemma 10 can be actually proved with a little bit more effort (see [18] for details), 
giving rise to a direct proof for the equivalence between (ii) and (iii) in the theorem. 


Remark 12. In the extreme case v = | the condition (9) in the theorem means s’ > s while this 
means s’ > -/i for v = 1/2. In fact, when s’ € [0, 1], we have x — cos! s’ € [m/2, 2] so 


that we always have 


x—cos!s’_ x 1 1 
> 


a a a 
mz —cos-!s ~ 2 mw—cos-!s~ 2 


1 


On the other hand, when s’ € (—1, 0], we have 2cos~! s’ = 2m — cos~!(2s’” — 1) and notice 


(cos~'(—s) =)  — cos"! s < 2(a — cos! s’) (= cos! (2s’? — 1)) 
=> -s>2s?-1 => 1-5 32s”, 
The function sin x /x is positive definite due to 2 sinx/x = ae e'*Y dy, and so is the square 


oO 


ae J eine xernore” ay, 


—oo 


It is known that an infinitely divisible function has no real zeros (see [20, Theorem 5.3.1, p. 108] 
or [21, Lemma 7.5]), and hence sin? x ate cannot be infinitely divisible. It is also known that a 
(non-constant) function having the Fourier transform with bounded support cannot be infinitely 
divisible (see [21, Corollary 24.4]). On the other hand, (non-negative) positive definite functions 
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appearing naturally in study of operator means (see [5,12—14,17] for instance) do not have these 
properties. In our previous work [4] and Theorem 11 (see also Remark 4) we have actually 
observed that many of them are automatically infinitely divisible. It is worthwhile to investigate 
how general this phenomenon is. 


5. Miscellaneous examples 


In this section we will study other typical examples of infinitely divisible functions. We begin 
by recalling 
cosh z + cosh(@z) = 2cosh((1 + a)z/2) cosh((1 _ a)z/2), 
cosh z — cosh(#z) = 2 sinh((1 + «)z/2) sinh((1 — @)z/2), 
sinh z + sinh($z) = 2 sinh((1 + B)z/2) cosh((1 _ B)z/2). 
These identities make sure that the three functions cosh z + cosh(az), (coshz — cosh(a@z)) /2, 
(sinh z + sinh(Bz))/z (for a € [0, 1] and 6 € (—1, 1]) have zeros (only) on the imaginary axis. 
Therefore, by Theorem 2 (or just by combining the above three formulas and what was stated in 
Remark 4(i)), we conclude the following: For a € [0, 1] and 6 € (—1, 1] the functions 
1 x Zz 
cosh z + cosh(@z)’ cosh z — cosh(@z)’ sinh z + sinh(Bz) 


are infinitely divisible, and so are the functions 


cosh(vx) + cosh(vax) cosh(vx) — cosh(vax) sinh(vx) + sinh(vBx) 
coshx +cosh(ax) ’ coshx —cosh(ax) ” sinh x + sinh(Bx) 


for each v € [0, 1]. 

Here we will mainly deal with the entire function coshz + scosh(@z) with a € [0, 1] and 
s € (—1, 1] (and related ones). To know location of zeros, we make use of the (well-known) 
factorization 


cosh(nz) = P,(coshz) (n=1,2,...) (10) 


with the polynomial 


Py, (x) = 2°71 I (+ - cos( A="). 


Indeed, let us recall 


2n . 
On = (2k — 1)i 
x" +1= H(x exp( a )) 


_r (2k — 1)xi (2(2n +1—k) — 1)xi 
=T(x-e0(SSP™))-T1(x-en( SPO), 
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Since 


(2(2n+ 1—k)—1)zi . Qk—-1)i (2k — 1)zi 
exp( mn ) = exp( 2 - a) = exp( 2"), 


the above factorization gives rise to 
z (2k — 1)xi 
X"41= X= 2Nicos} 
11( (e) 


(see [10, 1.396, formula 4, p. 40] for instance). Therefore, dividing the both sides by X” and then 
substituting X = exp z, we conclude 


2 cosh(nz) = [] (2e0sh: 2eos( A= 7*)), 
n 


k=1 


which is exactly (10). 


Lemma 13. We assume n,m € N andn > m. The equation Py (x) + 5 Pm (x) = 0 has n real roots 
for each s € (—1, 1), and moreover all of them fall into the open interval (—1, 1). 


Proof. We have to check behavior of P,,(x) on the interval [—1, 1]. We note 
P,(1) = P,(cosh0) = cosh(n0) = 1, 
Py(—1) = Ph (cosh(izr)) = cosh(inz) = cos(n7) = (—1)". 


Therefore, the graph of P,(x) starts from the point (—1, P,(—1) = (—1)”), cuts the x-axis 
n-times (at cos((2k — 1)2/2n), k = 1,2,...,n) and ends at the point (1, P, (1) = 1). Note that 
local minima or maxima occur n — | times somewhere in the open interval (—1, 1). We claim 
that all of these local extrema have modulus |. Indeed, from (10) we get 


P’ (coshx) sinhx =n sinh(nx). 
Squaring the both sides, we observe 
P, (cosh x) (cosh* x — 1) =n?(cosh?(nx) — 1) =n?(P,(coshx)? — 1). 
This means 
Pi (x)?(x? — 1) =n?(Pr(x)? - 1), 


showing 


P,(x)! =0 = P(x) =H. 


The discussion so far (with m instead) also shows |s Py, (x)| < s < 1 on[—1, 1], and the assertion 
is now evident. 
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The next result is a typical example where Theorem 2 is useful even when the exact location 
of zeros is unknown. 


Theorem 14. For each a € [0, 1] and —-1 <s <1 the function coshz + s cosh(az) fulfills all the 
requirements in Theorem 2. In particular, all of the functions 


1 cosh(vx) + s cosh(vax) 


(v €[0, 1]) 


coshx + scosh(ax)’ cosh x + s cosh(wx) 
are infinitely divisible. 


Proof. We may and do assume s € (—1, 1) (by the discussion in the first paragraph of the 
section). The only thing that we have to worry about is the requirement (ii) (on the zeros) in 
Theorem 2. At first we assume that a = m/n is rational (with m <n). Lemma 13 says that the 
polynomial P,, (x) + 5P,,(x) (of degree n) is of the form oe TT @ —s;) with s; € (-1, 1), 
i=1,2,...,n. Therefore, we have the factorization 


cosh z + s cosh(mz/n) = Pn (cosh(z/n)) + 5 Pm(cosh(z/n)) 


=2""!T [(cosh(z/n) — 5)). 


i=1 


Each factor cosh(z/n) — s; admitting only pure imaginary zeros, so does the product coshz + 
scosh(mz/n). 

For a general a € [0, 1] one chooses a sequence {r;};=1,2,... of rationals tending to a. Then, 
the sequence {coshz + scosh(7;z)}j=1,2,... of entire functions converges uniformly to cosh z + 
s cosh(az) on each compact set so that the limit function coshz + s cosh(@z) admits only pure 
imaginary zeros thanks to the first half of the proof and Hurwitz’s theorem (see [6, p. 152] for 
instance). 


The author is unable to determine what happens for s > 1. On the other hand, in [3, Theo- 
rem 1.2] it was shown that the matrices 


1 
(for each s > —1) 
E +25 + SFA; + lees 
are always positive for each A1,A2,..., An > 0 (and for each n EN), i-e., the function 
1 
cosht + s cosh(t/3) 


is positive definite for each s > —1 (by computations analogous to (1)). This positive definiteness 
remains valid for cosh(t/2) instead of cosh(t/3) [18]. 
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Formulas for the Fourier transforms of functions of the form (coshx + s)7! were needed 
in Section 4 (especially for the proof of Lemma 10). One standard way to derive them is the 
so-called method of residues. Note that this method cannot be used for evaluating the integral 


ee) 


e!*) dx 
cosh x + s cosh(ax) 


—oo 


(for general w). Indeed, one cannot write down zeros for coshz + scosh(@z) explicitly so that 
residues of the integrand (as a complex function) are not computable. Therefore, it seems im- 
possible (at least to the author) to confirm even positive definiteness of the functions in question 
via Fourier transform approach. Anyway, results so far can be combined with the power series 
expansion trick (used in the proof of Lemma 9) to show the next result. 


Proposition 15. We assume a, v € [0, 1] and s,s’ € (—1, 1]. 


. . cosh(vx) paar E Meter lta 
(i) The function Sabecscoheay infinitely divisible as long as v < =. 


. - cosh(vx)+s’ cosh(vax) +. + . ee 
(ii) The function ness aes ) is infinitely divisible as long ass < s’. 


Proof. To see (i) for s = 1, we note 


cosh(vx) cosh(vx) 


coshx +cosh(ax) 2cosh((1+ a)x /2) cosh((1 — a)x/2)’ 


which is infinitely divisible due to the assumption v < (1 + a@)/2 (see Remark 4(i)). We then 
assume s € (—1, 1) and compute 


cosh(vx) _ cosh(vx) 


coshx + s cosh(ax) ~ coshx + cosh(ax) — (1 — s) cosh(ax) 


7 cosh(vx) (: (1 — s) cosh(ax) ) 


~ coshx + cosh(ax) : coshx + cosh(ax) 


with 0 < (1 —s)cosh(ax) < coshx + cosh(ax). Thus, by making use of the power series expan- 
sion (8) we get 


cosh(vx) F cosh(vx) TS an(1 — 5)" cosh” (ax) 
(= +5  ) i (=< + oo) d (coshx + cosh(ax))” 
for each r € (0, 1). The first rth power in the right-hand side is positive definite by the first part 
of the proof while the obvious fact a < (1 + a)/2 guarantees the positive definiteness (indeed 
the infinite divisibility) of each cosh” (ax)/(coshx + cosh(ax))”, showing (i). 
To prove (ii), we need to observe 


cosh(vx) + s’ cosh(vax) 


coshx + s cosh(ax) 
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__ cosh(vx) + s’ cosh(vax) ( (s’ — s) cosh(ax) : 


cosh x + s’cosh(a@x) cosh x + s’cosh(ax) 


Then, the result follows from Theorem 14 and (i) together with the usual trick based on (8) 
repeatedly used so far. 


The condition v < ia in (i) does not involve the parameter s, and is not an optimal one. 


For instance, for s € (—1, 0] the function in question is infinitely divisible always (1.e., for each 
v € [0, 1]) thanks to (ii). However, some kind of restriction is unavoidable. Indeed, Theorem 11 
says that for a = 0 and s = | it is infinitely divisible if and only if v < 1/2. 


Proposition 16. We assume a € [0, 1]. The functions 


inh 
- ad - ; - = oe) (0<v<(1+a)/2) 
sinhx + s sinh(ax) sinhx + s sinh(ax) 
are infinitely divisible. 
Proof. We note 
sinh(vx) a sinh(vx) 
sinhx +sinh(ax)  2sinh((1 + a)x /2) cosh((1 — a)x/2)’ 
sinh(vx) sinh(vx) 


sinhx + ssinh(ax) — sinhx + sinh(ax) — (1 — s) sinh(ax) 
sinh(vx) (: (1 — s) sinh(ax) ) 


~ sinhx + sinh(ax) sinhx + sinh(wx) 


These together with arguments as in the proof of Proposition 15(4) yield the infinite divisibility 
of the second function. The infinite divisibility of the first can be obtained by similar arguments 
or from the obvious fact 


x i 1 sinh(vx) 
a _ = 11m . ry 
sinhx + sinh(ax) v\o\v_ sinhx + sinh(ax) 
Appendix A 


We will explicitly write down the Hadamard factorization for the function coshz +s with 
s > 1. After some trials one is convinced that the following parameterization is more convenient: 


f (2 =cosh(rz) + cosh(zra) (witha ER). 


It is elementary to see that the zeros of f(z) are 


z=tat+i+2ni, neZ, 
or equivalently, 


—at+(2n+l)i 


a+(2n+1)i = 
| =o =n Ii (forn =0,1,...). 


a—(2n+1)i (forn =0,1,...) and 
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They are all simple zeros (unless a = 0), and the rank of f(z) is obviously 1. We note 


1 axzt(Qn+1)i 1 —aF(Qn+1)i 


a£(2n+1)i a2?+(2n+1)? —a+(2n+1)i a2?+(2n+4+1)2" 


Based on these facts we easily compute 


es z ee/atQntbi) (4 _ z ox/(a—2n+))i) 
a+(2n+1)i a—(2n+1)i 


2 
={1+ _ az e2az/(a?+(2n+1)) 
a? + (2n + 1)2 : 


1 . eel (at nti), (4 4 ee/(-a—Qn+1)i) 
—a+(2n+1)i —a—(2n+1)i 


_ 2° + 2az 7242) (a+ (2n+1)?) 
a2 + (2n+1)2 


Thus, the Hadamard factorization is 


oo 2 

Zz — 2az 2 2 
= f(O0 bz 1 2az/(a*+(2n+1)) 
f(z) = FOe I1(( hae be =e 


asd Ps 
z~ + 2az _9 24 (9n+1)2 
1 az/(a~+(2n+1)*) 
«TT(( ayo) 


with some b. But, we get b = 0 again due to f’(0) =0. Therefore, by canceling two exponential 
factors, we have shown the following factorization: 


Proposition A.1. For a real we have 
cosh(rz) +cosh(za) _ Tl l+ 27 + 2az ll ik z* —2az 
I+cosh(wa) a POnply ya a? + (2n+ 1)? 


. r(! A42Qn+1+a)Qn+1 =o") 
~ - (a? + (2n + 1)*)? 


n=0 


The appearance of ++2az makes it impossible to use Lemma | (unless a = 0). In fact, the 
function in question is not positive definite (as was pointed out in [5]). 


Appendix B 


The Pascal matrix 


[P| 
i! j! i,j=0,1,...,.2—1 
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and its generalizations P = [p;j]j, ;=1,2,..... with entries 


— Tat+Aj+)) 
TA +DrPajytd 


Pij (with arbitrary positive reals Ay, A2,...,An) 


were studied in [1], and based on the classical Gauss formula 


; nin* 
ee Pa a Pa (z4#0,-1, -2,...) 


the infinite divisibility of P was proved, i.e., P°” = [pj] > 0 for each r € (0, 1) (see Section 2.1). 
The reasoning in [1] can be formulated in the following general form, and 1/ T(z + 1) is indeed 
a typical example satisfying all the requirements below: 


Proposition B.1. Let f(z) be an entire function taking real values for the reals. We assume 
(i) f (0) > 0, Gi) all the zeros of f(z) are real and negative, and (iii) p < 2. In this case, we have 
f(x) > 0 for x > 0, and for each d1, 2, ...,4n > O the matrix 


Ee 
FQ +A) Ji, j=1,2,...,n 


is infinitely divisible. 


Proof. Let {—ay}n=1,2,... be the zeros of f(z) with 0 <a; < a2 <--- (repeated according to 
multiplicity). The rank p of f(z) is 0 or 1. For instance, when p = 1, the Hadamard factorization 
is 


f(i2=fOe” I] (1 a =) ler) 


n 
n=1 


(with a = f’(0)/f(0)), showing f(x) > 0 for x > 0. 
Since the maps z > e® and z > e~*/% are multiplicative (and infinite divisibility is pre- 
served by taking products), it suffices to show the infinite divisibility of the matrix P with entries 


A+ Ai etn) +A; /o%n) 
A ear aCe ayn 


Note that P is congruent to the matrix with entries 


1 An 
1+ Qi +Aj;)/en = (= + a, /2) + Aj + =) 


so that the desired result follows from the infinite divisibility of the Cauchy matrix [(A; + 474] 
(see Section 1). 


108 


H. Kosaki / Journal of Functional Analysis 254 (2008) 84-108 


References 


{1 
[2 
[3 


R. Bhatia, Infinitely divisible matrices, Amer. Math. Monthly 113 (2005) 221-235. 

R. Bhatia, Positive Definite Matrices, Princeton Univ. Press, Princeton, NJ, 2007. 

R. Bhatia, D. Drissi, Generalized Lyapunov equations and positive definite functions, SIAM J. Matrix Anal. Appl. 27 
(2005) 103-114. 

R. Bhatia, H. Kosaki, Mean matrices and infinite divisibility, Linear Algebra Appl. 424 (2007) 36-54. 

R. Bhatia, K.R. Parthasarathy, Positive definite functions and operator inequalities, Bull. London Math. Soc. 32 (2) 
(2000) 214-228. 

J.B. Conway, Functions of One Complex Variable I, second ed., Springer, Berlin, 1978. 

W.F. Donoghue Jr., Monotone Matrix Functions and Analytic Continuation, Springer, Berlin, 1974. 

D. Drissi, Sharp inequalities for some operator means, SIAM J. Matrix Anal. Appl. 28 (2006) 822-828. 

C.H. FitzGerald, R.A. Horn, On fractional Hadamard powers of positive definite matrices, J. Math. Anal. Appl. 61 
(1977) 633-642. 

1S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series and Products, sixth ed., Academic Press, New York, 2000. 
E. Heinz, Beitrage zur Stérungstheorie der Spektralzerlegung, Math. Ann. 123 (1951) 415-438. 

F. Hiai, H. Kosaki, Comparison of various means for operators, J. Funct. Anal. 163 (1999) 300-323. 

F. Hiai, H. Kosaki, Means for matrices and comparison of their norms, Indiana Univ. Math. J. 48 (1999) 899-936. 
F. Hiai, H. Kosaki, Means of Hilbert Space Operators, Lecture Notes in Math., vol. 1820, Springer, Berlin, 2003 
(pp. VIII+148). 

R.A. Horn, On boundary values of a schlicht mapping, Proc. Amer. Math. Soc. 18 (1967) 782-787. 

R.A. Horn, C.R. Johnson, Topics in Matrix Analysis, Cambridge Univ. Press, Cambridge, 1991. 

H. Kosaki, Arithmetic-geometric mean and related inequalities for operators, J. Funct. Anal. 156 (1998) 429-451. 
H. Kosaki, in preparation. 

M.K. Kwong, Some results on matrix monotone functions, Linear Algebra Appl. 118 (1989) 129-153. 

E. Lukacs, Characteristic Functions, second ed., Griffin, London, 1970. 

K. Sato, Lévy Processes and Infinite Divisible Distributions, Cambridge Univ. Press, Cambridge, 1999. 

X. Zhan, Inequalities for unitarily invariant norms, SIAM J. Matrix Anal. 20 (1999) 466-470. 


Available online at www.sciencedirect.com 


y : JOURNAL OF 
ScienceDirect Functional 
Analysis 


www.elsevier.com/locate/jfa 


ELSEVIER Journal of Functional Analysis 254 (2008) 109-153 


Existence and uniqueness of martingale solutions 
for SDEs with rough or degenerate coefficients 


Alessio Figalli 


Scuola Normale Superiore of Pisa, Piazza dei Cavalieri 7, Pisa, Italy 
Received 1 December 2006; accepted 27 September 2007 
Available online 13 November 2007 


Communicated by C. Villani 


Abstract 


In this paper we extend recent results on the existence and uniqueness of solutions of ODEs with non- 
smooth vector fields to the case of martingale solutions, in the Stroock—Varadhan sense, of SDEs with non- 
smooth coefficients. In the first part we develop a general theory, which roughly speaking allows to deduce 
existence, uniqueness and stability of martingale solutions for £4-almost every initial condition x whenever 
existence and uniqueness is known at the PDE level in the L™-setting (and, conversely, if existence and 
uniqueness of martingale solutions is known for £4-a.e. initial condition, then existence and uniqueness 
for the PDE holds). In the second part of the paper we consider situations where, on the one hand, no 
pointwise uniqueness result for the martingale problem is known and, on the other hand, well-posedness 
for the Fokker—Planck equation can be proved. Thus, the theory developed in the first part of the paper is 
applicable. In particular, we will study the Fokker—Planck equation in two somehow extreme situations: in 
the first one, assuming uniform ellipticity of the diffusion coefficients and Lipschitz regularity in time, we 
are able to prove existence and uniqueness in the L?-setting; in the second one we consider an additive noise 
and, assuming the drift b to have BV regularity and allowing the diffusion matrix a to be degenerate (also 
identically 0), we prove existence and uniqueness in the L°°-setting. Therefore, in these two situations, our 
theory yields existence, uniqueness and stability results for martingale solutions. 
© 2007 Elsevier Inc. All rights reserved. 
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1. Introduction and preliminary results 


Recent research activity has been devoted to study transport equations with rough coefficients, 
showing that a well-posedness result for the transport equation in a certain subclass of functions 
allows to prove existence and uniqueness of a flow for the associated ODE. The first result in 
this direction is due to DiPerna and P.-L. Lions [10], where the authors study the connection 
between the transport equation and the associated ODE y = b(t, y), showing that existence and 
uniqueness for the transport equation is equivalent to a sort of well-posedness of the ODE which 
says, roughly speaking, that the ODE has a unique solution for £4-almost every initial condition 
(here and in the sequel, £4 denotes the Lebesgue measure in R@). In that paper they also show 
that the transport equation d,u + >>; bj d;u = c is well-posed in L™ if b = (b1,..., bn) is Sobolev 
and satisfies suitable global conditions (including L°°-bounds on the spatial divergence), which 
yields the well-posedness of the ODE. 

In [1] (see also [2]), using a slightly different philosophy, Ambrosio studied the connection 
between the continuity equations 0,u + >0, 0;(bju) = c and the ODE y = b(t, y). This dif- 
ferent approach allows him to develop the general theory of the so-called Regular Lagrangian 
Flows (see [2, Remark 31] for a detailed comparison with the DiPerna—Lions axiomatization), 
which relates existence and uniqueness for the continuity equation with well-posedness of the 
ODE, without assuming any regularity on the vector field b. Indeed, since the transport equa- 
tion is in a conservative form, it has a meaning in the sense of distributions even when b is 
only Lr, and u is lee Thus, a general theory is developed in [1] under very general hypothe- 
ses, showing as in [10] that existence and uniqueness for the continuity equation is equivalent 
to a sort of well-posedness of the ODE. After having proved this, in [1] the well-posedness of 
the continuity equations in L©® is proved in the case of vector fields with BV regularity whose 
distributional divergence belongs to L° (for other similar results on the well-posedness of the 
transport/continuity equation, see also [6,7,11,13,17]). 

Our aim is to develop a stochastic counterpart of this theory: in our setting the continuity 
equation becomes the Fokker—Planck equation, while the ODE becomes an SDE. 

Let us consider the following SDE 


dX =bi(t, X)dt+oa(t, X)dB(t), (1) 
eae 


where b:[0, 7] x R¢ > R¢ and o:[0, 7] x R¢ > LCR’, R®) are bounded (here £(R", R2) 
denotes the vector space of linear maps from R” to R@) and B is an r-dimensional Brownian 
motion on a probability space (2,.A,P). We want to study the existence and uniqueness of 
martingale solutions for this equation. Let us define a(t, x) := o(t,x)o*(t, x) (that is ajj = 
>» 4 CikO jk). We consider the so called Fokker—Planck equation 


Orbe +; (Dime) — 3 ij Hj Gijur) =O in [0, T] x R4, (2) 
Lo =p in R¢. 


We recall that, for a (possibly signed) measure uw = w(t, x) = ;(x), being a solution of (2) 
simply means that 
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d 
< [oc L(x) 
Rd 


1 
= [[Caenavo+ 5 Daytenaoe|duo) we cre) (3) 
Rd i ij 
in the distributional sense on [0, T], and the initial condition means that 4; w*-converges to jt 
(i.e. converges in the duality with C, (R@)) as t > 0. We observe that, since Eq. (2) is in diver- 
gence form, it makes sense without any regularity assumption on a and b, provided that 


T 
J [ee] + fae.) aleicoat < +00 VA ER? 
OA 


(here and in the sequel, |j1;| denotes the total variation of ;). Since b and a will always be 
assumed to be bounded, in the definition of measure-valued solution of the PDE we assume that 


T 
[ivtcara <+oo VAER®, (4) 
0 


so that (2) surely makes sense. However, if 4; is singular with respect to the Lebesgue mea- 
sure £4, then the products b(t, -)u, and a(t, -)4; are sensitive to modification of b(t, -) and a(t, -) 
in £4-negligible sets. Since in the case of singular measures the coefficients a and b will be as- 
sumed to be continuous, while in the case of coefficients in L© the measures will be assumed to 
be absolutely continuous, (2) will always make sense. 

Recall also that it is not restrictive to consider only solutions tf +> «4; of the Fokker—Planck 
equation that are w*-continuous on [0, 7], i.e. continuous in the duality with C, (R¢) (see 
Lemma 2.1). Thus, we can assume that ju; is defined for all t and even at the endpoints of [0, T]. 

For simplicity of notation, we define 


1 
Ly i= dibilt, D8 5 dail, ) ij. 
i ij 
In this way the PDE can be written as 


Ou: =Li yu, in[0,T] x R%, 


where L* denotes the (formal) adjoint of L; in L?(R%). Using It6’s formula it is simple to check 
that, if X(t, x, w) € L?(2, C({0, T], R2)) isa family of solutions of (1), measurable in (¢, x, w), 
then the measure ju; defined by 


[fede = f BLfxG.x.0)]am vr ec(R") 
Rd 


Rd 


is a solution of (2) with (49 = jt (see also Lemma 2.4). 
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We define rp := C({0, T], R®), and e; : Mr > R¢, e(y) := y(t). Let us recall the Stroock— 
Varadhan definition of martingale solutions. 


Definition 1.1. A measure vy, on Jr is a martingale solution of (1) starting from x at time s if: 


(i) sy ly) =x) =1; 
(ii) for any gp € C&° (R¢ ), the stochastic process on Ir 


t 


(re) = f Lue(yn) du 


Ss 


is a Vx,s-martingale after time s with respect to the canonical filtration. 


We will say that the martingale problem is well-posed if, for any (s, x) € IR“, we have existence 
and uniqueness of martingale solutions. 


In the sequel, we will deal with families {vx}, ¢pa of probability measures that are measurable 
with respect to x according to the following standard definition. 


Definition 1.2. We say that a family of probability measures on a probability space (2, A) 
{vx},epa is measurable if, for any A € A, the real-valued map x +> v,(A) is measurable. 


1.1. Plan of the paper 


1.1.1. The theory of Stochastic Lagrangian Flows 

In the first part of the paper, we develop a general theory (independent of specific regularity 
or ellipticity assumptions), which roughly speaking allows to deduce existence, uniqueness and 
stability of martingale solutions for £4-almost every initial condition x whenever existence and 
uniqueness is known at the PDE level in the L™-setting (and, conversely, if existence and unique- 
ness of martingale solutions is known for £4-a.e. initial condition, then existence and uniqueness 
for the PDE in the L°°-setting holds). 

More precisely, in Section 2 we study how uniqueness of the SDE is related to that of the 
PDE. In Section 2.1 we prove a representation formula for solutions of the PDE, which shows 
that they can always be seen as a superposition of solutions of the SDE also when standard 
existence results for martingale solutions of SDE do not apply. In particular, assuming only the 
boundedness of the coefficients, we will show that, whenever we have existence of a solution of 
the PDE starting from jug, there exists at least one martingale solution of the SDE for jup-a.e. 
initial condition x. 

In Section 3 we introduce the main object of our study, what we call Stochastic Lagrangian 
Flow. In Section 3.1 we state and prove our main result regarding the existence and uniqueness 
of Stochastic Lagrangian Flows, showing that these flows exist and are unique whenever the 
PDE is well-posed in the L™-setting. We also prove a stability result, and we show that Sto- 
chastic Lagrangian Flows satisfy the Chapman—Kolmogorov equation. Moreover, in Section 3.2 
we investigate the relation between our result and its deterministic counterpart and, applying our 
stability result, we deduce a vanishing viscosity theorem for Ambrosio’s Regular Lagrangian 
Flows. 
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1.1.2. The Fokker—Planck equation 

In the second part of the paper we study by purely PDE methods the well-posedness of the 
Fokker—Planck equation in two extreme (with respect to the regularity imposed in time, or in 
space) situations: in the first one, assuming uniform ellipticity of the coefficients and Lipschitz 
regularity in time, we are able to prove existence and uniqueness in the L?-settings assuming no 
regularity in space, but only suitable divergence bounds (see Theorem 4.3). This result, together 
with Proposition 4.4, directly implies the following theorem (here and in the sequel, S;(R@) 
denotes the set of symmetric and non-negative definite d x d matrices). 


Theorem 1.3. Let us assume that a: [0,T] x R4 > Sy (R¢) and b: [0,T] x R¢ > R¢ are 
bounded functions such that: 


(i) 30) Ajaij € L*((0, T] x R¢) fori=1,...,d; 
(ii) d,a;j € L©((0, T] x R*) fori, j =1,...,d; 
Git) (0; 8b; — 4 Di, Ajaij)” € L® (10, T] x R*); 
(iv) (E, a(t, x)E) > alé|? V(t, x) € [0, T] x R4, for a certain a > 0; 
(v) aE € L7({0, T] x R4), 24 € L?((0, T] x R®). 


1+ |x| 


Then there exists a unique solution of (2) in 2, where 
A, := {ue L™((0, T], Li. (R4)) NL™((0, T], L&(R*)) | uw € C([0, T], w*-L™(R*))}, 
and oon and L‘f denote the convex subsets of L! and L® consisting of non-negative functions. 


In the second case, a does not depend on the space variables, but it can be degenerate and it 
is allowed to depend on ¢ even in a measurable way. Since a can also be identically 0, we need 
to assume BV regularity on the vector field b, and so we can prove: 


Theorem 1.4. Let us assume that a:[(0,T] > S, (R“) and b: [0, T] x R¢ > R¢ are bounded 
functions such that: 


(i) bE L}((0, T], BVioc(R4, R4)), 7; 8:b; € LL, (0, T] x R4); 
Gi) (02; bi) € L'((0, T], L(R")). 


Then there exists a unique solution of (2) in LZ. 


This theorem is a direct consequence of Theorem 4.12. Other existence and uniqueness re- 
sults for the Fokker—Planck equation, which are in some sense intermediate with respect the two 
extreme ones stated above, have been proved in a recent paper of LeBris and P.-L. Lions [14]. As 
in our case, in that paper the authors are interested in the well-posedness of the Fokker—Planck 
equation as a tool to deduce existence and uniqueness results at the SDE level (see also [15]). In 
particular, in [14, Section 4] the authors give a list of interesting situations in the modelization 
of polymeric fluids when SDEs with irregular drift b and dispersion matrix o arise (see also [12] 
and the references therein for other existence and uniqueness results for non-smooth SDEs). 
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1.1.3. Conclusions and appendix 

In Section 5 we apply the theory developed in Section 3.1 to obtain, in the cases considered 
above, the generic well-posedness of the associated SDE. 

Finally, in Appendix A we generalize an important uniqueness result of Stroock and Varadhan 
(see Theorem 2.2 and the remarks at the end of Theorem 5.4). 


2. SDE-PDE uniqueness 


In this section we study the main relations between the SDE and the PDE. The main result is 
a general representation formula for solutions of the PDE (Theorem 2.6) which allows to relate 
uniqueness of the SDE to that of the PDE (Lemma 2.3). 

As we already said in the introduction, here and in the sequel b and a are always assumed to 
be bounded. Let us recall the following result on the time regularity of tf > ju; (see for example 
[2, Remark 3] or [4, Lemma 8.1.2]): 


Lemma 2.1. Up to modification of [14 in a negligible set of times, t > fy is w*-continuous 
on [0, T]. Moreover, if |ur|(R2) <C for any t € [0, T], then t > [Ly is narrowly continuous. 


We also recall the following important theorem of Stroock and Varadhan (for a proof, see [18, 
Theorem 6.2.3]). 


Theorem 2.2. Assume that for any (s, x) € [0, T] x R¢, for any Vx,5 and Vx,5 martingale solutions 
of (1) starting from x at time s, one has 


(C1) #Vx,5 = (€r)#Vx,5 Vt €l[s, T]. 
Then the martingale solution of (1) starting from any (s, x) € (0, T] x R¢ is unique. 
We start studying how the uniqueness of (1) is related to that of (2). 

Lemma 2.3. Let A C R¢ be a Borel set. The following two properties are equivalent: 

(a) Time-marginals of martingale solutions of the SDE are unique for any x € A. 

(b) Finite non-negative measure-valued solutions of the PDE are unique for any non-negative 

Radon measure {49 concentrated in A. 
Proof. (b) = (a). Let us choose 49 = 5, with x € A. Then, if v, and , are two martingale 


solutions of the SDE, we get that pu; := (e;)4v, and (t; := (e;)#V, are two solutions of the PDE 
with (49 = 6, (see Lemma 2.4). This implies that jz; = /1;, that is 


uno) = f ovo) arr= f o(7@) dic”) = 0) vy € C(R*), 


Ir Ir 


that is (e;)#v,» = (e;)#, (observe in particular that, if A = IR¢ and we have uniqueness for the 
PDE for any initial time s > 0, by Theorem 2.2 we get that v, = d, for any x € R®). 
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(a) = (b). This implication follows by Theorem 2.6, which provides, for every finite non- 
negative measure-valued solutions of the PDE, the representation 


[edu / o(y(t)) dvy(y) duo(x), (5) 
Rd R¢xIy 


where, for j19-a.e. x, Vy is a martingale solution of SDE starting from x (at time 0). Therefore, 
by the uniqueness of (e;)#v,, we obtain that solutions of the PDE are unique. 


We now prove that, if v, is a martingale solution of the SDE starting from x (at time 0) for 
[40-a.e. x, the right-hand side of (5) always defines a non-negative solution of the PDE. We recall 
that a locally finite measure is a possibly signed measure with locally finite total variation. 


Lemma 2.4. Let jug be a locally finite measure on R4, and let {Vx },epa be a measurable family 
of probability measures on Ir such that v, is a martingale solution of the SDE starting from x 
(at time 0) for |Uo|-a.e. x. Define on I'y the measure v := Jia Vy dug(x), and assume that 


T 
/ i XBe(V (1) dvx(y)d|pol(x) dt <+oo VR>0 (6) 
0 R¢xTy 


(this property is trivially true if, for example, |j49|(R4) < +00). Then the measure ply on R¢@ 
defined by 


(}, 9) := ((er)¥v, g) = / g(y(t))dvx(y)duo(x) Ve € CS (R*) 
R¢xly 


is a solution of the PDE. 


Proof. Let us first show that the map tf +> (1), g) is absolutely continuous for any g € Co° (R¢). 
We recall that a real-valued map ¢ +> f(t) is said absolutely continuous if, for any ¢ > O there 
exists 6 > 0 such that, given any family of disjoint intervals (s,, t,) C [0, T], the following im- 
plication holds: 


Yole-xl<8 => DI FG@)—- fow|<e. 
k k 


Take R > 0 such that supp(g) C Br, and let J = Vier (sz, th) be a subset of [0, T] with (sz, tz) 
disjoint and such that |t, — sg| < 1. For o-a.e. x, by the definition of martingale solution we 
have 


J ecrco)arcy) = f oly) ary 


Ir Ir 
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tk 
és / / Loy (1) dvg(y) dt 


Sk Ir 
tk 1 tk 

=[ [ Caterojavermaraarts [ fDas.ro)ajer@) dncrar 
x“ Tr ew 


and so, integrating with respect to jo, we obtain 


tk 


1 
oi) —(o5,-4)] <tr] Moo + Flo | ff xae(v0) dos(y dual de 


Sk R¢x Dp 
Thus 


n 


n tk 
1 

Yur. @)—(u2,, oll < llellee ce + sla Sf ff xxevo)ar(yrd\uolear, 
k=1 kal se pay ry 
which shows that the map f +> (j4?,@) is absolutely continuous thanks to (6) and the absolute 
continuity property of the integral. So, in order to conclude that jz; solves the PDE, it suffices to 
compute the time derivative of t +> (447, ~), and, by the computation we made above, one simply 
gets 


d d 
Suiel= [ Z( foo) an) dto(x) 


Rd Ty 
2 i i Loy) dve(y) duo) = (n?, Lee. 
Réd Ir 


Remark 2.5. We observe that, by the definition of ju? , the following implications hold: 


@) wo 20> Vt 50, wy > O and pr? (R¢) = po (RZ) (the total mass can also be infinite); 
(ii) jo signed => Vr > 0, |u? |(R2) <|pol (R?) (the total variation can also be infinite). 


2.1. A representation formula for solutions of the PDE 
We denote by MM, (R®) the set of non-negative finite measures on R¢. 


Theorem 2.6. Let (1; be a solution of the PDE such that 1; € M.,(R¢) for any t € [0, T], with 
Lt; (R2) < C for any t € [0,T]. Then there exists a measurable family of probability measures 
{Vx },epa such that v, is a martingale solution of (1) starting from x (at time 0) for [10-a.e. x, 
and the following representation formula holds: 


[edu / o(y (t)) dvx(y) duo(x). (7) 


Rd R¢xIy 
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By this theorem it follows that, whenever we have existence of a solution of the PDE starting 
from j40, there exists a martingale solution of the SDE for jzo-a.e. initial condition x. 


Proof. Up to a renormalization of i149, we can assume that j19 (R¢ y=. 


Step 1 (Smoothing). Let p : R4 — (0,+00) be a convolution kernel such that |D*p(x)| < 


Cxlo(x)| for any k > 1 (p(x) = Ce-v L+la? | for instance). We consider the measures 
[Ly 1= Lt * Pe. They are smooth solutions of the PDE 


1 
Bro + D1 Oi (bj Mr) — 5D Bis (aijmr) = 0. (8) 
: : 


l 
where 


(BU Vir) #Pe ge = gee.) zx AE IHD # Be 
é > t ee aa 2 


be =b*(t, i= 
‘ My My 


Then it is immediate to see that 
[2% loo < Merlo, lla?) < lar lleo: (9) 


Since | D* (x)| < Cx|o(x)|, it is simple to check that b® and a® are smooth and bounded together 
with all their spatial derivatives. By [18, Corollary 6.3.3], the martingale problem for a* and b® 
is well-posed (see Definition 1.1) and the family {v¢},¢ja of martingale solutions (starting at 
time 0) is measurable (see Definition 1.2). By (9) we can apply Lemma 2.4, which tells us that 
[ey 2= (er)# Sra v{ d4g(x) is a finite measure which solves the smoothed PDE (8) with initial 
datum j15. Then, since the solution of (8) is unique (Proposition 4.1), we obtain (4; = u;, that is 


/ gdu; = if v(v@)) dv (y) dus). (10) 


R¢ R¢xly 


Step 2 (Jightness). It is clear that the measures Lo = [0 * Pe are tight. So, if we define v* := 
Jipa VE dug, we have 


lim sup v* ({|y)| > R}) =0. 


R> Qce<l 


For any g € C®(R®), let us define Ay := |l9||c2[||Dlloo + 5 llallool. Since for every y € C%(R*) 
and anyO<e<1 


t 


1 
y(y(t)) - / (So (u,v) a 9(v 0) + 5 Daf (u. TO) du 


) ij 
is a v°-martingale with respect to the canonical filtration, by (9) we obtain that g(y(t)) + Agt 
is a v°-submartingale with respect to the canonical filtration. Thus [18, Theorem 1.4.6] can be 
applied, and the tightness of v* follows. 
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Let v be any limit point of v*, and consider the disintegration of v with respect to 40 = (e0)#v, 
le.v= fra v; dito(x). Passing to the limit in (10), we get 


/ gdu(x) = i o(y (t)) dvx(y) duo(x). 


R¢ R¢xly 


Step 3 (v, is a martingale solution of the SDE for j1o-a.e. x). Let €, — 0 be a sequence such 
that v is the weak limit of v*. Let us fix a continuous function f : R? + R withO< P<, 
s € [0,7], and an F,-measurable continuous function ®* : [ry > R with 0 < &* < 1, where 
(Fs)o<s<r denotes the canonical filtration on I’. We define 


1 
Lo s= Se (t, -)O; + 5 doa (t, -)0;;. 
I 


ij 
Since each v;" is a martingale solution, we know that for any ft € [s, T] and for any g € C&° (R¢ ) 


t 


i [e(re) = / L9(y(u)) in| depen storani 
R¢xly 0 


Ss 


= i oir) f tio(ron)au |e oravorronaniren 


R¢xIy 0 


(see Definition 1.1), or equivalently 


t 
‘ji etre) elven) s4etree) iu] oor depen soranito)=0. 


R¢xTy 


Let us take b: [0, 7] x R¢ > R¢ anda: [0,T] x R? > S,(R®%) bounded and continuous, and 
define 


: Hu 1 a 

bec ditt, ‘Oo; + 3 dail, )Oij, 
1 Uy 

. - lm. 

Lp = DUBIN D8 + 5 GPE, Yai, 
i ij 


where b;” and a; are defined analogously to b;" and Gj? Thus we can write 


t 
i [e(re) — (ys) - [ Lily) in| oo depen storanits 


R¢xIy 
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t 
= / / (Li — L’)o (ren)a orn aver sea 


R¢xIy 
Then, recalling thatO < f <1 and0< ®* <1, we get 


t 


i [e(re) — 9(y(s)) - i L"9(y(u)) in| ona (y) f (x) dug (x) 


R¢x Tr S 


< | j (ui - Lig (ren) ae] arene on seran (x) 


R¢xIy 


a J er Pie (rene arr afin 
R¢xIy ~ § 

t 
oe 


Ss Rd 


(bi (u, te * pe, (bi (U, Lu) * Pen 
“Ef ue oC) 


u 


Somes fie Mu) * Pen eee 


u 
I sp 


(x) dp; (x) du 


(x) qj" (x) du 


< ef flow ») = Bi(u, )| (08:9 * fey (1) dtu x) du 


' 's Rd 


ro ee -) = Gig (ut, -)|(00)95j9 * fo, (X) dit) du. 


'] 5 Rd 


Since @ and b are continuous, a" and b® converge to a and b locally uniformly. So we can pass 
to the limit in the above equation as n — oo, obtaining 


t 
/ etre) -etr10)- f Laelot) in|" doce 0) dou 


R¢xIy s 


t 


< ff lost) btu 29] 8.060) diag) du 
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+5 / Plata. ~ aij a 29 |84;0C0) dieu) du 


ij S Rd 


Choosing two sequences of continuous functions (b*) cen and (@*) pen converging respectively 
to b anda in L'({0, T|x R?, n), with 7 := via Ly dt, we finally obtain 


t 


/ viren)—v0r00)~ f tvetreo) tu dni Fordvocs)=0 


R¢xIy 


that is 


; o v(t)) =f al y(u) Jan (vy) dvx(v) fx) duo(x) 


R¢x Dp 0 


/ vireo) ~ f tav(ve tu rane ferdnor 


R¢xIy 0 


By the arbitrariness of f we get that, for any O< s <t < T, and for any F,-measurable func- 
tion ®*, we have 


t 
[voor f tovtre tu loan 
a 0 


Ss 


= [oo - | tas(r au |o*onaut for juo-a.e. x. 


Iy 0 


Letting ®* vary in a dense countable subset of 7;-measurable functions, by approximations we 
deduce that, for any0O< 5s <t<T, for o-a.e. x, 


t 


[[roo) - [ too(r nae |o*onant 
Iy 0 


Ss 


= [[otre)- f toetre in| oanen 


Ey 0 


for any F;-measurable function ®* (here the jzg-a.e. depends on s and ¢ but not on ®*). Taking 
now s,t € [0, 7] NQ, we deduce that, for j1o-a.e. x, 
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t 
[ooo [ Letrae|ororanen 
0 


Ey 


= fot) ~ f toetreo in|oann 
0 


Ir 


for any s,t € [0,7] Q, for any F,-measurable function @*. By the continuity of the above 
equality with respect to both s and ¢, and the continuity in time of the filtration F;, we conclude 
that v; is a martingale solution for j10-a.e. x. 


Remark 2.7. We observe that by (7) it follows that 
w(R“)<C Wt =>  w,(R“) =no(R*) 

(this result can also be proved more directly using as test functions in (2) a suitable sequence 
(Yn)nen C COP (R¢), with < gy, < 1andg, 7 1, and, even in the case when the measures ju, are 
signed, under the assumption |/Z;| (R¢) < C one obtains the constancy of the map t b> Lu; (R4)). 
3. Stochastic Lagrangian Flows 

In this section we want to prove an existence and uniqueness result for martingale solutions 
which satisfy certain properties, in the spirit of the Regular Lagrangian Flows (RLF) introduced 
in [1]. 
Definition 3.1. Given a measure jug = pol? € M.(R), with pp € L® (R“), we say that a mea- 
surable family of probability measures {vy}, <-pa on I7 is a o-Stochastic Lagrangian Flow 


({40-SLF) (starting at time 0), if: 


(i) for o-a.e. x, vy 1s a martingale solution of the SDE starting from x (at time 0); 
(ii) for any ¢ € [0, T] 


Mp ceda( fv anos) < Ee, 


and, denoting uw; = piL*, we have ~; € L®(R¢) uniformly in ¢. 


More generally, one can analogously define a jzg-SLF starting at time s with s € (0, T) re- 
quiring that v, is a martingale solution of the SDE starting from x at time s. 


Remark 3.2. If {v,},cpa is a fo-SLF, then it is also a 5-SLF for any yuo € M,(R?) 
with 49 < Cwuo. Indeed, this easily follows by the inequality 


NegCne / ueSeeis / edne@y. 
Rd Rd 
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3.1. Existence, uniqueness and stability of SLF 


We denote by ee and LS the convex subsets of L! and L®™ consisting of non-negative 
functions, and, following [1], we define 


L = {ue L™((0, T], L'(R*)) N L®([0, T], L©(R4)) | ue C((0, T], w*-L©(R*))}, 
and 
Py := {ue L™((0, T], L(R4)) NL™((0, 7], L2(R4)) | wu € C([0, T], w*-L™(R*))}. 


Under an existence and uniqueness result for the PDE in the class 2, we prove existence and 
uniqueness of SLF. 


Theorem 3.3 (Existence of SLF starting from a fixed measure). Let us suppose that, for some 
initial datum fo = pol! € M.(R®%), with po € L™(R®), there exists a solution of the PDE 
in L,. Then there exists a (o-SLF. 


Proof. It suffices to apply Theorem 2.6 to the solution of the PDE in 7%. 


Let us assume now that forward uniqueness for the PDE holds in the class 7, for any initial 
time, that is, for any s € [0, T], for any ps € Li (eR?) ‘a Le’ (R2), if we denote by pele and pile 
two solutions of the PDE in the class “, starting from pelt at time s, then 


Pr=p;, foranyt €[s,T]. 


Before stating and proving our main theorem, we first introduce some notation that will be 
used also in Appendix A. 

Let B be the Borel o-algebra on Ir = C((0, T], IR“), and define the filtrations F := 
oles |O<s <t] and F' :=o[e, |t <s < T]. Set PU) the set of probability measures on Ir. 
Now, given v € P(r), we denote by 


Tra ytrrup Ee P(r) 


a regular conditional probability distribution of v given F;, that is a family of probability mea- 
sures on (Ir, 8) indexed by y such that: 


e foreach BEB, yh VE (B) is F;-measurable; 
e wane)= [vk B)dv(y) VAEF;, VBEB. (11) 


A 


Since Ir is a Polish space and every o-algebra F; is finitely generated, such a function exists 
and is unique, up to v-null sets. In particular, up to changing this function in a v-null set, the 
following fact holds: 


ve ({7 1 7(s)=y(s) Vs €[0,e]})=1 Vy e Tr. (12) 
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Finally, given 0 <t) <---<t% <T, we set M0 := o[er,,..., er, ], and one can analogously 
define Dy pivrabs For ee Me i, an analogous of (12) holds: 

Viton 1? | ¥G)=7G) Vi=1,....n})=1 Vy ery. (13) 
If y(t;) =x; fori =1,...,n, then we will also use the notation Vint a — eh * oe 


ution of v given M":--", which implies by uniqueness that 


oe fee tn = pur duly oa (VY) for v-a.e. y. (14) 

Tr 
Theorem 3.4 (Uniqueness of SLF starting from a fixed measure). Let us assume that for- 
ward uniqueness for the PDE holds in the class Ls for any initial time. Then, for any 1 = 


polte M,(R4), with py € L®(R2), the u-SLF is uniquely determined 1o-a.e. (in the sense 
that, if {v,} and {v,} are two (1o-SLF, then vy = vx for [W0-a.e. x). 


Proof. Let {vy} and {i,} be two jo-SLE. Take now a function y € C,(R®), with w > 0. By 
Remark 3.2, {v,} and {v,} are two Wuo-SLF. Thus, by Lemma 2.4 and the uniqueness of the 
PDE in Y,, for any y € C,(R7) we have 


J eleoarerrpoo duos) 


R¢xIy 
= / 9(er(v)) dix (yw) duo(x) Vt €[0, 7]. (15) 
R¢xIy 
This clearly implies that, for any ¢ € [0, T], 
(€;)#Vx = (€7)#0, for po-a.e. x. 
We now want to use an analogous argument to deduce that, for any 0 < ft) <fto <---<t,<T, 
(Ct, 5 +++ Cty #Vx = (Crs ++ +5 Cm #Yx for j1g-a.e. x. (16) 


The idea is that, given a measure ji; = pL € M,(R?%), with 6, € L®, once we have a jis-SLF 
starting at time s we can multiply ji; by a function w; € C, (R¢ ) with ys > 0, and by Remark 3.2 
our j1s-SLF is also a wW; (4s-SLF starting at time s. Using this argument n times at different times 
and the time marginals uniqueness, we will obtain (16). 

Fix 0 <t) <-+-<t, <T. Take Wo > 0 with Wo € C.(R®) and Sra Wo do = 1, and denote 
by a the value at time ft; of the (unique) solution in “7, of the PDE starting from Woo (which 
is induced both by {v,} and {,} by uniqueness, see Eq. (15)). Let {vx 4} cepa and {5 ,1,}-epa be 
the families of probability measures on Jy given by the disintegration of 


p¥o = f vsiote) duoc and p¥0 = [ Bxo(4) duoc 


R¢ R¢4 
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with respect to ue = (ey, avo = (er, 4d”, that is 


= Pvnn dup (x), iM = finn dup (x). (17) 
R¢ R¢ 


It is easily seen that {v,,;,} and {v,;,} are regular conditional probability distributions, given 

M" = o[e;,], of v¥ and po, respectively (that is, with the notation introduced before, 

Vy = (WY), and Vy, = CO ). Thus, looking at {v, ;,} and {¥,,;,} as their restriction 
aI 1 


to C({t1, T], R4), {vx,1,} and {D, +, } are u0-SLF starting at time ¢). Indeed, by the stability of 
martingale solutions with respect to regular conditional probability (see [18, Chapter 6]), {v,,1,} 


and {, ,} are martingale solutions of the SDE starting from x at time f for y?-ae. x (see also 
the remarks at the end of the proof of Proposition A.1), while (ii) of Definition 3.1 is trivially 


true since {vx} and {),} are Wouo-SLF. As before, since {v,7,} and {V,,7,} are also viu-SLF 
for any 7) € C.(R“) with yy > 0, using again the uniqueness of the PDE in Y, we get 


/ 9(en(Y)) dx.n (Yi) due (x) = i 9(en(Y)) ddx.n (YW) due (x) 
R¢xly R¢xIrp 


for any g € Ce (R¢ ), which can also be written as 


/ 0 (en (V)) Wi (en, (Y)) doe, (Y) dpe (x) 


R¢xIy 


= / (en (V)) Wi (Cn, (Y)) dbx (Y) df? (x). (18) 


R¢xly 
Recalling that by (17) 
/ ven due (x) = / ve Wo(x) duo (x), / Ben du (x) = / 5vo(x) dio (), 
Rd Rd Rd Ra 
by (18) we obtain 
i (en (y)) 1 (en (7)) dve(Y) Fo) dole) 
R¢xIp 


= / 9 (en (V)) Wi (en, (7) dix (Y)Wo(x) duo(x) 


R¢xTy 


for any non-negative Wo, 1, € Ce(R®) (the constraint te Wo do = | can be easily removed 
multiplying the above equality by a positive constant). Iterating this argument, we finally get 
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Yn (en, (7)) + W1 (er, (7) dvx(v)Wo(x) duos) 
R¢ x Ir 


= / Yn (En, (7)) + Wi (er, (Y)) dix Y) Woe) dol), 
R¢ x ia 
for any non-negative Wo, ..., Wn € Cars), and thus (16) follows. 
Considering now only rational times, we get that there exists a subset A C R%, with 


[Ao(A‘) = 0, such that, for any x € A, 


(€1,,---5 Ct, #Vx = (€y,---,€, #¥x foranyt,...,t, €[0,T]NQ. 


By continuity, this implies that, for any x € A, vy = vy, as wanted. 


Remark 3.5. Suppose that forward uniqueness for the PDE holds in the class “., and take 
Lo = pol? and jin = AoLl4, with po, Po € L1(R4) NM LY (R24). If {vy} is a wo-SLF and {ix} is 
a [{Lo-SLF, then 


Vy = Vy, for Uo A flo-a.e. x. 


In fact, by Remark 3.2 {v,} and {¥,} are both jg A o-SLF, and thus we conclude by the unique- 
ness result proved above. 


By Theorems 3.3 and 3.4, and by the remark above, we obtain the following: 


Corollary 3.6 (Existence and uniqueness of SLF). Let us assume that we have forward existence 
and uniqueness for the PDE in 24. Then there exists a measurable selection of martingale 
solution {vx}, epa Which is a uo-SLF for any 49 = pol? with po € LL (RY) N LY (R4), and if 
{ix}xepd is a jig-SLF for a fixed jig = poLl4 with jo € L1(R4)N LY (R4), then vy = by for 
L4-a.e. x € supp(jio). 


Proof. It suffices to consider a SLF starting from a Gaussian measure (which exists by Theo- 
rem 3.3), and to apply Remark 3.5. 


By now, the above selection of martingale solutions {v,}, which is uniquely determined 
£4-a.e., will be called the SLF (starting at time 0 and relative to (b, a)). 
We finally prove a stability result for SLF. 


Theorem 3.7 (Stability of SLF starting from a fixed measure). Let us suppose that b" ,b:(0,T] x 
R¢ — R¢ and a",a:[0,T] x R? > S;(R®) are uniformly bounded functions, and that we 
have forward existence and uniqueness for the PDE in 2%. with coefficients (b, a). Let 40 = 
pol! € M(R%), with po € L©(R4), and let {v"},cpa and {vx} ,epa be o-SLF for (b", a") 
and (b, a), respectively. Define v" := Sea vi duo(x), vi= Sra Vy dug(x). Assume that: 


(i) (b", a") > (b, a) in Li (0, T] x R®); 


loc 


126 A. Figalli / Journal of Functional Analysis 254 (2008) 109-153 
(ii) setting Ng = pL} = (e;)av", for any t € [0, T] 

|| 07 | L(R4) <C_ foracertain constant C = C(T). 
Then v" —* v in M(I7). 


Proof. Since (b”, a”) are uniformly bounded in L®, as in Step 2 of the proof of Theorem 2.6 one 
proves that the sequence of probability measures (v”) on R@ x Ir is tight. In order to conclude, 
we must show that any limit point of (v”) is v. 

Let v be any limit point of (v”). We claim that v is concentrated on martingale solutions of 
the SDE with coefficients (b, a). Indeed, let us define (4; := (e;)4v. Since uw? > jt; narrowly 
and p;’ are non-negative functions bounded in L™(R?), we get fi; = p,£¢ for a certain non- 
negative function p,; € L~ (IR“). We now observe that the argument used in Step 3 of the proof 
of Theorem 2.6 was using only the property that, for any g € Co° (R2), 


t 
timsup > ff (ope x) — eu.) A: (0) |) da 
n>+o -. 
' ss ipa 
t 


< Df [1c = da.0)a ec |outsrde da, 
i S Rd 


t 
timsup > ff (ais (3) — au.) A,;0C0)] 4) dx du 
n—->-+00 i 
l] s Ra 


t 
< Ef [leg = aja.) 0j009| puna du 


ij S Rd 


for any b: [0,7] x R¢ > R¢ and G@: [0,7] x R? > S+ (R¢) bounded and continuous. This 
property simply follows by (i) and the w*-convergence of p/’ to p; in L*({0, T] x R?), 

Since t > p,L4 is w*-continuous in the sense of measures, the w*-continuity of tH p; 
in L™©(R2) follows. Thus, if we write > := Jira V, djto(x) (considering the disintegration of v 
with respect to 49 = (€9)#”), we have proved that {v,.} is a 4o-SLF for (b, a). Therefore, by 
Theorem 3.4, we conclude that v = v. 


We remark that the theory just developed could be generalized to more general situations. 
Indeed the key property of the convex class “, is the following monotonicity property: 


O<fi<meLZ, > MEL, 


(see also [2, Section 3]). 


A. Figalli / Journal of Functional Analysis 254 (2008) 109-153 127 


3.2. SLF versus RLF 


We remark that, in the special case a = 0, our SLF coincides with a sort of superposition of 
the RLF introduced in [1]: 


Lemma 3.8. Let us assume a = 0. Then v,,5 is a martingale solution of the SDE (which, in this 
case, is just an ODE) starting from x at time s if and only if it is concentrated on integral curves 
of the ODE, that is, for vx 5-a.e. y, 


t 


vi —y0o)= | o(e.y@) de Vt eé[s, T]. 


Ss 


Proof. It is clear from the definition of martingale solution that, if v,,; is concentrated on integral 
curves on the ODE, then it is a martingale solution. Let us prove the converse implication. By 
the definition of martingale solution and the fact that a = 0, it is a known fact that 


t 


M; =v -v0)— [ b(.r@) de tel[s,T], 


Ss 


is a Vy ,s-martingale with zero quadratic variation. This implies that also M? is a martingale, and 
since M, = 0 we get 


t 


2 
o= twal= f (ro -re)- [ e.royar] dvys(y) Vtels, TI, 


Ir Ss 


which gives the thesis. 


Thus, in the case a = 0, a martingale solution of the SDE starting from x is simply a measure 
on Jr concentrated on integral curves of b. By the results in [1] we know that, if we have forward 
uniqueness for the PDE in 7, then any measure v on Jr concentrated on integral curves of b 
such that its time marginals induces a solution of the PDE in 7. is concentrated on a graph, i.e. 
there exists a function x + X(-,x) € Ir such that 


v=X(-,x)#u0, with 0 := (eo) #v 


(see for instance [3, Theorem 18]). Then, if we assume forward uniqueness for the PDE in 7, 
our SLF coincides exactly with the RLF in [1]. Applying the stability result proved in the above 
paragraph, we obtain that, as the noise tends to 0, our SLF converges to the RLF associated to 
the ODE y = b(y). So we have a vanishing viscosity result for RLF. 


Corollary 3.9. Let us suppose that b : [0,T] x R¢ > R¢ is uniformly bounded, and that we 
have forward existence and uniqueness for the PDE in 2. with coefficients (b, 0). Let {vy} ea 
and {vx}, epa be the SLF relative to (b, eI) and (b,0), respectively (existence and uniqueness 
of martingale solutions for the SDE with coefficients (b, eI), together with the measurability 
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of the family {v*},cpa, follows by [18, Theorem 7.2.1]). Let uo = poLte M.,.(R?), with po € 
L®(R®), and define v° := fra VE dio(x), V = fa Vx duo(x). 
Set pret = Lh = (e;)#v*, and assume that for any t € [0, T] 


|| 0; | roeey <C_ for acertain constant C = C(T). 


Then v? =* v in M(Iy). 


In [1], the uniqueness of RLF implies the semigroup law (see [1,2] for more details). In our 
case, by the uniqueness of SLF, we have as a consequence that the Chapman—Kolmogorov equa- 
tion holds: 


Proposition 3.10. For any s > 0, let {vx,s},<cpa denotes the unique SLF starting at time s. Let 
us denote by vs x(t, dy) the probability measure on R¢ given by vs x(t, +) = (er) #Vs,x- Then, for 
any0<s<t<uK<T, 


/ Vy, ‘)Us,x(t, dy) =Vs,x(u, +) for Lt ae. x. 
Rd 
Proof. Let us define 


~ i on C({s, t], R%), 
v — 
vy Sra Vt,yVs,x(t, dy) on C(t, T], R4). 


This gives a family of martingale solution starting from x at time s (see [18]), and, using that 
{vy,s} and {v,,+} are SLF starting at time s and f, respectively, it is simple to check that {Vs_x} ,epd 
is a SLF starting at time s. Thus, by Theorem 3.4, we have the thesis. 


4. Fokker—Planck equation 


We now want to study the Fokker—Planck equation 


1 . 
Bree + D8: Bite) — 5D) 9ij(GijM) =O in (0, T] x RY, (19) 
i ij 


where a = (a;;) is symmetric and non-negative definite (that is, a: [0, T] x R? > Sy (R?)). 
4.1. Existence and uniqueness of measure-valued solutions 


Proposition 4.1. Let us assume that a: [0,T] x R? > S,(R®%) and b: [0, T] x R¢ > R¢ are 
bounded functions, having two bounded continuous spatial derivatives. Then, for any finite mea- 
sure [10 there exists a unique finite measure-valued solution of (19) starting from [19 such that 
lui (R4) < C for any t € [0,7]. 
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Proof. Existence. Let {v,},<pa be the measurable family of martingale solutions of the SDE 
| dX =bi(t, X)dt+Ja(t, X) dB(t), 
X(0)=x 


(which exists and is unique by [18, Corollary 6.3.3]). Then, by Lemma 2.4 and Remark 2.5, the 
measure [ly := (€7)# figa Vx do(x) solves (19) and |4;|(R“) < |uol(R4). 

Uniqueness. By linearity, it suffices to prove that, if 49 = 0, then uw; = 0 for all t € [0, T]. Fix 
wecoe (R?), ¢ € [0, T], and let f(t, x) be the (unique) solution of 


af +; bf +5 Di aij; f =0 in [0,7] x R4, 
fO=wv on R¢ 


(which exists and is unique by [18, Theorem 3.2.6]). By [18, Theorems 3.1.1 and 3.2.4], we know 
that f € Cs, i.e. it is uniformly bounded with one bounded continuous time derivative and two 
bounded continuous spatial derivatives. Since ju; is a finite measure by assumption, and ft +> pt 
is narrowly continuous (Lemma 2.1), we can use f(t, -) as test functions in (3), and we get 


d 
& [ fend) 
Rd 


= f[are.n+ Doaare.a+ 5 Davtea sen] d(x) =0 
i ij 


Rd 


(the above computation is admissible since f € Co This implies in particular that 


0= f rox duos = f Fénauj = f voyanin. 
Rd Rd Rd 


By the arbitrariness of y and ¢ we obtain yw; = 0 for all t € [0, T]. 


We remark that, in the uniformly parabolic case, the above proof still works under weaker reg- 
ularity assumptions. Indeed, in that case, one has existence of a measurable family of martingale 
solutions of the SDE and of a solution f € Cy? ((0, i] x R®) of the adjoint equation if a and b 
are just Hdlder continuous (see [18, Theorem 3.2.1]). So we get: 


Proposition 4.2. Let us assume that a: [0,T] x R? > Sy (R¢) and b: [0,T] x R4 > R¢ are 
bounded functions such that: 


(i) (€,a(t, x)E) > alé |? V(t, x) € [0, T] x R¢, fora certain a > 0; 
(ii) [b(t, x) —B(s, y)| + lla(t, x) — als, y) | < C(x — yl? +t —s|5) Vt, x), (s, y) € 10, T] x RY, 
for some 6 € (0, 1], C > 0. 


Then, for any finite measure [1g there exists a unique finite measure-valued solution of (19) 
starting from |Lo. 
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4.2. Existence and uniqueness of absolutely continuous solutions in the uniformly parabolic 
case 


We are now interested in absolutely continuous solutions of (2). Therefore, we consider the 
following equation 
du + Do; :(biu) — 5 0;, Hij(@iju)=0 in [0,T] x R4, (20) 
u(O) = uo, 


which must be understood in the distributional sense on [0, T] x R¢. We now first prove an ex- 
istence and uniqueness result in the L-setting under a regularity assumption on the divergence 
of a, which enables us to write (20) in a variational form, and thus to apply classical existence re- 
sults (the uniqueness part in L* is much more involved). After, we will give a maximum principle 
result. 

Let us make the following assumptions on the coefficients: 


Y > ajaij €L™([0,T] x R*) fori=l,...,d, 
j 


(Dae 5 ajay) €L™ (0, T] xR‘), (21) 
i ij 
(E,a(t, x)é) >alé/? Vt, x) €[0, T] x R%, fora certain a > 0. 


Theorem 4.3. Let us assume that a: [0,T] x R4 > S1(R?¢) and b : [0,T] x R¢ > R¢ are 
bounded functions such that (21) is fulfilled. Then, for any uo € L?(IR¢), (20) has a unique 
solution u € Y, where 


Y := {ue L7([0, T], H'(R4)) | au € L?([0, T], H~'(R*))}. 


If moreover 0;4;j € L©({0, T] x R?) for i, j =1,...,d, then existence and uniqueness holds in 
L?({0, T] x R®), and so in particular any solution u € L?((0, T] x R®) of (20) belongs to Y. 


The proof the above theorem is quite standard, except for the uniqueness result in the large 
space L*, which is indeed quite technical and involved. The motivation for this more general 
result is that Li (R?) ‘al LY (R*) Cc L?(R®), and ELAR) a) EPR) is the space where we need 
well-posedness of the PDE if we want to apply the theory on martingale solutions developed in 
the last section (see Theorems 1.3 and 5.1). 

We now give some properties of the family of solutions of (20): 


Proposition 4.4. We assume that a: [0,T] x R¢ > S,(R®%) and b: [0,T] x R4 > R¢ are 
bounded functions, and that (21) is fulfilled. Then the solution u € Y provided by Theorem 4.3 
Satisfies: 


(a) up >0 > u>0; 
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(b) up € L©(R2) => we L®({0, T] x R¢) and we have 


b—1Y.. a:ajs)7 
|) re cey < Meola cqaye Or 2 a 180) te, 


(c) if moreover 


a 
1+ |x|? 


€ L*([0,7] x R‘), € L*([0, T] x R4), 


1+ |x| 
then uo € i! > lu) zi qeay < Moll zi cea) Vte [0, T]. 
We observe that, by the above results together with Proposition 4.2, we obtain: 


Corollary 4.5. Let us assume that a: [0,T] x R? + S(R%) and b: [0,T] x R? > R¢ are 
bounded functions such that: 


(i) (E,a(t,x)é)>alé)? V(t,x) €[0, T] x R%, fora certain a > 0; 


(ii) Jot, x) — B(s, y)| + a(t, x) — als, y) | <C(Ix — yl” + It - 51”) 
V(t, x), (s, y) € [0, T] x R¢, for some y € (0, 1], C > 0; 


(iii) S- ajaij €L™((0,T] xR“) fori=1,...,d, 
j 


1 _ 
(x 0;b; — 5 a) E L~((0, T|x R‘); 
i ij 


a 


T+ € L? (0, T| x R‘), 


(iv) 


2 d 
Faia ([0, 7] x R®). 


Then, for any [Lo € M,(R?) there exists a unique finite measure-valued solution [ly € M.,(R?) 
of (2) starting from 19. Moreover, if such that 49 = poL4 with po € L?(R4), then pw; « L4 for 
allt € [0, T]. 


Proof. Existence and uniqueness of finite measure-valued solutions follows by Proposition 4.2. 
So the only thing to prove is that, if pp €¢ L'(R¢) N L?(R%) is non-negative, then uw; € M4 (R¢) 
and pu; « £4 for all t € [0, T]. This simply follows by the fact that the solution u € Y provided 
by Theorem 4.3 belongs to Le (R“) by Proposition 4.4, and thus coincides with jz; by uniqueness 
in the set of finite measure-valued solutions. 


In order to prove the results stated before, we need the following theorem of J.-L. Lions 
(see [16]). 


Theorem 4.6. Let H be an Hilbert space, provided with a norm | - |, and inner product (.,-). Let 
® CH bea subspace endowed with a prehilbertian norm || - ||, such that the injection @ ~ H 
is continuous. We consider a bilinear form B: H x ® — R such that: 
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e H>ut> Buu, @) is continuous on H for any fixed p € ®; 
e there exists a > 0 such that B(y, ~) > al|y||? for any g € ®. 


Then, for any linear continuous form L on ® there exists v € H such that 
Biv, g)=L(y) Vee ®. 


Proof of Theorem 4.3. We will first prove existence and uniqueness of a solution in the 
space Y. Once this will be done, we will show that, if u is a weak solution of (20) belonging 
to L?({0, T] x R?) and dai; € L©([0, T] x R®) for i, j=1,...,d, then u belongs to Y, and so 
it coincides with the unique solution provided before. 

The change of unknown 


—At 


v(t,x)=e “ult, x) 
leads to the equation 
[eee eee y ON A (22) 
vo = Uo, 


where b; := bj — 5 d  Ojaij € LO, T] x R“). Assuming that A satisfies 4 > 51102; 8:51) lloo. 
we will prove existence and uniqueness for wu. 


Step 1 (Existence in Y). We want to apply Theorem 4.6. 


Let us take H := L?({0, 7], H'(R%)), ® := {y € C®((0, T] x R®) | suppgy € [0, T) x R4}. 
® is endowed with the norm 


1 2 
Nols = lolly + 5 f \pC.29/° dx. 
Rd 


The bilinear form B and the linear form L are defined as 


T 
‘ 1 
Biu, 9) := | [[H(-ae = didi as iv) +5 Dayana | dx dt, 
0 Ra I 1 


L(g) = [ w09900.x)de. 


Rd 


Thanks to these definitions and our assumptions, Lions’ theorem applies, and we find a distribu- 
tional solution v of (22). In particular, 


dv =— > aj(bjv) + 5 alais9;0) —)v € H* =L?((0,T], H~'(R‘)), 
i ij 
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and thus v € Y. In order to give a meaning to the initial condition and to show the uniqueness, 
we recall that for functions in Y there exists a well-defined notion of trace at 0 in L?(R@), and 


the following Gauss—Green formula holds: 


ff ans aauarae= [Seo Nee Ooreoe Vu,uEeY (23) 


0 Ra Rd 


(both facts follow by a standard approximation with smooth functions and by the fact that, if 
u is smooth and compactly supported in [0, 7) x R¢, Sra u2(0, x) dx < 2||d,ul| 4*||u\| 7). Thus, 


by (22) and (23), we obtain that v satisfies 


[vo x) —uo(x))g0,x)dx=0 Voe®, 
RA 


and therefore the initial condition is satisfied in L?(R2). 


Step 2 (Uniqueness in Y). For the uniqueness, if v € Y is a solution of (22) with uo = 0, again 


by (23) we get 


j=) 
Il 
oN 
s™~ 


bos il 
rv + D7 8i(biv) — 5 Di (aij9jv) +10) vdxdr 
i 


ij 


Rd 
1 T 
= -3/ Ea = Date 3; ( v) + Doayaivaje +2207 | dx 
0 Rad ij 
gd 1 = i 
za] 2¢r.sdx+(r2—3]( Dadi) |) ff eavae 
R¢ : 0 Rd 


T 
1 ~\— 2 
> (x-3|(oaa) |) f fe dx dt. 
1 0 Ra 


Since A > 5|I(92; 45) lloo, we get v =0. 
Remark 4.7. We observe that the above proof still works for the PDE 


du + do; di (biu) — 34; ij (Giju) =U in [0, T] x R4, 
u(0) = uo, 


with U € H* = L?({0, T], H~!(R®)). Indeed, it suffices to define L as 


Lo = Woman + i uo(xo(x) dx, 
Rd 


and all the rest of the proof works without any changes. 
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Thanks to this remark, we can now prove uniqueness in the larger space L?([0, T] x R®) 
under the assumption 0,4;; € L™({0, T] x R?) fori, 7 =1,...,d. 


Step 3 (Uniqueness in L*). If u € L?({0, T] x R®) is a (distributional) solution of (19), then 
1 ~ as 
au — 5 s 0; (aij9ju) = ee d;(biu) € L?((0, T], H7'(R*)). 
ij i 
By Remark 4.7, there exists u € Y solution of the above equation, with the same initial condition. 


Let us define w := u — i € L?({0, T] x R@). Then w is a distributional solution of 


dw — A(dx)w = aw — 5 )°;, d;(ajj9jw) =0 in [0, T] x R4, 
w(0) =0. 


In order to conclude the proof, it suffices to prove that w = 0. 
Step 3.1 (Regularization). Let us consider the PDE 
We —€A(0x)We=w in [0, T] x R@ (24) 


(this is an elliptic problem degenerate in the time variable). Applying Theorem 4.6, with H = 
® := L*((0, T], H'(R%), 


T 
Buu, ’) =] [ (wr 5d ajajnae) aver, 


0 Rd Wy 
T 
L(g) := if / we dx dt, 
0 Rd 
we find a unique solution we of (24) in L?({0, T], H!(R2)), that is we = (J — eA(4,))~! w, with 
(I — €A(a,)) : L2({0, T], H'(R2)) > L?({0, T], H~!(R2)) isomorphism. Now we want to find 


the equation solved by we. We observe that, since (J — €A(d,))~! commutes with A(d,) and 
0;w = A(0,)w, the parabolic equation solved by we formally looks 


-1 
d;We — A(x) We =[9, (1 — eA(Ox)) Jw. 
Formally computing the commutator between 0, and (J — €A(d,))~!, one obtains 


8 We — A(Ax) We = e(1 — eA(ax)) | 9; (8:a;j9;w*) (25) 
ij 


in the distributional sense (see (27) below). Let us assume for a moment that (25) has been 
rigorously justified, and let us see how we can conclude. 
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Step 3.2 (Gronwall argument). By (25) it follows that 8;we € L7({0, 7], H~'(R®%)). Thus, re- 
calling that w, € L?({0, T], H'(R4)), we can multiply (25) by w, and integrate on R?, obtaining 


ld -1 

sof jusPax te f |Vi wel? dx < =e f Ye1aijy2:w. 05 ((1 —eA(dx)) We) dx. 
Rd Rd R¢d ij 

We observe that w,(t) > 0 in L? as t \ 0. Indeed, since w, € Y there is a well-defined notion 


of trace at 0 in L? (see (23)), and it is not difficult to see that this trace is 0 since w(0) = 0 in the 
sense of distributions. Thus, integrating in time the above inequality, we get 


| We (t) lseaas + 2a|| Vix We Fate scieds 
< 2Ce|| Vewell2¢0,7]}xR4 | Vx((I — €A(Ox)) we) | Pqo,rixes) YEe(0,T]. (26) 


Let us consider, for a general v € L?, the function v, := (J — ¢A(3,))~!v. Multiplying the iden- 
tity ve — €A(0,)Ue = v by ve and integrating on [0, T] x R¢, we get 


2 2 
I[vellz2 + vel Vxvellz2 < llvellz2lullz2. 


which implies || v¢|| 2 < ||v||,2, and therefore we|| V,v- Ir < llvlls>- Applying this last inequal- 
ity with v = we, we obtain 


7 1 
| Vx ((Z _— €A(dx)) ‘we) le2qo,71xme) < Jaé || we IlL2((0,71xR4): 


Substituting the above inequality in (26), we have 


2 2 Lé 
| We (t) | L?(R¢) ale 2a |Vx We lI72q0,7]xR4) < 2C a | Vx We l2((0,T1xR4) | We IlL2((0,71xR4) 


fé 2 KS 2 
< Cc Gy Lx Wellrz¢0,r1xR4) or Cc 7 Welt 2q0,7)xRA)? 


which implies, for ¢ small enough (say ¢ < 425), 


2 [é 2 
| Welt) rece) < C Gy lellzzqorixRe) Vte [0, T}. 


By Gronwall inequality w, = 0, and thus by (24) w = 0. 


Step 3.3 (Rigorous justification of (25)). In order to conclude the proof of the theorem, we only 
need to rigorously justify (25). 

Let (Gj) neN be a sequence of smooth functions bounded in L°, such that (a"&,&) > 516 [4 
yi daz, and dpa? are uniformly bounded, and ay. Ss ar daz, > par dj aij daz, > 0,4; ; 
a.e. We now compute [d;, (I — ¢A”(dx))~!], where A” (9,) = parr 0; (aii 0j-): 
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[a, (1 —eA"(dx)) J = a. Fara) | =o e*[a, A"(ax)*] 


k>0 n>0 
oo k-l1 ; f 
=~ (cA (x))'[8¢, A" (Ox)](€A" (0x) )h 
k=0 i=0 
=e) \(eA"(ax))'[a, A"@x)] D “(eA ))h 
i=0 k>i 
= e(1 —£A"(ax))|[8;, A") (Ie A"), QT) 


where at the second equality we used the algebraic identity [A, B“] = pe BAe 
Thus, for any yg, ¢ € C&°([0, T] x R?), we have 


g 
[ [ var -car@ny'e)axar 
0 Rd 

T 
= w[(1 —©A"(ax)) ag] dx at 
0 


Rd 


sef [oll ca" 0). atan|tt ~eA"an) tela (28) 
OR 


d 
We now want to pass to the limit in the above identity as n > oo. Since (J — eA” (a,))~! is 


selfadjoint in L?({0, 7] x R@) and it commutes with A”(d,), we get 


f fot I—£A"(dx)) '[8, A" (Ox) (I — €A" (Ox) ] dxdt 


0 Rd 


=f [flr -ear@y)Yvllfa. areola eatanyelaca 


0 Rd 
T 
-f fai (1 —£A"(ax)) Ww) [1 —£A"@x)) 1A" xd] dx dt 
0 Rd 


T 
- / [2 — €A"(ax)) A" x)W][9:((1 — €A" (x) !)g) ] dx dt. 
0 


d 


aA 


By (27) we have 
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a((1 —€A"(dx)) |) =(1— eA" (dx) Og 
+e(1—eA"(ax)) [8 A" x) (I — €A"(8x))@, 


J 
formly bounded in L?({0, T], H! (R2)). In the same way one obtains 


and, observing that [3,, A"(d,)] = );, dj (O,a7; 0;*), we deduce that the right-hand side is uni- 


a, (1 — €A"(ax)) A" (Bx) = (I — €A"(Ox)) 13; (A" (Ax) 9) 
+e(1 —eA"()) [8 A" (x) (I — A(x) A" (Ox) 
=(1—2A"())”'[a, A" de 
+(1—eA"(ax)) A" (rag 
+e(1 —eA"(x)) | [8, A" x) ](I — A" (8x) A" (Ox), 


and, as above, the right-hand side is uniformly bounded in L?({0, T], H'(R¢)). Thus 
a;,(1 — €A"(d,))~!g is uniformly bounded in L7([0, 7], H'(R7)) C L7({0,7] x R@) (the 
same obviously holds for y in place of gy), while (J — ¢A” (8,)) 1A" (8, is uniformly 
bounded in H'!({0, T] x R?) (again the same fact holds for y in place of g). Therefore, since 
A.((0, T] x R¢) @ L?2._({0, T] x R®) compactly, all we have to check is that 


loc 
a, (I —€A" (ax) |g) = a,((1 — €A(@x)) |) 
and 
(I —£A"(a,)) 1A" (ax)y > (I — €A(y)) | A(AxIG 


in the sense of distribution (indeed, by what we have shown above, a;((J — €A"(a,))~!9) will 
converge weakly in L? while (I — ¢A"(d,))~!A” (0,)@ will converge strongly in ie and there- 
fore it is not difficult to see that the product converges to the product of the limits). We observe 


that, since the solution of 
ve — €A(Ox)Ge = in[0,T] x R4 (29) 


belonging to L?((0, T], H'(R2)) is unique, and any limit point of (J — eA” (a,))! belongs to 
L?({0, T], H!(R®)) and is a distributional solution of (29), one obtains that 


-1 -1 
(I eA"(a,)) o> (I-eA(ar)) 
in the distributional sense, which implies the convergence of 0,(7 — eA"(d,))—!o to 


4,1 — €A(0,))~!g. Regarding (J — ¢A"(0,))~!A"(a,)@, let us take x € C&([0, T] x R4). 
Then we consider 


T T 
[ f arent ea" @o)daxar=— ff Yatajo(ai(t— ea" @o)'x) aed, 


0 Ra 0 pd 
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Recalling that (J — ¢A"(a,))~!x is uniformly bounded in L?({0, 7], H!(R¢)), we get that 
a; — eA"(a,))~1x converges to 0;(1 — €A(d,))~!x weakly in L([0,7] x R“) while 
ai — ajj a.e., and so the convergence of (J — eA"(d,))~!A"(d,)g to (I — e€A(d,)) A(x) Q 
follows. 


Thus we are able to pass to the limit in (28), and we get 
a((I —£A(ax)) 'v) € L7([0, TI, H'(R*)) 


and 


T 


[vou — €A(dx)) 'g) dxdt 


0 Rd 


d 


T 
= [ f vl -ea@o)lag]axar 
OR 


T 
+ef W[(I—©A(dr)) [dr A(x) ](U — €A(8x)) gp] dxdt. 
OR 


d 


Observing that (J — eA(d,))~! is selfadjoint in L?({0, T] x R®) (for instance, this can be easily 
proved by approximation), we have that the second integral in the right-hand side can be written 
as 


| V[(l—eAQ@)) [a AG)](I — £4) gp] dxdt 
=} ‘ [(2 - ©A(@)) Wf, A@) (I = eA@)) 9) J axadr. 


Using now that [0;, A(0,)] = ij 0; (0;a;;0;-) in the sense of distributions, it can be easily proved 
by approximation that the right-hand side above coincides with 


r 
=f [ Xeaira((r-2A@o) "wai ((t-2A@y) 9) dear, 


Opa 
Therefore we finally obtain 


T 


| [ var -ea@oy'p)axar 


0 Rd 
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T 
=f [vl -ea@o)lag]axar 
OR 


d 


T 


=e ff Seaajai((1—24@))'W)aj((1 2A GI) ') ae. (30) 


0 Rd ij 


By what we have proved above, it follows that 


a((I —£A(a,)) 'g) € L7([0, TI, H'(R4)), 
A(ax)((I — €A(8x)) 'g) = (1 —£A(ax)) ACG € L7([0, T], H1(R4)). = B1) 


This implies that (30) holds also for w € L?({0, 7] x R¢), and that (J — ¢A(,))~'9 is an 
admissible test function in the equation 0;w — A(0,)w = 0. By these two facts we obtain 


r 
0=f f wl +A@))(1 eG) "e]axar 
0 Rd 
I 
=| w[(I — €A(ax)) | (8 + A@x))g] dx dt 
0 Rd 


yy 


=e ff Seaj)a((t eA)! w)aj((I - 2A@D)'p) dat 
0 Rd ij 
T T 


Z i / wel (8+ A@))o] dxdt ~e i Yai) 8:68 ((I — Ax) 'y) dxdt, 


0 Rd ord 


which exactly means that 


8, We — A(Ox) We = e(1 — eA(Ax)) | 9; (8:a;j9;w*) 
ij 


in the distributional sense. 


Proof of Proposition 4.4. (a) Arguing as in the first part of the proof of Theorem 4.3, with the 
same notation we have 


T 
~ 1 
o= f [ (a+ Dad 5 a(aij8j0) + Av) vm aa 
i ij 


0 Rd 
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T 
1 d_ 7 7 7 7 - 
= sf fl dt (v ir Dbidi((v )*) — Daiji O;v _ 2A(v | dx 
0 Rd 1 ij 
_ T 
< -5 fo ranax = (: = 3\(a6:) |) f forever 
R¢ i 0 Rd 


T 


<-(-SI(E%8) |) fforrae 
L 0 Rd 


and then v- = 0. 
(b) It suffices to observe that the above argument works for every v € Y such that v(0) > 0 
and 


: 1 
dv + D> aj (bjv) — 5 Y > dj (aijdjv) > 0. 
i ij 


Applying this remark to the function v := ||woll;-o¢aa) — ue with 4 > IO; 4;b;)~ |loos and 
then letting 4 > ||Q0; d;b;)~ lloo, the thesis follows. 

(c) The argument we use here is reminiscent of the one that we will use in the next subsec- 
tion for renormalized solutions. Indeed, in order to prove the thesis, we will implicitly prove 
that, if wu € L7((0, T], H laRd )) is a solution of (20), then it is also a renormalized solution (see 
Definition 4.9). 

Let us define 


Be(s) = (vs? +62 —2) € C?(R). 
Notice that 6, is convex and 
Be(s) > |s| ase 0, Be(s) — sBi(s) € [—e, O]. 


Moreover, since 6’, B ¢ W!-(R), it is easily seen that 


ue L*((0,T],H'(R%)) > Bou), BL) € L?([0, 7], H'(R4)). 


Fix now a non-negative cut-off function g € Co° (R¢) with supp(¢) C B2(0), and g = 1 in B, (0), 
and consider the functions gr (x) := g(x/R) for R > 1. 

Thus, since 6/’ > 0 and a;j is positive definite, recalling that b =); — 5 a3 0;a;;, for any 
t € [0, T] we have 


t 
~ 1 
ak) (3 PD Pb 5 De aa aju)) Pl (u)pr dx ds 
L ij 


0 Rd 
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! ng ~ 
=} / (;, (eR Be(u) 2 De bilson) +2): eres Bsr 


0 Rd 


+ y Gij d;ud ju, (u)gR =F y Aj 9j (Be (u)) iio) dx ds 


ij ij 
1 1 
> 5 | enbe (win) ax —5 f owb(u0)) ax 


R¢ R¢ 


= ff 2 5:(6:((ub.e ~ Bean)on) + Be war0R) dx ds 


Ope ! 


is (8;a:/)8:0R + 1j8:j0R) Bolu) dx ds 


0 Ra uy 


> 3 | extelueo)d x— gf ont u(0) yas (Xa iy) (uB,(u) — Be(u)) pr dx ds 


0 Ra u 
1 
= ff (eveien+ 5D avtiyon) poo axa 
0 Rd J i 


Observing that |B, (u)| < |u|, and using Holder inequality and the inequalities 


1 3 1 


RURS|HI<28} S T+ hl XlxlSR}> Pa MRS |IS2R} S Teepe eR (32) 


5 
1+ |x 
we get 


/ Gepsu)as 


Rd 


< fonbsluo)ae+2e f i (ah) axas 


Rd 0 Ixi<2R  ! 


Iu Ilx2(0,11xR2)- 


b 
+Wolla(6] = |. ) 
1+ [x] 12@0,71x{1x1>R}) 1+ [xP Ta2qorixtixi2R) 


Letting first e — 0 and then R > oo, we obtain 


|“Ollri@s < |“ p1@ay vt €[0, T]. 
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4.3. Existence and uniqueness in the degenerate parabolic case 


We now want to drop the uniform ellipticity assumption on a. In this case, to prove existence 
and uniqueness in 2, we will need to assume a independent of the space variables. 


4.3.1. Uniqueness in £2 

The uniqueness result is a consequence of the following comparison principle in 2 (recall 
that the comparison principle in said to hold if the inequality between two solutions at time 0 is 
preserved at later times). 


Theorem 4.8 (Comparison principle in @). Let us assume that a: [0,7] — S,(R%) and 
b:[0, T] x R¢ > R¢ are such that: 


(i) bE L((0, T], BVioc(R4, R4)), 7; 81d; € LL, ((0, T] x R4); 
(ii) a € L™((0, T], S,(R2)). 


Then (19) satisfies the comparison principle in L'(R¢) A L® (R¢). In particular solutions of the 
PDE in &, if they exist, are unique. 


Since we do not assume any ellipticity of the PDE, in order to prove the above result we use 
the technique of renormalized solutions, which was first introduced in the study of the Boltzmann 
equation by DiPerna and P.-L. Lions [8,9], and then applied in the context of transport equations 
by many authors (see for example [1,5—7,10]). 


Definition 4.9. Let a: [0, 7] x R? > S,(R®), b: [0, T] x R4 > R?¢ be such that: 


(i) b, >; 3;b; € L1.((0, T] x R®); 


loc 


(ii) a, D0; Ojaij, Vij Aijaij € Lie (0, T] x R4). 


Let u € L©.({0, T] x R%) and assume that 


loc 


2 


1 
c= du + YD) bjdju — = Y° ajjdiju € Lie ([0, T] x R“). (33) 
i ij 


We say that wv is a renormalized solution of (33) if, for any convex function 6 : R > R of class C?, 
we have 


1 
3, B(u) + D> bidiBw) 6 44918) < ch’ (u). 
i ij 
Equivalently the definition could be given in a partially conservative form: 


1 
Blu) + 97 i(BiBO)) — 5D) aij%ijB) < cB'u) + bs ibs ) Blu. 


ij 
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Recalling that a is non-negative definite and 6 is convex, it is simple to check that, if 
everything is smooth so that one can apply the standard chain rule, every solution of (33) is 
a renormalized solution. Indeed, in that case, one gets 


1 1 
ABU) + D biWi Blu) — 5D) aijij BO) = CBW) — 5B" (w) Y )aijdiudju < cB'(u). 


ij ij 


In our case, a solution of the Fokker—Planck equation is renormalized if 
1 1 
9, B(u) + Y(o - 2 8jai;) BW = 2417918) < (5 2s 85jaij — 2s ib; Jub". 
u J J ij i 
or equivalently, writing everything in the partially conservative form, 


spans Dal (6 =D aja5)p w)=5 5 2 Mii ij BU) 
i j 


ij 
1 / 
< (5 De dij ij — » is ub (u) + De dj (s = es 8jai;) BW) 
ij i I J 
1 1 
= 63 arbi — 5 Yaya; )(B09 — uf" (u)) — (x jai; ) BW. 
i ij ij 

Now, since 


Yo ay jj B(u) = x A; (a;j9;B(u)) — a 0j;4;; 0; BCU) 
ij ij ij 


=) > ai(ai;B)) me (ajaij)B(u)) + (Dae)e (u), 
ij 


the above expression can be simplified, and we obtain that a solution of the Fokker—Planck equa- 
tion is renormalized if and only if 


1 
Bu) + 97 5i(biBO)) — 5D) Ais (aijB@) 
i ij 


1 
< (Las, a5 a aja) (Blu —uB'(u)). (34) 
I 1] 


It is not difficult to prove the following lemma. 


Lemma 4.10. Assume that there exist p,q € [1,00] such that 


b 
E 
1+ |x| 


a 


isp L'([0, T], L?(R*)), 


L'([0, T], L7(R*)), 
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and that 
1 a 
(x 0;b; — 5 De aja E Lige (0, T|x R*). 
i ij 


Setting a,b =0 for t <0, assume moreover that any solution u € & of the Fokker—Planck 
equation in (—00, T) x R¢ is renormalized. Then the comparison principle holds in &. 
Proof. By the linearity of the equation, it suffices to prove that 


u<O => u(t)<0O Vre[0,T]. 


Fix a non-negative cut-off function g € Co° (R?@) with supp(¢v) C B2(0), and g = | in By (0), and 
take as renormalization function 


1 
Be(s) := al s?+e2+s—e8)€C*(R). 
Notice that 6, is convex and 


Be(s) > st ase >O, Be(s) — sBi(s) € [-e, O]. 


By (34), we know that 
Oy Be(u) + Dai (bi Be(u)) — = paul ajjBe(u)) < (Xan — = Diva) Be(u) — uB,(u)) 


in the sense of distributions in (—o0, T) x R?. Using as test function gp (x) := o(®) for R>1, 
we get 


d 1 
7 | PRbeu)ax < / ( 2»: bi(digr + 5 X dij (ayer) (u) dx 
Rd l Ps 


R¢ 


1 
+ / 703 abi) — 5D) Pipa; w) (Be (u) — uB,(u)) dx 
Rd i ij 


Observing that |6,.(u)| < |u|, by Hélder inequality and the inequalities (32) we can bound the 
first integral in the right-hand side, uniformly with respect to ¢, with 


|b(t,x)| 5 ja(t,x)| 
3 t, d 
lellce / ( i+ [2 erescat la ae 
{|x| 2R} 


< lvl (3) zy) 
< 2 
Deke Tei 


S|} a(t) 
t a + = || ———— 
LP({|x|>R}) lel aaa +5 | 1+ |x|? 


lel sec) 


L4({|x|2R}) 
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(recall that u € Y, and thus u € L®({0, T], L’ (R®)) for any r €[1, co), while the second inte- 
gral is bounded by 


E i (Dan, _ 5 Dajas) ae, 
uy 


{Ix]<2R} 


Letting first ¢ — 0 and then R — ov, we get 
d 
— J ut dx <0 
& | utax 
Rd 


in the sense of distribution in (—oo, T). Since the function vanishes for negative times, we con- 
clude ut = 0. 


Now Theorem 4.8 is a direct consequence of the following proposition. 


Proposition 4.11. Let us assume that a: [0,7] —> S,(R®%) and b : [0, T] x R4 > R¢ are such 
that: 


(i) be L'((0, T], BVioc (R27, R4)), 0; 4b; € Lh, ((0, T] x R®); 
(ii) a € L™((0, T], S,(R2)). 


Then any distributional solution u € Lr (L0, T] x R2) of (33) is renormalized. 


Proof. We take 7, a smooth convolution kernel in R?, and we mollify the equation with respect 
to the spatial variable obtaining 


1 
ES 2 aE: (35) 


where 


r° i=) (bjdju) * ne — D Didj(U* Ne), UP =U Ne. 
i i 


By the smoothness of u* with respect to x, by (35) we have that d;u* € cee Thus by the standard 
chain rule in Sobolev spaces we get that u* is a renormalized solution, that is 


1 
0, B(u*) + » bid; B(u’) — > ye ajj0ij B(u’) < (c* ne — 7°) B'(u*) 


ij 


for any B € C*(R) convex. Passing to the limit in the distributional sense as ¢ —> 0 in the above 
identity, the convergence of all the terms is trivial except for r* B’(u®). 
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Let o,, be any weak limit point of r* 6’ (u*) in the sense of measures (such a cluster point exists 
since r® B’(u®) is bounded in Eas). Thus we get 


1 

0; B(u) + db B) a Dd a7%jBM) — cB'(u) < —oy < |. 
i ij 

Since the left-hand side is independent of 7, in order to conclude the proof it suffices to prove 


that Ny |o,,| = 0, where 7 varies in a dense countable set of convolution kernels. This fact is 
implicitly proved in [2, Theorem 34], see in particular Step 3 therein. 


4.3.2. Existence in Ly. 
We can now prove an existence and uniqueness result in the class Z. 


Theorem 4.12. Let us assume that a: [0,T] x R4 > S(R®%) and b: [0,T] x R¢ > R¢ are 
bounded functions such that 


i a oo 
(x jb; — 5 Dave) e EO: T|,L (R‘)). 


Then, for any [uo = pol? € M4(R®), with po € L'(R2)N L®(R®), there exists a solution of (2) 
in L,. If moreover b € L'({0, T], BVioc(R2)), >; bi € Lhe (0, T] x R®), and a is indepen- 
dent of x, then this solution turns out to be unique. 


Proof. Existence. It suffices to approximate the coefficients a and b locally uniformly with 
smooth uniformly bounded coefficients a” and b” such that (73; 0b? — 5 >; 5 5 jG) is uni- 


formly bounded in L'({0, T], L™R4)). Indeed, if we now consider the approximate solutions 
wu! = ph l4 ¢ M4(R4), we know that 


1 
rt + D | 8:(b7 oF) — 5 Bij (az,o"') = 0, 
i ij 


that is 
1 1 
Op; — 51 915 Pr + D (er = x ajay ) of + bs jb? — 5 > aay Jot =0. 
i j i ij 


Using the Feynman—Kac’s formula, we obtain the bound 


t . Ob" (s Ba . 0374" (5)) |lpoo ds 
| 02 | soceay < I Poll nae aeaye! QU; 7 (8) 3 Dei 81747) (9) Mpooggay aS 


So we see that the approximate solutions are non-negative and uniformly bounded in L!N L® 
(the bound in L! follows by the constancy of the map ft le; l|_1 (observe that p/ > 0 and 
recall Remark 2.7)). Therefore, any weak limit is a solution of the PDE in 2%. 

Uniqueness. It follows by Theorem 4.8. 


A. Figalli / Journal of Functional Analysis 254 (2008) 109-153 147 


5. Conclusions 


Let us now combine the results proved in Sections 2 and 4 in order to get existence and 
uniqueness of SLF. The first theorem follows directly by Corollary 3.6 and Theorem 1.3, while 
the second is a consequence of Corollary 3.6 and Theorem 1.4. 


Theorem 5.1. Let us assume that a: [0,T] x R4 > S,(R®%) and b: [0, T] x R¢ > R¢ are 
bounded functions such that: 


(i) YD Ajaiz € L*((0, T] x R?) fori=1,...,d; 
(ii) dpaij € L©((0, T] x R¢) fori, j =1,...,d; 
(iii) (D0; i — 5 i; Aijaij)” € L (10, T] x R4); 
(iv) (E, a(t, x)E) > alé|* V(t, x) € [0, T] x R4, for a certain a > 0; 
() aes L?({0, T] x R®), eect € L?({0, T] x R¢). 


Then there exists a unique SLF (in the sense of Corollary 3.6). 

If moreover (b", a") — (b,a) in LEO, T] x R¢) and (0; aby — 5 iy djjaji)~ are uni- 
formly bounded in L'((0, T], L©(R2)), then the Feynman—Kac formula implies (ii) of Theo- 
rem 3.7 (see the proof of Theorem 4.12). Thus we have stability of SLF- 


Theorem 5.2. Let us assume that a: [0,T] > S(R®) and b: [0,T] x R4 > R¢ are bounded 
functions such that: 


() bE L'((0, T], BVioc(R*)), 17; Hib; € L},,((0, T] x R*); 
(ii) (D0; 6:b;)~ € L'((0, T], L*(R*)). 


Then there exists a unique SLF (in the sense of Corollary 3.6). 
If moreover (b", a") — (b, a) in LL({0, T] x R¢) and (0; 4b? — 5 iy dijaj;)— are uni- 


loc 
formly bounded in L!((0, T], L©(R2)), then the Feynman—Kac formula implies (ii) of Theo- 
rem 3.7 (see the proof of Theorem 4.12). Thus we have stability of SLF- 


In particular, by Corollary 3.9 and the Feynman—Kac formula (see the proof of Theorem 4.12), 
the following vanishing viscosity result for RLF holds: 


Theorem 5.3. Let us assume that b :[0, T] x R¢ > R¢ is bounded and: 


(i) bE L'((0, T], BVicc(R*)), 7; Hib; € L},,((0, T] x R*); 
(ii) (0; 6:b))~ € L' (0, T], L*(R®)). 


Let {Vy}, cpa be the unique SLF relative to (b, €1), with e > 0, and {vx}, cpa be the RLF relative 
to (b, 0) (which is uniquely determined Lo -a.e. by the results in [1]). Then, as ¢ > 0, 


[irooas a fw fends in M(Ir) for any f € C.(R*). 


R¢ R¢ 
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We finally combine an important uniqueness result of Stroock and Varadhan (see Theo- 
rem 2.2) with the well-posedness results on Fokker—Planck of the previous section. By Theo- 
rem 2.2, Lemma 2.3 applied with A = R¢ and Corollary 4.5, we have: 


Theorem 5.4. Let us assume that a: [0,T] x R4 > S+ (R¢) and b: [0,T] x R4 > R¢ are 
bounded functions such that: 


(i) (E, a(t, x)E) > alE|? V(t, x) €[0, T] x R42, for a certain a > 0; 
Gi) [b(t, x) —b(s, y)|+lla(t, x) —a(s, y)l| < C(x—yl” +|t-s|”) V(t, x), (s, y) € [0, T] x RY, 
for some y € (0, 1], C > 0; 
(iii) 0 Ajaiz € L& (0, T] x RY) for i =1,....d, (Oj db; — 44; Aijauj)~ € LO, T) x 
R4); 


(iv) cae € L7((0, T] x R2), ToT € L7((0, T] x R®). 


Then, there exists a unique martingale solution starting from x (at time 0) for any x € R¢. 

We remark that this result is not interesting by itself, since it can be proved that the martingale 
problem starting from any x € R¢ at any initial time s € [0, 7] is well-posed also under weaker 
regularity assumptions (see [18, Chapters 6 and 7]). We stated it just because we believe that it 
is an interesting example of how existence and uniqueness at the PDE level can be combined 
with a refined analysis at the level of the uniqueness of martingale solutions. It is indeed in this 
spirit that we generalize Theorem 2.2 in Appendix A, hoping that it could be useful for further 
analogous applications. 
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Appendix A. A generalized uniqueness result for martingale solutions 

Here we generalize Theorem 2.2, using the notation introduced in Section 3.1. 

Proposition A.1. For any (s, x) € [0, T] x R¢, let Cx,s be a subset of martingale solutions of the 
SDE starting from x at time s, and let us make the following assumptions: there exists a measure 


uo € M4 (R®) such that: 


(i) Vs € [0, T], Cys is convex for [o-a.e. x; 
(ii) Vs € [0, T], Vt € [s, T], 


1 2 1 2 
for 0-4.e.X,  (€r)#Vx 5 = (Cr)#Ve 5 Wy ys Vey © Crs 
(iii) for 0-a.e. x, for any vy € Cy := Cx,0, for Vy-ae. Y, 


Wel0,7], vp = (Ve € Cro. 
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where, with the above notation, we mean that the restriction of vee, to vais = C((t, T], R?) 
is a martingale solution starting from y(t) at time t; 

(iv) the solution of (2) starting from [Lo given by [Ly := (er)# Sra v! duto(x) for a measurable 
selections {Vx}, cpa with vy € Cy (observe that 1; does not depends on the choice of vx € Cx 
by (ii), satisfies Ut « Lo for any t € [0, T]. 


Then, given two measurable families of probability measures {v! }rerad and {v7} era with 
ve, v2 EC, v} = ve for [1o-a.e. x. In particular, by standard measurable selection theorems 
(see for instance [18, Chapter 12]), Cx is a singleton for [o-a.e. x. 


Proof. Let {v!},-ga and {v2},¢pa be two measurable families of probability measures with 
vi, v2 € Cy, and fix 0 <t <::+<t <T. 


Claim. For j19-a.e. x, for vi-a.e. y (i=1,2), 


iy ' iy 
Ve Fn © CH). fOr Ve Mtentn Be 


where v"’” = (v1)” 
x, 


This claim follows observing that, by assumption (ili), for jo-a.e. x there exists a subset 
I C I’ such that vi(Ly) = | and ve € Cyq,),t, for any y € I. Thus, by (11) applied with 


visvl, A:=Dp, B:= Ty, and with M"-™ in place of F;,,, one obtains 


that is, 


iy 


Ve tinnn Tx) = 1 for vi-ae. y. 


This, together with assumption (iii), implies the claim. 
By (13), Lerner is concentrated on the set {y | 7 (t)) = vy (t,)}, and so, by the claim above, 
we get 


iy iy 
VF, € Cy(t),tm for ve 


Let A C R@ be such that [go(A‘) = 0 and assumption (i) is true for any x € A. By assumption (iv), 
we have ;,(A°) =0= foay p, Lac(y (tn)) dvi (y) duo(x), that is 


for wo-a.e.x, V(tr)€A_ for vi -ae y. (A.1) 


Thus, for p1g-a.e. x, Cy,),1, 18 convex for vi-ae y, and so, by (14) applied with we we obtain 
that 


for 19-a.e. x, ve tin © Cy(ty),t, fOr vi -a.e. y (A.2) 
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rey 
an Ws m tol; isa 
martingale solution starting from y(t,) at time f,). We now want to prove that, for all n > 1, 
O<t) <---<t, <T, we have that, for juo-a.e. x, 


(where, with the above notation, we again mean that the restriction of v’’ 


J filenr).-- flew) avr = ffilen) -- fale) 4020) (A.3) 
T; 


for any fj € Ce (IR@). We observe that (A.3) is true for n = 1 by assumption (ii). We want to prove 
it for any n by induction. Let us assume (A.3) true for n — 1, and let us prove it for n. We want 
to show that 


J flen) + ulen) dvb = file (79) -- Fale) 402). 


which can be written also as 


"| file) <<» fa(Cy)] =E"[ filen)--- falen)]: 


where E” := Sr, dv. Now we observe that, for i = 1, 2, 


a [ filen) --- fn(€1,)] = EB" [E" [filer,)--- fn(er,) | MT] 
= EM [ fin) + fn—1 (Cy E™ [falen) | MT] 
=E"| file) ++ fa—1m_ Wiens +++), 


i 


where Wi (e;,,...,€_)) = E™ Lfn(es,) | Mr"! ]. Let @ € C-(R®), and let us prove that 


fe "[fil@n) «+ fn —1 Cnn We Cty» «6 Cin] 6%) dol) 


-fe *[ file). Sn 1 Cig WE Cys Cin] O 0) do). (A.4) 


Let B C R¢ be such that jz9(B°) = 0 and assumption (ii’) is true for any x € B. By assump- 
tion (iv), we also have p1;,_, (BS) =0= Ja xr Ipc (er, _,(7)) dvi. (v7) dio(x), that is 


for Wo-a.e.x, V(tr-1)€ B for vi -a.e. y. (A.5) 


Let us consider v”’ ,- By (A.2), 


a er ties 


iy i 
for [19-a.e. x, Ve tl a inp © Cy tytn) FOF Vy-@-€. Y, 
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and, combining this with (A.5), we obtain 


Ly 


for [1p-a.e. x, Me pleats 


1 E Cy) aNd y(m-1) € B for v! -a.e. y. 


By assumption (ii) applied with ¢ = f,, this implies that 


Ly 2, j 
for jo-a.e.x, (2, HY gt ae fp eh, ean Te ip} ‘LOK Vy-€. Y, 
which give us that 
1 2 j 
for o-a.e.x, Wy (rn, ---5 er, 1) = Wren, ---5er,_,;) for Vi-ae. Y. (A.6) 


Thus we get 


i BL ACen) 2a Fact Ce DWECg vse) OC apo) 


RA 
= / [Ailey ) << fa -1 Cy WE (Cr+ «+++ €m)]6 (x) dole) 
Rd 
‘ i; a" fin) ++ fa Vn) W2(Cr ss C1) ]O 0) deo), 
Rd 


where the first equality in the above equation follows by the inductive hypothesis. Now, by (A.4) 
and the arbitrariness of ¢ and of f;, with j = 1,...,, we obtain that, for alln > 1,0<t < 
+++ <ty <T, we have 


for o-a.e.X,  (€4,,---, er, #Vx = (€n,---, er, )#Vx VWh,.--. tr €[0, T]. 


Considering only rational times, we get that there exists a subset D C R¢@, with [o(D*) = 0, such 
that, for any x € D, 


(Cts +++ Ct, Vx = (€n,-+-5 4, #¥x for any t,...,% €[0,T]NQ. 


By continuity, this implies that, for any x € D, vy = vy, as wanted. 


The above result apply, for example, in the case when C;,; denotes the set of all martingale 
solutions starting from x. In particular, we remark that, by the above proof, one obtains the 
well-known fact that, if v, is a martingale solution starting from x (at time 0), then, for any 
O<t <-:--<4<T, ve satis is a martingale solution starting from y(t,) at time ¢,. More 
generally, since martingale solutions are closed by convex combination, is jz is a probability 
measure on R®@, the average Jira ve Mttstn d(x) is a martingale solution starting from y (Z,) at 
time th. 

Observe that assumption (iv) in the above theorem was necessary only to deduce, from a 
[40-a.e. assumption, a /4;-a.e. property. Thus, the above proof give us the following result: 
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Proposition A.2. For any (s, x) € [0, T] x R%, let C 'x,s be a convex subset of martingale solutions 
of the SDE starting from x at time s, and let us make the following assumption: there exists a 
measure [Lg € M.,(R¢) such that: 


Gi) Vt € [0, T], for uo-ae. x, 
(e,)av, = (er)4v2 Wt, vo € Cy = Cx. 


If (i) holds, we can define (1; := (er) # Sra vy dito(x) for a measurable selections {Vx}, epa with 
vy € Cy, and this definition does not depends on the choice of vx € Cx. We now assume that: 


(i!) Vs € [0, T], Vt € [s, T], for Ws-ae. x, 
(er)avys = (Erays Wess Mes © Cx,s3 


Gi) Vs €[0, T], Cy,s is convex for [s-a.e. x; 
(iii) for Wo-a.e. x, for any vy € Cy, for Vy-ae. Y, 


wel0,T], vp = (vi) é Cys: 


where, with the above notation, we mean that the restriction of vy F, tol. ' is a martingale 
solution starting from y (t) at time t. 


Then, given two measurable families of probability measures {v_} .erd and {v2} ,eR¢ with 


Tha v2 EC, wt = v2 for [1o-a.e. x. In particular, by standard measurable selection theorems 


(see for instance [18, Chapter 12]), C, is a singleton for [o-a.e. x. 
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Abstract 


The main issue we address in the present paper are the new models for completely nonunitary contrac- 
tions with rank one defect operators acting on some Hilbert space of dimension N < oo. These models 
complement nicely the well-known models of LivSic and Sz.-Nagy—Foias. We show that each such operator 
acting on some finite-dimensional (respectively, separable infinite-dimensional Hilbert space) is unitarily 
equivalent to some finite (respectively semi-infinite) truncated CMV matrix obtained from the “full” CMV 
matrix by deleting the first row and the first column, and acting in of (respectively ¢?(N)). This result can 
be viewed as a nonunitary version of the famous characterization of unitary operators with a simple spec- 
trum due to Cantero, Moral and Velazquez, as well as an analog for contraction operators of the result from 
[Yu. ArlinskiY, E. Tsekanovskii, Non-self-adjoint Jacobi matrices with a rank-one imaginary part, J. Funct. 
Anal. 241 (2006) 383-438] concerning dissipative non-self-adjoint operators with a rank one imaginary 
part. It is shown that another functional model for contractions with rank one defect operators takes the 
form of the compression f(¢) > Pic (¢f (¢)) on the Hilbert space L~(T, dj) with a probability measure ww 
onto the subspace K = L?(T, dj) © C. The relationship between characteristic functions of sub-matrices 
of the truncated CMV matrix with rank one defect operators and the corresponding Schur iterates is estab- 
lished. We develop direct and inverse spectral analysis for finite and semi-infinite truncated CMV matrices. 
In particular, we study the problem of reconstruction of such matrices from their spectrum or the mixed 
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spectral data involving Schur parameters. It is pointed out that if the mixed spectral data contains zero 
eigenvalue, then no solution, unique solution or infinitely many solutions may occur in the inverse problem 
for truncated CMV matrices. The uniqueness theorem for recovered truncated CMV matrix from the given 
mixed spectral data is established. In this part the paper is closely related to the results of Hochstadt and 
Gesztesy—Simon obtained for finite self-adjoint Jacobi matrices. 

© 2007 Elsevier Inc. All rights reserved. 
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1. Introduction 


It is well known [2] that every self-adjoint or unitary operator with a simple spectrum acting 
on some separable Hilbert space is unitarily equivalent to the operator of multiplication by the 
independent variable on the Hilbert space L?(R, dj) or L?(T, dj), respectively, where dy is 
a probability measure on the real line R or on the unit circle T= {¢ € C: |¢| = 1}. The ma- 
trix representation of self-adjoint operators with simple spectrum was established for the first 
time by Stone [1]. He proved that every self-adjoint operator with a simple spectrum is unitarily 
equivalent to a certain Jacobi (tri-diagonal) matrix of the form 


bh ay O O O 
_[a bo a 0 O 
= 0 a bk a 0 > i) 
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where ax > 0, and bx are real numbers for all k € N. The non-self-adjoint version of the Stone 
theorem has been recently obtained in [4] for dissipative non-self-adjoint operators with rank one 
imaginary part. It turned out that the matrix representation of such operators is a non-self-adjoint 
Jacobi matrix of the form (1.1) with only nonreal first entry b; satisfying Im); > 0. 

The problem of the canonical matrix representation of a unitary operator with a simple spec- 
trum has been recently solved by M. Cantero, L. Moral and L. Velazquez in [13]. They introduced 
and studied five-diagonal unitary matrices of the form 


% 1po pio 0 0 
po —A1A0 —p1A0 0) 0 
C=C({a,}) = O a2, = —a201 3/02 302 +e | (1.2) 
0 p2p1 p20, —2302 —p302 
0 0 0 413 —A403 


Such matrix appears as a matrix representation of the unitary operator (Uf)(¢) = ¢f(¢) in 
L2(T,d) with respect to the orthonormal system {x,} obtained by orthonormalization of the 
sequence 


OG a aan eset cee 


The so called Schur parameters or Verblunsky coefficients {a,}, |a,| < 1, arise in the Szegé 
recurrence formula 


CDn(C) = Ong 1(C) + Ano"Pn,(1/E), n=0,1,... 


for monic orthogonal with respect to du polynomials {®,}, and py := 1 — |a,|2. The matrices 
C({an}) are called the CMV matrices. The spectral analysis of unitary CMV matrices has recently 
attracted much attention, and we refer on this matter to the papers [13,14,23,24,39-41]. 

As pointed out by Simon in a recent paper [41], the actual history of CMV matrices is more in- 
volved as it started in 1991 with Bunse-Gerstner and Elsner [12], and then with Watkins in 1993 
[44], before Cantero, Moral, and Velazquez (CMV) re-discovered them in 2003. In a context 
different from orthogonal polynomials on the unit circle, Bourget, Howland, and Joye [8] intro- 
duced a set of doubly infinite matrices with three sets of parameters which for special choices of 
the parameters reduces to two-sided CMV matrices on e?(Z). 

The spectral theory of non-self-adjoint and nonunitary operators and their models is based on 
the concept of characteristic function of the corresponding operator or the operator colligation 
[6,10,11,29-36,42]. 

In this paper we employ the Sz.-Nagy—Foias theory [42] and the Brodskii—LivSic unitary col- 
ligations approach [10] to the spectral analysis of contractions acting on Hilbert spaces. The 
corresponding characteristic function belongs to the Schur class of operator-valued functions 
holomorphic in the open unit disk D. By Sz.-Nagy—Foias theorem [42, Proposition VI.2.1] each 
completely nonunitary contraction T with rank one defect operators Dr = (I — T*T)!/* and 
Dr« = (I —TT*)'/? (shortly, with rank one defects) is unitarily equivalent to the operator (func- 
tional model) of the form 
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He = (H? @clos AL’(T)) 6 {Ou @ Au: ue H"} 


=) f €H’, géclosAL*(T), Pr@f + de)=0l, 


7S fi «{f\_(&F-fO)\(fF 
to(1)= Poe (). o(Z)=( Eg ) (ZL) exe. 


where H? is the Hardy space, 
@ = Or(z) =(-T +2Dr«(I — 2T*)"'Dr) | Dr 


is the characteristic function of T, A? = 1 — |O/?, P12 is the orthogonal projection onto H 7 in 
L?(T), and Ps, 1s the orthogonal projection onto the model space jo. 


We obtain a new functional model that complements the above mentioned Sz.-Nagy—Foias 
functional model, and show that every completely nonunitary contraction T with rank one 
defects is unitarily equivalent to the compression f (€) > Pxr(Ef()) on the Hilbert space 
L?(T, du) with a probability measure js onto subspace K = L?(T, du) © C. 


We study the so called truncated CMV matrix T obtained from the “full” CMV matrix C = 
C({a,}) (1.2) by deleting the first row and the first column: 


—a\09 + —/p1A0 0 0 
Q2P1 —A20, A302 3/2 
se (2/1 (201 = —302 —p302 


In the semi-infinite case J takes on the block-matrix form (see Section 4.3) 


By Cc, O O 0 

TH A; Bo C2 0 0 

0 A. Bs C3 O 
It turned out that the truncated CMV matrix T ({a;}) is a contraction with rank one defects, and 
the Sz.-Nagy—Foias characteristic function agrees with the Schur function which has {a} as its 
Schur parameters. Moreover, we show that the sub-matrix T ({an}) obtained from T ({an}) 


by deleting the first k rows and columns is also a contraction with rank one defects, and its 
characteristic function agrees with the well-known kth Schur iterate 


Sk—-1(Z) — OK-1 


WO ia Ay 


fo(z) = f(). 


This relation is an analog of the corresponding relation between the m-function of a Jacobi matrix 
and the m-function of its sub-matrix (cf. [22]). 

Our main result states that an arbitrary completely nonunitary contraction T with rank one 
defects is unitarily equivalent to any operator from the one-parameter family T ({e!"an}), where 
{an} are the Schur parameters of the Sz.-Nagy—Foias characteristic function of T. We develop di- 


158 Yu. Arlinskii et al. / Journal of Functional Analysis 254 (2008) 154-195 


rect and inverse spectral analysis for finite and semi-infinite truncated CMV matrices. It is shown 
that given an arbitrary set of N not necessarily distinct numbers from D) there is a one-parameter 
family of unitarily equivalent N x N truncated CMV matrices having those numbers as the eigen- 
values counting algebraic multiplicity. We prove the uniqueness of N x N truncated CMV matrix 
T with given not necessarily distinct eigenvalues z1,...,Z, and given first N —r + 1 Schur pa- 
rameters ag(T),...,@N—r(Z). This result on inverse spectral analysis of finite truncated CMV 
matrices is an analog of the Hochstadt [26] and Gesztesy—Simon [22] uniqueness theorems for 
finite self-adjoint Jacobi matrices as well as for established in [4] uniqueness theorem for fi- 
nite non-self-adjoint Jacobi matrices with rank one imaginary part. We obtain the existence of 
N x N truncated CMV matrix T when its eigenvalues z1,..., Zm and the last Schur parameters 
Am(T),...,an(T) are known. 

Here is a summary of the rest of the paper. In Sections 2 and 3 we discuss some basics 
from the Sz.-Nagy—Foias theory and the unitary colligations with the focus upon the character- 
istic function and its properties. Section 4 provides a brief overview of the theory of orthogonal 
polynomials on the unit circle and CMV matrices. The main results concerning truncated CMV 
matrices and the models of completely nonunitary contractions with rank one defects are pre- 
sented in Sections 5 and 6. The final Section 7 deals with the inverse spectral analysis for 
truncated CMV matrices. 


2. Contractions, unitary colligations, and their characteristic functions 
2.1. Contractions and the Sz.-Nagy—Foias characteristic functions 


Let H bea separable Hilbert space with the inner product (-,-). A bounded linear operator T in 
FH is called a contraction if ||T || < 1 (for the basic properties of contractions see [42, Chapter I]). 
If T is a contraction then the operators 


Dr:=(1-T*T)!/, Dr«:= (1 — TT*)'/? 


are called the defect operators of T or, shortly, defects, and the subspaces Dr = ranDr, Dr« = 
ranDr« the defect subspaces of T. The dimensions dim®r, dim®v« are known as the defect 
numbers of T. Given a pair of numbers n,n* = 0,1,..., 00 it is easy to construct a contraction 
with n = dimD7, n* = dim®7«. Each contraction T acting on a finite-dimensional Hilbert 
space has equal defect numbers: n = n*. 

The defect operators satisfy the following intertwining relations: 


T Dr = Dr«T, T* Dr« = DrT", (2.1) 


and the block-operators 


—T* Dr\ . (Dr Or —T Dr«\ (Dr Dre 

es PP es ; Dr T*)'\H)"\ A 
are unitary operators in the corresponding orthogonal sums of the spaces. It follows from (2.1) 
that TD 7 C Dr, T*D7* C Dr, and T (ker Dr) = ker Dr+, T* (ker Dr*) = ker Dr. Moreover, 


T | ker Dr and T*| ker Dr are isometric operators. It follows that T is a quasi-unitary extension 
[29] of the isometric operator V = T | ker Dr (for the definition see Section 6.2). 
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A contraction T is called completely nonunitary if there is no nontrivial reducing subspace 
of T, on which T generates a unitary operator. One of the fundamental results of the contractions 
theory [42, Theorem I.3.2] reads that, given a contraction T in H, there is a canonical orthogonal 
decomposition 


H=H OA, T=T1 OT, T;=TlH;, j=9,1, 


where Ho and Hy reduce 7, To is a completely nonunitary contraction, and T; is a unitary 
operator. Moreover, 


= ( al ker Drm) n ( () ker Dr), 


n>1 n>1 
sO, 
T is completely nonunitary 
& ( () ker Dr) n ( () ker Dr) = {0}. (2.2) 
n>1 n>1 
Clearly, 


(ker Dr» = H © span{T*" DrH, n=0,1,...}, 
n>1 


(-) ker Drm = H © span{T" Dr+H, n=0,1,...}. (2.3) 
n>1 


Let V be an isometry in H. A subspace §2 in H is called wandering for V if V?Q L V7Q for 
all p,q €Z,, p #q. Since V is an isometry, the latter is equivalent to V"2 L 92 for alln EN. 
If H = @~, V"®, then V is called a unilateral shift and & is called the generating subspace. 
The dimension of {2 is called the multiplicity of the unilateral shift V. It is well known [42, 
Theorem I.1.1] that V is a unilateral shift if and only if (\?°.) V” H = {0}. Clearly, if an isometry 
V is the unilateral shift in H, then 2 = H © VH is the generating subspace for V. 

Given a contraction T in H and a subspace § C H, the unilateral shift V:5 — 9 is 
said to be contained in T, if § is invariant for T, and T[§ = V [15]. The subspaces 
ass ker Drn and ass ker Dr are invariant for T and T*, respectively, and the operators 
Vr :=TT O21 ker Dae and Vy« := T* 17st ker Dy*» are unilateral shifts. Moreover, Vr and 
Vr are the maximal unilateral shifts contained in T and T*. The multiplicities of the shifts Vr 
and Vr« do not exceed the defect numbers dimD7« and dim7, respectively [17]. If T is a 
completely nonunitary contraction with rank one defects, then (see [15], [17, Theorem 1.7]) 


T does not contain the unilateral shift 


<  T* does not contain the unilateral shift 


S () ker Drn = {0} () ker Dn = {0}. (2.4) 
n>1 n>1 
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The function (see [42, Chapter VI]) 
@r(z) = (—T +zDr+(I — 2T*)| Dr) |Dr 


is known as the characteristic function of the Sz.-Nagy—Foias type of a contraction T. This 
function belongs to the Schur class S(Or, Dr«) of L(Or, Dr«)-valued holomorphic in the unit 
disk D operator-functions, i.e., ||O7(z)|| < 1 for z € D. Moreover, the function ©; satisfies the 
condition ||O7 (0) f || < || f|| for all f € Dr \ {0}. The characteristic functions of T and T* are 
connected by the relation 


Or+(2)= OX, ze 


Two operator-valued functions ©; € S(t), 9t,) and ©2 € S(Mtz, No) are said to agree if 
there are two unitary operators V : St; > No and W: IN. — Nt, such that 


VO\(z)W =62(z), zeED. 


It is well known [42, Theorem VI.3.4], that two completely nonunitary contractions T; and T> 
are unitarily equivalent if and only if their characteristic functions @7, and @7, agree. 

Every operator-valued function © from the Schur class S(t, 9t) has almost everywhere 
nontangential strong limit values ©(¢), ¢ €¢ T. A function © € S(M, MN) is called inner if 
O*(¢)O(C) = In for ae. ¢ € T, and co-inner if O(¢)©*(C) = Im for ae. ¢ € T. A function 
O € S(Mt, MN) is called bi-inner, if it is both inner and co-inner. A contraction T on a Hilbert 
space §) belongs to the classes Cg. (C.), if 


s- lim T” =0 (s- lim T*” =0), 
n—>Oo n—>Oo 
respectively. By definition Cog := Co. 1 C.9. The completely nonunitary part of a contraction 
T belongs to the class C.9, Co., or Coo if and only if its characteristic function @7 (z) is inner, 
co-inner, or bi-inner, respectively (cf. [42, Section VI.2]). 
In the following statement [42, Theorem VI.4.1] the spectrum of completely nonunitary con- 
tractions is described. 


Theorem 2.1. Let T be a completely nonunitary contraction on H. Denote by Sr the set of points 
z €D for which the operator @7(z) is not boundedly invertible, together with those z € T not 
lying on any of the open arcs of T on which @r is a unitary operator valued analytic function. 
Furthermore, denote by Se the set of points z € D for which @f7 (z) is not invertible at all. Then 
the spectrum o(T) of T agrees with Sr, and the point spectrum o p(T) with S, 


If T is a completely nonunitary contraction with rank one defects, and if zo is an eigenvalue 
of T, then the geometric multiplicity of zo is one, the algebraic multiplicity is finite, and the 
characteristic function @7 admits the following factorization: 


Zk 1 — ZKz 


Qn. 
Zk Zk —Z ere 2 
Or@=c]] oo / <iawio) 
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; 20 fs 
~eo( se [ SEinsoar), 


0 


where |c| = 1, k(t) > 0, Ink(t) € L)[0, 277], w is a finite nonnegative measure singular with 
respect to the Lebesgue measure, and {zx} are the eigenvalues of T. In addition, if dim H = 
N < @, and T is a completely nonunitary contraction in H with rank one defects, then its 
characteristic function is the finite Blaschke product of order N of the form 


an Bee 
a =a ( Z ) ; 
@) Il 1 — Zz 


where Z1,..., Zm are distinct eigenvalues of T with the algebraic multiplicities J, ..., Jm, respec- 
tively, J) +---+ln = N, and ¢g € [0, 277). Hence, a finite-dimensional completely nonunitary 
contraction T with rank one defects belongs to the class Coo, and limy_, 9 ||T” || = 0. It is easily 
seen from Theorem 2.1 that the point spectrum of a contraction T with rank one defects agrees 
with D if and only if O7 =0. 


2.2. Unitary colligations and their characteristic functions 


Every contraction T acting on Hilbert space H can be included into the unitary operator 
colligation [11]! 


where St and St are separable Hilbert spaces, and 


U= S G\. (mM ms MN 

“AF T)'\A H 
is a unitary operator. T is called the basic operator of the unitary colligation A. The spaces 
IM and MN are called the left outer space and right outer space, respectively. The unitarity of U 


means 
«77. (Im 0 « {In 90 
Ee =) me = 


or equivalently, 


TlT+G*G=Ig,  F*F+S*S=Im, T*F+G*S=0, 
TT*+FF*=Iy,  GG*+SS*=In, TG*+FS*=0. (2.5) 


1 Also known as the conservative system [5]. 
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The colligation 


-T* D 
ao= |( oe a): Dr. D1. H| (2.6) 


provides an example of the unitary colligation with given basic operator T. 
Let A= (ce a M, Mt, H} be a unitary colligation. Define the following subspaces in H: 


H© = span{T" FM, n=0,1,...}, 
H® = span{T*"G*M, n=0,1,...}. (2.7) 


The subspaces H©) and H® are called the controllable and the observable subspaces, respec- 
tively. Let 


(H)* = HE H®, (H)* = HOH. (2.8) 


A unitary colligation A is called prime if H© + H© = H. Clearly, the latter condition is equiv- 
alent to 


(H)* 0 (H)> = {0}. 


From (2.5) and (2.8) we get 
(H)* = () ker(F*T*") = () ker(Dr+T*") = ‘a ker(Drsn), 
n>0 n>0 n>1 
(H)* = () ker(GT") = () ker(DrT") = (} ker(Dr»). (2.9) 
n>0 n>0 n>1 


It follows now from (2.2) that the unitary colligation 


2-{(f 9m 


is prime if and only if T is a completely nonunitary operator. 


Given a unitary colligation 
S G)\. 
a={(F eam A, 


its characteristic function [11, Section 3] is defined by 


Oa(z)=S+zGUy—-zT)'F, zeD. 


2 The transfer function of the system [5]. 
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This function belongs to the Schur class S(t, Nt) of L(Mt, )-valued holomorphic in the unit 
disk D operator-functions. In particular, the characteristic function of the unitary colligation Ag 
(2.6) 


Oo(z) = (-T* + zDr(I — 2T)“! Dr+) {Dr 


is in fact the Sz.-Nagy—Foias characteristic function of the operator T*. 
Two prime unitary colligations 


a S Gy), = S Go\, 
a= |( 5 mr )s ont A} and ao=|( 5, 7) NH} 


which have equal characteristic functions are unitarily equivalent in the following sense 
[11, Theorem 3.2]: there exists a unitary operator V : H; — Hp such that 


VT, =ThV, VF| = Fo, G2aV=G, 
% In 0 S Gi\ _ ({S Go Im O 
0 V Fi Tl) \ tT 0 Vi}° 


Besides, given © € S(IN, Nt), there exists a prime unitary colligation 


sa{(f Sema 


such that 9, = © in D [11, Theorem 5.1]. 
Later on in Section 3 we will need the following result. 


Theorem 2.2. Let T be a contraction with finite defect numbers acting on Hilbert space H. 
Suppose that IN and N are two given Hilbert spaces such that dim MN = dim Dr and dim IN = 
dim Dr. Then all unitary colligations with the basic operator T and outer subspaces IN and N 
take the form 


_|f(-KT*M KDr)\. 
a={( Diet 3 Ja onan al, (2.10) 


where K:Dr > Stand M:INt— Dr« are unitary operators. The characteristic function of A 
is 


Oa(z)=KOr(z)M, ze 


i.e, On agrees with the characteristic function Or+ of T*. 


Proof. Let A = te ay IM, NM, H} be a unitary colligation. From the relation G*G+T*T = Iq 
it follows that 


Ios’ =IDrfl’, few: 
Hence, the operator K : Dr — N defined by 


KDr f =Gf, f €A, 
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is isometric, and ran K = Nt. Similarly, the relation F F* + TT* = Iy yields that the operator 
N : Dr« — I given by the relation 


NDr« f = F* f, f Ed, 
is isometric, and ran N = It. So M = N* : Mt — Dr« is unitary, and F = Dr+M. 


From the relation T* F + G* S =0 we get T* Dr» M + Dy K*S = 0. Hence by (2.1) T*M + 
K*S=0. As ranM = Dry«, ranK* =Dr, and TDy« C Dr, we have 


S=-—KT*M. 
Observe also that 
TG* + FS* =T Dy K* — Dr*MM*T K* =0, 
SS* + GG* = KT*MM*T K* + KD;-K* 
= K(T*T +1 —T*T)K* =Iy, 
S*S+ F*F = M*TK*KT*M+4+ M*Dy«M 
= M*(TT* +1 —TT*)M = Ign. 
Thus, all conditions (2.5) are satisfied, i.e., the colligation A is of the form (2.10). 


Conversely, if dim93t = dimDr < oo, dim = dimDr« < oo, and K:Dr — MN and 
M :9N — Dr« are unitary operators, then one can easily see that 


ya(~KT*M KDr\ (Mm). (% 
~\ DreM T )'\A H 


is a unitary operator, i.e., the relations (2.5) are satisfied. It follows that 


sa{(f Sem 


is a unitary colligation, where G = K Dr, F = D7«*M, S=—KT*M. 
For the characteristic function @, we obtain for all z € D 


Oqa(z) =S+2GUI—2zT) 'F 
=—KT*M+zKDr(I —zT)!Dy*M = K@r7x(z)M. 


Corollary 2.3. Let T be a contraction with finite defect numbers, dim3t = dimDr, dim Mt = 
dim Dr, and let 
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be a unitary colligation. Then all other unitary colligations with the basic operator T and outer 
subspaces IN and Nt take the form 


~ [(CiSCy GG). 
i-[(G 9P)-man} 


where C, and C2 are unitary operators in Nt and M, respectively. 
Proof. By Theorem 2.2 we have 


G=KDr, F=Dr+M, S=-—KT*M, 


where K : D7 > Mt and M:N — Dr are unitary operators. If A= (8 i M, Mt, H} is some 


other unitary colligation then G= KDr, fe Dr-M, ss —KT*M, where K : Dr — Mt and 
M:N > Dr* are unitary operators. Let Cy := KK7! , C2 := M-'i. Then C, and C2 are 
unitary operators in Jt and St, respectively, and 


G=CG, F=FC, S=CiSCo, 


as needed. 


3. Completely nonunitary contractions with rank one defects and the corresponding 
unitary colligations 


Theorem 3.1. Each contraction T with rank one defects on the Hilbert space H can be included 


into the unitary colligation 
SG 
an[(e Zee] 


Let1= (}) € C@H, and let the subspaces (H)+ and (H)+ in H be defined by (2.8). Then 
(AH Ne =(C@H) oO span{U"l; n=0,1,.. af 
(H)* = (C@ H)6 span{U*"1; n=0,1,...}, (3.1) 
and so the following conditions are equivalent: 
(i) the unitary colligation A = ie s Aly C, C, H} is prime; 
(ii) T is a completely nonunitary contraction; 


(iii) 1 is the cyclic vector for U: span{U" 1, neZJ=COdH. 


All other unitary colligations with the basic operator T and the outer spaces C are of the form 


Rm, cjoaS c1G , 
a-((025 99); cca}, 62) 


where |c\| = |c2| = 1. 
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ade Since dimDr7 = dimDr« = 1, by Theorem 2.2 we can choose the unitary colligation 
= {($7); C,C, H} of the form (2.10), ie, S= —KT*M, G = KDr, F = Dr*M, and 
K :ranDr > C, M:C = ran D7« are isometric operators. So U = (3 A) : (5) > () is the 
unitary operator. . 
To prove (3.1), suppose that the vector h= G - € C @ A is orthogonal to the subspace 


span{U” ie n=0,1,...}. Then U"h Li,n= OPT ees so z= 0 and h = (°). By using 
U*= ( : ay we get consequently 
F*h=0, F*T*h=0, F*T™?h=0, ..., F*T*h=0,.... 


It follows from (2.9) that h € (H)+. Conversely, if h ¢ (H)* then h L span{U"1, n= 
0, 1,...}. Similarly, (H®)+ = (C @ A) © (Span{U*"1, n=0, 1, ...}), as needed. 
We atrive at the following conclusion: 


lisa cyclic vector for U 
@ (HO) n(H)” = {9} 


SG 


F 7) C.C. His prime 


< _ the unitary colligation A = ( 
< _ the operator T is completely nonunitary. 


By Corollary 2.3 all other unitary colligations with the basic operator T and the outer subspace C 
are given by (3.2) with |c;| = |c2| = 1. 


Remark 3.2. In terms of the Naimark dilations of a probability operator-valued measure on the 
unit circle, the main result of Theorem 3.1 is proved in [16, Theorem 1.20]. 


Let us give more precise expressions for the operators F, G, and S. Let @| € Dr, @2 € Dr. 
Put 


1 <n 
QL g2 >= 
rth lel 
Then 
Kh=b\(h,91), heranDr, 
M*g=b2(g,92),  g €ranDrs, 
where |b;| = |b2| = 1. Observe that Ty, = —aggy2 and T* gy) = —Qo¢), where a is a complex 


number from D. It follows that 
Digi =(1—laol)g1, — Dgxg2 = (1 — lal?) 


Let po = V1 — |ao|?. Since dim(ran D3. = dim(ran D3. «) = 1, the number (op is a unique posi- 
tive eigenvalue of D7 (Dr«). Next, 
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Gh=b(Drh, 91) = bith, Dr¢gi) = bipoth, 91), 
F*h = bo(Dr«h, 92) = by(h, Dr+92) = bapo(h, 92), he H. 
Hence Fl = pobrgr. Since S = —KT*M, we get 
S1 = —b) bo (T* gp, g1) = bi bra. 
In the case dim H = N < oo the operator T can be given by the N x N matrix with respect to 
some orthonormal basis and we can choose ¢ (respectively, @2), as one of the nonzero columns 
of the matrix J — T*T (J — TT*). In addition, 
Trace] — T*T) = Trace(I — TT*) = (5- 


Thus, if 


then the column F takes the form 


If 


then the row G takes the form G = b 1p” g ae gi”), Finally, the number S is given by 
—b1b2(T*¢2, $1). 

If dim H = N and T is a completely nonunitary contraction with rank one defects, then Oa 
is a finite Blaschke product 


N = 
: Yee ' 
Oa) =e |] ; 
1— Zz 
k=1 
where the numbers z;,..., Za are the eigenvalues of 7. Since all other unitary colligations are 


of the form (3.2), for the characteristic function Ox (z) we get Ox (z) = cjc2O a (z) = e!Ox(z), 
z €D, and t € [0, 27). 
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Let U be a unitary operator with a cyclic vector e, acting on the Hilbert space H. The spectral 
measure jz associated with U and e provides the relation 


(FU)e,e) = / F(t) dul), 


T 


which is the Spectral Theorem for unitaries. For instance, 


fF Zu), zeD, (3.3) 
EZ 


F() =(U +z —z1)~1e, e) = i, 
T 


is the Carathéodory function (4.11), i.e., F is holomorphic in the unit disc D, Re F > 0 in D, and 
F(O)=1. 


Theorem 3.3. Let T be a completely nonunitary contraction with rank one defects, A = 


Cc as C, C, H} be the prime unitary colligation, and ©, be its characteristic function. Put 


F@=(U+z2DU -z) 11,1), zeD, (3.4) 
where U = ce -) : (5) > (as Then 
— ss | F(z)--1 1+z0O,@) 
O.@=-———, - F@= See D. 3.5 
A(Z) 7 RG) Ad (z) 1-206) (3.5) 


Proof. We use the well-known Schur—Frobenius formula for the inverse of block operators (see, 
e.g., [18, Section 0.2], [19, p. 57]). Let $1 and $2 be two Hilbert spaces, and ® an operator in 
$1 ® 92 given by the block operator matrix 


(A BY) (91 91 

o=(¢ 3):(h)> (3): 
Suppose that D~! € £($2) and (A — BD~!C)~! € £L(H1). Then &7! € L(H; @ H2, H1 @ H2) 
and 


pie ck —K~'BD"! 
~\=pD-!cK7! Do!4D7!cK7'BD"!)’ 
where K = A— BD7'C. 
Applying this formula for 


7 _f[i-zw -zG \ (fC C 
o-1-w=(1TF alla) la) zéeD, 
we get K = 1— 7S —2?G(I —zT)~!F =1 — z@,(z). Therefore 


— 1 
—zU)'1,1)= 
Cy ae. 7 
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Let 


W(2)=(U@+)d—z)y1,1), zeD. 


Clearly, the equality F(z) = W(z) holds, which yields (3.5). 


Remark 3.4. Relations (3.5) is proved in [16, Theorem 1.20, Comments 2.8]. Our proof is dif- 
ferent. 


4. OPUC and CMV matrices 
4.1. Basics of OPUC 


It is well recognized now that the theory of orthogonal polynomials on the real line plays an 
important role in the spectral theory of self-adjoint operators (and close to such operators) acting 
on Hilbert spaces. Likewise, the theory of orthogonal polynomials on the unit circle (OPUC) 
appears in the same fashion in the study of unitary operators and close to such operators. Here 
we recall some rudiments and advances of the OPUC theory. 

If 2 is a nontrivial probability measure on T (that is, not supported on a finite set), the monic 
orthogonal polynomials ®,(z, 4) (or By if jz is understood) are uniquely determined by 


®,(2)=[[@-2,)). [enean=o. j=0,1,...,n-1, (4.1) 
j=l T 


so on the Hilbert space L?(T, dp), (®n, Pm) = 0, n Am. We also consider the orthonormal 
polynomials ¢, of the form ¢, = ®y/||Pn|l. 
In case when jz is supported on a finite set, that is, 


N 
w=) oud), GET, (4.2) 


k=1 


a finite number of orthogonal polynomials {Dy} can be defined in the same manner. 
Clearly, (4.1) and the fact that the space of polynomials of degree at most n has dimension 
n+ 1 imply 


deg(P)=n, PL¢/, j=0,1,....n-1 > P=c&y. (4.3) 
On L?(T,d 4) the anti-unitary map f*(¢) := ¢" f(¢) (which depends on n) is naturally de- 
fined. The set of polynomials of degree at most n is left invariant: 
n n 
PQ= re SP @= Some (4.4) 
j=0 j=0 
(4.3) now implies 


deg(P)<n, Plo’, j=l,....n 3 P=c@*. (4.5) 
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A key feature of the unit circle is that the multiplication Uf = zf in L?(T , dit) is aunitary op- 
erator. So the difference ®,41(z) —z®,,(z) is of degree n and orthogonal to z/ for j = 1,2,...,n, 
and by (4.5) 


Pn41(Z) = ZPp(Z) — On (UH) P, (Z) (4.6) 


with some complex numbers a, (1), called the Verblunsky coefficients [40]. (4.6) is known as the 
Szeg6 recurrences after its first occurrence in the celebrated book [43] of G. Szegé. (4.6) at z =0 
imply 


On (ML) = An = —Py41(0). (4.7) 
It is known that for nontrivial measures |@,| < 1 for alln =0,1,2,..., and for trivial measures 
(4.2) one has a finite set of Verblunsky coefficients CAs with |a,| <1,n=0,1,...,N —2, 


and |ay_—1| = 1. Since it arises often, define 


pj7=VYl—lajP?, O<py <1, lay +o7=1. (4.8) 


The inverse Szeg6 recurrences are also of interest (cf. [40, Theorem 1.5.4]): 
2Pn (2) = Py (Png (2) + Gin PF (@)). (4.9) 


The norm of the polynomials ®, in L*(T, dj) can be computed by 


n—-1 
IP] =[][ oj, 2=1,2,.... 
a 


Let D© be the set of complex sequences {aj}°°, with |wj;| < 1. The map S, from pw > 
{aj (H)}FR0> is a well-defined map from the set P of nontrivial probability measures on T to D®. 
It was S. Verblunsky who proved that S is a bijection. As a matter of fact, S is a homeomorphism, 
provided P is equipped with the weak*-topology, and D® with the topology of component 
convergence. Moreover, it follows directly from (4.6) that for two measures jz; and 12 


ee 
j 


tj (M1) = aj (LL2), j=0,1,...,2—-1 
=> (2%, mi)=Pj(Z, M2), j=O,1,...,n. 


Conversely, by (4.9) 


On(Z, M1) =On(Z, M2) => aj(di)=aj(u2), j=0,1,...,.2—-1. 


The orthonormal set {¢,}n>0 does not necessarily form a basis in Ed LL) (e.g., if du = 
dm is the normalized Lebesgue measure on T, then ¢, = ¢” and ¢~! is orthogonal to all ¢n). 
A celebrated result of Szeg6—Kolmogorov—-Krein reads that {@,} is a basis in L?(T,d w) if and 
only if log yz’ ¢ L'(T), where yz’ is the Radon—Nikodym derivative of jz with respect to dm. In 
addition, the following result holds true (cf. [40, Theorem 1.5.7]). 
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Theorem 4.1. For any nontrivial probability measure «c on the unit circle, the following are 
equivalent: 


(i) limp oo || Pn || = 03 
ii) ono lanl? = 00; 
(iii) the system {on} 9 is the orthonormal basis in L?(T, dt). 


Note that if ee elenin < oo and P is the orthogonal projection in L?(T,dj) onto 
span{¢”, n=0,1,...}, then (see [39]) 


| — Pde] =]. (4.10) 


n=0 


Let us now turn to the basic properties of zeros (in, j}jat of OPUC. It is well known (cf., 
e.g., [40, Theorem 1.7.1]) that |z,,;| < 1 for all n and j. Moreover, a result of Geronimus [40, 
Theorem 1.7.5] reads that given a monic polynomial P,, of degree n with all its zeros inside D, 
there is a (nontrivial) probability measure 4 on T such that P, = ®,(w). Actually, there are 
infinitely many such measures, all of them have the same Verblunsky coefficients up to the order 
n — 1, and the same moments up to the order n. Given a monic polynomial P,, with all its zeros 
inside the disk, let us call a monic polynomial Q,,+ an extension of P,, if there is a measure jz 
such that 


Py = ®y(), Onim = Pn+m()- 


To obtain all such extensions one just has to extend a sequence of Verblunsky coefficients 
Q0,---,;@n—1, which are completely determined by P,, by a sequence 6o,..., Bm—1 with ar- 
bitrary 6; ¢ D and then apply (4.6). 

One of the most recent advances in the study of zeros of OPUC is the theorem of Simon and 
Totik [40, Theorem 1.7.15], which claims that given a polynomial P, as above, and an arbitrary 
set of points z,,...,Zm in the unit disk, not necessarily distinct, there is an extension Qn4m 
of P, such that Qnim(zj) =0, 7 =1,2,...,m, counting the multiplicity. The latter as usual 
means that 


Zk = Zk =" = Zep => Onsm (Zh) = Qa m Zk) = + = OM, (Ze) =O. 


The uniqueness of such extension is an open problem. A particular case m = | appeared earlier 
in [3]. Now Bo = a, is defined uniquely from (4.6) by 


0 = Qn+1(Z1) = 21 Pa(Z1) — On Po (Z1). 
This result will play a key role in the inverse problems with mixed data in Section 7. 
4.2. Geronimus theory 


There is an important analytic aspect of the OPUC theory which was developed by Geronimus 
[20,21] in 1940s. 
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Given a probability measure yz on T, define the Carathéodory function by 


Game = = 
FQ) =F, bw) = -—— dug) =14+2 >) Baz”, r= fe "du (4.11) 
T aan at T 
the moments of jz. F is an analytic function in D which obeys Re F > 0, F(O) = 1. The Schur 
function is then defined by 


1 F(z)-1 deep) 


IQ LGW) Foal’ POS ae 


(4.12) 
so it is an analytic function in D with supp |f(z)| < 1. A one-to-one correspondence can be 
easily set up between the three classes (probability measures, Carathéodory and Schur functions). 
Under this correspondence yu is trivial, that is, supported on a finite set, if and only if the associate 
Schur function is a finite Blaschke product. Moreover, this Blaschke product has the order N — 1 
for measures (4.2). 

We proceed with the Schur algorithm. Given a Schur function f = fo, which is not a finite 
Blaschke product, define inductively 


fn(Z) = Yn 
2(1 — Yn fn(Z))’ 
It is clear that the sequence { f,,} is an infinite sequence of Schur functions (called the nth Schur 


iterates) and neither of its terms is a finite Blaschke product. The numbers {y,} are called the 
Schur parameters: 


fnt1@) = Yn = fn (0). (4.13) 


Sf ={yo.M1,--+}- 


In case when 


N 
i £— &k 
z=e? - 
a0 0 oor 
k=1 
is a finite Blaschke product of order N, the Schur algorithm terminates at the Nth step. The 
sequence of Schur parameters {yas is finite, |y,| < 1 fork =0,1,...,N —1, and |yy|= 1. 


If a Schur function f is not a finite Blaschke product, the connection between the non- 
tangential limit values f(¢) and its Schur parameters {y,} is given by the formula 


ee) 


[[@ = lm?) = exp} f in( -|f@/’) an (4.14) 


n=0 
(see [9]). It follows that 


YiimP=oo & In(l—-|f@))¢L'C). 
n=0 


In addition, if one of the conditions 
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(1) lim sup; 60 lYnl = 1, 
(2) limp oo Va Yn+m = 0 for each m = 1,2,..., but limsup,_,., |Yn| > 0, 


is fulfilled, then f is the inner function (see [27,37]). 

Later in Section 7 we will make use of the following fundamental result of Schur [38]: the set 
of all Schur functions f with prescribed first Schur parameters yo, ..., Yn is given by the linear 
fractional transformation 


— A) + 72 B* (z)s(z) 


f@= B(z) + zA*(z)s(z)’ 


(4.15) 


where s is an arbitrary Schur function, and A, B are polynomials of degree at most n. Moreover, 


Sf ={yo.---. Yn, Yo(s), M1(5),..-}. 


The pair (A, B), known as the Wall pair, is completely determined by {y iV i=0° Specifically, 


B* A 
Wiad = (TED Be) = Qo le) Oyu 


where 


1 
20-7 (5 1 


By computing determinants, we see that 


1/2 


B*(z)B(z) — A*(@A@ =z" [ [-Inil?) 


j=0 
so A and B have no common zeros in C \ {0}. In fact they have no common zeros at all since 


B(O) = 1. It is known also that B 4 0 in D, and both AB~! and A*B™! are Schur functions. 
A straightforward computation shows that Q,, (and hence W) are j-inner matrix functions: 


W*(2Qjwiz)>j forzel 


i) 


W*(z2iW(z)=j forzeT 


with the signature matrix 


i=(Q 1): 


For further properties of the Wall pairs see [27, Section 4], [40, Chapter 1.3.8]. 
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A curious situation when the Schur parameters for a finite Blaschke product can be computed 
explicitly was found by Khrushchev [28, formula (1.12)]. Let «2 be a nontrivial probability mea- 
sure (or measure of the form (4.2) with big enough NV) with Verblunsky coefficients {a;}, and ®, 
be its nth monic orthogonal polynomial. Consider the following Blaschke product of order n: 


®,, j - 
ios Olas San by) = ay. 


PD*(z) 1— 2p, jZ 


It is a matter of a simple computation based on (4.9) to make sure that 


bo(z) = bo) _ Pn—1) 
z(1 —bo(O)bo(z))  Pr_ 1 (@) 


bi(zZ)= 


Hence the Schur parameters of bo are of the form 
Sho = {—Gn—1, —An—2,..., —G, 1}. (4.16) 


The fundamental paper of Schur [38] had appeared a few years before Szeg6 introduced the 
notion of orthogonal polynomials on the unit circle. Amazingly, neither of them benefited from 
the ideas of the other. Only 20 years later Geronimus put these ideas together and came up with 
the following fundamental result (see [20, Theorem IX, p. 111]). 


Theorem 4.2. Let 1 be a nontrivial probability measure on T and f its Schur function with the 
Schur parameters y,(f). Then Yn(f) = an(). For measures (4.2) the latter equality holds for 
n=0,1,...,N—-1. 


It is clear now why a minus and conjugate is taken in (4.6). 
We complete with the result which will be used later on in Section 7. 


Theorem 4.3. Given two sets ao, ...,@n—1 and Z1,..., Zm of complex numbers in D, and y € T, 
there exists a finite Blaschke product b of order n +m such that: 


(i) Sb = {@0, ace) ®m-1; a0, Sere o An-1, ap 
Gi) b(zj) =0, j =1,...,m, counting multiplicity. 


Proof. Denote 6; := —yan—x—1, k = 0, 1, ..., n— 1 and construct a system of monic orthogonal 
polynomials {%,(z, B)}i_9 by (4.6). The theorem of Simon—Totik claims that there is a measure 
p with 


®,(Z, LW) = On (Z, B), Pnim(Zj, 4) =9, j=l...,m, 
counting the multiplicity. The first equality means that a; (uw) = By, k =1,...,n—1. Finally, put 


Pnim(Z, L) 
Prin (Zip) 


The result now follows from Khrushchev’s formula (4.16). 
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Note that for m = | the Blaschke product is uniquely determined. 
4.3. CMV matrices 


One of the most interesting developments in the OPUC theory in recent years is the discovery 
by Cantero, Moral, and Velazquez [13,14] of a matrix realization for the operator of multipli- 
cation by ¢ on L?(T, dw) which is a unitary matrix of finite band size (i.e., |(C Xm. Xn)| = 0 if 
|m —n| > k for some k); in this case, k = 2 to be compared with k = 1 for the Jacobi matrices, 
which correspond to the real line case. The CMV basis (complete, orthonormal system) {x,} 
is obtained by orthonormalizing the sequence 1, ¢, ae ae ea, ..., and the matrix, called the 
CMV matrix, 


C =C(w) = len mle nao = | (oXm+ Xn) ||, mn |e Zp 


is five-diagonal. Remarkably, the x’s can be expressed in terms of ’s and $*’s: 
X2n(Z) = 2" O35, (2), Kong 1 Z)=Z "angi Z), ne Zy, 


and the matrix elements in terms of @’s and p’s: 


% 1po Ppipo 0 0 
Po —A1A9 —p1aQo 0 0 
C =C(fan}) = O a2p, 201 3/02 APE? 30%, (4.17) 
0 p2p1 P20, —0302 —/302 
) 0 0 403 A403 


a’s are the Verblunsky coefficients and p’s are given in (4.8). 
It is not hard to write down a general formula for the matrix entries c;; (see [25]). Let 2€, := 
1—(-1)", me Zy4, and €_; = 1, 80 {€m}m>o = {0, 1,0, 1, ...}, 


= — ee m+1 
Em + €m4+1 = 1, EmEm+1 = 0, Em — Em4+1 = (-1) : 
Then 
Cum = —@nAm—-1, 
Cm+2,m = PmPm+1€m> 
Cm,m+2 = Pm Pm+1€m+1> (4.18) 
and 


Cm+1,m = @m+1Pm€Em — Am—1PmEem+1, 


Cm,m+1 = @m+1PmEm+1 — &n—1Pm€Em- (4.19) 
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It is clear (cf. [7, Theorem 1]), that any semi-infinite CMV matrix C (4.17) can be written in the 
three-diagonal block-matrix form 


Bo CM OO 0 0 
Ao By Cy O 0 


C= 0 AL Bb G 0 (4.20) 
with 
_ (5 fs _ { PO 
Bo = (ao), Co=(a1P0 pipo); Ao=(%). 
P2nP2n—1 —/2n@2n—1 O27 102-2 = — P2n—102n—2 
An = ’ Bn = = = ’ 
0 0 Q2n P2n-1 —A2nA2n-1 
aoe 0 y ). RE, Bsc, (4.21) 
A2n+1P2n P2n+1/P2n 


There is a nice multiplicative structure of the CMV matrices. In the semi-infinite case C is the 
product of two matrices: C = CM, where 


L=W (ao) ® V(a2) B--- BV (Gam) B---, 
M=1)1x1 BV (a1) BV (a3) +» BW (Qan41) B+ +, (4.22) 


and W(a) = CG ?'). The finite (N + 1) x (N + 1) CMV matrix C obeys ao, @1,...,ay—1 € D, 
|an| = 1, and is also the product C = LM, where in this case W (ay) = (ay). 

It is just natural to take the ordered set 1, pe C, c7, ae ... instead of 1, 2, ae re. e*, Rae 
that leads to the alternate CMV basis {x,} and the alternate CMV matrix 


a0 0 0 0 0 
apo —10% A291 p2pP1 0 
> PIP0 —/P1eg = —A204 20} 0 
C= : = _ - _ ; 4.23 
| (6m, 20) | 0 0 0302 —0302 0403 ve) 
0 0 (302 —p302 + —M40'3 


which turns out to be the transpose of C (see [40, Corollary 4.2.6]). Furthermore, £ = L' and 
M=M! imply C=C’ = MCE. 

An important relation between CMV matrices and monic orthogonal polynomials is similar 
to the well-known property of orthogonal polynomials on the real line 


®,(z) = det(zi, —C™) 


holds, where C” is the principal n x n block of C. 

One of the most important results of Cantero, Moral, and Velazquez [13] states that each 
unitary operator U with the simple spectrum (i.e., having a cyclic vector e;) acting on some 
infinite-dimensional separable Hilbert space (respectively, finite-dimensional Hilbert space) is 
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unitarily equivalent to a certain CMV matrix in €?(Z.) (respectively, in C”). The correspond- 
ing a@’s come up as the Verblunsky coefficients of the spectral measure dj of U associated 
with e;. This is the analog of Stone’s self-adjoint cyclic model theorem. To be more precise, let 
us, following [41], call a cyclic unitary model a unitary operator U acting on a separable Hilbert 
space 7 with the distinguished cyclic unit vector vg. Two cyclic unitary models, (H, U, vo) 
and (H, U, do) are called equivalent if there is a unitary operator W from H onto H such that 
Wvo = do and WUW-! = U. It is clear that 59 = (1, 0, 0, ...)! is cyclic for any CMV matrix C. 
Moreover, every class of equivalent unitary models contains exactly one CMV model (€7, C, 50). 


5. A model in the space L?(T, dj) of a completely nonunitary contraction with rank one 
defects 


Theorem 5.1. Let T be a completely nonunitary contraction with rank one defects. Then there 
exists a probability measure 4 on T such that T is unitarily equivalent to the following operator 


Th(t) = Pa(Ch(e)), he H:-=L°(T,dwec, (5.1) 


where Ps, is the orthogonal projection in L?(T, du) onto . The Schur function associated with 
pt is exactly the characteristic function of T. 


Proof. Include T into a prime unitary colligation 


The characteristic function @, agrees with the characteristic function of T*. By Theorem 3.1 


the vector | = ( 0) is cyclic for the unitary operator U = (2 : ). 


Let Ey (f) be the resolution of identity for U. Define du(¢) := (dEu (c)1, 1) and put 


Ufo) =CF CE) 


the unitary multiplication operator in L?(T, dj). By the spectral theorem for unitaries with cyclic 
vectors (cf. [40, Section 1.4.5]) there exists a unitary operator W: C@ H > L?(T,d 4) such that 


U=W'uw and Wi=1. 


It follows that W takes the block-operator form 


1 0 C C 
w=(9 v)(a)-(), 
where § = L*(T, dw) OC, V: H > L?(T, du) © C is a unitary operator. If T is given by (5.1), 
then 


T:= P—aUl[H=VTV"!, 
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i.e., T is unitarily equivalent to {. Clearly, 7/ has the block form 


veo. ae) 
~ \ P59 tr ; 


where Pc is the orthogonal projection in L7(T, dj) onto the subspace C of the constant functions 
in L*(T, dj). The unitary colligation A is unitarily equivalent to the unitary colligation 


PcutC Pcusy 
{( fate Pe) e.e.5] 82 


Note that 


PoUiy=fedu,  PaUty=e- fen, — Poaty=t- f edn. 
T T T 


Let F(z) = ((U +z1)(U —zI)~41, 1). Then 


F@=(U+2DU—2z1)|1,1) = ; = ayls). 
T 


ie., F is the Carathéodory function associated with 4. From Theorem 3.3 we conclude 


— = 1 F@)=1 
Oas@) = FOdT’ 


and so by (4.12) @,a(Z) agrees with the Schur function associated with jw. 


Let {@,} be the system of monic polynomials orthogonal with respect to jz, and let {a,} be the 
corresponding Verblunsky coefficients. By Geronimus’ theorem {a,} are the Schur parameters 
of f. Let § be the controllable subspace of the unitary colligation (5.2). From (3.1) it follows 
that 


(9©)" = 170, dy) © span{e", n=0,1,...}. 


If jz is a nontrivial measure, then in view of (4.10) we obtain 


CO 


Pogo El = | [0 — onl?) '””. 


n=0 
The latter is equivalent to 


[ee 


| Posey PoU*1) | = T] (0 - onl)”. 
n=0 
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Hence, from (2.10) and (2.7) we have the equivalence 
(oe) 
span{Z"Dq+,n=0,1,...}= 8 <— > lanl? 00. (5.3) 
n=0 


Remark 5.2. By the construction of Theorem 5.1, the Schur function f associated with ju is 
exactly ©, (z). Another (unitary equivalent) models of T are connected with the operators U, = 


( 2) where |A| = |. The characteristic function of the unitary colligation 


is LO a. The model operator {j, takes the form 
M=LT,dw)OC, WAC) =Ps, (ChE), h(S) E Hr. 


The Schur function f, associated with jz, is fy, = 4 f. The connection between the Carathéodory 
functions F(z) = ((U;, + z1)(U, — zI)7!1, 1) and F is given by 


(l-—A) +A +A) FQ) 


F. = . 
= G+ —vF@ 


The measures jz, are known as the Aleksandrov measures associated with yz [40, Section 1.3.9]. 
6. Truncated CMV matrices 
6.1. Truncated CMV matrix as a model for contractions with rank one defects 


Let C = C({a,}) be the CMV matrix given by (4.17). Recall that C({a,}) is the matrix repre- 
sentation of the unitary operator U/ of multiplication by ¢ in L*(T, dj), where jz is the probability 
measure with Verblunsky coefficients {a,}. By the Geronimus theorem the Schur parameters of 
the Schur function (4.12) associated with jz are {ay}. 

The matrix C determines the unitary operator in the space ¢7(Z1) (respectively in C+! in 
the case of (N + 1) x (N + 1) matrix). The vector 59 = (1, 0,0,...)' is cyclic for C. Consider 
the matrix 


—a|a9 —p1 a 0 0 
291 —A20, 392 302... 
T=T({on})=] p21 —p201 —G3a2 —p302 ... (6.1) 


0 0 Q4P3  — 403 
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obtained from C by deleting the first row and the first column. It is clear from (4.20) that a 
semi-infinite J takes on the three-diagonal 2 x 2 block-matrix form 


B, C, 0 O O 

T= Ai Bo GM O O 
0 A B3 C3 O - - > 

where A,,, B,, and C, are defined in (4.21). Henceforth JT is called a truncated CMV matrix. 

T is the matrix of the operator T = Ps2/|, where Ps, is the orthogonal projection in L*(T, dj) 

onto the subspace § = L?(T, dy) OC. 

It is easy to see that given T (6.1), the values a, are uniquely determined. Indeed, from (2, 2) 
and (3,2) entries we have by (4.8) lay |? = |@204|7 + ps lol’, so |ay| and p; > 0 are known, 
and we find ao, a2 from (1, 2) and (2, 1) entries of (6.1). From (2, 1) and (2, 2) entries we get 
p2 > 0, then a, a3, etc. We call a, = a,(T) the parameters of T (6.1). 

As it was mentioned in Section 4.3, C= £M, £ and M are defined in (4.22). Given a 
matrix A, we denote by A, (A,) the matrix obtained from A by deleting the first row (column). 
Clearly, Are = (Ayo. So we have T = Cy = LrMe. Me is isometric with 
dimran(] — M,M*) = 1, whereas £, is coisometric with dimran(] — £*L,) = 1. 

Let Pst be the orthogonal projection in 0?(Z4) (CN+!) onto the subspace d9+ = €7(N) 
(C’). Then the matrix J determines on the Hilbert space bo the operator T = Py [5p+. Let 


the operators (matrices) S:C > C, F:C > 5g and G: On — C be given by 


PO hy 
0 hz 
Sl=a, Fi=|: |, G| > | =a poh + pipoho. 


0 hn 


From (2.10) it follows that 


hy : hy 
ho ha 
GY: | =|Dr] = | =rolaimiteihol?, Dr = {r(ord1 + 9182), AEC}, 
hy hy 
hy 2 hy 
ho hy 
Fel: =|Dr«| 2 |) =oplnil?, Dr«={Ad1, AEC}, 
hy hy 
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Drh = poth, 051 + p162)(a151 + p12), Dr«h = poth,51)51,. he L(N)(CY), 
T (61 + 0152) = —a194}. (6.2) 


Since do is the cyclic vector for C, then by Theorem 3.1 the unitary colligation 


adit Oe ON i 
ac={(F 7): c.c.89| (6.3) 
is prime, and J is a completely nonunitary operator with rank one defects on the Hilbert spaces 
£(N) or CX, 
Let 
1 F(z)-1 


F(z) =((C+2z1)(C — 21) '80, 80), f@= (6.4) 


zFiD+l 


be the Carathéodory and the Schur functions associated with C. By Theorems 2.2 and 3.3, 
f agrees with the characteristic function of T. 


Proposition 6.1. 


(1) For a semi-infinite truncated CMV matrix T = T ({an}) the following statements are equiv- 
alent: 
(a) the matrix T does not contain a unilateral shift; 
(b) the matrix T* does not contain a unilateral shift; 
(c) span{T"5,, n=0,1,...} = €7(N); 
(d) span{T*" (a6; + 152), n=0,1,...}= L?(N); 
(&) 29 lanl? = 00: 
(f) Ind. —|f(e)/?) ¢ L'[—z, 7]. 
(2) IfT is a semi-infinite truncated CMV matrix, and one of the conditions 
(a) limsup,_. 69 |@n| = 1, 
(b) limps 90 An Cn+m =0 form =1,2,..., but 


lim sup |a,| > 0 
noo 


is fulfilled, then 


s- lim 7” =s- lim T*” =0. 
n->owo nO 


(3) IfT is a finite truncated CMV matrix, then limy-s «x ||T" || = 0. 


Proof. (1) Since {a} are the Schur parameters of the Schur function f associated with the full 
CMV matrix C({a,}), and f agrees with the characteristic function of T ({a,}), the equivalence 
of the statements (a)—(f) follows from (2.3), (2.4), (2.7), (2.9), (4.14), (6.2), (5.3), and Theo- 
rems 3.1 and 4.1. 

(2) Each condition (a) or (b) implies f is inner (see Section 4.2). Hence T belongs to the class 
Coo, i.€., S- limps 99 J" = 8-limy_s 99 T*" = 0. 
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(3) The function f is a finite Blaschke product and so inner. Since T is finite-dimensional, 
we get limy so ||F "|| = 0. 


Proposition 6.2. Let T({an}), and T({Bn}) be truncated CMV matrices. Then T ({an}) 
and T ({Bn}) are unitarily equivalent if and only if By = e'' ay for all n and t € [0, 277). Moreover, 
if V is the diagonal unitary matrix of the form 


V =diag(e"’, 1,e"",1,...), (6.5) 
then 
VT ({an})V7! =T({e'an}). (6.6) 


Proof. Consider two CMV matrices C({a,}) and C({B,}), and associated with them Schur 
functions fy and fg. Since these functions agree with characteristic functions of JT ({@,}) and 
T ({Bn}), respectively, the operators JT ({a,}) and 7 ({8,}) are unitarily equivalent if and only if 
fa and fg differ by a scalar unimodular factor, which in turn yields B, = e''a, for all n and 
t € [0, 27). 

Equality (6.6) with V (6.5) can be verified by the direct calculation based on (4.18), (4.19). 
So T ({ap}) and T ({e!’a,}) are unitarily equivalent. 


Remark 6.3. The similar problem for “full” CMV matrices can be considered as well. Let two 
CMV matrices C({a,}) and C({6,}) be unitarily equivalent by a unitary preserving 569. Then they 
are identical (see [41, Theorem 2.3]). In general, two unitaries with simple spectra are unitarily 
equivalent if and only if their spectral measures are in the same measure class. This is a standard 
issue in what is called multiplicity theory. So, two CMV matrices are unitarily equivalent if 
and only if their measures are mutually absolutely continuous. For instance, a CMV matrix is 
unitarily equivalent to the free one (a, = 0) if and only if the associated measure jz has the 
property jz’ > 0 a.e. and does not have a singular part. 


From (6.6) it follows that 
T ({e"on}) = eer (aale A, teR, 


where A is a self-adjoint diagonal matrix A = diag(1,0,1,0...). Hence the matrix T ({e!" an }) 
satisfies the differential equation 


vo =i(AT(t)-T()A) 


and T (0) = T ({an}). 
The next theorem states that truncated CMV matrices are models of completely nonunitary 
contractions with rank one defects. 


Theorem 6.4. Let T be a completely nonunitary contraction with rank one defects acting on 
infinite-dimensional separable Hilbert space H (respectively, finite-dimensional Hilbert space). 
Then T is unitarily equivalent to the operator acting on ¢7(N) (respectively, on CN in the case 
dim H = N) determined by the truncated CMV matrix T = T ({an}), where {an} are the Schur 
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parameters of the characteristic function of T. In particular, every completely nonunitary con- 
traction with rank one defects is a product of co-isometric and isometric operators with rank one 


defects. 


Proof. Include T into a prime unitary colligation 


s={(S 2) cca! 


By Theorem 3.1 the vector i= ( ) is a cyclic for the unitary operator U = (2 2) From the 
results of [13,14] (see also [39,40]) there exists a unique CMV matrix C such that 


U=Ww-'ew, do = W1, 


where W is a unitary operator from C @ H onto ¢7(Z1) (C%t!), and 59 = (1,0,0,...)’. It 
follows that the operator W takes the block-operator form 


1 0 C C 
v=(« “Aid 
where 1: H > bo is a unitary operator. Hence T = YTX~, i.e., the operator T is unitarily 
equivalent to the operator in /2(N) (e%) given by the truncated CMV matrix J = 7 ({a,}). From 
representation (4.11) of F(z) =((U + z1I)U — zI)~ 1], 1) and Theorem 3.3 it follows that {a,} 
are the Schur parameters of function ©, (z) that agrees with the characteristic function of T. 
Let QO be an arbitrary unitary operator in 8a: Since T = £;Me, we get 


THX'TH =XONLMYX =X'L,007'!M.¥% = LM, 


where M = O-!-M.2&X is an isometric operator with rank one defect, and L = ¥ £0 isa 
co-isometric operator with rank one defect. 


Note that the unitary colligation (6.3) is unitary equivalent to the unitary colligation (5.2). 


6.2. The LivSic theorem for quasi-unitary contractive extensions and the corresponding 
truncated CMV matrix 


Let V be an isometric operator acting on some Hilbert space H with the domain dom V and 
the range ran V. The numbers dim(H G dom V) and dim(H © ran V) are called the defect indices 
of V. The isometric operator V is called prime if there is no nontrivial subspace on which V is 
unitary. In [29,30] M. LivSic developed the spectral theory of isometric operators with equal 
defect indices, and their quasi-unitary extensions. A nonunitary operator S on H is called a 
quasi-unitary extension of the isometric operator V with the defect indices (n,n), if S agrees 
with V on dom V and maps H © dom V into H Gran V. 

Let U be the bilateral shift in £2(Z), i, e. Vee = = 6g_-1,k € Z, where {6,, k € Z} is the canoni- 
cal orthonormal basis in €7(Z). Define Vo by 


> 


dom Vp = 6+, Vo =U} dom Vo. 
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Then ran Vi = bt ,- Let the quasi-unitary extension So of Vo be given by S080 =0, So }dom Vo = 


Vo. Then each point of D is the eigenvalue of So. So the spectrum of So agrees with D. The 
following result is essentially due to M. Liv8ic [29]. 


Theorem 6.5. Let S be a quasi-unitary contractive extension of a prime isometric operator V 
with the defect indices (1, 1). If the whole open disk D consists of the point spectrum of S, then 
V and S are unitarily equivalent to Vo and So, respectively. 


Clearly, the rank of the defect operators (J — SA So) 1/2 and (I — So Sk )!/2 is equal to one. Since 
the point spectrum of So is D, the Sz.-Nagy—Foias characteristic function © of So is identically 
equal to zero. On the other hand, one can easily show (and it is well known) that a completely 
nonunitary contraction with rank one defects and zero characteristic function is unitarily equiv- 
alent to the operator S @ S*, where S is the unilateral shift in £*(N). So the operators So and 
S ® S* are unitarily equivalent. Since all Schur parameters of the function © = 0 are zeros, the 
corresponding truncated CMV matrix Jo = ||fo(i, j)|| takes the form 


0 0 


oorco 
ooooco 
i) 
ooor 
ooooco 
Oorocoeo 


Le., fo(2k, 2k + 2) = to(2k + 1,2k — 1) =1, k > 1, and the rest to(i, 7) = 0. The matrix Jo is a 
submatrix of the free CMV matrix Cg corresponding to zero Schur parameters. Each point z of D 
is the eigenvalue of Jo. The corresponding eigensubspace is 


Ne = (010,270,210 55) REC), 


Hence, the spectrum of Jp is the closed unit disk D 
Let Vo be the operator in €7(N) 


dom Vp = ¢7(N) © {cd} = ker Dy,, Vo = To dom Vo. (6.7) 


Then ranVp = €?(N) © {c5,} = ker Die; and Vo is isometric with the defect indices (1, 1). 
The contraction Jo is the quasi-unitary extension of Yo with the zero characteristic function. 
Therefore, the truncated CMV matrix Jo is unitarily equivalent to the operator So, and by LivSic 
theorem [29] the isometric operator Vo is unitarily equivalent to Vo. 

All other quasi-unitary contractive extensions of Vo are given by the truncated CMV matrices 


T=(tG@ Dl 


, (6.8) 


oorcocoe 
re OCC Oo 
oooroeo 
ooocooco 
oroocoeo 
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ie., t(2k, 2k +2) =1(2k +1, 2k — 1) =1, k > 1, t(1, 2) = —re!?, r € (0, 1), g is an arbitrary 
number from the interval [0, 277), and the rest t(i, 7) = 0. The characteristic function of T is 
the constant function © = re!?. The spectrum of each such matrix is the unit circle T. Because 
|O~-!'| =r7!, each of such matrix is similar to unitary matrix [42, Theorem IX.1.2]. 

The matrices Jo and J contain the shift 


CO Co 
dom W = span{61, 53,..., 52n—1,---}, wv( Yada = 0 hndan- 
n=1 n=1 


The matrices 7)° and 7* contain the shift 


lee) lee) 
dom W, = Spani{s2, 54,..., an, --.}, w.( Souda) = Sohn don42- 
n=1 n=1 


Let T be a completely nonunitary contraction with rank one defects and the constant charac- 
teristic function ©, 0 < |O(z)| =r < 1. Then by Theorem 6.4 T is unitarily equivalent to the 
truncated CMV matrices (6.8). 


6.3. Sub-matrices of truncated CMV matrices and iterates of their Schur functions 
Along with truncated CMV matrices J ({a@,}) (6.1), we consider here truncated CMV matrices 


F ({@n}) obtained from the alternate CMV matrix C ({a,}) (4.23) by the same procedure. The 
matrix J ({a@,} is the transpose of T ({a,}) 


—a109 O2P, = 2p} 0 
pido —a204 201 0 
5 = 0 302 —a3a2 4/3 tegie ‘ (6.9) 
0 (302 — 302 — 4013 


and 
T ({an}) = T* (fon}) = (Me) (Lr)! = MrLe- 


As in Section 6.1, it is not hard to show that oe ({ On }) is acompletely nonunitary contraction with 
rank one defects, and its characteristic function f agrees with the Schur function associated with 
Verblunsky coefficients (Schur parameters) {a}. Indeed (cf. (6.4)) 


C+n@-w'=(+ayC-a)'=(C+2C-ay ly, 


and so F(z) := ((C +z1)(C — zI)~!89, 59) = F(z), f = f, as claimed. So, the matrices T ({ap}) 
and T ({a@,}) are unitarily equivalent. 

Denote by T (k) (T )) the matrix obtained from T (T) by deleting the first k rows and 
columns. The following result provides the characteristic function of T“?. 
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Theorem 6.6. Let jz be a probability measure on T with Verblunsky coefficients {otn aa N<ow, 
and let f, C({an}), C({on}), T ({an}), T ({an}) be the corresponding Schur function, CMV and 
truncated CMV matrices, respectively. Then T™, T® are completely nonunitary contractions 
with rank one defects, and the following relations hold: 


TO en) = ia (Cn aay 
TO" (fon }rg) =F ({enlrom)> m=1,2,.... 


So, the characteristic function of T™ agrees with the kth Schur iterate of f. 
Proof. The relations 
T (lonjn-o) =T(lninai)> —— F? (fnnat) = T (nna) 


follows directly from (6.1) and (6.9). The rest is a matter of simple induction and the definition 
of the kth Schur iterates. 


The relation between the characteristic functions of the sub-matrices T ({}_9) and the 
kth Schur iterates established in the above theorem is a complete analog of the result concerning 
the connections between m-functions of a Jacobi matrix and its sub-matrices [22]. 

Let us now go back to the model of Section 5. 


Theorem 6.7. Let jz be a probability measure on T with Verblunsky coefficients {otn aoe N<ow. 
Consider three subspaces in L*(T, LL): 


Denote_by H2m ($2m—1, 92m—1) their orthogonal complements in L?(T, pL), and by Pom 
(P2m—1, P2m—1) the orthogonal projections onto 2m (H2m—1, H2m—1), respectively. Then the 
operators 


TAS) = Pr(Ch(S)), h(E) E He, 
Lom—1h(E) = Pm(h(S)), h(S) € Hm-1, (6.10) 


are completely nonunitary contractions with rank one defects. The characteristic function of x 
agrees with the kth Schur iterate of the Schur function f (1), the characteristic function of Lam—1 


agrees with (2m — 1)th Schur iterate of f (wu). So, the operator Lx is unitarily equivalent to the 
operator 


no) > PS (ch(e)),  h(e) € L?(T, du({an}r_,)) OC, (6.11) 


where pe is the orthogonal projection onto L?(T, du({on}*_,)) OC. In addition, Toy) is 
unitarily equivalent to Lam—1. 
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Proof. Recall that CMV matrices C({a,} and Ci ({a,}) represent the unitary operator Uh(¢) = 
ch(C) in L?(T,d M(an})) with respect to the complete orthonormal systems {x,} and {x,}, 
respectively. Moreover 


Hom = span{ Xo, X1,---, X2m} = span{xo, X1,.-., Xam}, 
Hom—1 = span{Xo, X1,--+. X2m—1}, 


Hom—1 = span{xo, X1,.--,X2m—1}- 


Since T Cog). —o}) (T ({on} "_9}) is the matrix of Y (5.1) with respect to the basis eel ae 
dx n=): the operators Tam, L2m—1, and Tigee , have the matrices T2”™, T2"-) and JT 2m— D, 
respectively. From Theorem 6.6 it follows that {, are completely nonunitary contractions with 
rank one defects for all k, and their characteristic functions agree with the kth Schur iterates of f. 
By Theorems 6.6 and 5.1 the operator {x is unitarily equivalent to the operator given by (6.11). 
We also have 


F m-1) ({otn}"_9) = T ({on Pesce 


Therefore, the characteristic function of FZ 2m— Dan ee 9) agrees with (2m — 1)th iterate fom—1 


of f, and hence the operators F(2m— Dan 9) and F2"—) (fa, ie 9) are unitarily equiva- 
lent. 


We complete the section with the general result from the contractions theory which is proved 
with the help of the truncated CMV model. 


Theorem 6.8. Let T be a completely nonunitary contraction with rank one defects in a separable 
Hilbert space H, dim H > 2, and let Prerp;x, Pkerd; be the orthogonal projections onto ker Dr* 
and ker Dr in H, respectively. Then the operators 


T, := Pker Dp« T [ker Dr«, T= Per Dy T | ker Dr 


are unitarily equivalent completely nonunitary contractions with rank one defects, and their 
characteristic functions agree with the function 


1 h()-h 
hy(z) = BI, 
Z1—h(O)A(z) 


where h is the characteristic function of T. 


Proof. By Theorem 6.4 the operator T is unitarily equivalent to the truncated CMV matrices 
i= TF onl) and JT = T, elghe py). where Con er are the Schur parameters of h, N < 00. 
So, there exists a unitary operators V, V: 5g — H such that 


VIV'=VIV'= 
It follows that 


VD7+V-'=Drx,  VWD#V-'=Dr, 
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and hence V ker Dy« = ker Dr, V ker D# = ker Dr. Due to (6.2) we have 
DT+ = DF = span{d)} 
and 
TY) — Prer Dz+ TZ [ker Dr=, TOV Prer bz T | ker Dy. 
Hence 
vIOvt=7, VIOVI=T. 
Now from Theorem 6.6 it follows that T; and T; are completely nonunitary contractions with 


rank one defects, and their characteristic functions agree with the first Schur iterate h,; of h. 
Hence 7; and 7; are unitarily equivalent. 


7. Inverse spectral problems for finite and semi-infinite truncated CMV matrices 


Consider a N x N truncated CMV matrix 


—a1aA09 —p1a0 0 ae 0 
Q2P1 —A20, A302 ae 0 
=T({on})=| pop1 —po, —a302 = 0 (7.1) 
Nn PN-1 


—PN-10N-2  —AnNAn-1 


(for even N it looks a bit different). The problem under investigation in the present section is the 
reconstruction of the matrix TJ (7.1) from either the complete set of its eigenvalues or from the 
mixed spectral data: the part of the spectrum and the part of the parameters a, (J). 


7.1. Existence of a finite truncated CMV matrix with the given spectrum 

Theorem 7.1. Let z1, Z2,...,zN be not necessarily distinct numbers from the open unit disk. 
Then there exists a truncated N x N CMV matrix T (7.1) which has eigenvalues z1, Z2,...; ZN> 
counting their algebraic multiplicities. Such matrix is determined uniquely up to multiplication 


of its parameters on (T) by the same unimodular factor. 


Proof. Let 


, g €[0, 27). (7.2) 


b(z) = el? i 


aan 


We want to show that b is the characteristic function of a truncated CMV matrix 7 (7.1). Put 


14+ zb(z) 


EO ana) 
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which is a rational function with N + 1 distinct simple poles lying on T, Re F(z) > 0, z€ 
and F'(0) = 1. It follows that there exists a probability measure dy on the unit circle suppored 


at those poles, so that 
€+2Z 
F(z) =I 
c = 
T 


Let {ao,...,@y—1,a@y} be the Schur parameters of b, that is the same as the Verblunsky co- 
efficients of 4. Construct the (VN + 1) x (N + 1) unitary CMV matrix C of the form (4.17). 
Then 


F(z) =((C+2z1)(C — 21) ‘80, 80), Iz <1, 


where 69 = (1,0,...,0)' eC%*!. Let T be N x N be truncated CMV matrix of the form (7.1). 


C has the block form 
cee 
c=(= 7): 


where S = a, G = (210, (10,0, ..., 0), and 
PO 
0 
F= : 
0 


Since do is a cyclic vector for C, the unitary colligation 


is prime. Hence 7 is a completely nonunitary contraction with rank one defect operators. Let 
©, (z) be the characteristic function of A. By Theorem 3.3 we have 


O@= Oo =5H 
2) Se Op (Zz) = b(z). 
= z F(z) +1 a 
So b(z) agrees with the characteristic function of JT. Therefore T has eigenvalues z1,..., zy, 


counting their algebraic multiplicities [42]. 

Finally, let J ({a,}) and T ({B,}) be two such matrices. Each of them is a completely nonuni- 
tary matrix with rank one defects, and their characteristic functions agree with b (7.2). Hence 
they are unitarily equivalent, and Proposition 6.2 completes the proof. 


Example 7.2. Let T be a completely nonunitary contraction with rank one defects on N- 
dimensional Hilbert space, and let T have just one eigenvalue z = 0 of the algebraic multi- 
plicity N. Then its characteristic function agrees with f(z) = e!?z". The corresponding Schur 
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parameters are {0,..., 0, el}. It follows that p, = 1 forn =0,..., N — 1. Hence T is unitarily 


N 
equivalent to the N x N truncated CMV matrix Ty (see the expressions for 75 and Je): 


ae 0000 0 0 
O70 Ge 1 0a 0 
ae 1000 0 0 

S| -0700 0 |e ee 
00 OO) 4 

0000 e¥ 

0010 0 oe ee 
000 0 e#” 0 


7.2. Uniqueness and reconstruction of a finite truncated CMV matrix from mixed spectral data 


It is easily seen from (7.1) that a truncated N x N CMV matrix T is completely deter- 
mined by N + | independent parameters (7), j =0,1,..., N. The problem we discuss here 
is whether 7 can be restored from the part of its spectrum (the eigenvalues z1,..., Zm, of the al- 
gebraic multiplicity J,,k =1,...,m, with 1; +---+1, =1r), and the first N — r + 1 parameters 
ag(T),...,ay—r(T ). As we will see later on, the solution of this problem is unique (if it exists). 

We begin with a simple result from complex analysis. We do not know where exactly it ap- 
pears in the literature, but by all means it is known to experts. 


Lemma 7.3. Let z1,...,2Zm be distinct points in D, l\,...,lm positive integers, and r = 1, + 
++ +1. Suppose that the Nevanlinna—Pick interpolation problem with multiple nodes 


bY (z4)=w, 7=0,1,...,4—-1, k=1,2,...,m (7.3) 
has two solutions b, and b2, both the Blaschke products of order <r — 1. Then b, = bo. 


Proof. Assume first that z, 4 0, wo #0,k =1,...,m. Given a Blaschke product s, we see by 
differentiating the equality s(1/z) = s~!(z) that 


> 


(2) = Pj(s@), 8/@)r--- 8 @) 


z 577.) 


where P; is a polynomial of its variables. Hence 


s0( 1 ) _ Pi), «+, 59) (zp) 


Zk s2! (zx) 


so we have 


y (1 yf 
by (cx) = BS (ce), BY (=) = by) (=). 
Zk Zz 


k 
J=0,1,...,.4-—1, k=1,2,...,m. 
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Then for the difference u = b, — bo the relations 


u'May) =uP( =) =o, j=0,1,...,4—1, k=1,2,...,m (7.4) 
Zk 
hold. Let now 
P1(z) Pi(z)q2(z) — po(zqi(z) — pz) 
bj(z) = Pa. = 7 : 
1) =” ee qaqa q@) 


where p,q are polynomials of degree < 2r — 2. The Leibniz formula 


n 


Cee n! Mey 
u O= > amie (-) (z) 


k=0 


shows by induction that (7.4) imply 


; wef 1 
pp? (%) = p(=) =0, j=0,1,...,4%—1, K=1,2,...,m. (7.5) 
Zk 
But deg p < 2r — 2, and there are 27 conditions in (7.5), so p = 0, as needed. 
Assume next that z, 4 0,k = 1,...,m and some of w? are zero. Take e € D, e # wo and 
put 
Z—€ ~ 
so:= ——, bi(z):=so(bi(z)), 1=1,2. 
1—éz 


Then both by and bo are Blaschke products of order < r — | which solve the interpolation prob- 
lem 


DY (a= BM, fF =0,1,...,—1, K=1,2,...,m, 1=1,2, 


where wo = so(wo) # 0 and oy ) 
gives b} = by => b, = bp, as needed. 


Finally, assume that z} = 0. Let e 4 —zx for all k, and put 


= (so (bj(z)))V | z=z,- The above argument applied to bi 


bi(z) = bi(so(z)),  1=1,2. 
Then the Blaschke products bi, b> of order < r — | satisfy 


bY &) =o, 7=0,1,...,4—-1, k=1,2,...,m, 1=1,2 


and Z = (ze te) + Ezz)! 4 0. Hence by = bo, and so bj = bp. The proof is complete. 


Theorem 7.4. Let z1,..., Zm be distinct nonzero points in D, 1), ..., lm be positive integers, and 
r=lt+---+ ly <N. Let ag,...,an—, € D. If there exists a N x N truncated CMV matrix T 
(7.1) such that z1,...,Zm are eigenvalues of T with the algebraic multiplicities 1,,...,lm, and 


aj (T)= aj, j =0,...,N —r, then this matrix is unique. 
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Proof. If the required 7 exists then its characteristic function O7(z) is the Blaschke product of 
order N and of the form 


bo =e] 4 Sk = a s 
a 1-2 ae 


k=1 


with the given first N — r + 1 Schur parameters ao(b),...,a@y—,(b). Our goal is to prove the 
uniqueness of such function b. 

According to the result of Schur [38] (see Section 4.2) the set of all Schur functions b with 
given first N — r + | Schur parameters is parametrized by 


A(z) + zB*(z)s(z) 


y= B(z) + zA*(z)s(z)’ 


(7.7) 


where s(z) is an arbitrary Schur function, and A, B are polynomials of degree at most N — r. 
Since b is the Blaschke product of order N, it is clear that so is s(z), deg s(z) =r — 1, and 


Sb= {ao, .++,0@N—r, @O(S), sees iS) bs 
Let us solve (7.7) for s: 


A(z) — B(z)b(z) 
—zB*(z) + zA*(z)b(z)’ 


s(ZZj= 


so s(z) satisfies the Nevanlinna—Pick interpolation problem (7.3), where wi ) are completely 
determined from the given nonzero z,’s and a ;’s. By Lemma 7.3 there is at most one such s(z), 
and the uniqueness of b is proved. 


Remark 7.5. Suppose that z1,..., Zm are distinct nonzero points in D, and /; +---+ly,=N, 
so the only ap is prescribed. It is clear that a is completely determined by the choice of z; and 
their multiplicities /;: 


m 


it “ Z— Zk Me it Ik 
bz) =e" T]( =). av = 0) =e" J [ (-zh). 


pat SP ~ 2kz j=l 
So for all other wo the inverse problem has no solution. 
In the case when one of the eigenvalues is zero, all three possibilities (no solution, unique 


solution, and infinitely many solutions) may occur for the inverse problem in question. For in- 
stance, there is no solution at all as long as z; = 0, a9 4 0. Assume next, that r = 1, = 1, z} =0, 


and the points ag, a@1,...,@y—, are taken in D, with the only restriction ap = 0, a; 4 0. The 
Blaschke products b,, with the Schur parameters {a, a@,...,@y—1; y} and arbitrary y € T are 
of the form 


pete 
by (z) =e"'z I] 1 —! ’ 
jar? 
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and the corresponding N x N truncated CMV matrices J, solve the problem. 

Finally, assume that except for the zero eigenvalue of multiplicity k (z} = z2 =--- =z, =0), 
a few more nonzero (and not necessarily distinct) eigenvalues A), ..., A, are given, as well as the 
points a = ---=az_; = 0, a, £0,...,a@y_,; in D. If the solution of the corresponding mixed 
inverse problem 7 exists, its characteristic function takes the form 


r 
‘ z—i; 

b(z) = el! z* | | a J 2(z), 
ca 1—Ajz 


where g is the Blaschke product of order N — k — r, g(O) #0, and the first N-—k—-—r+1 
Schur parameters of h = z*b are given numbers a;,...,a@y—, . Clearly, h is exactly the kth 
Schur iterate of b. If the required truncated CMV matrix 7 exists, then by Theorem 6.6 the 
characteristic function of T“ agrees with h. It follows now from Theorem 7.4 that T™ is 
unique, and since a; (J) =0, 7 =0,...,k — 1, the matrix T is unique as well. 

The situation changes dramatically if we assume that the /ast parameters of T (7.1) are known. 
In this case we can prove the existence, but not the uniqueness of the solution. 


Theorem 7.6. Let Zz, ..., Zm and Gm, ...a@n—1 be two collections of arbitrary complex numbers 
from the open unit disk, and let an € T. Then there exists a N x N truncated CMV matrix T of 
the form (7.1) such that: 


(i) Z1,..-, Zm are eigenvalues of T, counting the algebraic multiplicity, 
(ii) a; (T) =a,,n=m,m+1,...,N. 


Proof. By Theorem 4.3 there exists a Blaschke product b(z) of order N such that b(zx) = 0, 
k=1,...,m, with the Schur parameters 


an(b)=a, n=m,m+l,...,N. 


Take now the matrix J (7.1) with a,(7) =a,,n=0,1,...,N. By Theorem 3.3 the character- 
istic function of T agrees with b(z), that completes the proof. 


Theorem 7.6 thereby says that a N x N truncated CMV matrix J can be reconstructed from 
its m eigenvalues and the lower principal block of order N — m. The latter is either the truncated 
CMV matrix T (fen rn) or its transpose T. 


7.3. Inverse problem for semi-infinite truncated CMV matrix 
In this section we consider the criterion when given complex numbers z,,n =1,2,..., from 


are the eigenvalues counting algebraic multiplicity of some semi-infinite truncated CMV ma- 
trix. 


Proposition 7.7. Given complex numbers zn, n = 1,2,... are eigenvalues counting algebraic 
multiplicity of some semi-infinite truncated CMV matrix if and only if 


[ee 


YoU — |Znl) < 00. 


n=1 
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Proof. The convergence of the sum is equivalent to the convergence of the Blashke product 


ek Zk —Z 
b2=]] = Ss 
pn @k Lm SRE 
Let {a,,} be the Schur parameters of b. The characteristic function of the truncated CMV ma- 
trix T ({a,}) agrees with b. Hence the eigenvalues of J ({a,,}) are precisely the complex num- 


bers {Z,}. 
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Abstract 


An L2 theory of differential forms is proposed for the Banach manifold of continuous paths on a Rie- 
mannian manifold M furnished with its Brownian motion measure. Differentiation must be restricted to 
certain Hilbert space directions, the H-tangent vectors. To obtain a closed exterior differential operator the 
relevant spaces of differential forms, the H-forms, are perturbed by the curvature of M. A Hodge decom- 
position is given for L? H-one-forms, and the structure of H-two-forms is described. The dual operator d* 
is analysed in terms of a natural connection on the H-tangent spaces. Malliavin calculus is a basic tool. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Path space; L? cohomology; Hodge decomposition; Malliavin calculus; Banach manifolds; Bismut tangent 
spaces; Markovian connection; It6 map; Infinite dimensional; Curvature; Exterior products; Differential forms 


1. Introduction 


Background. We are concerned with the construction of an L? Hodge theory on path spaces with 
respect to a suitable reference measure and a collection of ‘admissible’ vector fields. Consider 
the space of continuous paths on a compact Riemannian manifold, over a fixed time interval 
[0, 7]. Path spaces are Banach manifolds with the usual concepts of differentiable functions and 
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differential forms, for example see Eells [24], Eliasson [25], Lang [54]. They also have a natural 
measure, their Brownian motion, or Wiener measure. 

From the works of Bismut [10], Léandre [47], Driver [20] and others following pioneering 
work by L. Gross [44] in the classical Wiener space case, it seems the natural Sobolev differen- 
tial calculus for functions on path spaces using such measures is of differentiation in directions 
given by Hilbert spaces of tangent vectors at each point: essentially the tangent vectors of finite 
energy. These are the so-called Bismut tangent spaces. The integration by parts formula given 
by Driver [20], and subsequent results suggest that these notions will lead to a satisfactory, and 
useful, Malliavin type calculus in this context. However the construction of differential form the- 
ory using Bismut tangent spaces leads to difficulties even at the level of the definition of exterior 
derivative. This is because of the lack of integrability of Bismut tangent ‘bundle’: the Lie bracket 
of suitable Bismut tangent space valued vector fields does determine a vector field, but in the 
presence of curvature it no longer takes values in the Bismut tangent spaces. Several ways of 
getting round this problem have been formulated, and carried out, especially by Léandre [55,56, 
58] who gave analytical de Rham groups and showed that they agree with the singular cohomol- 
ogy of the spaces. See also [57]. But we are not aware of any which have led to an L* theory 
with Hodge—Kodaira Laplacian on our path spaces in the presence of curvature. In flat Wiener 
space the problem does not arise and the L? theory was defined and shown to be cohomologi- 
cally trivial by Shigekawa [69,70]. See also Mitoma [62] and Arai and Mitoma [5]. For abstract 
Wiener manifolds, a class of infinite dimensional manifolds with an integrable Hilbert bundle of 
admissible directions, see Piech [65]. For M a compact Lie group with bi-invariant metric the 
corresponding results were proved by Fang and Franchi [42], but using the Bismut tangent spaces 
obtained from the flat left invariant connection on M so the problem again is avoided. They also 
considered loop groups [42]. For work done on “sub-manifolds’ of Wiener space see Airault and 
van Biesen [4], van Biesen [71] and especially Kusuoka [52,53], Kazumi and Shigekawa [48]. 
These submanifolds were constructed to replicate loop spaces over Riemannian manifolds, with 
their natural “Brownian bridge” measures. For a general survey see Léandre [59], and for a more 
introductory article concentrating on the approach taken here, see [34]. 

Let M be a compact C® Riemannian manifold. For a fixed positive number 7, consider the 
space C,,M of continuous paths o :[0, 7] — M starting at a given point xo of M, furnished 
with its natural structure as a C° Banach manifold and Brownian motion measure j1x). For 
smooth differential forms there are the de Rham cohomology groups Hi, Rham(CxoM). C.J. Atkin 
informs us that the techniques of [7,8] can be extended to show that the de Rham groups would be 
equal to the singular cohomology groups, even though C,, M does not admit smooth partitions of 
unity, and so trivial for g > 0 since based path spaces are contractible. For related work, also see 
Lempert and Zhang [60] on Dolbeault cohomology of a loop space. Since our primary interest 
is in the differential analysis associated with the Brownian motion measure fz on Cy,M, which 
could equally well be considered on Holder paths of any exponent smaller than a half, we could 
use Holder rather than continuous paths and it is really only for notational convenience that we do 
not. In that case we would have smooth partitions of unity, see Bonic, Frampton and Tromba [11]. 
However contractibility need not imply triviality of the de Rham cohomology groups when some 
restriction is put on the spaces of forms. For example if f:R— R is given by f(x) = x then 
df determines a non-trivial class in the first bounded de Rham group of R. If f has value +1 
for x > 1 and —1 for x < 1 then df is non-trivial in L?-cohomology. In finite dimensions the 
L?-cohomology of a cover M of a compact manifold M gives important topological invariants 
of M even when M is contractible, e.g. see Atiyah [6]; note also Bueler and Prokhorenkov [12], 
Ahmed and Stroock [1], and Gong and Wang [43]. 


198 K.D. Elworthy, X.-M. Li/ Journal of Functional Analysis 254 (2008) 196-245 


The Bismut tangent spaces H} are defined by the parallel translation 
Hilo) : Tx)M = To (1y)M 


of the Levi-Civita connection and consist of those v € T,Cx)M such that y = //;(o)h; for 
h.e€ is ([0, 7]; Ty)>M). To have a satisfying i theory of differential forms on Cy, M the obvi- 
ous choice would be to consider ‘H-forms,’ i.e. for 1-forms these would be ¢ with ¢@, € Ce, 
o € Cy)M, and this agrees with the natural H-derivative dy f for f:Cxy,M — R. For Se 
q-forms the obvious choice would be ¢ with ¢, € /\4 (H)*, using here the Hilbert space com- 
pletion for the exterior product. An L* de Rham theory would come from the complex of spaces 
of L? sections 


pes aly Say rh ay Ses (1.1) 


where d would be a closed operator obtained by closure from the usual exterior derivative: 
for V/, j =1tog +1, C! vector fields, and ¢ a differentiable one-form: 


do(V'A---A Vat) 


q+l = 
ae LY hel [o(v! Av AVIA AVEO] 
~q 
+ » (DIN G([VE,VIJAVIA- AVIA AVIA A VIF) 
q 


1<i<j<q+l 
(12) 


where [V', V/] is the Lie bracket and V/ means omission of the vector field V/. 

From this would come the de Rhnam—Hodge—Kodaira Laplacians dd* + d*d and an associated 
Hodge decomposition. However the brackets [V', V/] of sections of H! are not in general sec- 
tions of H!, e.g. see Cruzeiro and Malliavin [18], Driver [21], see also [33], and formula (1.2), 
below, for d does not make sense for ¢, defined only on i? H} , each o,, as mentioned earlier. 

Our proposal is to replace the Hilbert spaces /\4 H} in (1.1) by a family of different Hilbert 
spaces Hi, q = 2,3,..., continuously included in /\! T, Cx ,M, though keeping the exterior 
derivative a closure of the classical exterior derivative on smooth cylindrical forms. 

In Elworthy and Li [32], for g = 1,2, we identified a class of Hilbert subspaces Hé, of the 
completed exterior powers /\‘ 7; Cx, of the tangent space Tz Cx) to Cx)M at a path o which 
could be the basic building blocks of an L* de Rham and Hodge theory for C xo M. We described 
Ue without proof, proved closability of exterior differentiation on corresponding L? 1-forms, 
defined a self-adjoint Hodge—Kodaira Laplacian on such L? 1-forms and established the Hodge 
decomposition. 

The article [33] both discusses some of the constructions here for more general diffusion 
measures and connections, and relates them to the Bismut type formulae for differential forms 
on M [31], see also Driver and Thalmaier [22]. In particular it shows that a very natural class of 
two-vector fields on Cy, M are of the type we consider here (i.e. are sections of He). 


Main results. Here we give a detailed analysis of H2 and define H4 for q > 0. For g = 1, as 
a space H} = H}. For flat manifolds, H3 = /\% H! for all g and the standard Hodge decom- 
position theorem follows. However in general, the spaces H4 we construct are different from 
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/\! H, the exterior products of the Bismut tangent bundle. Sections of H4 are called H-q-vector 
fields and sections of (H7)* are called H-differential forms of degree q. In fact H2 is a defor- 
mation of Fite H} inside Lskew (Fis. Fh) by the curvature of M. As a Hilbert space He is defined 
to be isometric to N H} by a map involving the curvature of the so-called damped Markov- 
ian connection on the Bismut tangent “bundle.” Algebraic operations such as interior products 
acting on H-two-vectors, and the exterior products of H-one-forms, as well as the derivation 
property for the exterior derivative are shown to make sense. A Hodge decomposition is given 
for H-one-forms. In a sequel, Part II, we establish the analogous decomposition for L? 2-forms, 
and we show that the spaces H defined by suitable It6 maps Z depend only on the Riemannian 
structure of the base manifold M. 


Organisation. The article is organised as follows: 


Section 2. Review of basic results concerning exterior powers of relevant spaces of tangent 
vectors to Cy) M. 
Section 3. Special It6 maps and the definition of 17. 
Section 4. Characterisation of H! and H?. 
Section 5. H-one-forms: exterior differentiation and Hodge decomposition. 
Section 6. Tensor products as operators: algebraic operations on H-one-forms. 
Section 7. The derivation property of d!. 
Section 8. Infinitesimal rotations as divergences. 
Section 9. Differential geometry of the space H? of two-vectors. 
Appendix A. Conventions. 
Appendix B. Brackets of vector fields, torsion, and d@(v! A v’). 


In Section 2 we discuss the various completed tensor products of tangent, and other spaces 
which we will use. Properties of these relating to tensor products of abstract Wiener spaces are 
used in order to define our spaces 7/7 in Section 3. The aim is to show that these constructions 
are well behaved and have interesting geometry. 

One of the main results, see Section 4, is a characterisation of H2 as a perturbation of Ae H 
by a curvature of the Levi-Civita connection on M. Write H, = (ee , then 


He = + Qa)” Ho (1.3) 
for some operator Q, on N Ts Cx9. Equivalently 
ué€H? ifandonlyif u—Rwe/A7H 


where R is identified in Section 9 as the curvature of the damped Markovian connection on the 
H-tangent spaces. 

In Section 5 we rapidly recall the results concerning closability of our exterior derivative on 
H-one-forms and the Hodge decomposition for H-one-forms. 

The remainder, the main part, of the article is an analysis of the space H7, its associated 
H-two-forms, and the adjoint of the exterior derivative, an operator from H-two-forms to H- 
one-forms, together with the corresponding divergence operator from two-vector fields to vector 
fields. In Section 6 it is shown that the exterior product of two H-one-forms is naturally an H- 
two-form, and the interior product of an H-two-form with a H-one-form is a H-one-form. The 
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operator Q has image in Loxey(H; H), which implies an element of i bes can be considered to 
be an element of Lyxey(Ho; He), cf. Corollary 6.2, although in general it is not compact and 
so not in Ne H,. In Section 7 a corresponding derivation formula for the exterior derivative of 
H-one-forms, Theorem 7.1, is shown to hold. 

In Section 8 it is shown that the elements of the image of suitable smooth sections of a H by 
Q “have a divergence” in the sense of satisfying an integration by parts formula and a formula 
is given in 8.1 for div Q( V! A V2). Vector fields which are not H-vector fields also make their 
appearance, especially as Lie brackets. The latter involve infinitesimal rotations which “have a 
divergence,” and in their case the divergence is zero. It is natural to ask if they themselves are 
divergences, in this extended sense, of some two-vector field. In Section 8 this is shown to be true 
in a wide class of adapted situations on flat Wiener space, Proposition 8.2. This has independent 
interest, but it is extended, in Theorem 9.3, to show that the torsion of the damped Markovian 
connection when applied to suitable non-anticipating H-vector fields is the divergence of the 
perturbing factor in the definition of 17: 


div O(u! Au?) = 5T(u! 12). (1.4) 


Here T is the torsion of the damped Markovian connection W. This helps explain the “cancella- 
tion” of the bracket occurring with our exterior derivative, and fits in with the result of Cruzeiro 
and Fang [16], concerning the vanishing of the divergence of such torsions. The damped Markov- 
ian connection, introduced by Cruzeiro and Fang [16], plays an important role here, as it did 
in [35]. As in [35] we introduce it by giving a Cjg([0, 7]; O(m))-bundle structure to 71. This is 
done in Section 9. Here we also relate the divergence of our H-two-vector fields to the adjoint 
of the damped Markovian covariant derivative in a non-anticipating situation, Corollary 9.7: For 
suitable non-anticipating U, V, 


WU AV) =divl + Q)(U AV). (1.5) 


We also describe the curvature of the damped Markovian connection in Section 9D, to estab- 
lish our claim that H? is a perturbation of Ke H! using this curvature operator, Theorem 4.3(iii). 
In Section 9D we essentially show that D*:! H-two-forms are in the domain of the adjoint of 
d'*, extending the result for one-forms proved in [35]. 


List of symbols 


Cx )M or C,,—space of continuous paths over M starting from x9. 

Tg Cx)M or T Cx)—tangent space at o to Cy, M. 

qt or 7{,—Bismut tangent space, a Hilbert space included in T, Cy. 

H! or H—corresponding Bismut tangent “bundle,” J Hi. 

H?—vector “bundle” with fibres H2 C iN Ty CxyM. 

I’ B—sections of a vector bundle B. 

L? IT B—L? sections of a vector bundle B. 

CoR™—Wiener space with Wiener measure P, the canonical probability space. 

Ly (G)—for G a Hilbert space, this is {1:[0, 7] — G such that i, |hs |? ds < co}. When 
G = R”, this is the Cameron—Martin space, denoted by H. 

(&;, t > 0)—a Brownian stochastic flow of diffeomorphisms of M. 
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T&,—-space derivative of &,. 

jt—Brownian motion measure, also called Wiener measure, on Cy, M. 

Z—the It6 map induced by (&;(xo), t > 0), Z(@) = €.(x, @). 

TZI—H-derivative of the It6 map. 

F*“0—the algebra generated by (&; (xo), t > 0) on M. 

f («)—conditional expectation of f given I =o, 0 € Cy, €.g. PT 3 

w\?_Weitzenbock flow of g-vectors, Eq. (4.1). 

w4 )'—Weitzenbock flow starting from time s. 

W,—damped parallel translation, W; = Ww. 

a i —see Section 4. 

L2T Cy )—the space of L? tangent vectors at o, Definition 4.1. 

W—isometry between H! and L2 T Cx, Eq. (4.3). 

L(E\; E2)—the space of continuous linear maps between Banach spaces. 

£L2(H; H2)—Hilbert-Schmidt maps between Hilbert spaces. 

R, R41, Ric—tespectively the curvature operator, the Weitzenbock curvature on q forms, 
and the Ricci curvature on M. 


In general we shall use | | to denote norms of finite dimensional spaces. || || for infinite 
dimensional spaces, with | | for spaces such as L?(2: R”), or L*(C xo M; R), where integration 
over probability spaces are involved. 


2. Exterior powers: Notation 


For convenience the conventions we use for tensor products, exterior powers, etc. are gathered 
together as Appendix A. Please note that they differ from those used in our previous articles, such 
as [32]. 


A. All linear spaces are over R. We shall deal with tensor products of Hilbert spaces and of 
Banach spaces of continuous paths. For any linear space E let 5 E denote the gth algebraic 
tensor product of E with itself and ie E the linear subspace of antisymmetric elements. For 
infinite dimensional Banach spaces E we will need completions of these spaces, e.g. see Ruston 
[67] or Cigler, Losert and Michor [14]: 


(i) When E = T, Cx. or CoR™ let @ E and /\‘ E denote the completions using the largest 
cross norm, i.e. the projective tensor products ||—||,,. For general Banach spaces E;, if v is 
in the algebraic tensor product E; @0--- @o0 Eq, 


n q n q 
|v || = inf YT] lla‘ ; where v= 9°) @)ay, ak € Ex, noo. 


i=1 k=1 (=) KSI 


(ii) When E is a Hilbert space H, let @ H and /\¢ H denote the standard Hilbert space com- 
pletions, (so Q° H can be identified with the space of Hilbert-Schmidt operators on #7). 

(iii) In general let @4 E and /\f E refer to the completions with respect to the smallest reason- 
able cross norm, i.e. the inductive cross norm, 


lwlle = sup |(uf @--- @uz)(w)|. 


luk lex <1, uteE* 
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We shall use the natural inclusion maps as identifications and so consider 


OER EC OE, 
Thus a differential g-form ¢ on C,,M which by definition gives a continuous antisymmetric 


multilinear map ¢@o : Ts Cx X +++ X Ta Cxy > R, Lang [54], can equivalently be defined as a 
section of the bundle L(/\? TC, ; R) with fibres the dual spaces (/\4 Ts Cxy)*, o € CxyM 


B. If S: E,; — E> and T: F, — F» are two linear maps of linear spaces, there is the induced 
linear map S @ T: E, @g F, — Ez @g Fo. The Banach space constructions are functorial so 
that if S, T €¢ L(CoR”; T,C,,) then S @ T determines a continuous linear map of the completed 
tensor spaces @* CoR” to @” Ts CxyM and if S = T we have its restriction A? S: \? CoR™ > 
Ne T, Cx)M, Ruston [67, p. 63] and Cigler, Losert and Michor [14]; with the corresponding 
result for the inductive tensor product, for the Hilbert space case, and for g > 2. There is also the 
estimate on operator norms 


[Si o---@ S47] < |S] [s4 
so that in particular 
JA*S| < silt 
in all of these cases, see Ruston [67] and Cigler, Losert and Michor [14]. 
For example let H = ir 'R” be the (Cameron—Martin) Hilbert space of functions 


h:[0, T] > R™ of the form h; = fy hs ds with h ¢ L?((0, T]; R”) and inner product (h!, h?) = 
fot (hl, h2) )an ds. Thus the indefinite integral 


feo. T];R") > H 


0 


is an isometry with inverse which we will write as 
d 2 m 
Fioek ((0, 7]; R”). 


From this we obtain the isometry 


a(f) :A\{L?((0, T];R”) > \1H 
0 


with inverse 


a‘(5) > AILO'R™ > AIL? (0, T]; R”). 
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C. We will regularly make use of the well-known isometries 
@1CoR” + Co(l0, T14; @7R”) 


where the right-hand side consists of those continuous @:[0,T]? > @‘%R” for which 
a(t},...,tg) =0 if t; =0 for any j. For example see Cigler, Losert and Michor [14, p. 66]. 
For V € @# CoR”, write 


Vital = PV )(t1, &. Org tq). 
Let ev; : CogR” — R” be the evaluation map at time rt, then 


Vi, 


Saag 


tg = (ev; ®--- @ ev, )V. 


Also note that such V lies in /)\f CoR” if and only if p(V):[0, T]? > @/ R” anti-commutes 
with permutations, i.e. 


Ble lg 


Gees 


for any permutation z on {1,...,q} with S, the induced action on @? R”. If so, 


see 


and 
Vi .t2,..t2 © R” @® AiR", 


etc. From this we see that elements of /\{ CoR” and hence those of the smaller spaces /\4 CoR” 
are determined by their values on the simplex 0 <1) <---<t <T. 

Similarly, to any V € @! T, Cx) we have V;, tg € To, M®-:--® To, M corresponding to an 
isometric isomorphism of ®&! T Cy, with the space of continuous maps V. on [0, 7]? such that 


sega 


@'TM 


aa | 
4 
O.X+ XO. 


(0; 74 —— eR 


commutes and V;,,....;, = 0 when tj = 0 for any j. 


‘fsnieg 


D. By functorality the inclusion i : ie IR" _.C oR” gives rise to a continuous linear inclusion 
@&1i:@1 H > &i CoR”. From paragraph B we see that V € Image ®@) i if and only if 


Vino wmf fo f or nsy dod. (2.1) 
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(t1,...,t7) € [0,T]%, for some U. € L?([0, T}?; ®R”). Here we use the isometry p of 
®! L*((0,7];R”) with L7((0, 7]; @R”). In fact the U. in the above formula is just 
(4 ( 4)V) or equivalently U;, tq is the weak derivative 


Perry 


of 
Ot ...0tg 


E. Given a bounded linear operator S$: E — F of Banach spaces there is also the functorial 
construction 


(4@")(s): QlE > @YF 
defined by linearity and 
((4@*)(9))(e' @ + Be) 
= S(e') @e? @--- @el +e! @S(e*) @--- @el ++: +e! Be? @---@ S(e!). 
This is just a sum of operators described in paragraph B and so extends over the relevant com- 


pletion. The same notation will be kept for these extensions. 
Note that if V is in @% H then ((d @1)(4))(V) is in 4 L?((0, 7]; R”) with kernel 


d cae) 
((ae")(2) Jerr, ae Tea Dera = is (2.2) 
jee 


The restriction (d A4(S)) of (d @‘1(S)) to re E has the form 
(dA4(S))(v! Av? A+++ Avf) = S(v') Av? A+ Avt +--+ ul Av A+ A S(v4) 


and for g = 2 
(dA*(S))(v! Av’) = (90! @v? +v' @Sv* — Sv? @v' —v° @Sv'}. (2.3) 


3. Special It6 maps and the definition of #2 


A. Take a surjective C™ vector bundle morphism, X:R” — TM, of the trivial R” bundle 
over M onto TM, for some m > n = dim M. Suppose that X induces the given Riemannian 
metric on M and let Y be the R”-valued 1-form such that Yy = X(x)*:T,M — R”. For U a 
vector field and v € T,.M, set 


VU = X(x)dly > Y,U(Qy) |), (3.1) 


as in Elworthy, LeJan and Li [29,30], where it was called LW connection for X. Suppose that the 
connection V is the Levi-Civita connection. Take (B;) to be the canonical Brownian motion on 
R” with probability space CoR” and Wiener measure P and consider the stochastic differential 
equation on M 


dx; = X(x;) odB,, O<t< T. (3.2) 
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Then the solutions are Brownian motions on M. Let 1x) be the Brownian motion measure on 
Cx.M, the probability distribution of the solution starting from xo. An example is the gradient 
system induced from an isometric immersion a: M — R” with X(x):R” — T,M defined to 
be the orthogonal projection for each x € M. Another class of examples arises from symmetric 
space structures on M, see [30]. 

For our fixed xo in M there is the solution map, or /t6 map, 


T:CoR” > Cy, M, 
of (3.2) defined by 
T(@);=x;(@), weECoR", 
where x; is the solution starting at xo. Thus Z,.(P) = zx). This It6 map has an H-derivative in the 
sense of Malliavin calculus which is a continuous linear map from the Cameron—Martin space 

— 72.!pm 

H=Ly R", 
ToL: H > Tru) Cx; 
for almost all @ € CoR”. Thus for h ¢ H andO<t<T we have TZ(h); € Ty,M, as. 

B. Let {&: 0<t < T} denote the flow of (3.2) so Z(w); = x;(w) = & (xo, w). It can be taken 
to consist of random C™ diffeomorphisms & :M — M with derivative maps Té,: TM > TM, 
so that Ty, & € L(Ty)M; Tx,M). 

Take h € H. Set v; = TT(h),. Bismut showed that v. satisfies the covariant equation along the 
paths of {x:: O<t<T} 


Dv; = Vy, X 0 dB, + X(x:)hy dt (3.3) 


with solution 
t 
v= TE, / (TE)“"(X (xs)his) ds. G4) 
0 


Lemma 3.1. (See [30,38].) There is a canonical decomposition of the noise {B;: 0<t < T} 
given by 


dB, = |! dBi + fi dB; (3.5) 
where 


(i) (Br: 0 <t <T} is a Brownian motion on the orthogonal complement [ker X (xo)]+ of the 
kernel of X (xg) in R”; 
(ii) {B;: O<t < T} is a Brownian motion on ker X (x9); 
(iii) for each t > 0, ve :CxyM — O(m) is a measurable map into the orthogonal group of R™ 
with Ii (o)[ker X (xo)] = ker X (0;) for 4x, almost allo € Cy) M. 


206 K.D. Elworthy, X.-M. Li/ Journal of Functional Analysis 254 (2008) 196-245 


N.B. We will regularly consider random variables on Cx, M, such as i 1, to be random variables 
on CoR” by taking their composition with Z. For example the stochastic equation (3.5) above 
is to be interpreted that way. Moreover let F*° be the o-algebra on CoR” generated by Z with 
{F;" °. O<t <T} the filtration generated by (x5: 0 <s < T). Then we can, and often will, 
consider #*°-measurable functions as functions, defined up to equivalence, on Cy, M. 


Let FP be the o-algebra generated by {6;: O<t < T}, and FB that generated by (By: 0< 
t < T}. From Elworthy and Yor [38], Elworthy, LeJan and Li [30] we know that 


(a) F e and F B are independent and 
Fars. 
(c) Eq. (3.3) can be written as the It6 equation 


Dv; = Vv, X (ft dB;) — 5 Ric) ar + X(x,)hy dt (3.6) 


where Rict :7,M — T,M corresponds to the Ricci curvature by (Ric® (u!), u?) = 
Ric(u!, u”) for u!, u? in Ty M. 


We shall often write covariant derivatives such as V, X as VX (uv) so VX (v) o dB; is just VX o 
dB;. 


C. We first show that /\? 7,,Z take values in the exterior product space /\4 TC,, rather than 
just in /\@ TC,,. Recall that a continuous linear map of H to a separable Banach space E is 
y-radonifying if it maps the canonical Gaussian cylinder set measure of H to a Borel measure 
on E.. The 2-summing norm, m2(A), of an operator A: E > F is given by 


A 2 
(A) = sup 2 Aral 5 
{xn}CE SUP | y||=1, we E* Un) 


where {x,} is a finite subset of E. When E and F are Hilbert spaces A has finite two summing 
norm if and only if A is Hilbert-Schmidt. See for example Pietsch [66]. 


Lemma 3.2. For almost all w € CoR” the map 
TL: H > Tro)Cxo 


is y-radonifying. Its operator norm \|TT|| is in L?(CoR™) for 1 < p < & as is the 2-summing 
norm of its adjoint. 


Proof. Note that a:h bb Jo(T&s) 1X Gs (hs) ds maps H to Li MS and is continuous 


linear; almost surely. The inclusion 7: Le aes M) — CoTy)M is y-radonifying. Write TZ = 
Té.oioa. Then the first result follows by composition properties of y-radonifying maps and con- 
tinuity of Ty)&.:CoTy,>M — Ty.(@)Cx,. The pth power integrability of the operator norms come 
from the corresponding properties of Té, and (Té,)~!, e.g. see Kifer [49]. For the 2-summing 
norm apply Schwartz’s duality theorem [68] to see that the adjoint of the y-radonifying map i 
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is 2-summing with norm z2(7). Then use the composition properties of 2-summing operators to 
estimate the 2-summing norm 


12((TZ)*) < |jo*|z2(i*) |(TE)* ||, as. 


Then apply the integrability results again to see the norm is in L?. 


Theorem 3.3. For almost all w the map /\4 TI can be considered as a continuous linear map 
from the Hilbert space completion of the qth exterior power of H to the projective exterior power 
of the tangent space (TT(u)Cxq) 


Ai (ToD): AP (Eg'R") > AT Er Cr0)- 
Moreover the operator norms lie in L? (CoR™) for 1 < p < 00. 


Proof. This follows from Lemma 3.2 and results of Carmona and Chevet [13] especially their 
Proposition 3.1 and Lemma 3.1 a version of which is stated below as Lemma 3.4. Although they 
only deal with tensor products of two maps the lemma shows that the result holds for general g 
by induction. 


Denote by E ®, F the completion of the tensor product space of two Banach spaces FE and 
F using projective tensor product norm, cf. notation (i) in Section 2A. 


Lemma 3.4 (Carmona and Chevet). Consider separable Hilbert spaces H and K and separable 

Banach spaces E and F. Let T: H — E be y-radonifying and S: K — F bounded linear. Then 

S@T:H®@K — E®, F is a bounded linear map into the projective tensor product. Moreover 
|S ® T|lLut@K;£@,F) < 72(T*)IISII 


where 12(T*) denotes the 2-summing norm of the adjoint of T. 


The conditional expectations of these operators can be defined as in Elworthy and Yor [38], 
Elworthy, LeJan and Li [30], to give bounded linear maps, defined almost surely, 


NM (TD)(@): \tH > IM six): 
For example 
Ai (TD)@) :=E{A\4 (TaD) |F} @) 
is given by 
MTD) (h) = (ATID ELA (Ue DAT (TL:)|F? J). 
For 4x, almost all o € Cy,M we have also 


AED)» =ATH > (4 (To Cx) 
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given by 


(A1(TD)), (A) = E{A4(T.D)(A)|Z = 0}. 


Note the inequalities 


|A“(T2D)(@)(A) | < ELAS TDA)||F°}(@) as. 
<E|A%D) |All as. 


which give L? bounds for operator norms of /(\4(TTZ), g =1,2,.... 
D. Definition of Ht, H-q-vector fields and H-q-forms. We can now define H4, for almost all 


oa € C,)M, to be the image of AG (TZ), in /\! T,, Cx, together with the inner product induced 
by the linear bijection 


ra er, aa 
eae | ker ATT TE,\' [ker MeGDe| > Hi. 


Thus the Hi are Hilbert spaces with natural continuous linear inclusions t,, say, into the 
WN Tae 

Denote by H4 = (J, Hé the “vector bundle over C,,M” with fibres HZ, and (H4)* the 
corresponding dual “bundle.” Set H = H!. Since these are only almost sure defined it is not 
strictly speaking correct to consider them as bundles over C,,M though some vector bundle 
structure is given to H in [35] see also Section 9 below. The space of L? sections of H? and 
H4* are denoted by L*7H4 and L7H4*. Sections of (H2)* or of (H2) will be called H-q- 
forms (or admissible q-forms), or H-q-vector fields, respectively. Note that any g-form on C,,M 
restricts to give an H-q-form. 


4. Characterization of H! and H2 


A. ‘Damped parallel translations’ wi? will play an essential role. For a g-vector v € 
/\4 Ty) M, define wi (V) € (4 T,,M to be the random q-vector satisfying 


D 


1 
WWW) =—sRIW PV), O<T<T, (4.1) 


where R4 € Hom(/\4 TM; /\4 TM) is the Weitzenbock curvature term defined by R = A — 
trace V7, see e.g. Airault [3], Elworthy [26], Ikeda and Watanabe [46], Elworthy, LeJan and 
Li [30], Elworthy, Li and Rosenberg [36], Malliavin [61]. Here (4.1) is a covariant equation 
along the paths of our solution {x;: 0 <t < T} to (3.2). 

For g = 1 write W; for wi, Then W, : T,,M — T,,M is the Dohrn—Guerra translation given 
by 


D Tati 
7 WV) = 5 Rick, (Wi(V)), O<tK<T. 
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Write 


D = 
—=W, eae 
dt ‘dt 


acting on suitably regular vector fields {v;: 0 < t < T} along the paths of {x;: O<t < T}. Then 


D a si pi 
—=—+-7Rc',~, 
dt dt 2 


cf. Fang, formula (1.3), in Fang [41] and Norris [63]. 


Definition 4.1. For almost all paths w, define the L? tangent space L?T>C ‘xo to consist of those 
paths wu: [0,7] — TM over o with 


Iu. € L?((0, T]; TroM) 
together with its natural Hilbert space structure. 


It was shown in [28], see also [30,32] that 


TL, (h) =W,(X(x.)h.) (4.2) 
where 
W: E77 x. Cu > Tx. Cry 
is defined by 
(Ww), = mf (Wr) Muy) ar. (43) 
Note that 
mY), =u, ue LT; Cy. (4.4) 
Thus, as shown in [30,32], 
Hi ={ve€ Ty Cu: ff 'v. € Le (TgM)} (4.5) 
with inner product 
i D D 
a) ee 1 2 
(v,u"}an = fiz zii)as (4.6) 
0 


so that p :H! > L?TsCy) is an isometric isomorphism with inverse W for almost all o € 
Cx,)M. Thus it agrees as a Hilbertable space with the usual Bismut tangent space, though the 
inner product is not the one originally used. Using the same notation, by Section 2D we note that 
a vector u of /\* TCx)M is in \? He if and only if there exists k € A? L?TCxyM so that 
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ust =(A°W), .k, 


or written in full, 
Ss t 
ig (w, i; (W,)")dn © W, i (Wa) Md) (4.7) 
0 0 


Ifsok,,= D ® Dy or equally k = Ke Dy. 


B. More generally let L*( /\1 TM), and Co(/\? TM)q denote respectively the spaces of i 
and continuous paths vanishing at 0, u : [0,7] > /A\4 TM over o. Define 


W® :L?(A\{TM), > Co(A!TM), 


by 
t 
pvinwy, =i? fwt'ao as 
0 
t 
= / Ww" (V,)dr (4.9) 
0 
where 


: : t ( s ) 
is the solution to 


Die 1 
qi) =—5R4(W, (V)), s<re[0,T], (4.10) 


with W* —Id: 4 T,,M > [\¢Ts,M. Write W; for W“* and observe that W") = W. For 
simplicity we shall write we (V.) for WY (V.));. 
Set 


D@ D 1 
F = (3) + ae (4.11) 


acting on g-vectors on M along a sample path o. Then as for g = 1, and for w® defined by 
(4.10): 


seiesy 
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‘ (q) . 
and the inverse of D- is 


(q) 


1 
(=) = wi | wi ev,—)dr =" 
0 


where ev,, generically, denotes the evaluation operator at r. Furthermore let 7: Ke TM —> 
Ne T M be the curvature operator. Then the second Weitzenbock curvature R? is given by 


R? = d/\’ (Ric*) — 2R. 


Here the operator d /\*Ric*), also (d N)) below, is defined using formula (2.3). Therefore 
using (2.2), for V € \* ToC) M, 


D2 ; 
sag ae (Gi ())¥),. —R(V;.1), (4.12) 


whenever all the terms involved make sense. In the above we have identified 2 Vit with 
(d Ne 2YV 1 where the first refers to covariant differentiation of the 2-vector field {V; ;: 
0 <t <T} along o obtained from the element V in A? Ts Cx. 


C. In this section we shall discuss a system of equations related to the conditional expectation 
of the It6 map. First note that the curvature operator R on the manifold M induces a linear map 
Qo, on NA Tz Cx, given by 


Ss 
Qo(Gar= (LE W)WE | (WP) Re (Ge)dr 8 <t (4.13) 
0 
Equivalently, 


Oa (G)s,1 = (Ws ® W;) (Scans i (W)"" (Re, (Grr) ir) 
0 


min(s,f) 
Clearly 


D 
(1 ® =) O(G)s;=0, s<t, 


(2) 
“ds- O(G)s.,5 = R(Gs,s). 
S 


(4.14) 
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The second equation is equivalent to (d\?2)O(G)s,s = R(U + Q)G);.5. Define jg :[0, T] > 
Ty) M @® Ty,M by 


ic(s) = (we! ® We) Ww? [OVP "(Re, (Grr) dr. (4.15) 
0 


Then jg is C! and, writing s A t for min{s, ¢}, 


(Wo'@ We") O0(Gsu = jas A0). (4.16) 
If we set 
u € \2T Cx, such that 
D(A2ToCx) _ J} () foreachO<s<T, tr We! @ 7 us.t is 


absolutely continuous on (s, T]; 
2) rR Nz ure is absolutely continuous on [0, 7'] 


then Q(G) clearly lies in D( \? T Cx). There is another linear map R on he T,, Cx, defined by 
S 
R(Z)s.1 = (Ws ® W,) (A2W,!)(Ro,(Zrn)dr, 8 <t, (4.17) 
0 


which also sends Nn Ts Cx)M to D(/\? To Cx,M). Furthermore, from Eq. (4.12) 


D 
(18 7 )R@s1=0, s <t, 
D2 
ds” 


(4.18) 
R(Z)s,s = Ro, (Zies _ R(Z)s,s)- 


In fact 1+ Q and 1 — R are inverse of each other as described in the following lemma. It will 
be shown later, Section 9D, that R restricted to Ke H! is the curvature operator of the damped 
Markovian connection on H! which is induced by the map Dp from the pointwise connection on 
the L tangent bundle L?TC xo 


Lemma 4.2. (i) Given G € D(/\? Ts Cx), there is a unique solution Z € D(/\? Ts Cx) to the 
following equations 


a) 
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The solution is 
Zs,t = Gs + Qo(G)s,t. 
Conversely for each Z € Dif? Ts Cx) the unique solution to (4.19) is given by 
G=Z-R(Z). (4.20) 


(ii) As operators on ie Ts Cy )M both Q and R are compact and 1+ Q and 1—R are mutual 
inverses. In particular for all v in ie T, Cx) M, 


Q(v) =R(v + Q(v)), 
Q1+ Q)'v=R(). 


(iii) The following holds on D(/\? Ts Cx): 


(AWe 2) NW 2) oe (A°W"'G), = he) 055 (4.21) 


which is equivalent to, forr <s <t, 
Zr,t — (1 &® W)Zr,s = Gr — (1 ® W?)Zz,s- 


Proof. Given G € D( Ne Ts Cxy), Z = (1+ Q,)(G) certainly solves (4.19). For uniqueness let 
Z be any solution in D( Ne Tz Cy. ). Solve the first equation in (4.19) to get 


Zs, = Gs, + (Ws @ W)(J(S)), 8 <t, (4.22) 
some j(s) € A? To)M. Then 
Zs,s = Gs,s + (Ws ® Ws)(j(s)). (4.23) 


In particular (Ws; ® Wi)CG(s)) is absolutely continuous in s. Substitute the above equation (4.23) 
into (4.19) and use (4.12) to see 


(2) s 
ay (Ws ® Ws )(J (s)) _ R(Gs,s), 
giving 
(Ws; ® Ws)(J(s)) = We fw (Ro, (Gr,)) dr. 
0 


Thus j(s) = jg(s) and uniqueness holds by formula (4.16). 
Similarly given Z € D(f\? T;Cx ), (A — R)(Z) is seen to satisfy (4.19) given Z € 


DUM? TiC;.), 
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Now using the isometry between @? CoTx,M and Co([0, TY @ T,,M) and the Arzéla— 
Ascoli theorem applied to (s, t)  j(s, t) for a bounded set of G, we see that Q: NX 6 To CxyM > 
Ke T Cy,M is compact. Therefore 1+ Q has closed range. Since we have just seen that its range 


contains all Z in the dense subspace D( KN T Cx.) it is surjective and so an isomorphism. By 
Eq. (4.20) its inverse is 1 — R and so R is compact. The rest of parts (i) and (11) follows directly. 
Part (iii) follows from (4.22) and (4.23). O 


See Section 6 below for a more detailed examination of Q(V). 
D. The following theorem gives alternative descriptions of the space te 


Theorem 4.3. For any h', h? € LOR seth=h! Ah. Then 


A? TI(h) = (1+ OA? TL(h). (4.24) 


In particular the space He = {\? TZ,(h), he N H} can be characterised by any one of the 
following: 


ue D(/\?To Cx), such that there exists G € ae A (cee 


(i) HZ =} with ((1@ P)w)s1=(1@ P)G)s1, 8 <t, and 
Dy, = (EA)B)G)es, OX 8 < 
(ii) Fie = {ue A\2ToCxy, such that u=v+ O,(v), er AHL}, 


and for v1, v2 € ae Te, by definition, 
(v' + Qo(v'), v2 + Og (Ca) A =(v', v) 2a: (4.25) 
(iii) u € H2 if and only if u — Ru) € A? H!. If so 
Nelly = 4 -RO| p20: 
In particular A boa depends on the Riemannian structure of M but not the choice of stochastic 


differential equation (3.2) provided its LeJan—Watanabe connection in the sense of Elworthy, 
LeJan and Li [29] is the Levi-Civita connection. 


Proof. For h! Ah? € Ly! (R”), write V! AV? = ((\? TT)(h! Ah?). Then applying It6’s formula 


int forO<s <t<T with D, referring to covariant stochastic differentiation in f, 


(1@D,)(V' AV’). 


st 


=5V; @(VX(V; 2) o dB, + X(x:)(h r)d t) 


— 5 V2 @ (VX(V}) odB, + XC(h) at) 


= =v @ (vx(v2ya dp; — 5 Ric*(Vv?) dt + X(x,)(h7) ar) 
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-3¥2@ (vx(vyn dp, — 5 Rick(V!) at + XCo)( a) 
=(1@VX(-)/dB,)(V' AV?) — (1 @ Rich) )(v! AV’) 448 


+ =(Vi @ X(x)(h?) — V2 @ X(x1)(h;)) at 


ae 


Write V! A V2 for the conditional expectation of V! A V? with respect to F*, and similarly 
let V’ stand for the conditional expectation of V’ with respect to F“°. Then by (3.6), following 
Elworthy and Yor [38], and (4.4) 


(1@ D)(VIAV?), = -(1 ® 5 Ric!) (VIAV?), dt 
1 nee . 
+ 5(Vs @ X(h7) — V5 @ X(hi)) dt. 


This is equivalent to 


(1 8 7 )(VTA? AV2),, = 5(V1 @ X(i?) — V2 x(ht)) 


=(18 7) AV’). 


On the other hand, It6’s formula, applied to the 2-vector field {Vv} A Ve O0<t<T}alongo 
in M, gives 


D,(V, A V2) = V, A(VX(VZ) 0 dB, + X(x1)(h?) dt) 
+(VX(V) odB, + X(x)(h}) dt) A V?. 


Change to It6 differentials and decompose the noise recalling that VX vanishes on [ker X]+: 
1 ; 
D,(V, A V7) = V; A (vx(vyn dB) — 5 Rie®(Vr') dt + X(x,)(h?) ar) 


+ 


Coes 
< 


X(V/) Ur dB) — 5 Ric*(V;!) ar + X(x;)(h;) ar) AV? 


m 
Si(VX'AVX')(V, A V7) 
il 


= (d\*(VX(-)r dB:))) (VA V?) 
- (aA (3 Ric*(— ») evn Waar I(x! a VXIY(W A V2) 
i=l 
+(V, A X (x1) (h7) + X (ar) (hj) AV?) dt. 


+ 


Leg 
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But 


CAE Ric*( »)) + OVX AVX = — SR, (4.26) 


i=1 


as in Elworthy [27] for gradient systems, see also Elworthy, LeJan and Li [30] for the general 
situation. Again use the technique of Elworthy and Yor [38], taking conditional expectations to 
get 


Dasa he a fay 
ave AV = —5R(V; AV?) + V7 AX (x:)(hz) + X (x) (Aj) A V2. 
Thus 


D® 


ae AVP = Vi; AX (ar) (he) + X (x) (h}) AV? 


= (anr(F))e AP), . 


We have shown given u = /\? TI(h! \h?), it is related to TZ(h!) A TZ(h?) by Eq. (4.19). Solve 
the equation to obtain 


A°TI Ab) 52 =A? TL), + (1 @ WS) WO / (W)""(R(A? TL(h),r)) dr, 
0 


that is, the desired identity (4.24). On the other hand, given wu satisfying (4.19) for G = 


A? TI(h), he Ke Ee (R”), then u = \? TZ (h) by uniqueness of the solution. This proves the 
first equivalence. The second equivalence follows from Lemma 4.2. Part (iii) follows straightfor- 
wardly from the previous lemma. 


5. H-one-forms: Exterior differentiation and Hodge decomposition 


A. Differentiation of functions. For scalar analysis in our context and with this notation, we 
refer to [35] or for the basic facts to [30]. As emphasised in [35] it is necessary to fix an initial 
domain, Dom(dy) C L7(C ‘xo; R) for the H-derivative operator d},. We shall choose this to 
be a subspace which contains the smooth cylindrical functions and consists of BC? functions 
in the Fréchet sense, using the natural Finsler structure of C,,M, see [37]. For example the 
space of all smooth cylindrical functions. (We will require two derivatives in order to be able 
to prove that exact H-one-forms are closed.) It is standard, going back to Driver [20], that then 
dy: Dom(dy) C PrACy M) > L?IH* is closable. We will denote its closure by d° to show it 
is acting on zero forms, or simply by d, and let D*! be its domain with graph norm. There is the 
analogous result for functions with values in a separable Hilbert space G. In this case the domain 
will be written as D?:!(G) or D?:!(C xo M; G) and for almost all o € Cy, M the derivative d Io 
of f at the path o will be in the space of Hilbert-Schmidt maps £2(H,; G). As usual for real- 
valued functions there is the corresponding gradient operator V :D*! + L*IH. The negative 
of its adjoint we write as 
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div: Dom(div) C L7H > L?(Cy,M; R), 


so if V is an H-vector field in Dom(div) and f € 2-1 then 


i; df(V)du= / (VPC), VO))p,, du(o) 


CxyM CxyM 


—— / f(a) div(V)(a) du(o). (5.1) 


CxyM 


This divergence operator is closed and the standard Riesz correspondence ¢ +> * with inverse 
V +> V* between H-one-forms and H-vector fields maps the domain of the adjoint d* of d to 
that of the divergence with d*% = — div(#*). 

For 1 < p < oo there are the spaces D?-! defined in the same way as for p = 2 but using 
L? norms. Spaces of “weakly differentiable” functions W? 1c x9 M; G), 1 < p < &, were also 
given in [35], loosely following [23]. Here we shall also denote those weak derivatives by d. 
Whether W?:! = D?:!, as occurs on CoR”, is an open question. We note the following from 
[35], cf. [32]. Parts (a) and (b) are essentially equivalent and (a) is a vital step in the proof of the 
closability of the exterior derivative used below. 


Theorem 5.1. 


(a) The map TT(—), from L?(CoR”; H) to vector fields on Cy,M given by 


TLI(V), =E{or TL,(V(@))|Z(@) =o} (5.2) 


gives a continuous linear map TT(—),: L?(CoR”; H) > L7H. 

(b) The pull back operation ¢ +> I*(@) defined from one-forms on Cy,M to H-one-forms on 
CoR” by (£Z*o)w = 2(w) 0 ToL extends to give a continuous linear map I* : LerHt SS 
L?(CoR"”; H*). 

(c) If f € D?:!(Cy)M; G) then the composition f oT is in D?:!(CoR™; G) and then d(f oT) = 
T*(df). 

(d) A measurable function f :Cy)M > G has f € W?!(Cx)M; G) iff the composition f oT is 
in D?:-!(CoR”; G) and then the weak derivative df satisfies d(f oI) =I* (df). 


B. Exterior differentiation of H -one-forms. For any C! one-form ¢ on C ‘xo M there is the usual 
exterior derivative df given by formula (1.2). This can be restricted to give an H-2-form, dy 


say. Thus dj) bo is the composition of dé, with the, continuous, inclusion of He in Ne T, Cy)M. 
As for functions we choose an initial domain Dom(d},) to give an operator 


dy :Dom(d71) € Bry > TP (Hey 


The domain must consist of C? one-forms ¢ on Cy,M which satisfy 
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(i) as an H-one-form, ¢ € L~IH"*. 
(ii) The exterior derivative d@ when restricted to H? is essentially bounded, i.e. dy E 
| see By ae 
(iii) (Module structure) If f ¢ Dom(d}) and ¢ € Dom(d})) then foe Dom(d},). 
(iv) The domain of dj, is mapped into the domain of dy by dy. 


All these hold if we use smooth cylindrical functions and forms as initial domains, or C? 
functions and C! forms which are bounded together with their exterior derivative using the nat- 
ural Finsler metric on C,,M. In fact it is shown in [35] that 2.1 ig independent of the choice 
of Dom(d},) under these restrictions, so we may as well assume that the latter is the space of 
smooth cylindrical functions. 

Under these assumptions we have 


Theorem 5.2. (See [32].) The exterior derivative considered as an operator 
dy, : Dom(d71) G Lea > Pry 
is closable. 


Since the proof was given in full in [32] and the analogous proof for two-forms is in Part II 
it will be omitted here. However we note that the main step is to obtain a simple integration by 
parts formula for elements of Dom(d},) by considering their pull backs, and that of their exterior 
derivatives to Wiener space by the It6 map. The pull back operation commutes with exterior 
differentiation, and a simple integration by parts formula for Wiener space can be applied to give 
the standard closability argument when combined with part (a) of Theorem 5.1. The crucial point 
is that, for h € NM H, 


i: dib(A\? (LI) (h)) dix = / dy,6(/\?(TT)(h)) aP. 
CxyM CoR” 


Let d! denote the closure of dp. 


Theorem 5.3. (See [32].) The derivative d° f of any function f €D*! lies in the domain of d! 
and 


d‘d° f =0. 


The derivation property d!(f¢) = fd'@ + d° f A ¢ is given meaning and proved in Theo- 
rem 7.1 below. 


C. The first L? de Rham cohomology group and a Hodge decomposition for H -one-forms. 
From the results above we can define the first L?-cohomology group of C ‘xo M to be the quotient 
of the kernel of d! by the image of d°. An important result here is due to Fang: 


Theorem 5.4. (See Fang [39].) The image of d° is a closed subspace of L7'H*. 
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It is almost a formality now to define the self-adjoint Hodge—Kodaira operator A or A! by 
Al = gieg! 4 gogo 
and to obtain the Hodge decomposition. For the details we refer to [32] or Part II. 
Theorem 5.5. (See [32].) There is the orthogonal decomposition 
L? PH = Image(d°) + Image(d'*) + ker A! 
where Image(d!*) denotes the closure of the image of the adjoint of d'. 
6. Tensor products as operators: Algebraic operations on H-one-forms 


To show that the exterior product of H-one-forms can be defined as an H-two-form (by a 
pointwise construction) and to obtain a better understanding of the spaces Te we will give an 
interpretation of H-two-vectors in terms of linear maps from fae to itself. We will also give an 
example on flat linear Wiener space to show how a theory of tangent processes would lead to 
analogues of the elements in H2. 


A. First we establish our notation and review the well-known results identifying various com- 
pletions of the algebraic tensor product H ®o H, with spaces of linear maps, and the dualities 
between the spaces. For example see Ruston [67], though our conventions are slightly different. 
Here H will be a separable real Hilbert space. Identify H @o H with finite rank operators on H 
by 


H®)H— L(H; A) 
given by 

(u ® v)(h) = (v, h)u. (6.1) 
This extends to an identification of the projective tensor product (the “smallest”) H ®, H with 
the space £1(H; H) of trace class operators, of our usual H ®@ H with the Hilbert-Schmidt 
operators £2(H; H), and of the inductive, the ‘largest reasonable, completion H ®, H with the 
space of compact operators £.(H; H) in L(A; A): 

H @, H H®@H H®,H 


L(A; H) —~> £Lo(A; H) — > £.(H; H) > L(A; A). 


The vertical arrows above are isometries, the inner product on £2(H; H) being given by 


Co 
(S,T)g, == trace T*S =) (Se;, Tei) x (6.2) 


i=1 
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for {ei}, an orthonormal base of H. So trace(u ® v) = (u, v) and 


Ile ® vile, = lull = lu @ vllzexr. 


These conventions lead to the following isomorphism with the space of bounded bilinear maps 


L(A; H) > L(A, H;R), 
Viger i 


being given by 
T (hy, ha) = (hy, Tho) (6.3) 
with resulting isomorphism, as £(H, H; R) x (H ®, A)", 
L(H; H) > (£1(H; H))* 
expressed by 
D,(T)(S) =traceT*S. (6.4) 
This construction shows that D, restricts to an isomorphism 
Lstew(H; H) > (AZH)* 


where Lskey(H; H) refers to the skew adjoint elements of £(H; H). We shall see later that our 
operator Q can be considered as a map from A+ H! to L skew (Hs H). 


B. We will need the ‘double duality’ map 6= D} oi with 7 the canonical inclusion 
L£\(H; H) => £1(H; H)™: 


£\(H; H) & L(H; Hy*, 
6(T)(S) := trace S*T, 


T € £,(A; A), S € L(A; A). Through the isomorphism £,(H; H) ~ H ®, H, it corresponds 
to the continuous bilinear map 


6:H x H > L(H; H)* 
given by 

0(h',h*) =6(h' @h?) 
so that 


A(h',h?)(S) =(h', Sh’). (6.5) 
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C. Let H= far”. If V belongs to the inductive tensor product H @, H > @? CoR” we 
see, by taking V primitive, that the corresponding element S”, say, in £(H; H) is given by 


rE 
0 : 
SY (h)s = V(A)s = IG Varina (6.6) 
0 


identifying 2 Vs, € R” @ R” with the corresponding element of £(R”; R”). For more general 
kernels V € Q- CoR” this can be used to define a linear operator SY and we let KR” denote 
the set of such V for which 2 V;., exists for almost all ¢ for each s € [0, 7] and (6.6) determines 
an element SY of L(H; H). 

As our main example of an element of CR” let 


j:[0, T] > R” @ R” 


be absolutely continuous with essentially bounded derivative and j (0) = 0. Set V;, = j(s Af). 
Then V belongs to KR” 


Ss 


T 
0 ; : 
S¥e= f Sie antar= f j'Orheyar 


0 0 


and there is a conjugacy 


120, 7}: R") > 120, 7): R") 


lz le 


sv 
LIgm 5". p21 


to the multiplication (i.e. zero order) operator M/ ; given by 


MI (f\H= OFM 


for j’(t) considered to be in £(R™; R”). In particular we see that in general such V do not cor- 
respond to compact operators, let alone to elements of H @ H. Also for@: H x H > L(H; H)* 
defined in Section 6C we see from (6.5) that 


T 
0(h', h?) (s¥) = fis Li (sy(h ds. (6.7) 
0 


Theorem 6.1. For V in Hi AH! let Q(V) € \2 Ts Cx, be defined by (4.13). Then considered 
as a kernel it determines an element S2\) of £(H1; H!) which is conjugate to a multiplication 
operator M on L?T; Cx)M 
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LT, Cn.M —> LT, CM 
ao\xo0 o™x0 


D D 
at ot 
Se 


sav) 
He ahs 


O° 


Here M(u); = Wi), (t)(W, ‘u2) for jy given by Eq. (4.15) (and so jy, by (6.9) below), 
ue L?TCy)M. 


Proof. Set Viz = (wo! C2) Wr) Vet. Let O: Ke jaa Oa > Ne CoTx)M be given by 
OU)s.1 = (We! @ W,)O(A7(0)), ,. (6.8) 
Then from Eq. (4.16) 
O(V)s1 = jv(s At). 


As earlier so) is conjugate, by 4, to Miv acting on L?({0, T]; Ty)M). 
Forhe tt we have S2\Y)(h), = W,(S2™ (W-'h.)); so 
D ad, 6 «fd 
— §2% (ny), = W, —(S2™ (w-'h.)) = Ww, ( Mev | — woth. 
FOO We = WF (SOP (Wh) = Wa( ae (Ewota) 


-w,( ui (worn =wiows en 
"dt P ‘dt 


proving the conjugacy. 


Thus Q(V), corresponds to an element of Lesteyw(Ho; Ho), and so of (H% @z Hz)*, but is 
not compact and in particular does not belong to A? Te. This yields 


Corollary 6.2. There is a natural inclusion of H2 in Lskew(Ho 3 He) given by Ve SY. 


Note that by the definition (4.15) and formula (4.12) 


os 2 Sl 
+ Ray) Wi re Ro, (A7(Wr) Vir) dr 


0 
=(W,' @ W,')(Ro(A*(W)V:1)) 


D 
iy) a (Ww, ® we) = 


t 
+(W,'@ W)(R Ww? / (W?) "Re, (No ¥ir\dr (6.9) 
0 


Remark 6.3. The inclusion can also be seen geometrically from the fact that if U € Ae then 


U-R(U)e Ae Ho C Lskew(Ho; Ho) where R is the curvature operator of the damped Markov- 
ian connection which takes values in Lszew(Ho ; He); see Section 9D below. 
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D. Interior and exterior products. For any separable Hilbert space H define the interior prod- 

uct by an element h of H by 
,:H® HH, hed, 
tn(h! @h?) :=(h', h)h? = S*(h), 
where S € £(H; H) corresponds to h! @ h”. Thus 1), extends to a continuous linear map over all 
the completed tensor products we use and even can be defined consistently as 
,:L(H; H)—> A, by 
tn(S) := S*(h). 


E. The first part of the following lemma is standard, but the conventions are important, see 
Appendix A. 


Lemma 6.4. (i) The maps th: H ® H > H andh®:H — H © H are mutually adjoint as are 
the maps th: /\? H > H andha:H > /\? H. 

(ii) The adjoint of h®: H > H @,y H is th: L(H; H) > H, identifying (H ®z H)* with 
L(H; H) by D, as in (6.3). Similarly the adjoint of hn: H > ie FH is the restriction of ty to the 
skew-symmetric elements Lskey(H; H) of £(H; H), using the restrictions of D, (see Section 6B 
above). 


Proof of (ii). If S € £(H; H) and h, € H then 


(tn(S), 41) = (S*(A), h1) = trace[ S* 0 (h @ h1)] 
= Di (S)(h @ hy) = Di(S)(h® (hr) 


while if S is skew-symmetric 


1 
D(S)(h @ h1) = (A, Shi) = 51h. Shy) — (Sh, h1)} = Di(S)\(hn hi). 


F. Now take H = Ly! TigM and consider Q: NN? H> NM CoTx,M given as in (6.8). The 
inclusion H <> CoT,,M has an injective adjoint with dense range (CoT,,M)* —> H. Let ge 
denote the image of @ € (CoT,,M)* under this map. There is the interior product 

te: /\?CoT pM > CoTM 
given by 
1 
ta(w! Au?) = 5 (O(u!u? — (u2)u!), 


Lemma 6.5. For h € ie H consider 50h) € £(H; H). Then for @ € (CoTy)M)* we have 


1¢(Qo(h)) = ge S20) — — §Qo(h) (¢*). 
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Proof. Write ¢ in terms of a T,,M-valued countably additive measure, m?, of finite variation 
on [0, T] so 


E 


o(w) = [(ws.ams) w ECoTyM. 
0 


Then, if w =u! Au? € A* CoT)M has us.¢ = u1,s, 


T T 
ig(u)1 = 5 | et. sy)? — (u; ,dm®(s))u} == f wel (dm (s)) 


0 0 


treating u ts € Ke Ty) M as an element of Lokew(TxyM3 Ty) M@). Thus 


T T 
(s[Oo)]), =— / in(s At)(dm®(s)) = ai) (fa ) ( i imo) ds. (6.10) 
0 0 


On the other hand, if k € H, 


T T ui i 


i (Gf, ks)ds =(6",k),, = i (ks, dm®(s))ds = if (i. i. ima 


0 0 0 Ss 


Thus oi — fo ( a " dm? (r)) ds (a well-known result in Wiener space theory). This, using (6.10) 
and then Section 6C above, gives 


ns P d : 5 
(Be (t)]), =— f Tints) (8) ds = 52 (6") 
0 


= Ug Qa (h) 


by definition (see Section 6E). 


Remark. The same calculation shows that the analogous result holds with general elements of 
KT, )M, see Section 6C, replacing Q, (A). 


G. Set 
AZ = (1+ Os)[A7H] C A? CoP iy M. 


From Section 6D above we can consider elements of das as skew-symmetric bounded linear 
operators on H. This can be exploited to extend the definition of exterior products: 
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Lemma 6.6. The mapping 
(CoTpM)* x (CoTx)M)* > (F2)* 
given by 
(OP) HAP lee 
extends to a continuous, antisymmetric, bilinear map 
HxH+ (#2)* 
inducing a bounded linear map 85: es H-> (H2)* which agrees with the map 6 of Section 6C: 
L(H; H)* 
ae 


“ (F2)* 


\xH 
using the inclusion of H2 into C(H; A). 


Proof. For S = S92 ¢ Lskew(H; H) corresponding to Oo (h) as above, if ¢!, 6? € (CoTx,M)* 
then using Lemma 6.5, 


(¢! Ag?) (Go(h)) = 4? (ig1(G.(h))) = —4?(5(6'")) 
=—(¢?", 5(6!")),). (6.11) 
Also 


Sllcuza) = sup |on(s)| < const - sup |ft-,| < const - Al] ,2 (6.12) 
0<saY?r r 


SSS 


for a, the multiplication operator corresponding to S'as in Section 6C, i.e. ay, (t) = £ Jn(t) given 
by Eq. (6.9). Therefore 


[(6", $6!")| < const: lla2n IO" My ION We 


This shows we have 6, € EONS H; (iY): This agrees with 6, as required, by equal- 
ity (6.5). 


H. We now interpret these result in terms of 7{-forms and 1 vectors on Cy, M. 
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Theorem 6.7. (i) For v € Hi there is an interior product (annihilation operator) 
i; He > Hi 
which is continuous linear, and agrees with the usual tg for @ € (Ts Cx,M)* when v = og. The 


map (v, UU) ty(U) is in Ls igo Hy) and is bounded uniformly ino. 
(ii) The map 


(To CxyM)* x (To CxyM)* > (H5)*, 
(GE) (BAO) 2 
extends to give a continuous linear map 
hei (Hg)” Ax (He) > (H5)” 


which is bounded uniformly in o as an element of L(H1)* Ax Gs (H2)*). 
(iii) Moreover, ifu e Hi, €€ (H1)* and U € H2, 


do (v® A £)(U) = ly). 


Proof. (i) The existence of 1, and its properties come from Lemma 6.5 and the bounds on S$ 
noted in Eq. (6.12). 

(ii) Lemma 6.6 provides the proof of (ii) with A, being conjugate by A7(W.) to the map 6, of 
Lemma 6.6. We see from there that Os is bounded uniformly in o if the inclusion He —> L(A; A) 
is. However this is essentially the map ht S2°™ again. 


For (iii) approximate v* and by elements coming from (7,C,,)*. By Lemma 6.5, if 
U=V+Q(V) 
ty(U) = ty(V) — SO (v*) 


so 


E(4y(U)) = &(4(V)) — (64, 5° (v4), 


=(v* A £)(V) + (v* A £)(Qo(V)), by (6.11). 


We shall write 4.(¢ A Ww) as @ Az Ww when no confusion can arise. 


Remark 6.8. The map A, is independent of the choice of the Hilbert space inner product given 
to H}, or H2. Its adjoint gives a continuous map 


7 Fe > ((H5)* An (H3)°)* 


of H2 into the skew-symmetric bi-forms on (H2)*. 
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7. The derivation property for d' 
A. We can now formulate and prove the derivation property of d!. 


Theorem 7.1. Suppose f :Cy)M —> R is in Dom(d®) and ¢ € Dom!) 0 L®L(H!)* with 
d'¢€L®©I(H’)*. Then f¢ € Dom(d!) and 


df) =P f Ax b+ f(d'9) 
where /A,, is defined above by Theorem 6.7. 


Proof. Let {oj} be a sequence in Dom(d},) with 6; > ¢ in L?T(H')* and ‘oj; > d'¢ 
in L?T(H7)*. Assume first that f € Dom(dj,). Then fo; > f¢ in L?(H')* by the module 
structure of Dom(dj,), and by standard calculus 


d(foj)=df \ oj) + fdgj, 
therefore 
Af op lez =o flat A bila) + Fdeopirz 


in the notation of Theorem 6.7. By the uniform bound on A, from that theorem, and taking a 
subsequence if necessary to assume $j|771 > $|3,1 for almost all o, we see 


do (Af ly A djl) > Ao (d° fo A bo) 


almost surely and so in L? by the dominated convergence theorem. Since f (doj)> f d'@ and 
SOP E Dom(d},) the result follows for f € Dom(dy). 

For general f € Dom(d°) take { Fi}, in Dom(dy) with fj; > f in L* and df; > df in 
L*T'(H')*. From above we know that FiGE Dom(d!) with 


d'(fj¢) =dfj Ax ¢—fi(d'd), j=1too. 


Now @¢ and d!@ are bounded so as before we see dfj An @ > df Ax & and fid'¢ — fd'd, 
both in L'’(H7)*, completing the proof. 


8. Infinitesimal rotations as divergences 


We will say that a p-vector field V on C,,M (or similarly on Co(R”)), has a divergence if 
there exists divV € L'T NP ATC xo such that for all smooth, bounded, cylindrical (p — 1)- 
forms ¢ we have 


/ dp(V) dixy = — (div V) dix. (8.1) 
CxyM Cry M 
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For p = 1 from Driver [20] we know that not only do sufficiently regular elements of L7H! 
have divergences but so do the infinitesimal rotations R® € L* I he TCM given by 


t 
Ri = fi f Ipacds (8.2) 
0 


where ats : CxyM > Lokew(Ty,M; T,y,M), 0< s < T, is in L? and progressively measurable. 
Indeed 


div R® = 0. 


For more examples of one-vector fields with divergences see Bell [9], Cruzeiro and Malliavin 
[19], Fang [40], and Hu, Ustiinel and Zakai [45] and for p-vector fields see [33]. As in finite 
dimensions if a p-vector field V has a divergence div V, when p > 1, then div V has a vanishing 
divergence. In view of the looseness of the definition and the homotopical triviality of C,,M 
we would expect that a field with a divergence which is zero would necessarily be a divergence, 
and we will give some evidence for this which also sheds light on the structure of our modified 
de Rham complex. 

First we observe that the exterior product of suitably regular H-vector fields in Dom(div) has 
a divergence. For this let V', V* ¢ L7H !. Then we have an L section V! A V? of H! AH!. 
If @ is a smooth (bounded) cylindrical 1-form, then as discussed in Appendix B, 


2d6(V! AV?) =ty1 dty2($) — ty dty1($) — 20([V!, V7]) 
provided V!, V? are sufficiently regular. Give such a regularity 
2 i do(V! AV?) dix 
CxyM 


= / tyi(@) div V7 djxy — / ty2(p) div V! diy — i O([V', V7 ]) ditxy. 


CxyM CxyM CxyM 
Thus V! A V* has a divergence with 
2div(V' A V7) =—(div V*)V! + (divV')V* +[V!, V7]. (8.3) 


The first two terms are sections of H! but as is well known, Cruzeiro and Malliavin [18], Driver 
[21], the bracket involves a stochastic integral of the form J for 


t 
L=ft i Ie RVs A Ve) dxs, (8.4) 
0 
i.e. an infinitesimal rotation. The above applies in particular to V’ = TZ(h') for hi € 


W?1(C,,M; H), i =1,2. 
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Also if h:Cy,M > (A? H is in W:!, the 2-vector field \\? TZ(h) has a divergence with 
div Ae TL (h) = TT (div(h o Z)). Indeed for ¢ a smooth cylindrical one-form 


[2677 200) dus = i I*(db)(hoZL)dP 


Cry M CoR™ 


= i d(Z*$¢)(hoT)dP =— / T*b(divhoZ)dP 


CoR”™ CoR™ 


= / $(TZ(divihoD))) dP. 
CoR™ 


Here we use the fact that since h € W!, we have h oZ € D*! C Dom(div). Consequently, 
div(A*TL(h)) = TI(divh). (8.5) 


(For another version of this result see Section 8E.) On the other hand, 


A?TI(A) = \?7 TL) + O(A7TI(h)). 
Thus: 


Proposition 8.1. For h = h! A h? with h' © W7:!(Cy,)M; H), i = 1,2, the two-vector field 
ai’ TT (h)) has a divergence with 


div O(A\?TI(h)) = TL Givh) — div(\°TT(h)). 


Since TZ (div AjeT H! we see that div OC Ke TTI(h)) must cancel out the infinitesimal rota- 
tion term J in div( A? TTI(h)). A geometrical interpretation of this is given below, see Section 9. 
The following result concerning the flat Wiener space case shows how this can happen. It should 
be considered together with formula (4.16) for Q and the discussion in Section 6C. 


Proposition 8.2. Every two-vector field V :Co(R”) > Ke Co(R”) given by V; 4 = j(s At) for 
I@M= is a, dr, where a.:[0, T] x Co(R”) > Lskew(R”; R”) is progressively measurable with 
Seo) fo las|? ds d [Lx < 00, has a divergence. It is given by 


div V = | « aBs, 
0 


ie. divV = R®. 
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Proof. Let f :Co(R”) — R be bounded and C™ and let £ € Co(R”)*. Define the 1-form ¢ on 
Co(R") by 


bu(v) = f(@)e(v). 


Bounded cylindrical 1-forms can be written as sums of such forms. Then dd =df A ¢. 


Let k be the image of @ under the inclusions Co(R")* > ine (R”) adjoint to the inclusion of 


Le in Co. 
From (6.7) above we see 


T 


meee» fic os 
do(V) = / (Viz fs: sks) pm 48 = ar( / asks is) 
0 


0 


Thus 


T 
/ do(V)dP = / #@) / iednaeaPre) 
0 


CoR”™ CoR™ 


T 
aaa / Fe) | hse d Bo) dP(a) 


CoR™” 0 
=- / roo / zy) dP(w) 
CoR” 0 


as required. (The last equality being obvious in the (most relevant) case when €(v) = A(v;,) some 
i € (R”)*, some 0 < fo < T, in which case ks = x[0,19](5)A.) 


9. Differential geometry of the space 72 of two-vectors 


In this section we will give a bundle structure to the Bismut tangent bundle 1 and interpret 
the quantities Q and R which define H? in terms of a natural connection on H. 


A. The L? tangent bundle and its frame bundle. Let 1 : OM —> M be the orthonormal frame 
bundle of M. Our Banach manifold C,,M has natural structural group Cjq([0, 7]; O(n)) with 
frame bundle identified with the space of paths Cx! (x9) ({0, T]; OM) in the frame bundle OM 
of M, starting at any frame over xo. Let 


I: Cyz-1 (x9) (OM) > Cx)M 


be the projection. Note that Cjg(O (7)) has an orthogonal representation on L?({0, T]; R"), acting 
pointwise 
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Cia(O(n)) 4 O(L?([0, T]; R”)), 
p(a)( f(t) =a(t)(f (0). 


For a, 8 in Cig(O(n)), 


| 
|| p(a) a PO lari ringer) ag Sup [ioorre) == B(s) f(s)|° ds 
pes ; 
lr 
< sup fire? sup_|a(s) — B(s)|°ds 
Le : EES 
< sup |o(s) — B(s)| =d(q, B). 


O0<s<T 


Thus p is continuous into the uniform topology and we see it is even C® with derivative map 
Typ ata: 


Typ: T~Cia O(n) > T O(L*([0, T]; R")) C L(L7([0, T]; R"); L?([0, 7]; R")) 
given by Tap(V)(f)(t) =VO fF). 


From this we see that the L? tangent bundle L?7C,,M has the structure of a C© bundle 
associated to C,,-1(,,)(OM), whose elements u act as frames on it by 


u:L*([0,T];R") > L°TsCyM, o = itu, 
u(f)r =u(fO). 


This construction determines L?7C,,M as a C® bundle over Cy, M. It tells us what its smooth 
sections (in the Fréchet sense) are. (For example see Remark 9.1 below.) 


B. The pointwise connection. Let V denote the pointwise connection on C xo M, as described 
in greater generality by Eliasson [25]. It is defined on the bundle L?TC xo M —> Cy,M by 


VyU); = Du V. 
(Vy leas (exp, (s )), 


(9.1) 
s=0 


where B and exp come from the Levi-Civita connection on TM. Thus 


z d 
(VyU); = X (01) F(Y¥ (xP, (sV;))U (exp, (sV.)),) 


s=0 
= X(o,)d[YQUO]V):, 


where the L?-valued one-form Y : L°?TCy,M — L*([0, T]; R™) is the lift of Y, ie. 


Y¥o(V)(t) = Youry(V(t)). 
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This says that the pointwise connection is the LW connection in the sense of [30], for the lift x 
of X to C,,M. 
This connection is torsion free and is metric for the L* metric. 


Remark 9.1. The pointwise derivative VY :TC,,M x L?TCy,M — L?({0, T]; R”) is C®. 


To see this let Y be a locally defined C® frame field for L?7.C xoM giving a local trivialisation 
over an open subset U of Cy, M 


Y:U x L?((0, T]; RR”) > L°TCy)M. 
Then 
[Yo 1 (o)(f)], = Yo (To) FO). 
Its derivative is 
(Vu, YIN FO + Yo, (Vo (FO)). 
C. The bundle structure of Ht and its damped Markovian connection. Let Cc).M be a set of 


paths of full measure along each element of which the Levi-Civita parallel translation, //, is 
defined and satisfies its basic composition properties. Then (, is defined for each o € CoM by 


formula (4.5) with an isometry W, : L?TsC ‘xo M — He, with inverse p. Thus we get an induced 
smooth vector bundle structure on H!, over CoM by 


ae Sir GeM. 

We can use this isomorphism to pull back the pointwise connection to get a metric connection 
V on H!. This is the damped Markovian connection defined in a different way by Cruzeiro and 
Fang in [15,16], Cruzeiro, Fang and Malliavin [17]. The basis for a covariant Sobolev calculus 
using it is given in [35]. In particular we have a closed covariant derivative operator W with 
domain, denoted by D*:'#!, in the space of L? sections of H! mapping to the L* sections of 
L2(H'; H'). In general we shall not distinguish between CoM and C,,M. 


Since the inverse map to p is YW it follows from Eq. (4.2) that this connection is the LW 


connection associated to TZ in the sense of [30]. With this in mind define 


X:CyM x H>H', 
X(o)(h) = TL(h). (9.2) 


As noted in [35] the adjoint of X is the H-valued H-one-form Y given by 


Y,(V)= / yes rae 
0 
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This is also a right inverse to X. Suppose that u! and uw? are in D*!H. For j = 1,2, set h/(o) = 
Y, (u/(o)). Then, by [35], h/ € D?:!(C,,M; H) and 


Vila” = X(a) d[Yw’)](u'()) 


= X(o) dh*(TZ(h'(c))) = X(a)(d(h? oT), (h'(a))). (9.3) 


We saw in Proposition 8.1 that for certain v! and v2 the two-vector field av! A v*) has a 
divergence. After the following lemma we can identify that divergence: 


Lemma 9.2. Suppose h: CoR” — H is adapted. Then 
TL(h) =TTL(h). 
Proof. Set v; = TZ;(h). Then, since h is adapted we have as for Eq. (3.6) 


ss 1 _ 
Du; = Vv, X Ut dp;) = 2 Ric*(v,) dt + X (x; )hy dt. 


Now take conditional expectations as usual to get the result. 


Theorem 9.3. For any FYo adapted vector fields ule LPH}, i=1,2, some p>2, 

div Q(u' Au*) = ST(ul, u’), (9.4) 
where T is the torsion of the damped Markovian connection W. 
Proof. As above set h/ = Y(u/), j =1,2. Define the adapted H-vector fields hi, j= 1,2, on 


CoR” by hi =h/ oT. First assume that each u/, and so h/ and h/, belong to D?*!, 
By the integration by parts formulae, as for the proof of (8.5) for two-vector fields in Section 8, 


and using the fact that hi (w), L ker X (x;(@)) a.s., 
Fe | 


T 
div(u/) oZ =E{div(h/)|F} = -e fs dBs) 
0 


T 
— [iii X (x5) dBs) = div(h/). 
0 


In particular div(h’) is F*0-measurable. Consequently, from Proposition 8.1 and formula (8.3), 


2div O(u' A u*) = 2TT(div(h! A h2)) — 2div(u! Au’) 


= TI (—h! div(h?) + h? div(h') + [A!, h?]) 
— (div u')ue fey! div(u’) _ [u', u?] 


=TT([h', h2]) — [u!, v2]. 
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Also from (9.3) 


giving 


2div O(u' Au*)(o) =TIL([h!, h?])5 — TLo({h!, h2]o) + T(u', u?)(o). 


For adapted vector fields the first two terms cancel by the previous lemma, so we have (9.4) for 
adapted D?:! vector fields. 


If u!, uw? are adapted but not in D?:! we can choose, cf. Lemma 9.4, sequences of adapted 


(oe) 
n=1? 


processes {uj} j=1,2,in DP! H, converging to u!,u? in L?. Then as n — oo, 


T(u;,un) > T(u',u’) 
in L'TC ‘xoM, by the formula 
T(V', V2) =X((Wy2¥)V! — (Wy ¥)V’) 


given in Appendix B. On the other hand, for any C™ cylindrical 1-form ¢, 


fom’) =-2 f do(o(uh Aw) > -2 f do(owu Aw)). 


Thus for all adapted L? vector fields u', we have 


div Q(u' Au’) = sT(ul, u’). 


Lemma 9.4. If u is an F,° adapted H-vector field in L? V'H' for some p > 1, there is a sequence 
un € DP! H} of Fe° adapted H-vector fields such that un converges to u in L?. 


Proof. Set h = Y($u) oF € LP(CoR”; L7({0, T]; R”)). As finite chaos expansions are dense 


in L?, let {hy} be a sequence of functions with finite chaos expansion converging to / in 
L?(CoR™; L?((0, T]; R™)). Define v_ : Cy, > L*((0, T]; R”) by 


(v_.0 D); =Elh, |F;° 1. 


Then v, belongs to D?:!, see [35]. Set un = Xo (vn)s ds) then uy, converges in L? to u. 


Remark 9.5. 


(1) Itis noted in Cruzeiro and Fang [16] that the divergence of T(v!, v) vanishes for a class of 
adapted H-vector fields v! and v?. 
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(2) The conclusion of the theorem does not hold for general smooth nonadapted vector fields. In 
fact for a smooth, cylindrical f : Cy) M — R we have T(fv!, 07) = fT(v!, 0”). But 


div O((fv') Av) = div( f Q(v! A v*)) = Ff div(Q(v' Ad)) tev Q(v! Ad’). 


Though we state the following for Brownian motion measures and the damped Markovian 
connections note that it applies in considerable generality, for example for any metric connection 
on a finite dimensional Riemannian manifold with smooth measure. In it we consider the closed 
covariant derivative operator 


V:D! CL’rH! > Lr La(H';H’') 
with L?-adjoint W*:L7L(H!; H!) > L?rH!. 


Proposition 9.6. Let U, V € L©H!. Suppose U € D*! and V € Dom(div). Theno +> U(a)® 
V(o) as an element, U ® V, of L?'(H'! ® H!) is in Dom( W*) and 


V*(U ®V)(o) = —(div V)(o)U(o) — WyayU. (9.5) 
In particular this holds if U and V are both essentially bounded and in D*' in which case: 


W*(U AV) =div(U AV) + sTw. V). (9.6) 


Proof. Let Z ¢ D*!H!. By (6.1) and (6.2), 


J (08210. UO VO) 743 Aloo) 
CM 


= f (2 VEVO)c,q090 Ai) 
CyyM 


= J ((We,Z)0, UV). ei)jys Atty) 


ig M i=l 


= (Vvo)Z,U Oy dix) (G) 


= i d(Z,U)y1 (Ve) dptxy(@) — / (Z, Wyo U)y41 dttx9(0), 
CxyM CxyM 


since W is a metric connection. This proves the first part. 
For the second part first note from [35] that H-vector fields which are in are in Dom(div). 
Then plug U AV = s{U ®V—V@U} into Eq. (9.5) and use formula (8.3) to see 


2,1 
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1 
W(UAV)= 51—Giv V)U + divU)V — WyU+ WoV} 


=div(U AV) + sTw, V). 
By formula (9.4) this immediately gives 
Corollary 9.7. For U, V as in Proposition 9.6 
V*(UA V)=divl + Q)(U AV) (9.7) 


provided U, V are non-anticipating. In particular for h', h? in Ly (R") non-random 


div(A?TZ(h! A h?)) = V*(FI(h') A FL (h’)). (9.8) 


Note that for Z as above, if f : Cy), M — R is smooth and cylindrical then 


i (WZ, fUN V) wien! diLxg 
CxyM 


= / (WPZ)-—ZOVF,UAV ign Attra 


CxyM 
1 1 
= if {(z fWUAv))— 5 (2; U) df(V) + 5 (2 v)df0)| dit 

CxyM 

So 
WU AVI =f VU AV) — s(uarw) —Vdf(U)} 
=fW*(UAV)+ivfUrV) 

whereas 


div + O)\(fUAV)= fdivl + Q)UAV)+iwf(U AV) + tap QU AV). 
Thus the formula is not true, if ‘non-anticipating’ is dropped. 


D. The curvature operator. The curvature operator R of the damped Markovian connection W 
on PH! is conjugate to the curvature operator 


R : A?TCxyM = Figen W Be Onn M; IP PCR M) 
of the pointwise connection on the L? tangent bundle via the map z. In fact 


R: A\?TCxyM ae Lesieg (Flee H;3) 
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is given by 


(R(U)h), =W; (R-(uc) (2). 


that is 
t 
R(U)h), = W; | Wo 'Ro, (Us,s) Ee ae. (9.9) 
( Ds Ss S d- 
0 


We shall show that this agrees with the definition given in Eq. (4.17). 

Our convention that (a ® b)(u) = (b, u)a makes clear the correspondence between the curva- 
ture operator R of M considered as a map R: Ne TM — L(TM; TM) and it considered as a 
map R: A\? TM — (A? TM. Note also that for a linear map T 


[(7 Ql)ae® b)| (u) = T((a ® b)(u)). 


Then 


t 


t 
RW) (h), = W, i} WeIRUr( Tr) dr = W, / [(w'@ 1) RU] (Fr) dr 
0 


0 


t 


D 
= [leno @ RU ]( Zhe dr 


0 


T 
D 
=f xooem, @ WA YRUen)( Fh) dr. 
0 


Proposition 9.8. As a linear map from A? T, Cx )M to ie T Cy) M, the curvature operator of the 
damped Markovian connection on H'! is given by 


t 
RO) = (WOW) | MWY IRU dr, 1s. (9.10) 
0 
Proof. Since R(U) is regular, its integral representation is 


T 
D Dh, 
R(U)(h.); =| (12 TRO eel rr ) ar, 
0 


Compare this with the integral representation above the proposition to see the result. 
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E. The domain of d'*. An important result for functions on CoR” was that the domain of 
the divergence acting on H-vector fields contains D?:!(CyR”; H), in particular H-vector fields 
which are in D*! are Skorohod integrable [51]. For C ‘xo M the analogous result was proved 
in [35] using the damped Markovian connection. We have not yet given a “bundle structure” 
or connection to H? or its dual, but A? L?TC 'voM is a smooth bundle and inherits a connec- 


tion from the pointwise connection. This will be the LW connection for Ke X. As discussed, 
in general, in [35] a section Z of Ke L°TC,,M is in D?! \? L°?TCy,M if MY) is in 
2.1(C,,M; /\* L?({0, T]; R”)). Where defined, the map 


+ 0A?W:A7L?TC,,M > WH? 
is an isometry and it would be natural to use this to give a connection on H?. In this sense the 
following shows that the results mentioned above extend to our H-two-forms (or equivalently 
for the divergence operator on H-two-vectors). It is stated in terms of the weak Sobolev class 
W~! for, possibly, greater generality. 
Theorem 9.9. 1. Let ¢ € L? TH’. If 
011+ O)o\?>We W!TA7(L?TCyM)* 


then ¢ € Dom(d!*). - 
2. More generally @ € Dom(d!*) if the conditional expectation of its pull back by the Ité map 


E{Z*()|F}:CoR” > (A7H)* 


is in the domain of d‘* on CoR". If so, for almost allo € Cx M the H-vector field div * is given 
by 


div($*) = TI (div(E{Z*(p)|F*})*). 


Proof. Set 
ms d 
g(o) =$0(1+ Q)o\?Wo A? X(a)o n(s) 


for o € Cy)M. Then our first condition implies that g €¢ W*!(C,.M; Ke H). Note that 
g=¢0(1+Q)o/\*Wo /A*X and so 
goLl=E{I*(@)|F”}. 


By [35] goZ € D*! on CoR”. By [69] this implies that as an H-two-form g oT is in the domain 
of d'*. Now let we Dom(d;,). cylindrical one-form on Cy, M/. Then we have 


[ (her he = [ho RTE). 607TE)) p> uy 


CxyM x9 
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= / dw \? TL(-), E{Z*()|F}) 24" 


_ / T* (dh). E{Z*()|F}) a 


= | ADEE O|F™}) ry: 


= fOr. @PR OLE pan 


From this the results follow. 


Corollary 9.10. Every C! cylindrical 2-form on Cy,M is in the domain ofa: 


Proof. Let M“) = M x M x --- x M be the Cartesian product of k copies of M and for 0 < 
th <:+<% <T define py: CyyM > M™ by pio) = (tH), ..-,0(t)). Suppose ¢ = pF (0) 
for 0 a C! two-form on M. Then 


E{Z*(¢)|F°} = o7() 0 A + O29) 0 A°X(Z0)) 
=60 /\?X(Z(p.))) 0 APY A? Tp, 0 (1+ O72) 0 A?X(Z() 


where X(z1,..., 2%) = Qi_1 Mia) QR” —> T,M for z = (z1,...,z%) € M™.. Now, 
from the differentiability of @ and X it is clear that 6 0 \* x (Z(px(.))) is in D?*! for all 1 < 
D < ©, while it follows from standard approximation arguments that so is A? y pe Tp; 0 


(1+ Q7;.))° A? X(Z(-)), for example as in [2]. Thus we can apply the theorem as required. 


Appendix A. Conventions 


In the past we have used different conventions on the exterior product of a differential form, 
inner product of two antisymmetric tensor vectors, and the interior product of a vector with 
another. Here we were driven by the insistence that exterior product spaces are subspaces of the 
corresponding tensor products. To make these differences more transparent and easier for the 
reader to compare to their own conventions, we list in this section the conventions we use. It is 
only necessary to state them for uncompleted tensor products. 


A. Let E, F be a real linear spaces. Any multilinear y: E x E x --- x E > F determines a 
linear map yy: E @o E @0---@o0 E > F with 


(uy @ ++ @ug)=W(uy,..., Ug). 


Denote by Ma E the subspace of anti-symmetric tensors and use the convention 


I 
WA Allg = YD Unt) © @ tg) Gt) 
“a 
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where the summation is over all permutations z of {1,2,...,q} and (—1)” is the sign of the 
permutation. This convention ensures that if y is anti-symmetric then 


Wu A+++ Aug) = Wu, 0.5 Ug): 


An inner product (—,—) on E determines one on the tensor products 


(U1 @ +++ @ug, V1 @--+@ vq) = 


l 


(uj, Vi), (A.2) 


q 
=! 


any u;, vj € E. In turn this determines one on the exterior powers by restriction, giving 


(uj, V1) (uj, V2) Sexe (U1, Vg) 
EE SS Meg NA SPA a Ot sa ces bs (A.3) 
(ug, V1) (Ug, V2)... (Ug, Ug) 
Now suppose there is a pairing ((—,—)): E’ x E > R between E and a linear space E’. We are 


thinking of the cases E = E’ with inner product pairing or E’ being the dual space of E with 
respect to some topology, with ((/, e)) =/(e). Then if / € E’, there is the standard interior product, 
or annihilation operator 17, 


UU @ +++ @ ug) = (1, u1)) (U2 @ +++ @ ug). (A.4) 
This gives 
ie 
(uy A+++ Aug) = = S0(-D ITN, uj) Av Altj A+++ AUg (A.5) 
q* 
j=l 
where i means the omission of the vector u. Note that: 


(i) If E = E’ with inner product pairing then for each v € E the operator ty: \j E > iS a E 
is adjoint to the map determined by uj A+++ Aug—1 > VA Uy A+++ Aug-1. 

(ii) The interior product is now not a skew-derivation, cf. [50, p. 65]. For example if ¢g = 2 we 
have 


1 
(uy Au2) = xl, u1))u2 — ((1, u2))ur}. 


Keeping the duality between the interior product and the “creation operator” v A —, for w as 
above and v € E define: 


wWw:XI-DESR 
by 
ly(w)(u4, Pee eeg Ug—-1) = vv, uj, ee | Ug-1); 


so that if w is skew-symmetric we have 
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ly(W)(ur A+++ A Ug-1) =WvAUA---A Ug-1). 


If @; and ¢2 are in a dual space to E then ¢; A @2 is defined on MN E by 
1 
$1 A ga(uy A uz) = 5l%1 (1 )b2 (ur) — b2(u1)b1 (u2)]. 


This is in agreement with 1,(@1 A $2) := 5(d1(v)o2 — 2(v)¢1). 


B. More generally if S: E; — Ez and T: Fj — F» are two linear maps of Banach spaces, 
there is the induced linear map 


S@T:E) @o Fi — E2 @o Fr. 


If Fy; = Fi and £7 = Fy set SAT = 5(S@T +T ® S)so S@ S agrees with S A S as a linear 


operator on A? E,. This reduces to the previous definitions when EF. = F2 = R after identifying 
R@RwithR. 


C. Consider now the tangent bundle 7 M of a smooth manifold M. The exterior differentiation 
d:\4TM — /(\4*' TM is defined by 


do(V' a---A Var) 


q+ a 
a Yi" Lyi [O(ViA--AVIA--AVIT)] 
@+bDia 
+ — YS Cbite(vivéjav! Seve Rav Es A AVEtl) 


l<i<j<qtl 
(A.6) 


where Lyi denotes Lie differentiation in the direction of v'. This differs from the convention 
used in our previous research paper, e.g. [30,31,33] where we did not add any constants before d 
and d*. This lead to a change in the divergence of g-vector fields by a factor of g 


divoid(V) = 4 divnew(V). (A.7) 


By our conventions if f is a function on M, 


(df \¢,W) =(, taf ¥), (A.8) 
d(fo)=df \o+ fd, (A.9) 
div(f V) = f (div V) + uy (df). (A.10) 
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Appendix B. Brackets of vector fields, torsion, and d@ (v! A v?) 


Lie brackets of H-vector fields have been discussed in many places, e.g. [19,21,55], for com- 
pleteness, and definitiveness, we give a definition and some properties here. The torsion of the 
damped Markovian connection is also described, for explicit formulae see [16]. We refer to 
[35] for the Sobolev calculus of sections of 1, related bundles, and smooth bundles such as 
L°TC xo M. The latter will always be taken here with its pointwise connection. 


Proposition B.1. The inclusion map of H into L*T Cy) M is inD?! for 1 < p < 06 as asection of 
LACH; L?TCyyM) and any H-vector field V in D?'!H, or W?!H, is a D?!, or W?"!, section 
of L?T Cy M. Moreover for such V the pointwise (weak) covariant derivative V_V is an LP 
section of L(H; TCx,M). 


Proof. For the first assertion it suffices to show that the map 
O:Cy)M > L2(H; L?([0, T]; R”)) 
given by 
O(o)(h) = YoTTo(h) 


is in D?:!. However O(0)(h): = You) Wi fy W, |X (o(s))(As) ds and so the result holds from 
standard arguments, as in [2]. For the claim about sections we can apply the corresponding 
arguments too  O(a0)(U(c)) for U € D?!(CyM; #7), or in WwW?! (Cy) M; #1); in the latter 
case it is only necessary to consider the composition with Z, see Theorem 5.1. In particular 
the final assertion comes from standard results giving the continuity in ¢ of the derivative of 
(O oL)U oT); : CoR” > R", e.g. as [64, p. 106]. Alternatively the derivative can be calculated 


explicitly as in [2]. 


Definition B.2. If V! and V? are in W?-'H define their Lie bracket by 
[Vi V7] =VyiV27-Vypv!, 
where V is the pointwise connection defined by formula (9.1). 
By Proposition B.1, [v!, V2] is then a measurable vector field, i.e. section of TC,,M. Since 


the pointwise connection restricts to a torsion free connection on TC, M this definition agrees 
with the usual one. Moreover if f : Cx, — R is smooth and cylindrical we have 


d(df(V’))V! =Vyi(df)V* +df(VyiV’) 


so that 


d(df(V*))V' —d(df(V'))V* =df([V', V*)}) 
as usual. The torsion T(V'!, V) is defined as a measurable vector field by 


T(V',V*) = WyiV?- Wyv! —[v!,v?]. 
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To see the torsion as an “#H-tensor field” use the LW characterisation of the pointwise con- 
nection to observe first that 


T(V!, V7?) = Wy V2 — Wy2V! — VyiV2 + Vy! 
= WyiV? — Xd(¥V7)V! — Wy2V' 4 Xd(¥YV')V?. 
Now consider the restriction of Y to Has a section of £L2(H: L?((0, T]; R”)). As above it lies 
nD? lic p<, with WY a section of £L2(H; £L2(H; L?([0, T]; R™))). Then 
WyiV? — Xd(¥V*)V! =-X(WyiY)V? 
and so 
T(V',V*)=X((Wy2Y)V! — (Wy Y)V?). 


From this we see we can consider the torsion as a section of £L2( i H; TCy)M). Alternatively 


noting that Y maps H into Co({0, 7]; R’”) and arguing as before we see that it gives a section of 
Lskew(H, H; T Cx,M). In both cases the sections are in L? for all 1 < p < 00. 
Finally we give the result used in Section 8. 


Proposition B.3. If @ is a smooth cylindrical 1-form and V!, V? are in W?:'H then, almost 
surely, 


2do(V! AV?) =ty1 diy2b — ty2 dtyi¢ — 9([V', V’]). 
Proof. Using the pointwise connection on the sections of T*CxyM: 
ty1 tyr — ty2dtyid — 9([V', V*]) 
= (Vyig)(V?) + OV )V? = (Vy26)(V!) — 6(Vy2V!) — 6([V!, V7) 
=Wyib(V*) — Vy2o(V"') 


=a 1 12 
=546(V',V’) 


by the standard formula, as the pointwise connection V has no torsion. 
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Abstract 


We prove a semigroup analogue of the Kadison Transitivity Theorem for C*-algebras. Specifically, we 
show that a closed, homogeneous, self-adjoint, topologically transitive, semigroup of operators acting on a 
separable Hilbert space is (strictly) transitive if the semigroup contains a non-zero compact operator. Addi- 
tional structural information about such semigroups is obtained, and examples are provided to demonstrate 
that the theorem is the best possible in the semigroup case. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Kadison Transitivity Theorem; Self-adjoint semigroups of operators; Transitive semigroups; Compact 
operators 


In 1957, Kadison [2] showed that a closed, self-adjoint algebra of operators S which acts topo- 
logically transitively on a Hilbert space is actually transitive. We consider the analogous problem 
with most of the linear structure of S removed: if a multiplicative semigroup S of bounded oper- 
ators acting on a Hilbert space is closed, homogeneous, self-adjoint and topologically transitive, 
is S transitive? 

We shall adopt standard notation and let H denote a complex, separable, infinite-dimensional 
Hilbert space. Let B(H) denote the C*-algebra of all bounded operators on H, and let K (H) 
denote the ideal of all compact operators in B(#7). 
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As mentioned above, the objects we are considering are like C*-algebras, but no closure 
property for addition is assumed, and we shall assume only that S is closed under multiplication 
by non-negative real scalars. We shall call such objects C*-semigroups, and the precise definition 
follows. 


Definition 1. A C*-semigroup is a subset S of B(H) which has the following properties: 


(1) S is closed under multiplication: that is, if S and T are in S, then ST is in S; 

(2) S is closed in the norm topology of B(H); 

(3) S is homogeneous: that is, if S is in S and r € Rt = [0, co) is a non-negative real number, 
then rS is in S; 

(4) S is self-adjoint: that is, if S is in S, then S* isin S. 


We wish to investigate the question of whether topologically transitive C*-semigroups are 
transitive. A subset T of B(#) is transitive if for any two vectors x and y in H with x 4 0, there 
exists T in J such that 7x = y (or equivalently, for each non-zero x in H, Tx = H). A subset T 
of B(#) is topologically transitive if for any two vectors x and y in H with x £0, there exists a 
sequence 7, in J such that 7,,x converges to y (or equivalently, 7x is dense in H). 

In the case where a C*-semigroup acts on a finite-dimensional space, topological transitiv- 
ity does imply transitivity. This is shown in [3] and as with algebras, the hypothesis of self- 
adjointness of the semigroup is not required in finite dimensions. 

We consider the case where our C*-semigroup contains a non-zero compact operator, and 
establish a Kadison Transitivity Theorem in this setting. Next, using this transitivity theorem, we 
are able to extract additional structural information about C*-semigroups containing non-trivial 
compact operators. For example, we show that the minimal non-zero rank in a given topolog- 
ically transitive C*-semigroup is either one or two. Using this, we show that every transitive 
C*-semigroup either contains all rank one operators (if the minimal non-zero rank is one), or—up 
to unitary equivalence—contains a certain minimal transitive C*-semigroup Sq = { (a; 6; Ui V;)} 
where a;, Bj; are appropriate non-negative scalars and U;, V; lie in the group U/q of unitary 
quaternions (see Example 7, Proposition 13 and Theorem 16). U4q is exactly the group SU2(C) 
of all unitary 2 x 2 matrices with determinant 1. 

Finally, we look at the limits of our transitivity theorem and construct a number of examples 
with the goal of showing that the theorem is best possible. These examples will show that if our 
topologically transitive semigroup lacks any of the properties mentioned in the hypotheses (being 
norm-closed, being homogeneous, being self-adjoint, or having non-zero intersection with the set 
of compact operators) then the semigroup need not be transitive. We close with an open question 
regarding the non-homogeneous case. 


1. A Kadison Transitivity Theorem for C*-semigroups 


In this section we shall assume that our C*-semigroup S contains non-zero compact opera- 
tors. 

Suppose K # 0 is a compact operator in a C*-semigroup S. While we may not have access 
to all of the spectral projections of K* K, as we would in a C*-algebra, we do have access to the 
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spectral projection corresponding to all of the eigenvalues of maximum modulus, since 


(Texi**) 
|K*K| 


converges in norm, as n — ov, to this non-zero projection P in S. By the compactness of K, 
P must be of finite rank. Let 


p=min{rank(P): 04 P? = P* = P eS}. 


The same argument (and lower semicontinuity of rank) shows that if a C*-semigroup S con- 
tains a non-zero operator of finite rank r then it contains a non-zero projection of rank at most r. 
We summarize this as our first lemma. 


Lemma 1. /f a C*-semigroup S in B(H) contains a non-zero compact operator then it contains 
(some) non-zero operators of finite rank including a projection of the smallest non-zero rank 
present. 


Lemma 2. /f S is a topologically transitive C*-semigroup in B(H) and P is a projection of finite 
rank in S, then the semigroup PS P is transitive on PH. 


Proof. The semigroup is closed, homogeneous and topologically transitive on a finite-dimen- 
sional space, so the lemma follows from Theorem 6 of [3]. 


Let P, be a projection of minimal rank p in S and consider the semigroup ideal SP,S. 
This semigroup is also topologically transitive. (Lemma 4 of [3] shows that non-trivial ideals 
of topologically transitive semigroups are topologically transitive, and although the proof given 
there is for semigroups acting on finite-dimensional spaces, the same proof is valid in infinite- 
dimensions.) If we can show this semigroup ideal is transitive we will have our analogue of the 
Kadison Transitivity Theorem. We begin with the following structure theorem. 


Theorem 3. Let P, be a projection of minimal rank p in a topologically transitive C*-semi- 
group S. Consider the decomposition H = P,H ® (UI — P,)H. 


(1) There is a closed group Up of unitaries in Mp)(C) such that 
PoS Polp,H = RtUp. 
(2) If Be FI € S for some t > 0, then T*T € Rt I, (in other words, T is a multiple of an 


isometry). 
(3) Every Z € SP, can be factored within S P, as 


Fs zl, O||U O 
Z3 O|| 0 OF’ 
where U €U, and z > 0. 


(4) ae al [ve | € S for some r,t > 0, then (rt)Ip + T*R € R™Up. 


L. Livshits et al. / Journal of Functional Analysis 254 (2008) 246-266 249 


Proof. Elements of S can be represented as 2 x 2 operator matrices with respect to the decompo- 
sition H = P,H ® UI — P,)H. Since P,S P, is a C*-subsemigroup of S and all of its non-zero 
elements have minimal rank, it follows that Pp>S Pp|p,# is a C*-semigroup of multiples of uni- 
taries in M,(C) (otherwise we could do as we did with K above and contradict the minimality 
of rank). PpSPp|p,H is topologically transitive because SP,H is dense in H. By Lemma 2, 
PoSPolp,H is transitive. 

Let Up be the set of unitaries in Pp>S Po|p, 1. Clearly Up is a closed self-adjoint semigroup of 
unitaries, Hence it is a closed group, and 


PoSPolp,H = RtU, 


follows from the definition. 
Every element Z of SP, satisfies the equation Z = Z P,, and therefore has the form 


[ro] 


with z€R* and U € Up. In particular 


and 


za|7U 0 U* O;|U O} | zl, O}]]U O 
“| T O 0 O};[0 O| | TU* O}} 0 OF’ 
which gives a required factorization. 
On the other hand z7/ po + T*T is the north-west block of Z*Z and consequently must be a 


non-negative multiple of a unitary, which in view of the fact that z7/ po + T*T is a non-negative 
operator on C? implies that 271 p+ T*T isa scalar multiple of the identity. Thus T*T € R* J). 


If 
rl O tl O 
le ol lt oles 


for some r,t > 0, then 
(rt)Ip+R*T 0] [rr O]*[tr 0 ore 
0 Oo; | R O T O 


so that (rt)Ip) + R*T € RU. 


We need the following lemma, which is a generalization of problem 20 in [4]. 

We refer the reader to pages 11 to 21 of [1] for the basic facts about the trace, trace-class and 
Hilbert-Schmidt operators which will be used below. 

Let tr(A) denote the trace of a trace-class operator A in B(H) and let 9t(z) denote the real 
part of a complex number z. 
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Lemma 4. Let r € N and suppose that {Qn}p°_, is a sequence of finite-rank projections in B(H) 
which satisfy: 


(1) rank(Q,) =r forn=1,2,..., 
(2) for all « > 0, there exists N € N such that tr(QmQn) >r—€ whenn,m>N. 


Then Q,, converges to a projection Q (of rank r) in Hilbert-Schmidt norm (and hence in operator 
norm). 


Proof. Consider the Hilbert-Schmidt norm of Q, — Qin: 


l|On — Omllzz5 = t((Qn — Qm)*(Qn — Qm)) 
= tr(Q7 Qn) — 2H(tr(Q;, Qn) + (Qn Om) 
= tr(Qn) — 2tt(Om Qn) + (Om) 
= 2(r — tr(QmOn)). 


It is clear that our hypotheses imply that {Q,}"° , is a Cauchy sequence in Hilbert-Schmidt 
norm, which dominates the operator norm. Hence {On} 1 converges in norm, and the norm 


limit of a convergent sequence of projections of rank r is itself a rank r projection. 


Theorem 5. [f S is a topologically transitive C*-semigroup in B(H) with minimal (non-zero) 
rank p €N, then there exist (orthogonal) projections {P;}?°, in S such that 


(1) the rank of each P; is p, 
(2) ifi Aj then P;P; =0, and 
(3) {P;H: i=1,2,...} spans H. 


Proof. Let P; be a projection of minimal rank in S. 

Consider two unit vectors x and y with x in the range of P; and y in the kernel of P,. By 
topological transitivity there exists a sequence of operators {S,}°° , in S such that S,,x converges 
to y, so that S, P)x also converges to y. As a block matrix with respect to the decomposition 
H=P,H ®(CU — P,)H, we may write 


r,U, O 
SrPi=| "er oT, 


where (by Theorem 3) {r,} is a sequence in R™ converging to 0 and {U,} is a sequence of 
unitaries in the closed group U/, associated with P). 
Consideration of (5, P,)*(S;P) and Theorem 3 shows that we must have Y,*Y, = B,J, where 
By is a sequence of real scalars converging to 1. Hence || S,, P || converges to 1 and by replacing S, 
by ATS" we still have that AT Px converges to y. As such, with no loss of generality, 
we may assume that each S;, P; is a partial isometry. 
Now for n and m in N, consider 
* * 
Xan = (Sin P1)* Sy Pi = ae =e Yin ¥n °| : 
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Since Xm,» lives in P\S P}, its compression to P; H must be a positive multiple of a unitary. 
Clearly this multiple is less than or equal to 1. 
On the other hand, letting N? to be directed by the relation 
(mny<k,l = m<k,n<il, 
we have that 


(Xm .nX, X) = (Sn P1X, Sm PX) 


is a net approaching (y, y) = 1. Thus, when n and m are large, Xj,» is almost unitary (again, 
when restricted to P; H). Next, consider 


* * 
Xin,nXm,n = Yn ne i Emn 5 ’ 


where E,,,, is a net of operators which converges to 0. It follows that Y*¥nY,. Yn approaches Ip. 
Thus, given ¢ > 0, there exists N such that when n,m > N, tr(V;*¥n Yj, Yn) > p — €. 
Now consider 


2 * 
On = (Sy PSP" =| rely  tnUnY, 


tnYnUx — YnY* 


For eachn EN, S, P| is a partial isometry. Thus Q, is a projection (of minimal rank), and 


where each A, is an operator of rank at most 2/¢ such that || A, || > 0 as n approaches infinity. 
Choose N; in N such that || A; || < 1 when n > N;. Then 


0 0 
Qm Qn = E eres + Amn 


where A,,,, is an operator of rank at most 2¢ such that || Aj,» || approaches 0. Thus, given ¢ > 0, 
there exists an Nz for which n, m > N2 implies that 


é 
tr(Qin Qn) 2 tt( YY Vad, ) ~ 2 


But tr(Vin Yn YnY,) = tr(Vy mY, Yn) and, by the above computation with X,,,,, there exists 
N3 €N such that 


€ 
tr(Y'¥m¥in Yn) > p — 5 
Set N = max{N,, No, N3}. Then when n,m > N, 


tr(Om On) > p—é. 
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By Lemma 4, Q,, converges in Hilbert-Schmidt norm, and hence in operator norm, to a projec- 
tion P2 in S, and clearly P; P2 = 0. 

We can inductively construct Py, Pri1,... by repeating this argument, but at each stage choos- 
ing y in the kernel of P;, P2,..., Py to obtain the desired sequence. 


We have seen that we can decompose H = Bre , Hj where each H; has dimension p, and the 
orthogonal projection onto each H; is in S. Let us refer to such a decomposition as a minimal 
block decomposition of H relative to S. An operator S in S then admits a block matrix decom- 
position [Si Pai where each S;,; is a multiple of an p x p unitary matrix. This follows easily 
from Lemma | via the fact that P;SP; € S and has rank at most p. 

We are now ready to prove one of our main results, a Kadison Transitivity Theorem for self- 
adjoint, homogeneous, closed semigroups. 


Theorem 6 (A Kadison Transitivity Theorem for C*-semigroups). If S in BH) is a topologically 
transitive C*-semigroup which contains a non-zero compact operator, then S is transitive. 


Proof. Let x and y be vectors in H with ||x|| = 1. To prove the theorem, it suffices to construct 
S in S such that Sx = y. If y = 0, then 0 € S will accomplish this. Therefore we restrict our 
attention to the case where y 4 0. 

By Theorem 5, {P; H: i=1,2,...} spans H, and therefore there exists P; such that P)x 4 0. 
With no loss of generality we may assume that P;x 4 0. Then by topological transitivity, there 
exist {Si}poy in S such that (S; P|)x > yask > oo. 

With respect to the block decomposition mentioned above, 


FOU, see 0 
eA 1 Us Oe 280 
KP] 
pt Oak 0 
where for each i = 1, 2,..., og ae is a sequence of non-negative real numbers and (Oye: 
is a sequence of p x p unitary matrices. 
Note that 
(oe) (oe) 
kK)y2) 7,2 k)\2 
Se Prxl? = DO) UP xl = D0?) 
i=l i=1 
and 


[o,e) [o,e) 


Sk Pi llfas = Se ou. lies 7m Boke: 


i=l i=l 


so that S; P; is a Hilbert-Schmidt operator for each k > 1. 
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It follows that limy—, oo ae = || P;y||. Using the compactness of the unitary group in M,(C), 


for each i > 1, we can find a convergent subsequence of {U ip ved ,- By passing to subsequences, 
we may assume without loss of generality that foreach i = 1,2,..., 


(k) 


lim rf =r, =||Pyl| and lim u” =U;. 
k>00 ! k>00 |! 


We have that aa 1 i = |ly||*. Thus, if we define the operator S as the block matrix with 
r;U; in the ith entry of the first column and zeroes elsewhere, we have that Sx = y and ||S pe = 
ban rrs = |ly||?rs. Thus S is also a Hilbert-Schmidt operator. 

The theorem will be proven if we can show that S is in S. We shall do this by demonstrating 
that S; P; converges to S in the Hilbert-Schmidt norm. 

We know that S; P|x converges to y in norm, and since || S; P| |IHs = /7Ts||S; P1X\l, it follows 

that ||S; Pills converges to ./rs||y||, which equals ||S'|Hs. 
Recalling that oh U os converges to 7;U; in norm for every i, is easy to see that 
(Sx Pi, F)ys > (S, F)ys for any operator F having only finitely many non-zero block-entries 
with respect to our decomposition. Since S; P; is a bounded sequence it follows that S; P; con- 
verges to S weakly in the Hilbert space of Hilbert-Schmidt operators on H. 

In Hilbert spaces ||v,,|| — ||v|| coupled with weak convergence of v,, to v is equivalent to norm 
convergence. Hence S; P; converges to S' with respect to the Hilbert-Schmidt norm. 

Thus S is a limit in the Hilbert-Schmidt norm of elements of S and a fortiori it is the operator 
norm limit of those same elements. Since S is closed, it follows that S € S and therefore that S 
is transitive. 


2. Structure of topologically transitive C*-semigroups 


We can obtain more structural information about topologically transitive C*-semigroups, but 
first let us look at a few examples. 

Of course, any topologically transitive C*-algebra is such an example, but if we remove the 
additive structure there are still examples. The simplest of these is the semigroup of rank one 
operators on a Hilbert space H: 


R1 = {S € B(A): rank(S) <1}. 
Another example with similar structure is the following. 


Example 7. Let 


gel es 


denote the set of quaternions as a subset of M2(C). Then H is a real algebra. Let U/4q de- 
note the unitary matrices in H. These are just the matrices of the above type in H for which 
|a|? + |B|? = 1. It is easy to check that Uy = SU2(C). Consider the Hilbert space H = (22 adr Cc 
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and the following semigroup acting on H: 


Co CO 
oo 2 2 
Sq = [mivjUi V7]; jay uj, vj €[0, 00), U;, Vj ©Un, ) |uj|~“ < 00, ) lv; | <a}. 
i=l j=l 


It is relatively straightforward to verify that Sq is a transitive C*-semigroup, and that all non-zero 
elements of Sj have rank two. 


What minimal non-zero ranks are possible in a topologically transitive C*-semigroup S? 
What does the ideal of elements of S of minimal non-zero rank (together with 0) look like? Is 
it possible that the two examples above, where the minimal ranks are one and two, are the only 
possibilities? In what follows, we consider this question. 


Lemma 8. Let S be a (topologically) transitive C*-semigroup in B(H), and let rile, bea 


square-summable sequence of positive numbers. Then there exists a unitary operator X € B(H) 
and an operator T € X~'SX such that Tj) = 1; I, for all i with respect to our block matrix 
decomposition. 


Proof. Choose y € H with || Py|| = 7; for all i. Theorem 6 implies that S is transitive, and so 
there exists S € S such that Se; = y. In particular, S$; is 7; times a unitary. Post-multiplying by 
the element of S that has the inverse of $1,; in the (1, 1) position and zeros in the other entries, 
we may, with no loss of generality, assume that $1) = J. 

Let X be the block-diagonal unitary matrix [X;, ;] defined by 


I ifi=1, 


y= 
me Toys 1 otherwise 
ly, 


then T = X~!SX has the required form. 


Let Sj, ; = {Si,j: S=[Si,j;] € S}. 
For a p x ep matrix A, let Z;,;(A) be the operator in B(H) with A in the (i, j)th entry and all 
other entries 0. By Lemma 8, Z;,; (Jp) is in S if either i = 1 or j = 1. 


Theorem 9. /f S is a (topologically) transitive C*-semigroup which contains a non-zero compact 
operator, then there exists a unitary group U, in Mp(C) such that RU, acts transitively on C? 
and Si, j — R*U, for be] SW Dies 


Proof. By Theorem 3, there exists a unitary group U/, in Mp(C) such that R*U, acts transitively 
on C? and RtU, = S;,1. By consideration of certain products of elements S we show that all 
other block entries S;,; also equal RTU,. 

Note that for S eS, 


21, j Up) Zj,j(Sj,j) = F1,j (S77) 
so Sj, j Cc S|, ;- Also, 
Z2j1Up)Z1,;(S1,j) = 2, ;S1,) 


so Si; = Sj, j- Therefore S1,j = Sj, j- 
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Similarly, 
Zj,17p)Z1,1(S1,1) = 27,1081,1) 
so S11 = Sj. Also, 
Z, jp) Zj,10S),1) = 21,10S;,1) 
so Sj, Cc S11. Therefore Sj = S11. 
Now S},; and Sj; ; are self-adjoint and hence, so are S;,; and S;, ;. Self-adjointness of S gives 
us that SF = S,;. Putting it all together, we get that 
S811 = S$), =S81,j7 =Sj1 


for all 7 = 1,2,.... 
To handle the remaining Sj, j» consider 


Zi, j (Si, )Zj,1Up) = Zi,1 (Si, j) 
so Si, j CS; and 


Zi10Si,1) 21, j Up) = Zi, j (Si) 


so Sit C §;,;. Thus S11 =S)1 = Si, for alli, 7 =1,2,.... 


What properties must this unitary group U, in M,(C) have? By Lemma 8, after applying 
unitary similarity the operator 


I 0 
rol 0 


r3l «(0 


can be assumed to be in S, where ry = 1/(n — 1) if n > 2. For the remainder of the section we 
shall assume that the similarity has been applied and that J € S. If 


U O 
Ve 50 
S=!10 0 


is also in S, then J*S isin S and so U+ V isin R*U,. Thus we see that a form of weak linearity 
is forced upon U/,. While weak, this linearity severely restricts the possibilities for Up. 

Some notation: given x; in C? with )° ||x; \|7 < oo, let x = [x], X2,.. Ae denote the vector in 
H such that, with respect to our decomposition H = @j'_, Hi, Pix = xi. 

The weak linearity will be most usefully expressed in the following form. 
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Lemma 10. Let S be a (topologically) transitive C*-semigroup which contains a non-zero com- 
pact operator. Then, with respect to the above decomposition, for each unit vector y in CP? there 
exists Ry in Up, with the following properties: 


(1) the first column of Ry is y; 


(2) 0 


(3) I+ Ry isin R*U; 
(4) Ry satisfies a quadratic equation of the form Ry —ARy + I =0 for some real scalar i. 


Proof. By Theorem 6 our semigroup S is transitive, and so for any unit vector y in C® there 
exists S in S such that S[e;,0,0,0,...]" =[e1, y,0,0,...]7. So 


U 0 
VO 
0 0 


where U and V are unitaries in U/, with the first column of U being e; and the first column 
of V being y. Since e; is an eigenvector of U with corresponding eigenvalue 1, and hence also 
an eigenvector of U* with respect to the same eigenvalue, VU*e; = y. By postmultiplying by 
Z,,1(U*) € S, we obtain that for any unit vector y, there exists a unitary Ry = VU* inU, whose 
first column is y and such that 


isin S. 

For sucha Ry, J*W € P| SP, and therefore J+ Ry must also be in RU, and so the spectrum 
of Ry must lie both on a circle of radius one, centered at zero, and on some circle (possibly a 
degenerate circle of radius 0, i.e. a point) centered at —1. This implies that Ry is either -/, or the 
spectrum of Ry consists of just two conjugate eigenvalues. In either case Ry satisfies a quadratic 
equation of the form i —ARy + I =0 for some real scalar i. 


Observation 11. /f a unitary U satisfies an equation of the form U* — XU + 1 =0, and 
(Ux, x) =0 for some non-zero x, then } = 0 and consequently 


U=-U"*. 


Theorem 12. /f S is a (topologically) transitive C*-semigroup which contains a non-zero com- 
pact operator, then the minimal rank of non-zero elements in S is either one or two. 
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Proof. Suppose that the minimal rank p is greater than 2. 

Consider the possible entries of Re, from Lemma 10. The first column of Re, is (by defin- 
ition) e2, and by Observation 11 the second column of Re, must be —ey. Making a change of 
orthonormal basis to replace e3 with an eigenvector of Re, (which we shall henceforth refer to 
as e3), we have that Re, has the following form: 


0 -1 0/0 0 
1 0 0/0 0 
0 0 al0 0 
Re=|0 00 |x x 
0 0 0 * Ok 


where a € {—i, i}, and * denotes an entry whose value is unknown. 
Next, consider the possible entries of Re,. The first column of Re, is (by definition) e3, and by 
Observation 11 the third column of Re, must be —e. It follows that Re, has the following form: 


0 0 -1/0 0 
0 Bp O|x x 
10 01}0 0 
Ree=!| 0 *« 0 x O* 
0 *« O x O* 


where #6 is a complex scalar of modulus at most |, and again « denotes an entry whose value is 


unknown. 
We now arrive at our contradiction by considering 


* 


Te, 70), Siig I 0 
Re. 0 aes Re, 0 
0: 200 a, 0 0 


The (1, 1) block matrix entry of this product is J + Re Re,. Both Re, and Re, are unitaries in 
Up, and hence so is Re Re,. By spectral considerations as above we are led to the conclusion that 
Re Re, must satisfy a quadratic of the form presented above, but doing the matrix multiplication 


we obtain that 


RRs 


XO OD 


0 
1 
0 
0 
0 


oorcoo 
* *|/|O Ox 
* *¥*|/|O Ox 
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Since Re Re,e1 = ae3, by Observation 11 Re Re,€3 (which equals e2) must be equal to —ie 1: 
This is a contradiction. 


Proposition 13. Let S be a (topologically) transitive C*-semigroup, and suppose that S contains 
an operator of rank one. Then & contains the set R, of all operators of rank zero or one in B(F1). 
Furthermore, R is itself a transitive C*-semigroup. 


Proof. By the Transitivity Theorem (Theorem 6), S is transitive. By Lemma 1, there exists a 
projection P; of rank one in S. Choose e; € P| H. Let x, y 4 0in H. Since S is transitive, we can 
find S € S such that Sx = e;. Next, find T € S so that Te; = y. Then S; = Pi} S, T, =TP, ES 
are rank one operators and 7; S|x = y. From this it easily follows that S contains all rank one 
operators. Since S is a C*-semigroup, it also contains the zero operator. 

That R, is a transitive C*-semigroup is a routine calculation. 


Thus when the minimal rank of a topologically transitive C*-semigroup is one, it is trivial 
that the group of unitaries U/, consists of all unitaries (which in this case are just the scalars of 
modulus one). When the minimal rank is two, the situation is just slightly more complicated. 

As we saw in Example 7, the C*-semigroup 


SH = [wivjUiV;'] 


lee) lee) 
oa uj, vj €[0, 00), Uj, Vj EU, >> |ui|? <0, Sin? <e| 


i=1 j=l 
is a transitive C*-semigroup of constant rank 2 (except for the zero element). 
Theorem 14. /f S is a (topologically) transitive C*-semigroup which contains a non-zero com- 
pact operator, and if the minimal rank of non-zero elements in S is two, then Uy C Up. Thus TU 
consists of the entire unitary group U2(C) in M2(C), where T= {z €C: |z| = 1}. 
Proof. By Lemma 10, given a unit vector x = [5 in C?, there exists Rx in U, such that 
I O 
Rx O 
0 0 


is in S. Obviously Rx must have the form 


for some y of modulus one. From Lemma 10, 7 + Rx is a multiple of a unitary and hence has 
orthogonal columns 


—— 
ea Ee] 
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so (1+x)yy + y(U — yx) =0 which implies that (7 + 1)y = 0. So whenever y 4 0, y = —1 


and so 
wa | 
“=[5 ? | 


is ind/, whenever y ¢ 0. However, U/, is closed so this holds even if y = 0. Thus U, contains Uy. 
Since the quaternion group U4 coincides with the unitary group SU2(C) of 2 x 2 complex 
matrices with determinant equal to 1, it easily follows that U2(C) C Tuy. 


Since Ug = SU2(C), every unitary matrix W in M2(C) can be written as yA, with A € Ug 
andy €T. 

Given a (topologically) transitive C*-semigroup S such that the minimal rank of non-zero 
elements in S is two, Theorem 14 dictates that U/, > Uy, and therefore y1 ¢U/, whenever y A € 
U, for some A € Ug. 

Let G ={y: yl €Up}. Then G is a closed subgroup of T and so it must either be all of T or 
the finite group of the mth roots of unity for some m. Clearly Up, = GU. 

Furthermore, given any closed subgroup K of T, consider the semigroup Sx which is con- 
structed just as Sq (of Example 7) was, except that U/yq is replaced by K2U/q in the construction. 
Then Sx is a transitive C*-semigroup where every non-zero element has rank two, and 


(Sx)i,j = Rt KUp 


for alli, j. 
In summary, we have demonstrated the following: 


Theorem 15. A group U of unitaries in Mz(C) appears as Uy for some (topologically) transitive 
C*-semigroup S with the minimal rank of non-zero elements equal to two if and only if either 
U = U2(C) or U = Guy where G is the group of mth roots of unity for some m €N. 


The next result shows that the semigroup Sq of Example 7 is, up to unitary equivalence, the 
unique minimal topologically transitive C*-semigroup for which the minimal rank of non-zero 
members is two. 


Theorem 16. The semigroup Sy is, up to unitary equivalence, contained in any (topologically) 
transitive C*-semigroup for which the minimal rank of non-zero members is two. 


Proof. We need to show that if S is any (topologically) transitive C*-semigroup for which 
min{rank S: 04 S € S} = 2, then there exists a unitary operator U € B(H) so that Sq C U*SU. 

The unitary operator in question is simply the operator required to ensure that J €¢ S, where 
J is the operator mentioned in the comments following Theorem 9. Let us therefore show that if 
S is a topologically transitive C*-semigroup that contains J, then S contains Sy. 

By Theorem 6, S is in fact transitive. By Theorems 14 and 9, S contains P;SqP; for all 
i,j > 1. Let {eo%—1, e2¢} be an orthonormal basis for Py H, so that {ex}eo , iS an orthonormal 
basis for H. 
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Our objective is to prove that S contains every operator K of the form 
Ky 


Ko 
K3 


ooo co 
oo°o.l.o€d 


where 


Gi) K,= (3 Fe Bn ) eH; 
(ii) {a1@,, Bi Bn} is linearly independent over R. 


(iii) SOR 1 (lotn |? + [Bn I?) < 00. 


Since S is self-adjoint and closed, it follows from this that Sy C S. 


Step One. For arbitrary choices of x, > 0 with °° , Me <0O, 
xjln O 
xoln O ... 
X= ES. 


x3In O 


Indeed, let (x»)°°., be chosen as above, and let X denote the corresponding operator. Set 
x= yea 1 Xn€2n-1 € a) Since S is transitive, there exists M = MP, € S so that Me; =x. Let 
Lyn = PnM P,. Since each En} is a multiple of a unitary matrix, by considering the first column 
of M, we see that L, = [ ee a | for some A, € T,n > 1. Now J € S (see the discussion after 
Theorem 9) and so J*M = Pid *M)P, € S. Furthermore, the compression of J*M to P;H 
looks like 


ae 0 
0 yan) 


Since ry, xX, > 0 for all n > 1, and since the compression of J*M too must be a multiple of a 
unitary, we must have 


[o,@) [o,@) 
yey) => Xndn)|. 
n=1 n=1 
By the equality case of the triangle inequality this is impossible unless 4; = A; for alli, j > 1. 
Now [%G al € PiSPilen, [> sle eHec ee 0. [j5-0l = lor] SFiS Pian 


Oar! 
Choose Z = P|ZP; € S so that Z|p,7 =[} |. Then MZ = XeéES. 


Te 


Step Two. Consider the set D of vectors of the form z = peat (Qn€2n—1 + Bn€2n), where 


(i) {a1Qn, BiBn } is linearly independent over R, 


Gi) 08° | (lan! + |Bn|?) < 00. 
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It is easy to verify that D is dense in H. Fix z as above. 
By transitivity of S, we can find an operator B = BP; € S so that Be; =z. Letting B, = 


P, BPi\|p,H, we may write By, = [2 —Prdn J, where |A,,| = 1 for alln > 1. 


We claim that A, = A, for alln > 1. 
Indeed, by Step One, for each n > 2, 


bh 00000 Pi 
000000 Po 

On=|0 00 00 0 ... | Py-1H €SP, 
bh 00000 ....| PrH 


0 00 0 0 0 ... | Payit 
and so O*B = Bi + Bh = Paes me gal is a multiple of a unitary. This implies that for 
each n > 2, 


Oy +Qy|=|{A] +OnA,| and 


Bi + Bn| = |BiAt + Bran. 


Set Yn =AjAn, n > 2. Squaring these two equations and cancelling common terms yields 


od (1 — yn) =—@1@%q(l— yn) and 


Equivalently 


A 


a 


ee — Yn) €il 
Bi Bn(1 — yn) € il 


If y, #1, then {a;@,, 8, Bn} is linearly dependent over R, a contradiction. 

Hence A, = Ay, n > 1. Now B, = ie ae Ilo Xu iF Since the first term is invertible, W = 
P\WP, € S, where W|p,4 = [orl Finally, with K, = Bl oc) we see that K := BWe 
SP, CS is precisely of the form announced at the beginning of the proof. 


Let Ay be the closed, real algebra generated by Sq. Since H is a closed real algebra, the 
block-entries (with respect to our usual decomposition) of every element of Aj lie in H. 

Since Ap contains every operator [T;, ;] with finitely many non-zero T;,; each of which is an 
element of H, it follows that Ag also contains every compact operator [7j,;] with 7;,; ¢ H. 

Let CA be the semigroup of all complex multiples of the elements of Ag (of course CAyq 
need not be an algebra over C). 


Theorem 17. Up to unitary equivalence CA is the unique maximal transitive C*-semigroup of 
compact operators for which the minimal rank of non-zero members is two. 
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Proof. That CA is a C*-semigroup with minimal non-zero rank 2 is clear. 

Suppose that S is a maximal C*-semigroup of compacts in which the minimal non-zero rank 
is 2. By Theorem 16 we may assume that Sq C S. 

Let T =[7;,;] be an element of S which is not in C Aq. By Theorem 9 each T;,; is a multiple 
of a unitary in M2(C). As we have mentioned previously Uy = SU2(C), and consequently TH = 
RUq = RU2(C). In particular T;,; ¢ TH for all i, 7. If there is an a € T such that Tj; € oH 
for all i, 7, then T € T Ag (by the observations immediately preceding this theorem) contrary 
to our assumption. Hence we must assume that no such @ exists. Passing to T* if necessary we 
may therefore assume that there is some p such that Tp, = 41H) and Tp.4+% = A2H2 for some 
q,k >0, M1, Ho € H\{0}, and some A1, A2 € T which are linearly independent over R. 

Now, Z1,p(/) lies in S (see notation of Theorem 9). Let R = Z),p(/)T. Then R= P) R= 
[Rij] € S and Rig =A1 AM, and Ry g4+k =A2 AD. 

Since Sq C S we can choose M = MP, = [M;,;] in S with M1 
Mg+k,1 =I. = 

Then (RM)1,) = A112 + A2H2 must be a multiple of a unitary matrix. Therefore 1; RM = 
I, +A ,A2H)p is also a multiple of a unitary. Yet 


= 1 * 
=e one 


= 1 Ly 
i+ iitath =| sear cok 
by + wx 


where j = i} A2. Since the columns of a unitary are orthogonal and jz ¢ R, an easy calculation 
shows that y = 0. 

Similarly, we can show that the (2, 1)-entry of H; must be zero, so that Hj and H) are diagonal 
(non-zero) quaternions 4 =| and i ah respectively. 

For any pair K;, K2 of elements of Hi there exists N = [Nj,;] € Sq such that Ng; = K, and 
Ng+k,1 = K2. Then (RN)1,1 = 414) K1 + 42H) K>2 must be a multiple of a unitary, and so the 
same is true for H, K, + wH2K2. Hence A, K, + wA2K?2 is a multiple of a unitary for every 
K,, Ko €H. 

Consider K; = I and K2 = ls sal Ee Then 


MK, + uA K2= ke pa | : 
[x2 Xt + x2 


The columns of this matrix must be orthogonal, and that (via an easy calculation) leads to u € R, 
which is a contradiction. 
Hence S C CAq, and by maximality, the two are equal. 


As we have mentioned already, the proof of Lemma 4 of [3] shows that a non-trivial semigroup 
ideal is (topologically) transitive exactly when the semigroup itself is (topologically) transitive. 
When a C*-semigroup S contains a non-zero compact operator (and therefore some operators of 
rank one or two by Theorem 12), the set of compact operators Ks in S is a C*-semigroup that 
is a semigroup ideal in S. Therefore S is transitive if and only if Kg is transitive, so that it is 
rewarding to study transitive C*-semigroups consisting entirely of compact operators. 

In such a case, Theorems 12, 13, 16 and 17 (including its proof) can be combined to yield the 
following result. 
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Theorem 18. [f S is a (topologically) transitive C*-semigroup in B(H) consisting entirely of 
compact operators, then either S contains the set R, of all operators of rank zero or one, or the 
minimal rank of non-zero members of S is two and up to simultaneous unitary equivalence 


Sq CS CCAgq. 
3. Counterexamples in transitive semigroups 


In this section we consider the conditions on our semigroup in Theorem 6 and construct ex- 
amples of semigroups which satisfy all but one of the conditions and are topologically transitive 
but not transitive. In this way we show that the hypotheses of the theorem cannot be weakened if 
we wish to obtain transitivity. 

The conditions on a semigroup S in Theorem 6 are: 


S is closed, 

S is self-adjoint, 

S contains a non-zero compact operator, 
S is homogeneous. 


The example in the case where S is not closed is easily constructed. 
In the following example Q[i] denotes all complex numbers whose real and imaginary parts 
are rational numbers. 


Example 19 (S not closed). The semigroup 
S={rAeK(?)): A=laijlF_1, aj € Qi, reRt} 


is clearly homogeneous, self-adjoint and contains non-zero compact operators but is not closed. 
Also, it is easy to see that S is topologically transitive but not transitive, since the entries of 
elements of S are linearly dependent over Q. 


The first difficult case to consider is where our semigroup does not contain any compacts. 
In the case of C*-algebras, the Kadison Transitivity Theorem shows that topological transitivity 
still implies transitivity. This is not true for C*-semigroups, as we shall now see. 


Notation. Given an k x k matrix A, A‘°) shall denote the inflation of A. This shall be 
an operator acting on £?(N), defined as follows. Let {5}, denote the standard basis for 
é?(N), and for n = 0,1,2,..., let H, be the n-dimensional subspace of £?(N) spanned by 
{Snk+1, Onk+2>-+-dinthk}. Then €7(N) = @P2_ Hy and each H, can be identified with C* in 
the obvious way. With respect to this decomposition, A‘) = Broo A- 


Example 20 (S does not contain non-zero compact operators). For each m = 1,2,..., let 


AYO) 
Sm = E a >: A€ Myn(C), ne N, n>2™ : 


264 L. Livshits et al. / Journal of Functional Analysis 254 (2008) 246-266 


It is clear that each S,, is a closed, self-adjoint, homogeneous, semigroup. Also, if m, < m2 
then Sin, Smy © Sm and Sm Sm, S Sm, so S = I ee Sm is also a self-adjoint, homogeneous 
semigroup. This semigroup is closed since if {5; Ve , iS aconvergent sequence of operators in S, 
then we must have that either {Sj}F2y converges to 0, which is in S, or there exists M such that 
S; € Sy for all j = 1,2,.... Since Sy is closed, the limit of the sequence {Si} isin S and 
hence S is closed. 

S is topologically transitive since it is weakly dense in B(¢7(N)), but it is not transitive since 
Se consists of all vectors in €?7(N) which have finitely many nonzero entries. 

This does not contradict Theorem 6 since S contains no compact operators. 


What about the self-adjointness condition? Can it be dropped and the results of Theorem 6 
maintained? Clearly the condition required can be relaxed to requiring only that S be similar to 
a self-adjoint set, as this is equivalent to a renorming of the Hilbert space. If the self-adjointness 
condition is relaxed much beyond this, transitivity can be lost, as the following example shows. 


Example 21 (S not self-adjoint). Let Sy be as in Example 7, which acts on ¢7(N) and let 


[o,@) 
1 0 
=O, 1 
n=1 ue 
act on the same space. Consider 
S= {xX E B(e7(N)): X D= DS for some S$ € Sy}. 


It is immediate that S is homogeneous and consists of compact operators (in fact all non-zero 
operators in S have rank 2). It is also not hard to show directly that S is not self-adjoint, but 
this will follow from Theorem 6 and what follows. We claim that S is closed and topologically 
transitive, but not transitive. 


S is closed. Suppose {X;,}°° , is a sequence of operators in S which converges to an operator X. 
Then {Xn DD}, converges to X D, and there exist {Sn }eo ,; a sequence of operators in Sq such 
that X, D = DS, for all n > 1. Thus {DSn}r°, converges to X D. However, elements of Sq have 
a very special structure: the (2n — 1)th row determines the (2n)th row, and the correspondence 
is given by an isometric function, namely 


S (x1, x2, X3, X4, sie = (—x2, X1, —X4,X3,...). 


If we let Poga denote the projection in B (€2(C)) onto the span of {€on+1} 7295 then Pogg DS; = 
PoaaSn and so { Poga Sn | sala converges. But the row correspondence mentioned above implies that 
{ Sn}rry converges to an operator S in Sq. Hence {DS,, yr converges to DS. From above it also 
converges to X D. Hence X D = DS, so that X € S and S is closed. 


S is not transitive. It is easy to see that S is not transitive, as the intertwining equation which 
defines S implies that the range of D is invariant for S. Thus, no vector x in Ran(D) could be 
mapped to a vector y not in Ran(D) by an operator in S. 
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S is topologically transitive. For each n = 1,2,..., let P2, be the projection onto the span 
of {e;, €2,..., €2,}. The structure of Sy is such that if S is in Sq, so is its “upper-left corners” 
Po, 8 P2n. Since each Pz, commutes with D, the intertwining equation that defines S gives that 
if X is in S, then so is its “upper-left corners” P2, X P2,. Considering the subsemigroup of S 
consisting of these “upper-left corners,” it is straightforward to show that any non-zero vector 
x can be mapped to any vector y with finitely many non-zero entries by some such “upper-left 
corner” in S, so S is topologically transitive. 
It is interesting to note that while S is not transitive, S* is transitive. 


What about the homogeneity condition? 
Example 22 (S not homogeneous, finite dimensions). For n €N, let 


Q={QeM,(Q[i]): deg(Q) < |det(Q)|} 


where 
deg(Q) = min{r € N: rQ € M,(Z[i])}. 


This is a generalization of an example from [3], where the above example is constructed in 
the two-dimensional real case. 

Following the analysis in [3], it can be shown that Q is a discrete (and therefore closed), 
self-adjoint semigroup in M,,(C) which is topologically transitive but not transitive. 


From this we see that the homogeneity condition is required when our Hilbert space is finite- 
dimensional. It is not clear whether it is required when the Hilbert space is infinite-dimensional. 
As shown in [3], the full force of homogeneity is not required in finite-dimensions to force transi- 
tivity. Merely the existence of a single contraction in a closed topologically transitive semigroup 
can sometimes be enough. In infinite dimensions, any compact operator acts like a contraction 
on “most” of its domain, and so it seems a very difficult problem to show that the homogeneity 
condition is required in this case. 

We give one alternate example in the non-compact case in infinite dimensions. 


Example 23 (S not homogenous, S contains no nonzero compacts). For n = 1,2,..., define the 
following on 07(N): 


lee) 
Sp = @ x;: Xj € Man(C) 
j=0 


where Xo is an arbitrary invertible matrix in Mn (C), and each Xj; is chosen to be either Xo or 
(X5 )—! according to the following rule: after the first 2° X j are chosen, the next 2* are chosen 
as the adjoint of the inverse of the first 2. (This should look familiar to those acquainted with 
Thue sequences.) 

Then let S denote the norm closure of J°2., Sn. 

The construction gives that S, C Sj, when n < m, and each S, is a semigroup, so S is a 
semigroup. It is clear that S is closed, topologically transitive and self-adjoint. 
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It is also straightforward that if S € JP°., S, is such that || Se; || <¢, then ||S|| > i. Thus S 
cannot be transitive since if there exists S € S which mapped e; to 0, S would be the limit of S,, 
in ieee Sp with || Se; || approaching 0. From above we get that this implies that || S, || approaches 
oo, a contradiction. 

Unfortunately this example contains no compacts except for the zero operator. 


So we are still left with the following: 


Open Question 24. If S is a closed, self-adjoint semigroup of compact operators which is topo- 
logically transitive on a separable, infinite-dimensional Hilbert space H, is S transitive? 


Remark 1. While the results in this paper are stated for a C*-semigroup acting on a separable 
Hilbert space, analogous results are true on non-separable spaces. In particular, Theorems 5 and 6 
hold, with the only modification being that the maximal family of orthogonal projections in S is 
no longer countable, but indexed by some set of higher cardinality. 


In closing, it should be noted that the Kadison Transitivity Theorem for C*-algebras actu- 
ally gives n-transitivity for all n € N. In its strongest form, it states that if A is a topologically 
transitive C*-algebra acting on a Hilbert space H, then given € > 0, any finite-dimensional 
subspace M of H and an operator F acting on M, there exists A € A such that Aly = F 
and ||A|| < ||F'|| + €. There is no possibility of extending the conclusion of Kadison Transi- 
tivity Theorem to C*-semigroups to give n-transitivity, as is demonstrated by the C*-semigroup 
R,={S € B(A): rank(S) < 1}. However, as easily seen from the proof of Theorem 6, the con- 
clusion could be strengthened to give an operator S € S such that Sx = y and ||S|| < aE 
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Abstract 


In this paper, we obtain a reinforcement of an inequality due to Brascamp and Lieb and a reinforcement 
of Poincaré’s inequality for general logarithmical concave measures on R?@. The formula used in the proof 
is related to theorems concerning the integration of log-concave functions (such as results of Prékopa and 
of Ball, Barthe and Naor). We also obtain a lower bound for the variance of the same family of measures. 
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1. Introduction 


In a paper devoted to the Li-Yau’s inequality, Bakry and Ledoux [2] noticed that it was pos- 
sible to improve Poincaré’s inequality for the Gaussian measure. If we denote by yz the standard 
Gaussian measure on R¢, they obtained, for all regular function f: 


1 2 
Var,,(f) < f Ivsirdu- sal | tau) 


where Var, (f) = f(f — f f du)? du. 
On the other hand, it is possible to prove: 


2 1 2 
| f vran +3 [ arau) <Var,(f). 


2d 
Those inequalities are easy to prove with the use of Hermite’s polynomials (see the end of this 
paper). 

The aim of this paper is to generalize those inequalities to any measure with a regular log- 
concave density with respect to the Lebesgue measure on R¢. The upper bound obtained here 
strengthens another inequality which is due to Brascamp and Lieb [4]. 

More precisely, we consider a C* function gy: R¢ — R such that: 


Vx ER’, Hessy(x)>0 and fe dx < +00. 


When the opposite will be not specified, functions ¢ of this paper will satisfy those hypothesis. 
We denote by (x, y) the usual scalar product on IR? and by ||x|| the norm associated to this 
scalar product. We define: 


e 9) dx 


MeO) = Fo dz 


(so dj = djtyy)2/2) and for f € L? (uy): 


var.) = f (r- / Fly) diy 


The inequality of Brascamp and Lieb is the following: 


Vf eCl(R“)NL7 (ug), Vary, (f) < [ (cessor 'v er Vf)duy. 
Furthermore, we define: 
a(y) = inf min{A eigenvalue of Hess g(x)}, 
xeR¢@ 


b(y) = sup max{A eigenvalue of Hess y(x)} 
xeR@ 
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(we have 0 < a(g) < b(g) < +00 and b(g) > 0). When the context will be clear, we will write 
those quantities a and b. 

Let Hj (1g) be the set of functions f in PACs) such that V f (in the distribution sense) is in 
FA Gig We endow Hj (j1¢) with the norm: 


fll = | fv +IIV FI’) ing] 
Finally, we define, for f in L?(wy) and if g is in L?(j1y): 
oA) = fof dite [odie f Farg 
Theorem 1. We assume that ¢ is in LGin). 


Then, for all f in Hy (tg): 


1 b 
Vary, (f) < / ((Hess@y!Vf.V f)dity — PEP oop? 


In the case g(x) = ler , we rediscover the inequality of Bakry and Ledoux. Actually, with the 


Ornstein—Uhlenbeck operator Lp = A — (x, V), we write: 


[ardu=foovndu=—f ro BE) say 
= fea sau=2( fordu-fodu f ran). 


One of the consequences of the Brascamp and Lieb inequality is the Poincaré inequality for 
measures [ly if a(y) > 0 (it is not the only method, see for example [6]). It is obvious with the 
following inequality: 


-1 — | 2 
[lessor VAV Shang < —— f AV SIP ay. 


Consequently, Theorem | gives a reinforcement of the Poincaré inequality under the hypothesis 
a(p) > 0. 

On the other hand, the inequality of Brascamp and Lieb allows to recover the following result 
due to Prékopa [8] (see [4]). If we consider the function ® defined by 


oP) — i PED dy, 


then Prékopa proved that ® is convex if g is convex. Also, Theorem | has a link with this result. 
More precisely, the proof of Theorem | is based on a new expression for Var,,, (f) (formula (4)) 
when f belongs to a dense subset of Hj (jy) (see later). This expression allows us to rediscover, 
without improvement, results of Ball, Barthe and Naor [3] and Cordero-Erausquin, Fradelizi 
and Maurey [5], which are related to Prékopa’s theorem. See Section 3 for a more complete 
explanation. 
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Furthermore, in this paper, we obtain another formula for Var,,,(f) (formula (3)) which al- 
lows us to give a lower bound for the variance. 

In the next theorem, we use the following notation. If A is a symmetric and positive d x d 
matrix, we define, for x in R?: 


llc I, = (Ax, x). 


Theorem 2. We assume y € L? (ug) and Hess € E Gig): Then, for all f in L? (Ug): 
2 


1 
Vary, (f) > | / fVe dy + ql) 


(f Hess gy dpy)—! 


We immediately see that this theorem does not allow to reobtain the inequality for the 
Gaussian measure. We will show that is possible to recover the right inequality under the hy- 
pothesis a(g) > 0. 


Remark 1. Under the hypothesis of the theorem, { fVgdj1y is well defined because we will 
prove later: Hess g € TG) =>VgpeE EP Gig (see Lemma 8). 


Remark 2. If we assume f is in Hj (jy), then we have: f fVyduy = [ V f dig. This equality 
is obvious for f in C?° (the set of C® functions with compact support) and it is known that C°° 
is a dense subset of (1) (4g), || ll#,) [9, Lemma 3.1.12]. 


2. Upper and lower bounds for the variance 


2.1. Preliminary results 


In this section, we give some lemmas concerning heat kernels in R@. 
We consider a C? function g: RR? — R such that: 


Wx ER’, Hessy(x)>0 and ee dx < +00. 


Define L = A — (V@, V) and D(L) his domain in L? (Ug). The properties of L we will use 
could be find in Bakry [1] and Royer [9]. We recall that D(L) C Hi (tg) [9, Theorem 3.1.13] 
andif f and g belong to D(L), then: 


[ ftsdue=- [iv F.Vehdue. 


We denote P; the semigroup associated to L. P; f(x) = E(f(X/)) with: 
t 


Xf} =x+V2B,- if Vo(Xi) ds, 
oO 
and B; ad dimensional Brownian motion issued from 0. 


The hypothesis a(y) > O allows to prove the existence of E(f(X/)) for all t and all x 
[9, Theorem 2.2.19]. We recall that: 
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Bf- 
D(L)= {7 € L* (Ug), oft has a limit in L? (Ug) when f goes to of, 
Bf- 
Lf = lim PSOE 
t>0 t 


Furthermore [9, Theorem 2.2.27]: 


DIL) ={f eV? (ug) A Wr? 


(R‘), in distribution sense Lf € Tis) |: 

We need two results of density. 

The following lemma appears in the proof given by Maurey of the result of Ball, Barthe et 
Naor (proof of Proposition 4.1 in [7]) and it will be useful to prove Theorem 2. 


Lemma 3. Let ¢: R4 — R be a C? function, not necessarily convex, such that f e? dx < +00. 
Define L= A —(V®¢,V), then: 


L(C®) = {7 € LG) [ fang =0| for the norm || Il2qu9)° 


On the other hand, for the proof of Theorem 1, we need a result of density in Hj (jy). The 
first step is the following lemma. 
We denote by C i the set of Cé bounded functions as well as all of their derivatives. 


Lemma 4. For f in 17 Gig); we define: 


t 


eis i Py flx)ds. 


0 


Then g; € D(L) and: 
Lg = f = P, f. 


Furthermore, if we assume a(g) > 0 and if f € Cc then Lg, € H\(Ug) and Lg; goes to 
f —f f dug in H\ (Wg) when t goes to +00; moreover, gy € Cy 


Proof. The first claim of the lemma is well known (the proof uses some of the arguments used 
in Lemma 9, see farther). 

If we assume a = a(g) > 0, we know that f — P; f goes to f — f fdpg in I? (ia) when tf 
goes to +00 (see for example Theorem 3.2.1 of [9]). Moreover, for f in C ie P,feEec F (it is easy 
to prove, for example by studying X} as a function of x), VLg; = V f — VP; f and we have the 
following inequality [6, Lemma 1.2]: 


IVE I? <e?" B (IV FIP). (1) 


Consequently: 


[ives i dug<e f PIV FIP) dug <e™ [IVP dig 
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which shows that V Lg; goes to V f in L(g) when f goes to +00. Moreover, g; € C ; because 


t 
Ie lloo < | Woods eee 
0 


and 


t 
IVell< / e | PV FIP) ds, 
0 


80 ||Vgrlloo < +00. 


Lemma 5. Let yg be a C? function such that a(y) > 0 and Hessg € Gia): Then, for all f 
in Cy there exits (n)neN in (ee)s such that: 


lim Lg, = ff fang for the norm || ||7,- 
n—> +00 


Proof. We denote a = a(qg). 

We use the previous lemma. We define g, = —fo P; f ds; gn € D(L)N GC, and Lg, goes to 
f—JS fdug in Hy (uy). 

We will prove that Hess g, belongs to LP Gig:; For a moment, we forget the subscript n. 

For h in C°, we have (Lemma 7, see farther): 


i (Lh)? diy = Vary, (Lh) = i Tr[ (Hess h)?] dug + / (Hess gVh, Vh) dug 
> / Tr[ (Hess h)*] dug. (2) 


Cee is a dense subset of D(L) for the norm (lg llfoq, ) + IZ llioc, tga consequently, it is 
ge g 

possible to find a sequence hy, € C&° such that h, goes to g for this norm. Moreover, D(L) C 

Wee (IR¢); we deduce from the closed graph theorem, that h, goes to g in Wee (R¢). Then, for 


all bounded and open subset G of R%, it is possible to find a subsequence hy, , Of hy such that 


a7 hn a eae ; 

k & ’ 

Tajax; BCS to a, ang almost everywhere on G (when k goes to infinity). Using Fatou’s lemma, 
we obtain: 


/ (Lg) diy > / Tr[ (Hess g)”] dit. 


We deduce Hess g belongs to L? (Ug). 

So, we have approached in Hi(uy), f — f fdug with a sequence Lg,, where gy € 
D(L)N Cc, Lgn € C.. Hess gy € EA Gia); To conclude, it is sufficient to approach in Hj (tg), 
all function Lg, where g € D(L)N Ch; Lge Cc}, Hess g € EP? (ia) with a member of L(C2°). 
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We fix ¢ € C2° such thatO << ¢ <1, ¢ =1 on B(O, 1), ¢ = 0 on BO, 2)°. Let Gn(x) = 6 (4). 
We choose p € C®, o > 0, such that fp) dx = | and we define p, (x) = q4p(qx). Define: 


Cc 
Un=lng and Unig = Pg *Un. 
We will show limy_, +50 Lun = Lg and limg_, 4.09 Lung = Luy in Hy (Ug). 


We have, with formula (2): 
[eer duy= [ rf ctess 7] ding + [ (Hess een, Ven) die 
Consequently, the property Hess € L! (4g) allows us to prove: 
. 2 = 
slim, f Len)? dity =0. 


So, it is easy to see that Lu, goes to Lg in LAG Moreover: 
VLun = LgVin t+ nVLg+lLonVge + gVLG, +2 Hess gVo, +2 Hesse, V 8, 
and 
VLEn = VAS, — Hess gVE, — Hess o, Veg. 


Consequently, we obtain, because Hess g € EL Wig) (and Vg € L? (Uy), see farther Lemma 8): 
: » 2s 
slim, f (VLE)? dig =0. 
The property Hess g € L(g) allows us to prove: 
. 2 = 
Sule || Hess gVén ||" dug = 0. 


Then, we obtain VLu, goes VLg in PACs). which gives limy— +459 Lun = Lg in Hj (Ug). 


e@ Lung = Pg * Aun — (VQ, Pg * Vun). Using the property that supports of Lu, ,q are included 
in a compact set independent of g, we prove that Lun, goes to Lu, in Tig): In the same 
way, we obtain that VLun,q goes to VLuy in EP Gig), 


Corollary 6. Let yp be a C? function such that a(y) > 0 and Hessg € Eis): Then L(C2°) is a 
dense subset of {f € H\(Ug), af f dig = 9} for the norm || || n,- 


Proof. It is sufficient to use the density of C2° in Hi (wg) and to apply the previous lemma. 
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2.2. Proofs of Theorems I and 2 


We begin with the following lemma which contains the main information. In particular, it is 
easy to see that formula (5) allows us to give a new proof of the inequality of Brascamp and Lieb. 


Lemma 7. Let g:R¢ — R be a C? function, not necessarily convex, such that fe? dx < +00. 


Let f € L? (Uy) such that there exists g € C&° verifying 


te=f-f fang 
then: 
Vary, (f) = iu Tr[ (Hess 8)’ |dug + [ (Hess oVg,Vg)dig, 


and 


Vary, (f) = — fre. Vg)t+ Tr[ (Hess g)’| + (Hess Vg, Vg)} dig. 


Furthermore, if we assume Hess g(x) > 0 for all x, then: 


Vary, (f) = [ (ate g) 'VF,V f)dug 


_ [ta Lats g)’ | +IIV f + Hess 9V allcess py! | dite: 


Proof. 
var, (f= f G -{ f di) Le dug =— f(T f.98) dng 
With 
Vf =VLg=LVg — HessgVg, 
we obtain: 


Vary, (f) = - f (ve. LV g) dg + [ Gess ove. Vg) dug 
=> Marni / Tr[ (Hess g)*|diy + / (Hess pV g, Vg) diy. 


Then we write Var,, , (f) =2 * (6)-(7), consequently: 


Vary, (f) = — fre, Ve)t+ Tr[ (Hess g)’| + (Hess gV g, Vg)} dig. 


(3) 


(4) 


(5) 


(6) 


(7) 
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If we assume Hess g(x) > 0 for all x, we deduce: 


Vary, (f) = [ (cties g) 'VF,Vf)dug 


= [ti cHess g)’| + ||V f + Hess OV Ell tess)! \ dug. 


Remark 3. Although formula (5) is the one which will allow us to prove Theorem 1, perhaps it 
is not the most important formula in the lemma. It seems that the most interesting formula is (4). 
This formula is valid even if g is not convex and we will use it to recover results of [3,5] (see 
Section 3). 


Proof of Theorem 1. 
First step. We assume that y is a C? function such that fe?dx < +00, pe E* (ig) and 
Hess g(x) > 0 for all x. Let f be a function in L? (tg) such that there exists g in C°° verifying: 


ff Fdug= Le 


(we will present a regularization procedure for general f at the end of the proof). 
The equality (5) gives: 


Vary, (f) = [ (ct g) ‘VF, Vf) dug 


= f (TeL tess 99°] + IVF + Hess PV Ely} dite: 


We write: 


: I 2 1 7 
Tr[ (Hess g) | duo = 7 [Tr(Hess g)| dig = 7 Agdpg) . 
On the other hand, V f + Hess gV g = LV g, consequently: 
V f + Hess yV alll = ||LVealll? > A ILVell? 
IVS + Hess 9VEIlGiessgy-! = IILVEllatessy-1 2 GILVal?. 


Furthermore: 


ag 0g 
LV g\|? diy = bl — = LE — a 
fi Bl dy a (5) (55) me 
0g 
d 
ee Ox; (32) ue 
a? a? a? 
— [ei -(44)-r ee 44) 
any | Ox; OX j : OXKOX j OXKOX; 
0°g 2 
= ————__ } d Tr| H H d 
Isat) Hy + st es essa)’ ne 
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2 
= i ILVgl2dyy >a / Ti{ Hess 2)7]dny > $( / Ae dit) | 


Finally: 


1 b e 
Varn (A) < | (Hesse 'VL.V)diug — Cee ( | aedue) 


The last term is: 


| seduy= [ (ve, Ve)dug=- f oteduy=— f o(r- f tay) dug 


So, Theorem | is proved for f in EP Gis) such that there exists g in C?° verifying: 
ff Fang =Le. 


Second step. Now, we use Corollary 6 to prove the result for all f in Hj(uy). With this aim 
in view, we need that ¢ satisfies hypothesis a(g) > 0 and Hess@ € L? (Ug). Consequently, we 
have to give regularization procedures for f and ¢. 


For the moment, g only is a C? function such that fe? dx <+00, gE L7Gig) and 
Ix? 


Hess p(x) > 0 for all x; a = a(y) may be equal to 0. Define g(x) = g(x) + e-— with 
€ > 0. It is easy to see that H(Wy) C Aj (Ug,). Furthermore, the hypothesis g € L? (Lg) im- 
plies g € Lig) and so @, € Lia) (\|x||? € EAE) because Hess g, > €/). 

If the result is proved for g, and for all f in Hj (jg,), we have, for all f in Hj (tg): 


Vario py< i (Hess ge)! Vf, Vf) duty, 


1 E€ b for ° 
C+ AOD f osdug.— feed f fan) 


Hess vy, > Hess y > 0 so ((Hessy,)~!V f, Vf) < (Hess)! V f, Vf). Moreover: 


{ (Hess) 'VF, Vf) dup 
fexp(-e 4) dug 


/ ((Hessg)"'Vf, Vf)ditg, < 


consequently 


lim sup [ (cts ve) ‘VF, Vf) dug, < [ (cts g) 'VFV f)dug. 


e>0+ 
It is easy to prove: 


lim Var wo, (fp= Vary, (f). 
e>0t 


Furthermore, a(g,) > a(y) + € and b(g;) < b(v) + €. So, the result for g, implies the result 
for @. 
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We work now with a C? function g such that a > 0. We know that C& is a dense subset 
of H\(ug). Let f belongs to Hj(g) and let f, belongs to Hj(j4y) such that f, goes to f in 
(4g). If we assume that the result is proved for f,, we have: 


[ (cessor - In), VF — fn)) diy < -| IV — fa) | dip. (8) 
We deduce: 
“tim, [ (Hesse)! fn. V fa) dey = / ((Hessg)"! Vf, Vf) dig, 


which enables us to prove the result for f. 
So, it is sufficient to assume f € C°°. To apply Corollary 6, we need that verifies Hess y € 
L? (fig). There are two possibilities. If b(g) < +00 then this hypothesis is satisfied because: 


Hess v(x) < bl 


and e792) < e-PO-(VH(O),x)—alla 7/2, 


In the case b(g) = +00, we approach ¢ by a function which verifies hypothesis of Corollary 6. 

Because ¢ is a C* function such that a > 0, we see that g goes to +00 when x goes to infinity. 
Consequently, g has a minimum at a point xo. We define a new function w with w(x) = g(x) — 
al|x — xol||7/2. wv is a C? convex function and has a minimum at x9. Denote c = wy (x0)(= 9(x0)). 
Define: 


Wn(x) = sup {(x—y, V¥(y)) + vO}. 


lyll<n 


Wn iS convex and verifies: 
e if m > ||xoll, then, for all x: Wy(x) Sc, 
e if ||x|| <n then ¥r(x) = W), 
e Aan, Bn) € (R,)’, Vx € R4, Wn(x) < On |||] + Bn. 
We choose p € C&°, p > 0, Suppp C BO, 1) such that { p(x) dx = 1 and we define pp (x) = 
n 4p(nx). Let D, = pn * Wn +allx — xoll? /2. 


Pn * Wn is a convex and C°® function. Furthermore, when n > ||xo||, we can find positive real 
numbers «;,, 8), such that: 


|Hess(pn * Wn)(x) || = ||Hess(on * (Wn — 0))(@)|] < if | Hess pn(y) || (Wn (x — y) — c) dy 
<a), |x|] + By. 


Because py * Wy, is bounded below by c if n > ||xo||, we see, for n > ||xo|| and for all p > 1: 


/ || Hess ®, ||?e~?" dx < +00. 
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In particular, Hess ®, belongs to I? Gig). With the same argument, it is easy to see that }, 
belongs to L? (Ue,): 

Now, we study the convergence of ®,. Let K be a compact subset of R@ and let N € N such 
that K C B(O, N — 1). For all x in K and forn > N, we have: 


ee oe i RGA NWA WOUe=0. 
llyll<an 


We deduce that }, and Hess ®, converge uniformly on every compact set to g and Hess 
respectively. 
Now, assume that we have proved, for all f in CO°: 


Varig. (f)< [ cts ®,) 'VS.Vf\ duo, 


1 Py)/b(Py : 
CFA IMOD) (Fo, sdne,—f Onde, [ Sane.) 


Firstly, we remark a(@,,)/b(@,) > 0 = a(y)/b(g). 

Define du = A bhal|x—xo||2/2° 

We obtain with the dominated convergence theorem (and because exp(—/py * Wn(x)) < 
exp(—c) for n 2 ||xoll): 


tim, | exp(—Pn * ¥n(2)) du(x) = / exp(—(x)) du(x). 
Then, we have, because (Hess ®,)~! < il and because f has compact support: 


palm, Varue, (1) = Vary, (Pf), 


lim f dpe, = | fang. lim, [ fe, die, = | foang, 


n—>-+0O 


lim [ (cet @,) 'Vf,Vf)duo, = [ (cet g) 'VF,VF)dug. 


n—> +00 


Now, we have to study f P, die, . We write: 


= [®, €XP(—Pn * Wn) dv 
| Se Tei pae valde” 


We have to show that: limp, +6 i Dy exXp(—Pn * Wn) dv = f gy exp(—y) dv. Again, we prove it 
with the dominated convergence theorem and with the following inequality (for n > ||xo|l): 


0 < (On * Wn (x) — + 1) exp(—pn * Una) te- 1) <e!. 


So, the result for ®, and for all f in CS implies the result for g. 
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Consequently, it is sufficient to prove the result for a C™ function ¢, verifying a > 0, Hessy € 
L* (ug), @ € L? (tg) and for f eC. 

With the help of an argument already used (inequality (8)) and Corollary 6, we see that it is 
possible to assume there exists g € C&° such that Lg = f — f f dug. 

The proof of Theorem | is achieved. 


Now, we give the proof of Theorem 2. We begin with a lemma. 


Lemma 8. Let y:R¢ > R be a C? function such that { e~’ dx < +00 and Hess y € Eig): 
Then V¢ belongs to 1A Gig). 


Proof. Again, we choose ¢ € C>° such thatO <¢ <1, ¢ =1 on B(O, 1), ¢ =0 on B(O, 2)°. We 
define for r > 1: f(x) = f(2): We have (c is a constant independent of r): 


1 
2 paver =? 
[sive dig = [slve.v¢6 Mer eoGs 


= [[07%. V0) + 5 Ae] diy 
= [tts + AG, + 6 Agl dig 
= [14% +5-Aeldu, 


consequently: 


[otvoI dg <c+ fi Hess gl dip. 


We deduce that V¢@ belongs to Ein): 


Proof of Theorem 2. We consider here a C* function gy such that y € L? (Uy) and Hess@ € 
EA Goa)e We see with Lemma 3, that it is possible to assume there exists g € Co° such that 


Lg =f — f f dug. Equality (3) gives: 
Vary, (f) = i Tr[ (Hess g)7]duy + / IV glllziess gy diy. 
As in the proof of Theorem 1, we obtain: 
2 1 2 
Tr[ (Hess g)"] diy > rigoek, . 


Define U = [Vf dug and 6(x) = g(x) + ((fHessgduy)!U,x). We have VO = Vg + 
(f Hess y dit U, consequently: 
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2 


-1 
IV slllitessy = I VOlltessy + | ( i Hess pd U 
Hess g 


-1 
= 2( Hess 98, (| Hessean, u), 


Moreover: 


[esseveduy= [ HesseVeduy +U= [ Hesse e+ Vf dug = [ LVgduy=0. 


So: 
1 -1 2 
Vary, (f) 2 wots + | ||( | Hessedie) U aig 
Hess g 
1 5 : 
Z =cy(f) + Vf dig 
d (f Hess yduy)—! 


2 


1 
> Seg f+ | / FV pdt 


(f Hess ydpy)—! 


Example 1. We fix ) in R“, we assume x belongs to E*(ig) and we apply Theorems | and 2 to 
f (x) = (h, x). We use the same notation for y € R¢ and for the column 


JI 
vd 
of his components in the canonical basis of R?. We find: 
Vary, (f) = (Mh, h) — (Y, hy? where M = [ane and Y = | xan. 
co(f) = (Z, h) where Z= f xedne— f edne f xduy. 
We obtain: 


l+a/b 


-1 
1 
(| Hesse dug) +522" <M YY" < f (Hesse)! diy ~ ZL. 


which is a generalization of Example 1, p. 379 of [4]. 
If g(x) = |x - xolll), /2, then the two inequalities are equalities and M — YY* = A7!. 
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2.3. Improvement of the lower bound of the variance 

The purpose of this section is to obtain a lower bound for the variance which recovers 
the case of the Gaussian measure. We first prove that L is a surjective mapping on {f € 
L? (ug), f f dy =O} if a(y) > 0. 
Lemma 9. We assume a(gy) > 0. For f in EP (tig); we define: 


+00 


aoy=— f (r.r0- | Paty) at 
0 


Then, g exits almost surely, g € D(L) and we have: 


te=S-f Sane 


Proof. We denote a = a(q). 
The Poincaré inequality implies (see for example [9, théoréme 3.2.1]): 


Jr J say a ff fang . (9) 
L* (ug) L(g) 
Define do(s) =aexp(—as) ds. 
We have: 
aul Pofte)— | fai ‘| amw= ef | fe Pofte)— | fig into] diy 
is 0 
1 7 2 
<a f| fo Pofe)— f tdi into] any 
0 
1 2 
<a tf Fb 129) 


Consequently, g is well defined and belongs to Eig): Moreover: 


FL? (ty) > L? (ug), 


frg 


is a linear and continuous map on EPA (ig): 
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Psg(x) = El fo (Pf (XS) — f f dug) dtl = — fo (Pts f(x) — f f dup) dt (we can 
commute the integrals thanks to (9)), so: 


Psg =F (Ps f). 


Furthermore, using the spectral decomposition of L, we see that P,g and P,; f belongs to D(L) 
for s > 0; consequently, because F is a continuous map: 


+00 


LP.g=FLP.f)=— f LPasfdr=Pf— f faiy for s > 0. 
0 


We obtain: 
‘ ‘i ps 
lim Psg = g (in L*(uy)), 


lim LReg=f- f faite (in i? (iuy)); 


We deduce, because L is a closed operator: g € D(L) and Lg = f — f f du. 


We assume a(g) > 0. We define gy; = ¢. Using the previous lemma, we see that, for all p > 1, 
there exists @»+1 in D(L) such that: 


Lops =0r— | Ordity 


(Yp+1 is defined up to a constant). 
For f € Lite) we define: 


asfy= ' ieee / Gp ating / fditg (ci(f)=ep(f)). 


And if Hess g € I Gie)s we define: 


-1 
Vifp= ( | tessedue) | Pv edne. 


Theorem 10. [fa = a(y) > 0, g € L* (uy) and if Hessy € L! (1g), then, for all f in L? (1g): 


1 a 
Vary,(f) > 5 (au + #(2 + *) Soa eepolf — (VA), vel 
k=0 


2 


+ | / fVodug 


(f Hess gy dpy)—! 


Remark 4. If g is an even function, then for all f in EP Gibe)s ce+2Lf — (VCP), Vo)] = ceo. fl. 
Actually, because ¢ is even, we have: 
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t 
Xf =x+V2B; — / Vo(X*)ds 


0 


t 
=> —X}=-x-/2B, [vol xy ds 
0 


So: —X; oo, ; .. We deduce, for all even function h: 


P,h(—x) = E(h(X;*)) = E(h(—X7)) = Ph). 


283 


Using the formula of Lemma 9, we find, for all p > 1, that yp is an even function. Consequently, 


crr2l #2] = 0 and cet2lf — (Vf), Ve) = cesal fl. 


Example 2. If we apply Theorem 10 to g(x) = ||x||*/2, we recover the lower bound given in 
introduction for the Gaussian measure. Actually, we have: 


\?+ 
Pp = (-;) Q, 


so cpl f — (V(f), Vey] = cpl fl = (— 4)?! cp(f). We deduce: 


P ; oo z Dk+2 ; 
ci(f)? +a? 5) de cesalf —(V(S), ve)’ = ¢g(f) +3)) col) 


k=0 


=e) 


=4( fran). 


Lemma 11. /fa > 0 and ge L* (ue), then, for all p > 1 and for all f in E* (ie); 


P 
Vary, (f) > i{aur? +(24 5) et Mau?) 
k=2 


the 


Remark 5. It is possible to compare result of Lemma 11 and result of Theorem 10 in the follow- 


ing way. In the case ¢ is an even function, we obtain, using Remark 4 and Theorem 10: 


2 


+00 
Varn, (f) 2 s[aurr+? (2 Sy *) Yo auath? + | / fVedug 
k=0 


whereas Lemma 11 only gives: 


’ 
(f Hess yduy)—! 
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a see 
= 24 == 2(k-1) 2 
Vary, (f) > i(« (f) + (2+ *) ae) 
k=2 


1 wee 
25 (au? + “(2 + *) eal)? 
k=0 


Proof of Lemma 11. We proceed by induction on p. The case p = 1 follows from Theorem 2. 
Assume that the lemma is proved for p > 1. Using Lemma 3, we can assume there exists g € Coo 
such that Lg = f — { f dig. As in the proof of Theorem 2, we write: 


1 
Varn (A)> Fe? + | IVEtlRese die 


Theorem | gives: 


1 
[WretResp diy =a? f WVEI ay) dy > (Yarn, +5 (142 )er(e?). 


By induction: 


P 
Vary, (8) > z(are+ +(2+ +$) at Maie?) 


k=2 


Then: 


Varn, (f) > j{aurrse ci(g) +a" (2+ aby 2E Dex (gy? +a? (+5 5 ee") 
Lvs 


1 a\ bt 
> 7 (au + (2 + *) 2 a&Vey | w”), 


Moreover: 


Oe if (v1 - i 1-1 diy) 8d = ii Kenia i jiediy eG, (a0) 


which allows us to conclude. 


Proof of Theorem 10. Applying Lemma 11, we obtain, for all f in I? (fio): 


Vary, (f) > iar? +(24 5) et Maun?) (11) 
k=2 


In particular, this series converges and it also converges for f — (V(f), V@) instead of f because 
f —(V(f), V9) € L*(ug). 
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Again with Lemma 3, it is possible to assume there exists g € CO° such that Lg = f — 
A f dig. As in the proof of Theorem 2, we obtain: 


1 
Vary, (f) 2 rie + IV sllttessy dy: 


Again, we define U = f V f diy and 0(x) = g(x) + ((f Hessgduy)!U, x). Then: 


1 -1 2 
Warn D2 + | VEesedig +f |(fHeseduy) ul] aus 
Hess g 
1 2 2, : 
2 qo) + | IVE lllfessy dey + Vf dug : 
(f Hessg dug)! 


Theorem | applied to 6 gives: 


VOIIess ody = @ | IIVAII2 Hy BE Var Oras (44 Veo? 
IIVOllfiessy dhe 24° | VOM iessg)-1 Te 24 ( Varn) + (1+ 5 Jer? J, 
and using inequality (11): 
2 a a Dries = 2k 2 
[ots duy > (2+ 2) 10) +a? yak cp 400) J. 
k=0 
Moreover, with 6 = g+ (V(f), x) and with (10), we obtain: 


ck4.2(0) = ce42(8) + ce+2((V Cf), *}) 
= cn3(f) + crs2((V(f). x). 


We have Lx; = —_#¢ (x; € D(L) because Vo € LP Gt); consequently, with (10), cx+2(xj) = 


—CK43( #2). We deduce: 


e420) = ce43(f) — cr43((V(f), Vo) = ces3[f — (VCS), Ve)], 


which enables us to conclude. 


We finish this paragraph by given another formulation for Theorem 10 under an additional 
hypothesis. In the case g belongs to L* (ug) and a = a(g) > 0, we denote 7 the following 
hypothesis: 


<e" Bat). (7) 


ap ¢ L'(R;,R%), we >0, | 
L? (Wy) 


Pig — [eau 


Let us remark that inequality (9) applied to g only gives: 


| v- | edug 


< et 
L? (ity) 


Pe | edny Sek 
Mo 
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Remark 6. This hypothesis is satisfied by the Gaussian measure. For g(x) = ||x \| /2, we have: 


Pops) = f (ext 1 —e-*'y) du(y) 


_ nfl?) 

as ( 2 O)*2 

=< (90 - fod )+ [eau 

Po [ edi o- | edug 


Remark 7. We will see later that any even function g (such that a(g) > 0 and g € Eig) 
satisfies H with B(t) = exp(—t) (see Corollary 17). 


= et 


Le) 


= | . 
LD) 


k 
Define a(t) = )-9 uae and: 
Kg(x,y)= [[ (eur) (r.000 _ / edu) (200 - iz) dudv. 
(Ry)? 
Hypothesis 1 implies Kg € EAs ® py). Actually, define: 
dn(u, v) = a(a*uv)e “ B(auje“” B(av) dudv. 


We easily see with a(uv) < e“e” (for u > 0 and v = 0) that Je, y2 dn(u, v) < +00 (because 
a> 0). So: 


// K(x, y) dutg(x) ditg(y) 


SILGl e"piau'(Paots)— f odus 


(Ry)? 


2 
es ee) an(u.1)) dig (x) dig(y) 


<|f e7™" B(au)?|| Pug — if gditg| 7" B(av) 7 
L2(uy) 
(Ry)? ve 
2 
Pye — [edu dntu, » ff dn(u, v) 
L2(uy) 
(Ry)? 
<-+0o. 


We define for f and g in Lite): 
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(fala, = ff Kole. £080) dup) dug), 
Ifllk, = (Ff AK, 
(in the proof of the following theorem, we will see that (f, f)x, 2 0 for all f). We obtain: 


Theorem 12. [fa >0, gé Tip), Hess € L(g) and if » satisfies H then, for all f in 
12 Gia): 


2 


Vary, (f) > a(n +e2(24 5 5) IF- (Vif), vel, ) + | , fVodug 


(f Hess y dug) i. 


By Theorem 10, it is sufficient to prove: 


Lemma 13. 
+00 
2 2k oe 2 
Vf €L*(Ug), Ze cr42(f)" = If llz,- 
=0 


Proof. We rewrite coefficients cy+2(f) with the semigroup P;. We easily see that, for all f in 
Gis) and for p > 2: 


dcp (Pi f) 


oF =Cp-1(P f) and lien ep f= 0s 


Inequality (9) gives: 


lev(Ps f)| <e" | f 


— f Fane 


Illz2(uy): 
(Hg) 


We deduce: 
ep(Pif) = (=D)? [Soe fds. 
Consequently: 
p Pp a 2 
ee aa / seu(P. fia) 
k=0 k=0 0 , 
p +00 oe 
=a | / “enna ( i: ena) 
k=0 


0 
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= 3 our Cy(Py f ey(Py f) du dv. 


2 ° 


Then, with hypothesis 71: 


eotranl=|f (eee f eaue) fans 


<e"™ B(au)|| Fllz2qu,)- 
So: 


(a2uv)* 


(k!)2 5 Co (Pu fco(Pr S) 


< a(a? uve B(auye B(av)IIflz2q4,) 


We deduce, with the dominated convergence theorem: 


+00 
ye tcf = i i a(a°uv)co(Puf cp (Po f) du dv 
=e (Ry)? 
= ff [f(u)(r.00 - [edne) 
(Ry)? 


x (tao) - f edug) Feo Foraudv dig) dig) 


= 2 
=IIfllk,: 


Remark 8. It is an open question to give an interpretation of operator Ky. Nevertheless, it is easy 
to see that a is a solution of the following equation: 


ta” +a’ =a 
(J(t) =a(- a) is a Bessel function). 


Example 3. For g(x) = ||x||7/2: 


1 
KG.) = 5( 900 - i diy) (v0 - / die), 


1 
fll, = col 
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3. Links with known results 
3.1. Formula of Ball, Barthe and Naor 


The purpose of this section is to establish a link between Lemma 7 (equality (4)) and a formula 
of Ball, Barthe and Naor [3] concerning the second derivative of ® defined by: 


oP) = i eo VLY) dy 


where 9 is a (not necessarily convex) function defined on R¢ x R?. 
We denote 


e POY) dx 


dvy(x) = fe PED dz’ 


We fix h € R?. With appropriate hypothesis on y, we obtain: 


VEO)= f Vyeduy, 
Hess ®(y) = VO(y)(VP(y))* + [[ress, 6 — Vy o(Vyp)*] duy(x) 
=> (Hess®(y)h.H) = f (Hess, gh, h) dvy(x) — Vary, ((Vy@, h)). (12) 


Denote: 


Hess yg = & 2) where H, = Hess, g and Hz = Hess, ¢. 
3 


The result of Ball, Barthe and Naor is the following (approximately as it is given in [7]). 


Theorem 14. We fix y and h in R?. We assume that Hess @ is defined on an open set like R4 x 
B(y,r), that (Hess ®(y)h, h) is given by formula (12) and that this formula is well defined (that 
is fe P@y) dx < +00 and Hessy@ € 14 (0), and that p(., y) is a C? function on R¢. Then 
we have, without the hypothesis of convexity: 


(Hess @(y)h,h)= inf [ {rls gy ]+ (Hess CF) 3), dvy(x). 


geC™(R¢) 
Remark 9. By Lemma 8, we have: Hess, g € yp (vy) > Vy@E L? (vy). 


Remark 10. The formula of Ball, Barthe and Naor gives an information on the second derivative 
of ®@ and in particular, enables to prove Prékopa’s theorem (by Theorem 14, if g is a convex func- 
tion on R¢ x R?, it is easy to see that ® is convex). This formula is important because it gives a 
way to prove @ is convex even if g is not. For example, using ideas of [3], Cordero-Erausquin, 
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Fradelizi and Maurey [5] proved the convexity of ® for a very particular and nonconvex func- 
tion g. Then, they used this result to prove a conjecture called the (B) conjecture. 
The function ® studied in [5] is defined by: 


00 = f cH iecayar, 


where C is a symmetric convex set of R@ and t € R (Ic is a log-concave function because C 
is convex). It is ss Possible to apply Prékopa’s theorem to this function ® because the func- 


tion: (t,x) Kh e7 2 zletx|I? 1c(x) is not a log-concave function. Nevertheless, Cordero-Erausquin, 
Fradelizi and Maurey proved that @ is a convex function. 

In their paper, instead of using directly the formula given in [3], Cordero-Erausquin, Fradelizi 
and Maurey chose to prove an inequality which is an improvement of Poincaré’s inequality and 
which is related to the convexity of ®. We will give a proof of this inequality in the next section. 


Proof. Proof of Theorem 14 We fix y and h. We denote by L the operator: L(F)(x) = AF (x) — 
(Vx 9(x, y), VF (x)). In the following, x is the variable of integration and of derivation (if it is 
not specified). We denote f = (Vy@, h). 

For g in Coo (R¢), we obtain with equality (4): 


Vary, (Lg) = = | (20v28. Vg) + Tr[ (Hess g)”] + (Hess; yVg, Vg)} duy. 
Moreover H3h = V, f, consequently: 
[ttess, gh, h) dvy(x) — Vary, (Lg) 
= | (nn. h) + 2(VLg, Vg) + Tr[ (Hess g)*] + (Mi Vg, Vg)} dvy(x) 


-{ {T[ essey"] + (Hesse (%, a & 2) dvy(x) 


+ 2 f ves — Agh, Vg) dvy(x) 


- foes) (So 


-2 [Le fytgdvy(, 


We deduce: 


(Hess PD(yjh, h) — [{r{%es g)’| + (Hess (¥) F (“°)}} dvy(x) 


= 2 fis — f)Lg dvy(x) + Vary, (Lg) — Vary, (f) 
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= 2 V8 V8 
= [ {rla%es gy |+ (Hess ( 4)» dvy(x) 
= Vary, (f — Lg). 


Furthermore, with Lemma 3, we can find g, in C?° (IR?) such that Lg, goes to (Vyg, h) — 
[(Vy@, h) dvy in £7); which leads to the conclusion. 


Now, wondering if Theorem 14 combined with equality (12) could give a new expression for 
the variance would lead to a positive answer. If we apply Theorem 14 to g(x, y) = yf(x) + d(x) 
(where y € R) and if we take y = 0, we obtain the following result. Nevertheless, we will give a 
direct proof thanks to equality (4). 


Theorem 15. We consider ¢:R¢ — R a C? function, not necessarily convex, such that 
fe? dx < +00. Then we have, for all f in LAG) 


Vary,(f) = sup — f {-27Le + ifs @)"] + (Hess Vg, Vg)} dug, 
geC&(R¢) 


where L = A—(V¢,V). 
Proof. For g in C®(R®), we obtain with equality (4) applied to Lg: 
Varug(f) = Vary (Lg) + 2f G = / fdug — Le) Lg dug + Vary,(f — Lg) 
= - f (-208” + Tr[ (Hess g)”] + (Hess $Vg, Vg)} due 
+2 [(f—Le)bedug + Varug(F~ Le) 


= - | {-2FL8 + Tr[ (Hess g)] + (Hess OV g, Vg)}due + Varu,(f — Lg). 


We conclude with Lemma 3. 


Moreover, if we apply Theorem 15 to (x) = g(x, y) and f(x) = (Vy@,h) (where y and h 
belong to R?), we recover Theorem 14. Consequently, using remark before Theorem 15, we see 
that Theorems 14 and 15 are equivalent. 


3.2. Inequality of Cordero-Erausquin, Fradelizi and Maurey 
We recover with Lemma 7 (and more precisely with formula (4)) the following result which 


is due to Cordero-Erausquin, Fradelizi and Maurey [5]. We consider again a C? function 
g:R?¢ = R such that: 


Vx ER?, Hessy(x)>0 and jae dx < +00. 
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Theorem 16. [fa = a(g) > 0, then, for all f in H\(Wg) such that [ V f dug =90: 


[faue= [xdng f Fang 


Remark 11. The last term in the inequality does not appear in [5] but it is possible to find it in 
the proof given in [5]. 


1 2 
Var (A) <5 fIVSIP dug ~<a 


Proof. We will prove the following inequality which is equivalent to the one of the theorem. 
With the same hypothesis and for all f in Hj (1g): 


a (f vf dug. +)) <x | lyr - [VF du6 
[x(4-(f orang.) ding fxdirg f (r-([ Vs duy.+}) ditg 


This formulation allows us to justify easily convergences we will use. We follow the proof of 
Theorem | (second step). We see it is sufficient to prove the result for f in CO° and for a C° 
function g such that Hess g € EP (hug), Then, we use Corollary 6 and we see there exists gy € CO° 
such that 


su en (4-( f vs du5.+)) =f (6-(f vf dig. s)) as for the norm || || 7,. 


Denote f, = Lgn. With equality (4), we obtain: 


2 
dig 


2 
—a 


1 
Warps Gu) = 5 / IV fall? ditg 
1 
= [{givar + 2(V fn, V8n) + Tr (Hess gn)°] + (Hess pV gn, Ven) diy 


We use the same kind of arguments as in [5]. We define: g) = gn — (Cn,x) where cy = 
J V8n dg and we write: 


1 
/ 7 IV fall? +2(V fas V8n) + Te[ (Hess g,)7] + (Hess pV gn, Vn) diy 
1 ~ 2 ~ 2 ~ 2 ~ 2 
_ Fg lV in + 2aV Ball + Tr[ (Hess g;,) ]-allVanll + [IV Sn + CnlllHess g—ar diy 
+ allen? +2{ f V frdugsen) 


a8n 
OX; 


With the Brascamp and Lieb inequality applied to and thanks to (Hess y)~! < il , we obtain: 


~ 2 1 ~\2 
IV gall day < — Tr[ (Hess g)°] diy. 
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Consequently: 


1 
Vary, (fn) < mal IV fall? dug — allen? — o{ | V fn diy, ) 
Furthermore: 


n= | Vendity = f enVoduy=— f gLo)dug=— | Len dug = f frxdie 


We obtain the desired result when 7 goes to infinity. 


Theorem 16 allows us to obtain: 


Corollary 17. If a= a(g) > 0, if f belongs to L? (Uy) and if f and @ are even functions then: 


—2at 
<e 


Vt >0, | 
L? (tg) 


ptf fig 


ff fang 


L? (Ug) 
In particular, if g is even and belongs to Eile) then @ satisfies hypothesis 7H. 


Proof. We consider &(t) = e*“" || P; f — I f dug Ee ): 
Q 


2 
+ Pf - d LP, fd 
ed / ( s- fs us) f He) 


2 
- fivrsirau). 
L(y) 


With the proof of Remark 4, we see P; f is an even function, so [ VP; f dig = 0. Theorem 16 
gives &’(t) < 0, which allows us to conclude. 


&'(t) = 24 (2. 


Pf f fdug 


= 2¢ (2. 


Pf f fdng 


4. Some possible extensions 
In this paragraph, we introduce a reasoning process which allows to obtain best upper and 
lower bounds for the variance. We begin with the following lemma where we try to make the 


most of information contained in (5) and (3). 
We always consider a C? function g: R¢ > R such that: 


Vx ER?, Hessy(x)>0 and jee dx < +00. 


Lemma 18. We assume gy belongs to EAs) and let f be a function in Ea) such that there 
exists g in CO verifying: 


ff Fdug=Le. 
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Then we have: 


1 b 
- CAEP (Warug(A8) +cp(f)). (13) 


Vary, (f) < [ (cress g) 'VF, Vf) dug 


Moreover, if Hess g € L' (ug), then, with 0 = g+(V(f),x), we have: 


2 


1 
Varyy(f) 2 | / fVodpg + aco f) 
(f Hess gydpy)—! 
1 
+a / WVU cag dip + 5 Vary (As) (14) 
(if a = 0, we agree that i IV ll Gress.o)—! duty = 0). 


Proof. Equality (5) gives (as in the proof of Theorem 1): 
Vary,,(f) < [ (esse v er Vf \duy — (1 +) [ Motes 27] dity 
1 b 
< / (Hessy)'V f, Vf) dug — ae! / (Ag) duty 


2 
< [(atesseVF Vf) dug a CeO) (vary (8) + ([ eau) ) 


We conclude with the equality: 
/ Ag dug =—co(f). 
Equality (3) gives: 
Var, (A) = f Te Hess.e)"]diuy + f IiVetfiesy dite: 
Consequently: 


1 1 
Vary, (f) 2 qe (Ag) ae aco f) +f IV glllftessp THe: (15) 


Then, we follow the proof of Theorem 10 and we obtain (14). 


Previous lemma shows further terms in comparison with Theorems | and 2, they are: 


1 
Gvarng(4e) and a? f IVE) diy 


To improve lower and upper bounds for Var,,, (f), we have to bound below those two terms. For 
the first term, we use inequality (14). For the second term, we use (13) (with f = 0) then we 
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work on Var, (@) with (14). The difficulty is to rewrite new terms only with f. We have already 
used this method to prove Theorem 10 with the following inequality, which is a consequence 
of (13): 


1 a 
/ VAI tess yy-1 lp > Varng (0) + ‘(! ~ + ot)? (16) 


In this section, we will show how to use Var, F (Ag) in (13) and (14) to improve Theorems 1, 2 
and 10. The result we obtain here is certainly not the best one because it is obvious that inequality 
(13) and (14) could be combined indefinitely. How to use those two inequalities in an optimum 
way is an open question. 

We define: 


Cov,,(hha)= f hitadug f trdiug f hadig. 
Now, for all p > 1, we assume that yg? belongs to I Gig). We define coefficients yg» (with 
1<k< p) by: 
vai=tl, 


k 
Vip+l = Vip + Lpat Yew SG dhe, 
Vk,ptl=Vk.p—Vk-1,p for2<k<p, 
Yp+l,p+1 = —Yp,p- 


For example, we obtain: 


naat+ f edu: m2=-1, 


2 2 

g 
no=(1+ f eauy) - | dug. na=-(2+ f ediy), 73,3 =1, 
Yp.p= (es 


Define: 


P gk 
Up(@) _ ys Yep ay? 
k=1 . 


and, for all f in L* (wy): 
Ep(f) =Covy,(f.up)) (ACF) =co(f)). 


Remark 12. It is possible to define u,(¢) as following. Define, for ¢ in R and p > 1: 


t 


RUD=t— Ryalt) = Rp) ~ f Rplsdds +t f Rolo dig 
0 


Then we have: u p(y) = Rp(¢). 
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As for Kg, it is an open question to give an interpretation of up (@). If we calculate u,(¢) for 
g(x) = ||x||?/2, we do not obtain a remarkable result. 


Lemma 19. We assume that g? belongs to L? (uy) for all p (1 < p < +00). Then, for all f in 
IA (io) and if 1 < p < +00: 


P 


1 
Vary f)> Def) 


k=1 


Proof. The case p = | follows from Theorem 2. We assume the lemma proved for p > 1. Using 
Lemma 3, we see it is possible to assume there exists g in C&° such that f — f f dug = Lg. 
With (15), we obtain: 


1 
Varyg(f) > 7 Varyg(Ag) + roof? 


ee | 
Deas 


k=1 


1 
eK(Ag)” + qatfy 


(in that particular case, it is more appropriate to use (15) instead of (14) because, for the first 
inequality, we do not nead to assume Hess g € ENGiss))s 
Moreover: 


cK (Ag) = CK (Ag — (V9, Vg)) + &((V9, Vg)) 
k 


=G(f)+ > vinCovy, («ve. Vg), r), 


i=l 


g! git! yg! 
Cov, ( (Vo. Ve), O)=[{ve0( Fane f Sane f v0. Ved 
eer a Led 
“Gain Sdpg t+ Gy Gy | PLE Ey 


i+l i 
~ corn F res mi) +f a atgeokS): 


Consequently: 


(as) = Cm, fle = Snes =a thm fs -Ane) 


= Covy, Ge Uk+1 (¢)) 
=cei(f). 
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We deduce: 


pti 


1 
Varug > DEA 


k=1 


Theorem 20. We assume op? € L? (tg) for all p 1< p<-+o0). 


(1) IfHessg € L' (wy), then, for all f in L? (ug): 


2 
Vary, (f) > | / fVedug + Ya cau fy. 
(f Hess ydpy)—! 
Furthermore, if a = a(g) > 0, then: 
+00 1 
Vary, (f) > | / sVodugl| + ary 
(f Hess g duty) 1 k= 


2 +00 
+ <(2+5) a*cxyo[ f — (Vf), Vo)’. 
k=0 


(2) For all f in H\({g), we have: 


1 
Vary, (f) < i (Hess g)'Vf, V f)duy (> US) 


Proof. With the previous lemma, we obtain, for all f in EP Gag)! 


+00 


Vary, (f) > >. aRPy. 


k=1 


Fistly, we prove (20). It is sufficient to prove the result for functions f in EAGiy) such that there 
exists g € C&° verifying f — f f dug = Lg. Inequality (14) gives: 


2 
1 1 
Vary, (f) 2 | [ ryeduy + seg(f) + 5 Varn, (Ag). 
(f Hess gy dpy)—! d 
Moreover: 
+00 | 
Vary,(Ag) >>> FE ARY 
k=1 


+00 | 
= Y= aE Ceri f ye (see previous proof), 
k=1 
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which leads to the desired result. Now, if we assume a = a(g) > 0, then inequalities (14) and 
(16) give: 


2 1 ; 
+ 5c0P) 


rata f stn 


(f Hess gy dpy)—! 


+a?( Var @+i base (6 (0)* scot ie (Ag) 
Mo d b 2. d Me 8), 


and as in the proof of Theorem 10 (using Lemma 11), we obtain: 


1 = 
Vary, (0) > “(2 + *) Larersalf— VO, vel)’. 


Now, we prove (2). We follow the proof of Theorem |. We assume without difficulty a > 0 and 
f belongs to C2. As in the proof of this theorem, we use the sequence ®,,. With this aim in 
view, we need to show, for all k > 1: 


: k k 
We prove this equality as we have done it in the proof of Theorem | for the case k = | and we 
use the fact that: t > t* exp(—r) is a decreasing function for t > k. We deduce: 


BUC Covi, (Gz ug(Pn)) = Covi, (F uk(9)) . 

So, we assume that g verifies hypothesis of Corollary 6. Consequently, it is sufficient to prove 
(2) for f in L? (Uy) such that f — f f dug = Lg with g € C®. Now, we use inequality (13) to 
obtain: 


1 b 
Vary, (f) < [ (cts g) 'VF,Vf)dug - CEP) (Waru(A8) + cp(f)’). 
As we shown before: 
+00 
Varn(Ag) >) aif, 
k=1 


which allows us to conclude. 


Case (1) of this theorem could be modified to obtain a similar result as the one of Theorem 12 
if we assume ¢ satisfies hypothesis 77. 

We see that there exists a great number of possibilities to improve lower and upper 
bounds of the variance because we can use last theorem or Lemmas 11 and 19 to work on 
Var, (Ag) and f IV ll asess yy! dity. Moreover, in equalities (13) and (14), it is possible to 


write J Tr{(Hess g)"] djtg instead of 4 (Vary, (Ag) + Gul ty), So, we can use ideas developed 
in [5] in the proof of Theorem 16 (in particular a use of inequality of Brascamp and Lieb applied 
to rN which is a consequence of inequality (13)), which gives again new possibilities. 
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Appendix A. Upper and lower bounds for the variance for the Gaussian measure 


As indicated in [2], we use Hermite’s polynomials H,. 
For x €R: 


Ho(x 5: Ay(x Xx, A(x : 
1 2 Va 


In R@, the pth chaos is generated by: 


d 
Hp(x) =|] Hp(xi) where x = (x1,...,x4), B= (B1,-.-, Ba) and DB; = p. 


i=l 


So, for f € L?(w) (where ju is the canonical Gaussian measure on R¢): 


f= f fan + Das + Date + Dhaene) +6, 


Ley 


where G is orthogonal to chaos of order smaller than 2, and: 


2 
x71 
a= fxfan, a= DD fdp, b,j = f msi fa. 


Denote C = (c],...,¢q), Ai,i = /2a;, Aj,j = Aj,i = i,; fi A j. We have: 


1 1 
f= f fant (Cx) + 3(Ax.2)—GWA+6, 


Consequently: 


1 
Vary (f) = (IC? + 5 Tr(A?) + / Gdp, 
Vf=C+Ax4+VG. 
To obtain the upper bound for Var,,(f), we write: 
/ || Axl? du =Tr(A*) and / Gdu< i ||VG||? du because / Gdu=0, 


fivrPan=tcr+ fiaxPdu+ f iveran. 
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We deduce: 
1 1 2 
Warf) < f IVP du 57K(A?) < f Iv FP dw — 5 (tray) 


and Tr A = Sxl? -—d)fdu= [Af du. 
To obtain the lower bound for Var,,(f), we write: 


2 


[vtdu=c+ fvedu=c => | f vran =||C|’. 


So: 


Var,(f) > | fran vee 5 TH(A 2 | [vreau] 
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Abstract 


The purpose of this work is to give a new and short proof of the Atiyah—Singer local index theorem for 
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1. Introduction 


The goal of this paper is to give a new and short proof of the local Atiyah—Singer index theo- 
rem by using approximations of heat semigroups. The heat equation approach to index theorems 
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is not new: it was suggested by Atiyah, Bott [1] and McKean, Singer [21], and first carried out by 
Patodi [22] and Gilkey [14]. (See also Getzler [13].) Bismut in [9] introduces stochastic methods 
based on Feynman—Kac formula. For probabilistic approaches that are mainly based on Bismut’s 
ideas, we also refer to [16] and [15, Chapter 7]. For a complete survey on (non-probabilistic) heat 
equation methods for index theorems, we refer to the book [8]. 

However, in our approach we will see that the A-genus appears in a natural way, from purely 
local computations on approximations of heat semigroups. Our method relies on explicit ap- 
proximations of the holonomy over the heat equation on vector bundles and unlike the other 
probabilistic approaches does not involve the Feynman—Kac formula nor the techniques of sto- 
chastic differential geometry. 

The idea is the following. Let P, denote a heat semigroup. In recent works, see Baudoin [4] 
and Lyons, Victoir [18], by using Brownian Chen series, it has been pointed out that P; admits a 
formal representation as the expectation of the exponential of a random Lie series. The truncation 
of this Lie series leads to explicit approximations of P;. More precisely, one gets a family of 
operators py’ , N > 1, such that (in the sup norm) 


P,=PY+0(t°?), 10. (1.1) 


This point of view has been used in Lyons, Victoir [18] to provide cubature formulae on Wiener 
space that give efficient numerical approximations of solutions of heat equations. 

Assume now that P; is the heat semigroup associated with the Dirac operator on the Clifford 
module over a compact d-dimensional spin manifold, d even. From (1.1), we will classically 
deduce 


d I 
StrP, =StrP?+O(1?), 10, 


where Str denotes the supertrace. The Lie structure that explicitly appears in pd now leads to 
algebraic cancellations that imply 


StrP? =StrP?+ O(t?), 10. 


Since, from McKean-Singer theorem, the supertrace of P; has to be constant and equal to the 
index of the Dirac operator, the local index theorem follows from the easy computation of Str P?. 

The paper is organized as follows. In Section 2, we survey results on random Chen series 
that are needed for the construction of approximations of heat semigroups. In Section 3, we use 
these series to construct explicit approximations of the holonomy above general heat equations 
on vector bundles. Finally, in Section 4, we develop the idea hinted above to provide a new short 
proof of the Atiyah—Singer local index theorem for the Dirac operator on the spin bundle. 


2. Chen series 


We introduce here notations that will be used throughout the paper and survey some results 
on Chen series that will be later needed. Basic background on Chen series with respect to regular 
paths can be found in [11] and background on Chen series with respect to Brownian paths can 
be found in [4, Chapter 1] (see also [12,18]). Let us note that the Chen series with respect to 
Brownian paths is also called, in the rough paths theory of Lyons, the signature of the Brownian 
motion. 
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Let R[Xo,..., Xa] be the noncommutative algebra over R of the formal series with d + 1 
indeterminates, that is the set of series 


The exponential of Y € R[Xo,..., Xa] is defined by 


We define the bracket between two elements U and V of R[Xo,..., Xa] by 
[U,V] =UV—VU. 
If 7=(4,..., ix) € {0,..., a}k is a word, we denote by X; the commutator defined by 
Kes Kis Dey a eels 


We will denote by S; the set of the permutations of {0,...,k}. If o € Sx, we denote e(a) the 
cardinality of the set 


{i €{0,....k-l,oG)>oG+D}, 


and o (/) the word (ig(1),---,4o(k))- 

Let us now consider a d-dimensional standard Brownian motion (B;);>0 = (B!,..., B4 )t>0- 
We use the convention that B® =t.Ifl=(ij,..., ip) € {0,..., dj* is a word with length k, the 
iterated Stratonovich integral 


/ odB! = / od Bi! 0--- od Bik 


tk? 
AK(0,1] Ot <-<te Kt 


can be defined as the limit in p-variation, p > 2, 


lim / (aB")', 


n— +00 
A‘(0,t] 


where B” denotes the piecewise linear interpolation of the paths of (By)o<u<; along the dyadic 
subdivision of [0, f]. 
With the notation, 


(1) : 
AB): = odB?), 
eS, k Cae 


we have the following theorem. 
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Theorem 2.1. 
ioe a ( f oas')x,.. bs X= e00( 2 AB), 1), t>0. 
k=1 Te{0,1,...,d}* AKO, 1] k2>1 Te€{0,1,...,d}* 


This theorem is due to Chen [11] and Strichartz [23] that prove that the above result holds 
for absolutely continuous paths. The result for Brownian paths is pointed out in Fliess [12]. And 
finally, Lyons [17], with rough paths theory, shows that it actually can be extended to very general 
paths. 

If 


‘<2 S iy,...,i, Xiy ++» Xix 


k>01=(i1,...,4k) 


is a random series, that is if the coefficients are real random variables defined on a probability 
space, we will denote 


n(Y) = yy > U(Giy,... ig Xi «+ Xig 


kB0I=(i,..- 54K) 


as soon as this expression makes sense, that is as soon as for every J = (i1,..., ix), 


where E stands for the expectation. 


Theorem 2.2. (See [4,18].) We have 


o0((4043¥7)) =2(0(E > Ai(B):X1)), t>0. 


k>11€{0,1,...,d}« 


3. Approximation of elliptic heat kernels on vector bundles 


In the spirit of Azencott [3], Ben Arous [7], Castell [10] and Lyons, Victoir [18], we use in 
this section Brownian Chen series in order to provide efficient approximations of heat semigroups 
and corresponding heat kernels. The idea is to truncate the Lie series that appear in the formal 
representation of the heat semigroup given by Theorem 2.2. As we shall see, this truncation 
that has already found applications for cubature formulae [18], is also particularly efficient to 
approximate the holonomy over the heat equation in a vector bundle. 

Let M be a d-dimensional compact smooth Riemannian manifold and let € be a finite- 
dimensional vector bundle over M. We denote by [’(M, €) the space of sections. Let now V 
denote a connection on €. 

We consider the following linear partial differential equation: 


a® 


yp LP = (0.x) = fo), (3.2) 


F. Baudoin / Journal of Functional Analysis 254 (2008) 301-317 305 


where CL is an operator on € that can be written 
i d 
L=Vot 5 > ve: 
i=l 
with 
Vi=Fit Vy, O0<iK<d, 


the V;’s being smooth vector fields on M and the F;’s being smooth potentials (that is smooth 
sections of the bundle End(€)). It is known that the solution of (3.2) can be written 


@(t, x) = (ef) x) =P: f@). 


If 7 < {0,1,.. ., aye is a word, we denote 


Vi= Mies [Vig 5 LVin_y, Vig] Za 
and 
ddy=k+n(), 


where (J) is the number of 0 in the word /. 
For N > 1, let us consider 


PY =2(exo( 2 A(B)1)). 


Ld(D<N 


d 
P} = (oo( nv) 
i=l 


d t 
; 1 ; : . . 
Pp? — (o0(> B,Vi +5 y [ sant — af aate,.va). 
i=0 


I<i<j<do 


For instance 


and 


The meaning of this last notation is the following. If f ¢ /(M, €), then (PY AJ@ = 
i(W(1,x)), where W(t, x) is the solution of the first order partial differential equation with 
random coefficients: 


ow 
—(t.x)= SD) A(B)A(VY)T x), —-W(0,x) = f(a). 


at Ld()<N 


306 F. Baudoin / Journal of Functional Analysis 254 (2008) 301-317 


Let us consider the following family of norms: if f €¢ 7 (M, €), for k > 0, 


Ifllk= sup sup — sup|V;,... Vi, f(@)]. 
0</<k O<i),...,i) <d xEM 


Theorem 3.1. Let N > 1 andk > 0. For f € P(M, €), 
JP.t—Pf|,=0(F), 10. 


Proof. The proof relies on a stochastic Taylor expansion and is close to Ben Arous [7], Castell 
[10] and Lyons, Victoir [18]. 

First, by using the scaling property of Brownian motion and expanding out the exponential 
with Taylor formula we obtain 


exp( y: ano,r)i= (Soa 2 


Ld()<N k=0° \Td(<N 


k 
(8), rae? RV (), 


where the remainder term R) (t) is such that a(|RY (II x) is bounded when t > 0. We now 
observe that, due to Theorem 2.1, the rearrangement of terms in the previous formula gives 


N k 
(xa oD A1(B),¥1) rest 2 i; ea Vices Vig f HOE PRY, 


k=0 Ld(I)<N Ld DEN guiro.y 


where 2(||R4 (t)||x) is bounded when t — 0. Therefore 


exp( AV(BV1) f= f+ a / odB'Y;,.. Tay f tt We, (t), 


Ld(I)<N Ld DEN giro 


and 


PYfaft+ > ( i od B! Vi, Vip f+ F E(RY CD), 


Ld DSN Sauitgy 


where E((|| Ri (t)||k) is bounded when t — 0. We now have to compute the expectation of iterated 
Stratonovitch integrals. An easy computation (see [4, Chapter 1]) shows that if Z,, is the set of 
words with length n obtained by all the possible concatenations of the words 


{0}, {@aA}, te {l,...,d}. 


1. If 1 ¢ Zp then 
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2. If J €Z,, then 


n+n(1) 
2 


I t 
odB = n—n(1) 2 
am (men )! 


‘A"[0,t] 


where n(J) is the number of 0 in J (observe that since J € Z,, n and n(/) necessarily have 
the same parity). 


We conclude therefore 


tk 
pyf- Bets] = 00), 


k< NH 
Since it is known that 
tk k N+1 
Pf- d) Ge fl] =o?) 
ect 


the theorem is proved. 


Let us now assume that the operator CL is elliptic at x9 € M in the sense that (Vj (x0), ..., 
Va(xo)) is an orthonormal basis of the tangent space at xo. In that case, P; is known to admit a 
smooth Schwartz kernel at xo. That is, there exists a smooth map 


p(xo,-): R39 > F'(M, Hom(€)) 


such that for f « (M, €), 


@. G0) = | pst.» F0dy. 
M 
Theorem 3.2. Let N > 1. There exists a map 


p' (xo, -): Ro > '(M, Hom(€)) 


such that for f € T(M, €), 


(PY p)G0)= f po.» FO dy. 
M 


Moreover, 


N+1—d 
Pr(x0, Xo) = PN (xo, Xo) + O(t ) 
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Proof. The proof is not simple. We shall proceed in several steps. In a first step, we shall show 
the existence of a kernel at xo for p’ acting on functions. In a second step we shall deduce by 


parallel transport, the existence of p’ (xo, -). And finally, we shall prove the required estimate. 


First step. Let us define, 


Qi = (cx » A1(B.V1)). 


Ld()<Nn 
In order to show that Q” admits a kernel at x9, we show that for t > 0, the stochastic process 
Zz" = exp( 2 Ay(B).V1) (x0) 
Ld(D<N 


has a density with respect to the Riemannian measure of M. To this end, from the well-known 
criterion of Malliavin (see [19,20]), we show that the Malliavin matrix of Ze is invertible with 
probability one. A sufficient condition for that, is 


DiZN,. f= yd, 


forms a basis of the tangent space at x9 where Di, denotes the ith partial Malliavin’s derivative 
taken at time 0. An easy computation shows that 


AZ" =Vi(xo), t>0. 


Our ellipticity assumption gives therefore the existence of g¥ (xo, -): Ro x M—> Ro, such that 
for every smooth f:M— R, 


(o” f) (x0) = i a (xo. 9) fQ) dy. 


M 


Second step. For t¢ > 0, let us consider the operator ON (xo) defined on ”(M, €) by the property 
that for 7 € (M, €) and y € Ox), 


(ON (xo)n)(y) = (| exo( >» Ar(B.V1 Jn] 0) | exp( 


Ld(D<N 


.y An(B) V1 (x0 = y). 


L,d(I)<N 


We claim that ON (xo) is actually a potential, that is a section of the bundle End(€). For that, we 
have to show that for every smooth f :M — R and every n € T'(M, €), y € Oxy, 


(ON (x0) fn)(y) = f(y) (ON (x0)n) >). 


If f is a smooth function on M, we denote by M ¢ the operator on J"(MI, €) that acts by multi- 
plication by f. Due to the Leibniz rule for connections, we have for any word /: 


[Vi, Ms] =My, ¢. 
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Consequently, 


> ABV Ms] = My: ayyey ANB 


Ld()<N 


The above commutation property implies the following one: 


exp( by AV(BYVr) My = Mos qnen An 8.1 Pl > Ar(B),¥1 ). 
Ld()<N Ld(Q)<N 


Therefore, 
[0," (x0), M ¢] =0, 


so that ON (xo) is a section of the bundle End(€). We can now conclude with the disintegration 
formula that for every n « (M, €), 


(Pin) (x0) = i pl (xo, y)n(y) dy, 
M 


with 
PN (x0, -) = aN (x0, JON (x0). 


Final step. Let us now turn to the proof of the pointwise estimate 


=a, t— 0. 


Pr(x0, x0) = pj)’ (xo, x0) + O(t 2 


Let y € M be sufficiently close to x9. Since CL is elliptic at xo, it is known (see for instance [8, 
Chapter 2]) that p;(xo, y) admits a development 


_ d(x0,9) N 
BE SG CO ee 2 RACH) (3.3) 
Pi(Xo, y) = Onna? 2 (XO, Y n(t, x0, y) ], 


where the remainder term Ry (t, xo, y) is bounded when t > 0, Y% (xo, -) is a section of End(€) 
defined around xo and d(.,-) is the distance defined around xo by the vector fields Vj,..., Va. By 
using the fact that for every smooth f:M— R, 


(QM f)(x0) = (r(cxo( 3 Ar(B),V1)(s0))). r0; 


Ld(I)<N 


and classical results for asymptotic development in small times of subelliptic heat kernels (see for 
instance [6] and [4, Chapter 3]), we get for qi (xo, y) a development that is similar to (3.3). For 
ON (xo), the scaling property of Brownian motion implies that we have a short-time asymptotics 
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in powers tk/2 k EN. Since, 
Ph (x0, -) = 41" (0, ON (x0), 
we deduce that 
#0.) 7 N 
PN (xo, y) = app Y(x0, yy? + rr Ry(t, XO; »). 


where the remainder term ors (t, xo, y) is bounded when t > 0. With Theorem 3.1, we obtain 
that Y= Y, k=0,..., N, and the required estimate easily follows. 


Remark 3.3. The question of the smoothness of pr is not addressed here. It would require 
bounds on the inverse of the Malliavin matrix of Z. 


Remark 3.4. Theorem 3.2 has been extended in a recent work (see [5]) to the case where a local 
H6rmander’s condition is satisfied by the vector fields V;. 


From the previous theorem, we deduce an explicit asymptotic expansion of p;(xo, xo). If 
Te{0,1,..., djk is a word, we denote 


F, =Vi — Vy, € I’ (M, End(€)). 


Corollary 3.5. For N > 1, when t > 0, 


peta, x0) =a xa) (exp >» Ar(B).Fi(20)) > Ar(B),Vi(s0) =0) 
Ld1)<Nn Ld1)<N 


N+1—d 


+ O(t 


where ay (xo) is the density at 0 of the random variable De dD<N A7(B);V7(xo). 


Proof. Let us first observe that for the same reason than in the proof of Step 1 of the above 
theorem, the random process 


S> A1(B),Vi (x0) 


Ld(D<N 


has a density dy (xo, -). Therefore, due to the disintegration formula, for every smooth 7 € 
r(M, €), 


(Pin) (ao) 
7 / =(exo( De (BY no) Ay(B),V (40) =0) di (x0. 9d 
TOM Ld(D<Nn L,d()<N 


x0 


and the proof follows by letting 7 converge to Dirac distribution at xo. 
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4. The local index theorem for the Dirac operator on the spin bundle 


The Atiyah—Singer index theorem for the Dirac operator on the spin bundle as proved in [2], 
is the following. 


Theorem 4.1. Let M be a compact, d-dimensional spin manifold, with d even. Let D be the Dirac 
operator on the spin bundle of M.. Then 


1 \4/2 
ina) = (=) [Loo),. 
M 


where [A(M)]qa is the volume form on M obtained by taking the d-form piece of the A-genus 


Q 1/2 
A(M) =aer(—~ ; 
2 sinh 72 


and 82 is the Riemannian curvature form defined in local orthonormal frame e; with dual frame 
* 

e* by 
l 


1 
— + . * * 
2Q=- y R(Ej, ej e; A ej, 
1<i,j<d 
with R, Riemannian curvature. 
Before we turn to the proof. Let us first recall some linear algebra constructions as can be 
found in [8, Chapter 3]. 


Let V be an oriented d-dimensional Euclidean space. We assume that the dimension d is even. 
The Clifford algebra Cl(V) over V is the algebra 


TV)=REVEVOV)E::: 
quotiented by the relations 
u@vt+v@u+2u, vl =0. (4.4) 
Let e1,..., eq be an oriented basis of V. The family 
€i,---€x, OSk<d, l<ij<-:-<i<d, 


forms a basis of Cl(V) that is therefore of dimension 2%. In T(V) we can distinguish elements 
that are even from elements that are odd. This leads to a decomposition: 


CV) =CI-(V) @Cr(V), 


with V CCI-(V). 


312 F. Baudoin / Journal of Functional Analysis 254 (2008) 301-317 


A Clifford module is a vector space E' over R (or C) that is also a Cl(V)-module and that 
admits a direct sum decomposition 


E=E~ @Et 
with 
Cl (V)-E- CE, CI(V)- ET CE*. 


It can be shown that there is a unique Clifford module S, called the spinor module over V such 
that: 


End(S) ~ C @ CI(V). 


In particular dim S = 2¢/*. There is therefore a natural notion of supertrace on CI(V) that is 
given by 


Stra = Trs+a — Trs-a, 


where a € CI(V) is seen as an element of End(5S). If 


d 
a= ) ) Diy ..ipCiy + + Cigs 


k=0 1<i, <+-<ip<d 


then we have 


\ 4/2 
Stra = (=) Q\...d- (4.5) 
Ll 


If w € so(V), that is if y: V — V is a skew-symmetric map, we define 


1 
Dw = 5 a (W(ei), ej)eiej € CI(V), 


l<i<j<d 


and observe that D[ yy, w2] = [Dyw1, D2]. The set CP(V) = Dso(V) is therefore a Lie alge- 
bra. The Lie group Spin(V) is the group obtained by exponentiating CI’(V) inside the Clifford 
algebra C1(V); it is the two-fold universal covering of the orthogonal group SO(V). It can also 
be described as the set of a € C1(V) such that 


d 
a=V,...V2K, [Sis 5) uy EV, |lvjl| =. 


We now come back to differential geometry and carry the above construction on the cotangent 
spaces of a spin manifold. 

So, let M be a compact d-dimensional, Riemannian and oriented manifold. We assume that 
d is even. We furthermore assume that M admits a spin structure: that is, there exists a principal 
bundle on M with structure group Spin(R“) such that the bundle charts are compatible with 
the universal covering Spin(R“) — SO(R®). This bundle will be denoted SP(M) and z will 
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denote the canonical surjection. The spin bundle S over M is the vector bundle such that for 
every x € M, S, is the spinor module over the cotangent space T*M. At each point x, there is 
therefore a natural action of Cl(T;M) ~ End(S,); this action will be denoted by c. 

On S, there is a canonical elliptic first-order differential operator called the Dirac operator 
and denoted D. In a local orthonormal frame e;, with dual frame er we have 


D= > e(et) Ve; 
i 


where V is the Levi-Civita connection. We have an analogue of Weitzenbéck formula which is 
the celebrated Lichnerowicz formula (see [8, Theorem 3.52]): 


D=A+°, 
4 


where s is the scalar curvature of M and A is given in a local orthonormal frame e; by 


d 
A=—)J\ (Ve, Ve, — Vv,, ei): 
i=l 


After these preliminaries, we can now turn to the proof of the local index theorem for D. 
The first crucial step in all heat equations approaches of index theorems is the McKean—Singer 
type formula (see [21] and [8, Theorem 3.50]): 


ind(D) = Str(P;) = / Str p;(x,x)dx, t>0, 
M 


1 pp? ; , 3 : : 
where P, = e~ 2”, p, is the corresponding Schwartz kernel, and dx is the Riemannian volume 
form. 
By using the results of Section 3 we now show that we actually have 


1 \4?2 
lim Str p(x.) dx = (5) [AMD ],,@). 


This last statement is first due to Patodi [22] and Gilkey [14] and implies the index theorem. 

Let us fix x9 € M once and for all in what follows. Let e; be a synchronous local orthonormal 
frame centered at x9 with dual frame er. If needed, with a cut-off function, we extend smoothly 
the vector field e; to be zero outside a neigborhood of xo. At the center xo of the frame, we have 
therefore 


d 
A=-) 0 Ve, Ve; 
i=l 
and 
[Ve; Ve; 1] = Ri, ej); 


where R is the Riemannian curvature. 
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Let us denote Vo the multiplication operator by —¢ and V; = Ve,, 1 <i<d. 
If 1 <i < j <d, we have at xo 


[V;, Vj] =¢(DR(E;, e;)) 
with 
DRE, ej) = ; ~~ (R(ej, ej )eks eege; € Cr’ (T*,M). 


1<k<l<d 


Since the Levi-Civita connection is a Clifford connection, if | <i < j <k <d, we have at xo, 


[Vis [Vj, Vel] =[Vi- Viej.ee1 + ¢(DR(e;, ex))] 
= Vie;,[e;.exl] + ¢(DR(ei, lej, ex]) + ViDR(e;, ex) 


and we observe that DR(e;, [e;, ex]) + ViDR(e;, ex) € cP (Ts, Mm: 
More generally, a recurrence procedure shows that if 1 <i) <--- <i, <d, then at xo, 


Vi — Ve, =c(F1), 


where F7 € CP (T*,M). If 0 € J, then it is seen that, at x9, Vy acts by multiplication with a 
scalar, say G;. Let us consider 


(20) = B(e(exp( x; + yy i Ay(B). Fr) px 2A y(Bhies(s0) =0), 


TI |<d,0¢1 TI |<d,0¢1 


where X; = er <d,0er t!/2.A7(B)Gr is scalar term such that Xo = 0. 


Proposition 4.2. 


1 d/2 
__ Str ©; (xo) 1 , i pi i pi 
lim We = ama ot J DR¢ei.e)) | Bi dBi — Bi dBi |B =0 ; 
0 


l<i<j<d 


Proof. We have 


Str (10) =B( e% Strexp( > HA, BF) 2 iA (B)es(s0) =0). 


I |\\<d,0¢1 L|1|<d,0¢1 


é 2 : d 
Since F; € Cl (Tr), according to (4.5), for any k < 5, 


k 
str( ~ 1A (B).F1) =: 


L|1\<d,0¢1 


Therefore 
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Str 6, (x0) 
1 d/2 
= GD! (*str( oe IA )(B).Fi | Se t!4/2.A7(B)1e7 (x0) = 0) 
/2)\ L|1|<d,0¢1 I |I|<d,0¢1 
1 d/2 
= GDI (*str( ss 1A (B).Fi) | > r-Y A (Be (40) =0) 
: 1 |1|<d,0¢1 L|I|<d,0¢1 


Let us now observe that almost surely, 


d/2 
(<*:ser( > A )(B).Fr | ; 2 1-Y-A/(B)yer(00)) 


L|I|<d,0¢1 I,|1|<d,0¢1I 
, 1 d/2 q 
= Gane ye DR(ei.e)) | BAB! — Bi iat) Sale) 
l<i<j<d 0 i=l 


+ (°F Ri(t),t7Ro(), 


where R, and R2 are bounded when t — 0. 
Therefore, from the dominated convergence theorem 


lim Str Or Go) 
10 t4/2 
1 f1 oe 
= (saan (3 2 DR(e;,e;) | B,dB) — Bi ia) |%=0). 
l<i<j<d 0 


We can now obtain the required limit: 


Theorem 4.3. 


. 1 \4@2 
lim Str p; (x0, x0) dxo = (sx) [AMD], (x0). 


Proof. By Theorem 3.2, Corollary 3.5 and Proposition 4.2, we get 


lim Str p; (xo, x0) dxo0 
t>0 


} d/2 
! 7 ; , . 
= Gira st (( s DR(ej.e)) | B.dB! - 8!) [=o] 
0 


l<i<j<d 


of * 
x eTA...Ae%. 
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From (4.5) and from the expression of DR(e;,e;), the above expression is also equal to the 
d-form piece of 


d/2 


1 
1 1 : : iS cons 
ee ae 5216.6) | Bi dBi — Bi Bi | Bi 6 
eee > i,e;) | Bid Bi — Bi dBi 
ima \\, A+? 


This last expression is also the d-form piece of 


1 
1 1 og e Baok 
0 


l<i<j<d 


which turns out to be the d-form piece of the A-genus 


from Lévy’s area formula (see for instance [15, Lemma 7.6.6]). 


1 QV 
———_ A(M — det ; 
Ginn ™ = GigyaP Gar, 


Acknowledgment 


The author would like to thank M. Hairer for stimulating discussions. 


References 


{1 
[2 
[3 


M_F. Atiyah, R. Bott, A Lefschetz fixed point formula for elliptic complexes I, Ann. of Math. (2) 86 (1967) 374-407. 
M.F. Atiyah, IM. Singer, The index of elliptic operators I, Ann. of Math. (2) 87 (1968) 484-530. 

R. Azencott, Formule de Taylor stochastique et développements asymptotiques d’intégrales de Feynman, in: 
J. Azema, M. Yor (Eds.), Séminaire de Probabilités XVI, in: Lecture Notes in Math., vol. 921, Springer, Berlin, 
1982, pp. 237-284. 

F. Baudoin, An Introduction to the Geometry of Stochastic Flows, Imperial College Press, London, 2004. 

F. Baudoin, A Bismut type theorem for subelliptic heat semigroups, C. R. Math. Acad. Sci. Paris 344 (2007) 765— 
768. 

G. Ben Arous, Développement asymptotique du noyau de la chaleur hypoelliptique sur la diagonale, Ann. Inst. 
Fourier (Grenoble) 39 (1989) 73-99. 

G. Ben Arous, Flots et séries de Taylor stochastiques, J. Probab. Theory Related Fields 81 (1989) 29-77. 

N. Berline, E. Getzler, M. Vergne, Heat Kernels and Dirac Operators, second ed., Grundlehren Math. Wiss., 
Springer, 2003. 

J.M. Bismut, The Atiyah—Singer theorems: A probabilistic approach, Part I, J. Funct. Anal. 57 (1984) 56—99; Part II, 
J. Funct. Anal. 57 (1984) 329-348. 

F. Castell, Asymptotic expansion of stochastic flows, Probab. Related Fields 96 (1993) 225-239. 

K.T. Chen, Integration of paths, Geometric invariants and a generalized Baker—Hausdorff formula, Ann. of Math. 
(2) 65 (1) (1957) 163-178. 

M. Fliess, D. Normand-Cyrot, Algébres de Lie nilpotentes, formule de Baker-Campbell—Hausdorff et intégrales 
itérées de K.T. Chen, in: Séminaire de Probabilités, in: Lecture Notes in Math., vol. 920, Springer, Berlin, 1982. 

E. Getzler, A short proof of the Atiyah-Singer index theorem, Topology 25 (1986) 111-117. 

PB. Gilkey, Curvature and the eigenvalues of the Laplacian for elliptic complexes, Adv. Math. 10 (1973) 344-382. 
E.P. Hsu, Stochastic Analysis on Manifolds, Grad. Texts in Math., vol. 38, Amer. Math. Soc., Providence, RI, 2002. 
R. Léandre, Sur le théoréme d’ Atiyah—Singer, Probab. Theory Related Fields 80 (1) (1988) 119-137. 

T. Lyons, Differential equations driven by rough signals, Rev. Math. Iberoamericana 14 (2) (1998) 215-310. 


[18 


[19 


[20 
[21 
[22 
[23 


F. Baudoin / Journal of Functional Analysis 254 (2008) 301-317 317 


T. Lyons, N. Victoir, Cubature on Wiener space, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 460 (2004) 
169-198. 

P. Malliavin, Stochastic calculus of variations and hypoelliptic operators, in: Proc. Internat. Sympos. on Stochastic 
Differential Equations, Kyoto, 1976, Wiley, New York, 1978, pp. 195-263. 

P. Malliavin, Stochastic Analysis, Grundlehren Math. Wiss., vol. 313, Springer, Berlin, 1997. 

H. McKean, I.M. Singer, Curvature and the eigenvalues of the Laplacian, J. Differential Geom. 1 (1967) 43-69. 
V.K. Patodi, An analytic proof of the Riemann—Roch-Hirzebruch theorem, J. Differential Geom. 5 (1971) 251-283. 
R.S. Strichartz, The Campbell—Baker—Hausdorff—Dynkin formula and solutions of differential equations, J. Funct. 
Anal. 72 (1987) 320-345. 


Available online at www.sciencedirect.com 


. . JOURNAL OF 
ScienceDirect Functional 
Analysis 


ELSEVIER Journal of Functional Analysis 254 (2008) 318-367 ——————————— 
www.elsevier.com/locate/jfa 


The Taylor map on complex path groups “ 


Matthew Cecil 


Department of Mathematics, University of Connecticut, Storrs, CT 06269, USA 
Received 18 December 2006; accepted 25 September 2007 
Available online 26 November 2007 


Communicated by L. Gross 


Abstract 


Let W(G) denote the path group of an arbitrary complex connected Lie group. The existence of a heat 
kernel measure 1, on YV(G) has been shown in [M. Cecil, B.K. Driver, Heat kernel measure on loop 
and path groups, preprint, http://www.math.uconn.edu/~cecil/papers/p2.pdf; Infin. Dimens. Anal. Quantum 
Probab. Relat. Top., submitted for publication]. The present work establishes an isometric map, the Taylor 
map, from the space of L?(v;)-holomorphic functions on YWV(G) to a subspace of the dual of the universal 
enveloping algebra of Lie(H(G)), where H(G) is the Lie subgroup of finite energy paths. This map is 
shown to be surjective in the case where G is a simply connected graded Lie group. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Path group; Taylor map; Skeleton theorem 


1. Introduction 
1.1, Background 


A holomorphic function u:C — C is determined by its derivatives at the origin. One can 
recover values of u by its everywhere convergent Taylor expansion 


(1) 


© (kay) -k 
u(z) = > un Ou 


! 
nar k! 
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=k? 
Let jz; denote the Gaussian p1;(z) = +e *~, One can check that powers of z are orthogonal in 


L?(1;). Specifically, 


[atu dx dy = dyt*k!. (2) 
c 


It is known that the Taylor expansion of u in Eq. (1) also gives a convergent expansion of u in 
the Hilbert space L? (uy) with respect to the orthogonal basis {zk Heo (see [1,23]). In particular, 


WOOP) gq2 wt wm 
lllz2q,) = ee eye Ne Neu = Lge Por: (3) 


More generally, if u: C4 —> C is holomorphic and ju; (z) = (4 , then 


(4) 


Neel 2Gu) = a kl 3 | (ei, Dei,» es Dei, 


i,,...,ip=1 


where {ei} , is the standard basis for C4, 

Let T (C2) denote the tensor algebra over C?, T (C4) := Broo (C4)®*. To every holomorphic 
u:C? — C we can associate an element a, = Broo a; € T(C“%), where a, € (C7)® is the 
symmetric tensor defined by 


(ax, Z1 ® z2 ® ot ® Zk) (cayok = (0z, 02, ie 0-,U) (0) 


for every Z1,Z2,.--, Zk € C2. Here (,) denotes the inner product on (C2) 8 arising from 


(Cd) @k 
the standard inner product on C4. If we define a norm || - ||; on T(C%) by 


OO Lk 
t 

Bll =D) yl Belcayer (5) 
k=0 


for B = Deo Be with Be € (C4)®*, then Eq. (4) indicates that the map u > a, is unitary. 

The physicist V.A. Fock introduced this isomorphism in 1932 in [10], and the work was later 
clarified by Segal and Bargmann in the 1950s and 1960s (see [1,22,23]). The correspondence 
proves useful in understanding the structure of quantum fields. It is also closely related to the 
characterization theorem for generalized function in white noise analysis (see, for example, [16, 
19,20]). 

In [5], Driver and Gross proved a generalization of the above result on a complex connected 
Lie group G with given Hermitian inner product (, ) on the Lie algebra g = TG. In this context, 
ft; denotes heat kernel measure on G with respect to a right invariant Haar measure dx. Let 
T (g) denote the tensor algebra over g. Then T (g)* denotes the completion of T (g)* with respect 
to a norm inspired by Eq. (1). Let J denote the ideal in T(g) generated by {§ ® n —n @E — 
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[&, n]: €,n € g}, and ye = {a € T(g);: (a, v) =0 for all v € J}. To any holomorphic function u 
on G, and element a, of J,’ is associated by 


(tu, &1 @ ++ @ &) = (Ey Euy(e). (6) 


Then the main theorem of [5] states that if G is simply connected, then the map u € 
HL?(G, w:(x)dx) > ay, € J? is unitary. Infinite-dimensional analogues have been proven by 
Gordina in [12,13] on GL(/Z), the group of invertible operators on a complex Hilbert space H, 
and groups associated with a IT,-factor. The goal of this work is to establish yet another infinite- 
dimensional Taylor map, this one on YV(G), the group of paths based at the identity of a simply 
connected complex Lie group G. 


1.2. Statement of results 


Let G be an arbitrary complex simply connected Lie group and g = TG its Lie algebra. 
Assume there is a given Hermitian inner product (,)g on g. Let (,) denote the real left-invariant 
Riemannian metric on G determined by 


(A, B) =Re(A, B)g VA, Beg 


where A denotes the unique left invariant vector field satisfying A(e)=AE g. We will use (,) g 
to denote this inner product on g. 

We will also use the notation Lgx = gx for g,x € G and f, to denote the differential of a 
smooth map between two manifolds, f:M— N. With this notation, A(g) = Lg,A and hence 
(A(g), B(g)) = (Ly-tg As Ly ty BY a 

Choose Xc to be an orthonormal basis for the complex inner product space (g, (,)g). If we 
denote the complex structure on g by 7, then Xp = {Xc, JXc} is an orthonormal basis of the 
real inner product space (g, {,)g). Define the Laplacian on G by 


Ac= )) P+TAX = DO A’. (7) 
AeXc AcEXR 


Then Ag is a strongly elliptic operator and in the case where G is unimodular, it is the Laplace— 
Beltrami operator. Let 7((G) denote the space of complex-valued holomorphic functions on G, 
and let dx denote a fixed right invariant Haar measure. 

Define YV(G) to be the based path group on G, i.e. the continuous paths o :[0, 1] — G such 
that o (0) = e. Similarly, we will let W(g) denote the continuous paths h:[0, 1] — g such that 
h(O) = 0. The group operation on YV(G) is given pointwise and is denoted with -, 


(o - T)(s) :=a(s)t(s) (8) 
for o, tT € W(G), while W(g) has a pointwise defined bracket, 

[h, k](s) :=[A(s), k(s)] (9) 
for h, k € W(g). We also define a pointwise exponential map W(g) > W(G) by 


(e*)(s):= e*) (10) 
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for h € W(g). We will use e to denote the identity path in WW(G) and 0 to denote the identity 
path in W(g). 
Define the energy of a path o € W(G) by 


1 2 ‘ : : 
pGy= | fe [Lg (sy-14F (Ig ds, if is absolutely continuous, 


oO, otherwise. 


The finite energy subgroup of YWV(G) is then given by 
H(G) = {o € WG) | E(a) < oo}. 


Similarly, for a h € W(g), let 


(Dae = | f Ih'(s)I5 ds, if his absolutely continuous, 


oO, otherwise. 


We define the Cameron—Martin subspace of YV(g) as 


H(g) = {heW(g) | (h, AH) < ov}. 
Given h, k € H(g), we can define a Hermitian inner product on H(g) by 


1 


(h, nq) = [#09 4: 


0 


With this inner product, H(g) is a Hilbert space. We let (h, k) a(g) = Re(h, k) vg). It is often 
convenient to think of H(g) as the “Lie algebra” of W(G). 

Let Sc C H(g) be an orthonormal basis for the complex inner product space (H(g), (,) #(g))- 
The complex structure 7 on H(g) is that on g defined pointwise. That is, for h ¢ H(g), Zhe 
H(g) is given by (Z7h)(t) = J(h(t)) for all ¢ € [0, 1]. Then Sp = {Sc, 7 Sc} is an orthonormal 
basis for the real inner product space (H(g), (,)#(g)). In the above definitions, if we consider 
g = C with standard inner product, then H(C) is the classical complex Wiener space. We will 
use S(C) to denote an orthonormal basis of H(C). 

Given a partition of [0, 1], P = {0 = sq < 51 <--+ < Sy < 5y4 1 = 1}, and g € W(G), define 
mwp:W(G) > G" by 


mp(g) = (g(s1), 8(52),---+ 8 (Sn). 
Notation 1. We will use the notation #(P) to denote the number of partition points of P. 


Definition 2. A function f is a smooth cylinder function on YW(G) if there exists a partition P 
and a C® function F :G*P) — C such that f = Fomp. f isa holomorphic cylinder function if 
F :G*) _; C is holomorphic. We will use F(W) to denote the set of smooth cylinder functions 
on W(G) and HF (W) to denote the set of holomorphic cylinder functions on W(G), 
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For f € FW), g € W(G), and h € H(g), define 


2 d 
h = <| eh) 
hf(9) = F| flee") 
Notation 3. Suppose F ¢ C©(G*)). Then for A € g andi € {1,2,...,7} let 
A (i) d tA 
A\’ F(x1,X2,...,Xn) = S| Fet---.me PR Rina ely) (11) 


Remark 4. Notice if f = F omp € F(W), then for h € H(g), 


hf = (asi) F) om. (12) 


i=l 
In particular, note that / f is still a smooth cylinder function based on the same partition P. 


In [2], W(G)-valued diffusions are constructed associated to certain second order differen- 
tial operators on cylinder functions. For an appropriate choice of initial data, this implies the 
existence of a YV(G)-valued Brownian motion. We define v;, our heat kernel measure, to be the 
endpoint distribution of this process. Section 2 is devoted to a summary of the results of [2], 
many of which are essential for the development of the Taylor map in this setting. 


Definition 5. Let H, denote the L?(v,)-closure of HF(W) N L? (1). 


7, will serve as our Hilbert space of holomorphic functions. In order to state our version of 
the Taylor map, we must establish a suitable notion of “derivatives at the origin” for a function 
f € 7, which in general need not be continuous. The following theorem is motivated by the 
results of Sugita and others [24,25] in the setting of an abstract Wiener space. We use 71(H(G)) 
to denote the functions on H(G) which are holomorphic in the sense of Gross and Malliavin 
[14]. This is elaborated on in Section 3. 


Theorem 6 (Theorem 29). There exists an injective linear map R:H; > H(H(G)) with the 
following properties: 


(1) For f a holomorphic cylinder function, Rf = f\H\(G). 
IslaGg 
(2) For g € H(G), (Rf )(g)|? < fle ie re , where |g|H(G) denotes the Riemannian dis- 
t 
tance between g and the identity path in H(G). 


Denote by T(H(g)) the tensor algebra over the complex vector space H(g). For each t > 0, 
define a norm on T(H(g)) by 


Bll; = >) ZlBel?, where B= ED he. 


k=0 k=0 
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with Br € H(g)®* fork =0,1,2,..., where |6;| denotes the cross norm on H(g)® arising 
from the inner product on H (g)®* determined by the given inner product on H(g). We will 
denote the completion of T(H(g)) with respect to this norm by T(H(g)),. Then the Hermitian 
inner product on T(H(g)), given by polarizing the above turns T(H(g)), into complex Hilbert 
space. 

The topological dual space of T (H (g)), may be identified with the subspace T (H (g)); of the 
algebraic dual T(H(g))’ of T(H(g)) consisting of those a € T(H(g))’ such that 


OO 4k 
t 
lel =D) Tle lCarcqyryer < (13) 
k=0 


where ay € (H(g)*)®%* and lok | (z(g)*) 2 denotes the cross norm on (H (g)*)®* determined by 
the Hermitian inner product on H(g)* dual to the given Hermitian inner product on H (g). 
For u € H(H(G)), let a, € T(H(g))’ be defined by 


(atu, hy @ hz @ +++ @hn) = (ayhy-+-hyu)(e). 


We will use Driver’s suggestive notation a, = (1 — D);!u. By definition of the Lie bracket on 
H(g), a, annihilates the two-sided ideal ° 


J(H(g)) :=(€ @n-— @& -[E,n] | &, n€ H(Q)). 
Let J°(H(g)) denote the annihilator of J(H(g)), that is 
J°(H(g)) = {we T(H@Q))’ | lelscangy =O}, (14) 
and let 
JP (H(g)) = J°(A(g)) NT(HG));. (15) 


We are now able to define the Taylor map on 7/;. Using the above notation, we send f € H; > 
arf € IPH (g)). That is, the Taylor map is the composition (1 — D)7!R. We are able to show 
the following in Section 4. : 


Theorem 7 (Corollary 33). For any complex Lie group G, the Taylor map, (1 — D);!R [Hi > 
J°(H(g)), is an isometry. 


In [1,5,12,13,22,23], the analogous Taylor map was also surjective. Section 5 is devoted to 
proving that our Taylor map is surjective when G is a simply connected graded Lie group. We 
very briefly sketch the method here. A more thorough outline can be found at the beginning of 
Section 5. 

To every a € Ee (H(g)) and P a partition of [0, 1], we associate a holomorphic cylinder func- 
tion denoted Fp (Definition 45). A sequence of partitions {P,}°°, will be called a refining 
sequence of partitions if P, C Pn+1 for all n. For simplicity, we will have #(P,,) =n. We define 
a(Py) to be the set of derivatives of Fp, at the identity path (Notation 46). We are able to prove 
the following in Section 5.5. 
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Theorem 8 (Theorem 74). Let a € J}(H(g)) be of finite rank. For eachn > 0, let a(Pn) be given 
as in Notation 46. Then for alln > 0, a(Pn) € J}(H(g)) and 


la —a(P,)|| J2H(g)) > 0 asn—> ov. 


When G is a simply connected graded Lie group, the finite rank tensors are dense in Tp (H(g)) 
(see Theorem 41). In this case, surjectivity of the Taylor map follows from the above theorem. 


Corollary 9 (Corollary 75). For all T > 0, the Taylor map (1 — D),'R:Hr > J} (H(g)) is 
surjective for G a complex simply connected graded Lie group. - 


2. Preliminaries 


For the entirety of this section, we will treat g and H(g) as real spaces, with inner products 
(,)g and (,)#(g), respectively. 


2.1. Finite-dimensional approximations 

A common technique in the sequel will be to approximate our infinite-dimensional path space 
with natural finite-dimensional spaces arising from a partition of [0, 1]. This subsection is pri- 
marily a review of techniques used in [4,6,7]. Recall that we set P = {0 = 59 < 51 <--- <5, < 
Snt1 = 1}. 

Let K :[0, 1]* — R denote the reproducing kernel of H (IR). Specifically, 


K(s,th:=s At. 


For a more detailed discussion of K and its properties, see Section 3.1 of [7] or Proposition 66 
below. 


Definition 10. Define (,)p to be the unique left invariant Riemannian metric on the fibers of 
TG*®) such that for 1 <i,j<n, 


(4, Bo), = (A, B)gQi; forall A, Beg, 


where Q is the inverse of the matrix {K (s;, s;)}? fe and A® and B‘) are defined as in Nota- 
tion 3. 


Given the metrics described above, our goal is to establish an isometry between an appropriate 
subspace of H(g) and gt), Given a partition, we consider the subspace of paths piecewise linear 
off of our partition points. 

Definition 11. Let Hp(g) denote the subspace of H(g) given by 
Hp(g) := {h © H(g) 1 C?((0, 1)/P) | h” =0 on [0, 1]/P}. 


We let Pp: H(g) ~ Hp(g) denote orthogonal projection. 
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Hp(g) is a subspace of H(g), but it is not a Lie subalgebra with the inherited pointwise 
commutator. 


Proposition 12. The commutator defined by [h, k|p := Pp[h,k], forh,k € Hp(g) makes Hp(g) 
into a Lie algebra. 


Proof. Bilinearity and antisymmetry are trivial to check. For any h, k € Hp(g), [h, k]p is piece- 
wise linear and therefore determined by its values on the partition points. Since for any s; € P, 
[h, k]p(s;) = [h(s;), k(s;)], the Jacobi identity follows from that for [,] on g. 


Proposition 13. Let Ap: H(g) > g*? be given by 
Ap(h) = (h(s1),..., (Gn). 
Note that Ap = 1px. Then Nul(Ap) = Hp(g)t. 


Proof. First suppose that h € Nul(Ap), i.e. h(s;) = 0 for all i = 0,1,...,n. Let k € Hp(g). 
Then there exist Ag, ..., Ay € g such that 


n 


k(t) = So Ait A sigs —tAsj). (16) 
i=0 
Notice that a.e. 
n 
Kt) = 0 Ajliy_1.s)@).- (17) 
i=0 
Then 
n Sitl 
(h, Ky nq) = X | weovan, dt 
=0 


= Deis) Mead. A 


(0, Ai)g =0. 


Oo 


Therefore, Nul(Ap) © Hp(g)+. Now suppose that h € Hp(g)+. Let Aj = h(sj41) — A(s;) € g 
fori =0,1,...,. Define k(t) by Eq. (16). Then k € Hp(g) and so we necessarily have 


n 


O= (h, ky Hig) = > (a(si+1) — A(Si), Ai) Sone h(sj 


i=0 i=0 


which clearly implies that h(s;+1) — h(s;) = 0 fori =0,1,...,n. But since h(O) = 0, we have 
that h(s;) = 0 for alli =0,1,...,. Therefore, h € Nul(Ap), and Hp(g)+ CNul(Ap). 
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Proposition 14. Consider Hp(g) as described in Definition 11 with inner product (,) H(g) 
and commutator [,|p, and gt) with inner product (,)p and commutator [,]. Then the map 
Ap: Hp(g) > gt), the map described in Proposition 13 restricted to Hp(g), is an isometric 
Lie algebra isomorphism. 


Proof. To see that Ap is an isometry, associate to A = (Ao,..., An) € gt?) a path h(t) := 
yoy K(s;, 1) Ai € Hp(g). Then if B = (Bo, ..., Bn) € g*™, 


n 


(ha, he) Hay = > (Kis), K Sj.) yg (Ais Bio 
i,j=0 


= )> K(si,5j)(Ai, Bj)g, (18) 


i,j=0 


where we have used the reproducing kernel property of K, see [7, Lemma 3.3]. 
{K(s;, Sp)}i j=t is a positive definite matrix, so setting B = A in Eq. (18) shows that A > ha 
is injective and hence surjective by the rank nullity theorem. By Definition 10, 


n 


(Ap(ha), Ap(hB))p = >> (ha(se), AB (s1))p 
k,l=0 


= = Oni(ha(se), hg(s1)). 


k,l=0 


n 
= si On K (8), 8x) K (sj, 81) (Ai, Bj) g 
i, j.k,l=0 


n 
= > K(si,5j)(Ai, Bj), 
i,j=0 


= (ha, he)awg), 


where Eq. (18) was used in the last equality. 


Remark 15. Since Ap commutes with the complex structures on H (g) and gt) , it follows that 
Proposition 14 holds when H(g) and gt?) are considered as complex Lie algebras with inner 
products (,)#(g) and (, )p, respectively, where (, )p is given by the analogous formula to that 
in Definition 10. Specifically, 


(A®, Bo) =(A,B),Qjj forall A, Beg. 


Approximating a path h € H(g) by Pph € Hp(g) will play an important role in showing 
surjectivity of the Taylor map in the sequel. We will revisit this subject in detail in Section 5.3. 

It is known that H(G) is a Hilbert manifold, and hence has a natural notion of Riemannian 
distance. We will not develop this point of view beyond the few statements that follow, though we 
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refer the interested reader to the work of Klingenberg, for example [18]. The following definition 
is motivated by these considerations. 


Definition 16. We define a Riemannian distance on H(G) as follows. For g € H(G), let 


dt, 
H(g) 


1 
; d 
Iglaia) = int [ | Lo¢,la Goh ‘) 
0 
where the infimum is taken over all jointly C ‘ paths o :[0, 1]? > G such that o(t, -) € H(G) for 
all t, 0(0, 5) =e, ando(1,s) = g(s) forall s. 
Corollary 17. For any partition P and any g € H(G), 
Itpglp <lglni@, 
where |1pg|p denotes the Riemannian distance between mpg and (e,e,...,e€) € G*P). That is 
1 
Izpglp = inf f Lo¢s)-160") |p ds, 
0 

where the infimum is taken over all C!-paths o into G*P) such that o (0) = (e,e,...,e) and 
o(1)=7pg. 
Proof. For any jointly C! path o :[0, 1]? > G such that o (0, s) =e, o(1,s) = g(s), we have 


mpa(t,-) isa G*?)-valued C! path such that rpo (0, -) = (e,e,...,e) and rpo (1, -) =1pg(-). 
By Proposition 14, it follows that 


1 1 
[fe oe a> fa (4 fhe )| at 
a(t,-)~!x 7 FU * Z P\ Soatt,)-!x 7, FU” 

‘ dt H(g) ‘ dt Pp 


d 
= [[tarowrnegerrats)| a 
0 


2 |tpglp. 


Therefore the inequality holds as the infimum is taken over all admissible o. 


2.2. Heat kernel measure 


In [2], W(G)-valued diffusions are constructed associated to a linearly independent subset 
I’ cg. It is shown that these diffusions satisfy heat equations with respect to related second 
order differential operators on cylinder functions. For our purposes, we set I = Xp. 


328 M. Cecil / Journal of Functional Analysis 254 (2008) 318-367 


ForO0<s<1,0<t<«, let B(t, s) be the g-valued process given by 


Bi.s):= >> BAG, S)A, 


AEXR 


where { pA }AcXp is an independent collection of R-valued Brownian sheets, i.e. foreach A € Xp, 
(BA s): s © [0, 1], ¢ > 0} is a mean zero continuous Gaussian process such that 


1 
[BA (t, s)B4(t,0)] = 5 Ks, o)(t AT). (19) 


Remark 18. It should be noted that the factor of 5 appearing in Eq. (19) does not appear in the 
assumptions of [2]. This addition does not change the methods of [2] and has the primary effect 
of scaling by 5 the generator of the process 2/(t) defined below (compare Proposition 23 below 
with [2, Proposition 1.1]). This step is necessary for the isometry results to follow in Section 4. 


Suppose that (2, F, P) is a complete probability space on which that processes, {64} 4c as 
are defined. Let {F;}+>0 be the filtration which is the right continuous extension of the filtration 
{FP hes0: the smallest sub-sigma-algebra of F such that BA(t, s) is measurable for all s € [0, 1] 
and t € [0,f] and A € Xp, augmented by all the P null subsets of F. The following is Theo- 
rem 1.2 of [2]. 


Theorem 19. Let o9 € W(G). Then there exists a continuous adapted W(G)-valued process 
{X’'(t)}:>0 on the filtered probability space (W,{F1}:>0, F, P) such that for each s € [0, 1], 
2/(-, 5) solves the stochastic differential equation 


Z(6t,s) =Ls,s)xB(6t,s) with 5(0,s) =a0(s). (20) 
More precisely, 
y(6t,s) = > A(X(t, s))B4(6t, 5) with 2(0, 8) = o0(s). (21) 
AEXR 


Here BA(St, s) denotes the Stratonovich differential of the process t > BACt, S). 


Definition 20. The measure v,; := Law(2'(f, -)) is called the heat kernel measure on W(G). For 
a cylinder function /, let v,(f) := EL f(2'(¢, -))]. 


Definition 21. Define a G*)-valued process 


p(t) :=mpo L(t,-). 


Let v? := Law(Zp(t)), and for a function F € C®(G), denote v? (F):= E[F(Zp(t))]. 


Definition 22. For f ¢ FC™(W), define the Laplacian Ay(G) by 


Anat = Ss h? f. 


heSR 
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If f = F omp, then by Eq. (12) and [7, Lemma 3.3], 


Ana f= yy > (h(sj)Ph(s;))° F) oxp 


heSpi,j=l 


= >> YY K(s;,5;)(AY A F) oxp. (22) 


A€Xpi, j=l 


So if we define an operator Ap on C® (G*P)) by 


n 
ApF = a K(s;,5:)(AP A PF), 


AcXpi,j=l 
then we have the relationship 
Ana) (F omp) = (ApF)omp. 


The heat kernel measures 1, and vP satisfy (in the distributional sense) the following “heat” 
equations. 


Proposition 23. vP and v; satisfy the heat equations on G*P) and W(G) in the following weak 
sense. If f = F op is a cylinder function, then 


2 Pry P(t +h limv? (F) — 
ar (F) =v, ({4>F) with ae (F) = Fle,e,...,e), (23) 


and 
0 1 elt 
anin=n( Zan) with Pit aes f(e). (24) 
We conclude with a simple isometry. 
Proposition 24. [f f = F oxp, then 


I fllo20) = IF llzeP): 


Proof. 


2 2 2 Zz 
IF log) =F )=P (FP) = Ila): 
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3. Skeleton theorem 


We will consider T > 0 to be fixed throughout this section. The following presentation of the 
restriction map is similar to that presented by Hall and Sengupta in [15]. The reader should recall 
that Hy denotes the L2(vr)-closure of HF(W) NM L?(v7). 

For g ¢ H(G), define a function Rg: HF (W)N L?(vr) > C by 


Re(f) = f(g). 
Rg is clearly linear and defined on a dense subset of Hr. 


Proposition 25. For all g ¢ H(G), Rg can be extended uniquely to a continuous linear functional 
on all of Hr. 


Proof. Pick g € H(G), and suppose f e HF(W)N L? (v7) with f = Fo mp for some partition 
P of [0, 1]. Recall that by Definition 21, wh is the heat kernel measure with respect to right in- 


variant Haar measure on G*?) associated to the operator Ap. Applying the finite-dimensional 
results of Driver and Gross, specifically [5, Remark 5.5], we find that 


np (eI 
Ref)? = |F(ap(g)) | < WFigagpye 7 = 


By Corollary 17, |zp (g)lp < eee and so using Proposition 24, 


2 
\sla(G) 


Re < MF oem? (25) 


\s\% 
(G) : : 
So Rellop <e7T, where || - ||op denotes the operator norm. R, is therefore continuous. 


For f € Hr, pick {fr}Po, CHF) N L?(vr) such that f, — f. We then define Rg(f) = 
limps oo Rg(fn)- 


Notation 26. In the sequel, Ry will refer to this extension. 


Remark 27. Proposition 25 implies that if f, > f in 77, then for any g ¢ H(G), Rg fn > Ref. 
More precisely, Eq. (25) indicates that the convergence is locally uniform. 


We will show that a function f € 7{r has a holomorphic “skeleton.” That is, despite the fact 
that f is an L*(vr) equivalence class, “(f|H(G))(g)” := Rg(f) is holomorphic. We make this 
precise in Theorem 29. We first need an appropriate notion of holomorphic functions on H(G). 


Definition 28. We will refer to a function u: H(G) — C as holomorphic if it is holomorphic 
in the sense of Gross and Malliavin [14]. Specifically, we require that for every g € H(G), the 
map h e H(g) > u(g- e'') is Fréchet differentiable at h = 0 and that this Fréchet derivative is 
complex, linear and continuous in H (g)* as a function of g. 


Theorem 29 (Skeleton theorem). There exists a linear map R: Hr — H(A(G)) with the follow- 
ing properties: 
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(1) For f a holomorphic cylinder function, Rf = f\H\(G). 


2, 
lglt(G) 


(2) For g€ H(G), (RAI(Q)I" <IIFllp2q,)@ 7 


Proof. Given f € Hr, define Rf by (Rf)(g) = Ref for all g € H(G). By the definition of 
Rg, if f eHFC™(W)N L?(vr), then (Rf)(g) = f(g) for all g € H(G). So (1) is satisfied. 
(2) follows from Eq. (25). It remains to show that Rf € H(H(G)). For this, we follow [15, 
Theorem 7]. We reproduce the argument for convenience. 

We first suppose that f € HF(W) NL? (vr). Then f = F op for some F € H(G*P)) and 
some partition P of [0, 1]. It follows that h > f(g-e") is holomorphic and jointly continuous in 
g and h. Using results of [17, Chapter III], we can conclude that f(g - e”) has a complex-linear 
Fréchet derivative at h = 0 and this derivative is continuous with respect to g. 

For a general f € Hr, we fix g € H(G) and choose { fn}P2 , CHF(W)N L?(vr) such that 
fn — f. Remark 27 indicates that (Rfn)(g -e”) > (Rf)(g +e”) uniformly for h in some neigh- 
borhood of the zero path. Therefore, by [17, Theorem 3.18.1], h > (Rf)(g- e') is holomorphic 
and jointly continuous in g, h. 


4. The Taylor isometry 


Now we are able to define the Taylor map on 7/7. We refer the reader to Eq. (6) of Section 1 
for the motivating finite-dimensional statement. We will consider T > 0 to be fixed throughout 
this section. 


Definition 30. Given f € Hr, define ars € T(H(g))’ by 
(arp, h1 @h2® ++» @hn) = (hyho-+-hnRf \(e), (26) 


where h1,...,» € H(g), and e denotes the identity path in WW(G). Notice that by Theorem 29, 
Rf €H(H(G)), so the right-hand side is well defined. 


The above map f — ary will be referred to as the Taylor map. The reader is referred to 
Eqs. (13) and (14) for the definition of I (H(g)) and || - ll 2cH(@)) appearing in the following 
theorem. 


Theorem 31. Let f €e HF(W) NL? (vr) and are € T(H(g))’ as given in the above. Then arp € 
0 2 = 2 
IPAQ) and WF 2604) = NRE orgy 
Proof. Suppose f ¢ HF(W) A L*(vr) with f = F o wp. Then Rf = flac), and 
If llz2w7) < oo. Let Se be an orthonormal basis for (Hp (g), (, )H(g)). We extend this to an or- 
thonormal basis Sc for H(g) = Hp(g) @t Nul(Ap). By Proposition 13 and Remark 15, ca = 
{Ap(h) | h € SP} is an orthonormal basis for (g*), (, )p). Note that for all h € Hp(g)+, 


n 


(af )(e) = Y((h(si) F) oxp)(e) =0 


i=l 


since h|p =0. Then 
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CO tk 
ler 0 gn =Dal > Mar, At @---@ Ay) 
k=0 Aj ApeX® 
CO tk 
= Do 3 |(A1--- Ac F)(e, e e)| ) 
k=0 Aly AKEXE 
ee) tk : 7 s 
=digl DL leu NO| 
k=0 Shy tkeSE 
[eve] tk x 7 4 
=digl L lth: kNE| 
k=0 ~ NY 55.3; hreSc 


a. oy 
= ler oca@y: 


Using the isometry of Proposition 24 and the finite-dimensional results found in [5, Theo- 
rem 5.1], we have 


2 — Ne ell2 = 2 


Before proving Corollary 33, which extends this result to any f € H7, we need the following, 
whose proof follows from the locally uniform convergence of Remark 27. 


Proposition 32. Suppose {fr}°°, ¢ HF) L?(vrp) with fy > f € Hr. Then for all 
hy, h2,..., hy € H(g) and g € H(G), 


(ayho +++ heRfa)(g) > (aihz- he Rf)(g) asn—> ow. 


Corollary 33. The Taylor map described in Definition 30 is an isometry, i.e. for all f € Hr, 
2 = y2 


Proof. Let {fale CHFW)N L?(vr) such that f, — f. By Theorem 31, {ors }pe 1c 
Jr 9 (H(g)) is Cauchy, and hence converges to some @ € J. o(H (g)). It remains to show that 
@ = are. For any hj, h2,..., hy € H(g), we have by Proposition 32, 


@ hy @ ha @--- @ hg) = him (ere, @ hz @ --- @ he) 
= lim (hyh2---hgRfn)(e) 
n—->Co 


= (hyha---AcRf)(e) 
= (arp, hy @h2®@--- @hx). 


Corollary 34. Since the Taylor map (1 — D);'R [Hr => J}(H(g)) is isometric, it necessarily 
follows that R: Ht — H(H(G)) is injective. 
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5. Surjectivity 


This section is devoted to proving that the Taylor map is surjective when G is a simply 
connected graded Lie group. Section 5.1 is a review of some preliminary results concerning 
graded Lie algebras and Lie groups and their application to the path space. In particular, we can 
globally identify WW(g) and W(G) via exponential coordinates with multiplication given by the 
Baker—Campbell—Hausdorff (BCH) series. We will also show that finite rank tensors are dense 
in J} (H (g)) and hence it suffices to show that the Taylor map is onto the set of finite rank 
a € JP(H(g)). 

In Section 5.2, we will construct a function ug € 71(H(G)) which has @ as its set of derivatives 
at the identity path. In Section 5.3, we introduce holomorphic cylinder functions associated to 
Ug and a partition of [0, 1]. We are able to characterize the derivatives of these cylinder functions 
at the identity path in terms of a@ and the projection operator Pp introduced in Definition 11. 
In Section 5.5, these cylinder function will be shown to be elements of 77. Furthermore, the 
cylinder functions associated to a sequence of refining partitions, P} C P2 C---, will be shown 
to be Cauchy and convergent to a function F € Hr with the property that (1 — D)~'R F=a. 
Section 5.4 is devoted to proving estimates on increments of multilinear functions, which will be 
essential for the analysis in Section 5.5. 


5.1. Introduction 


Let g is a d-dimensional step r complex graded Lie algebra. This means that there is a se- 
quence of nonzero subspaces V; fori = 1,...,7 such that 


: 
9=Q Vi, (27) 
i=1 


with [V;, Vj] C Vi+;, with the convention that V; = {0} for s > r. We will furthermore assume 

that the subspaces {V;}/_, are orthogonal with respect to our inner product (,)g. Let G be the 

simply connected Lie group associated to g. G is called a graded Lie group. The reader is referred 

to Goodman [11, Chapter 1] for a thorough introduction to graded Lie algebras and Lie groups. 
The decomposition in Eq. (27) gives an orthogonal decomposition of H (g) 


H(g)=Qawi), 


i=l 


with [H(V;), H(V;)] C H(Vi+;) and H(V;) = {0} for s > r. Therefore, H(g) is a step r com- 
plex graded Lie algebra as well. 


Example 35. The complex Heisenberg Lie algebra is a 3-dimensional step 2 graded Lie algebra. 
It is generated by the set {X, Y, Z}, where Z is in the center and [X, Y] = Z. Setting V; = 
span{X, Y}, and V2 = span{Z} gives the decomposition of line (27). 

The associated graded Lie group is the complex Heisenberg group, which under exponential 
coordinates is C? with the following multiplication rule given by the BCH series: 


/ / fy a p / 1 / / 
(a,b,c): (a,b F,c)=|{ata,b+b,ct+e t 5 A@P —ab)). 
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As in the above example, elements of g and G are identified via the group exponential map 
and the BCH series [9, p. 30]. For A, B € g, 


log(e“e®) =A+B 


> (-1 3 1 adi) oady! ov oad oadg! A 49. 
k+1 nyt::-+tngtil ni!m 1!---ng!m,! : 
k=1 NL 3-3; nod 
njt+mj;>0 
M1 ye, mg>0 


Recall that since we are assuming that g is step r nilpotent, it follows that 


k 
ny my Nk Nk = 1 : , 
ad’; oadp!o---oady' oadg'A=0 if )°nj+mj >r. 
j=! 


Since G is nilpotent and simply connected, the exponential map is globally bijective [27, Theo- 
rem 3.6.2]. We therefore identify g and G globally under exponential coordinates. In particular, 
we can view g as both a Lie algebra and a Lie group with group multiplication given globally by 
the BCH series, Eq. (28). It follows that we can also identify W(g) with WV(G) using the point- 
wise exponential map of Eq. (10), where the path group multiplication is given by pointwise 
application of Eq. (28). 

We will use this identification throughout the sequel, often without comment. It should there- 
fore be understood that if g € W(g), then we will write e = g € W(G), where it is understood 
that we are identifying g and G under exponential coordinates. Under this identification, it fol- 
lows that e = 0, and g~! = ~g for any path g € W(G). Proposition 37 below indicates that this 


identification preserves the important analytic sub-structures of WW(g) and W(G). 


Remark 36. Before proceeding, we make an observation that will be used throughout the sequel. 
If A, B€g=G and z €C, then the BCH series gives 


r-1 r-1 
A-<B=A+z) Cad, B+) \2'Q)(A, B), (29) 
1=0 1=2 


where Q) is homogeneous of degree / in B. Therefore 


: P r-1 ; 
Begun oe (30) 


for some constants C; determined by Eq. (28). 


Proposition 37. g €¢ H(g) iff g €¢ H(G). 
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Proof. First observe a few important facts. If g € H(g), then ||g’ lz'qq0,17) X < Ile’ l2((0,11) = 
l@\l 7g), and the following pointwise estimate holds: 


Ss 


[eo dr|| < 
9 


0 


Is] = 


1 
/ 3’, 47 =Ie'lz1go,1) <llglla- (31) 
0 


For g € H(G), Eq. (30) gives the Maurer—Cartan form 


r-1 


Lg-1(5)08' (8) = 8'(8) + D> Cy adi, g”(s). (32) 
i=l 


Finally, notice that since |lad4 Bllg < CllAllgllBllg for some constant C, it follows that 
lladi (8g < Cg (Igllg’)lla- 
Now suppose g € H(g). ‘Considering g as an element of YWV(G), we calculate 


1 Hi 2 
£()= [ |e) + Gadi, (e') 
0 i=l g 


r=] 1 
(letisane +2 f leo? Wola] 
i=1 0 


r-1 
2 2i+2 
<(Ie exceed os Cle Nesaa A 


i=1 


= poly(Ilglla()) < &, (33) 


where in line (33) we have used Eq. (31). So g € H(G) as well. 
Now suppose g € H(G). Considering g € W(g), we write g = (g1, g2,...,8,) where gj € 
WV(V;). Since g € H(G) and the subspaces {V;}'_, are orthogonal, 


P 
Yo E1480); eon ne 
i=l 


In particular, (Le -10)%8 ‘CDi Iey [0.1].v;) < for all i = 1,..., 7. We wish to show that for all 
i=1,...,7, lg/llz2q0,1],v,) < ©: First note that 


adi (s)€ a W(V;), 
j=i+l 


i.e. it is identically the zero path in the first i coordinates. Then (32) tells us that 


2 
lei le2qon.vp =| (Lo 48); | 12({0,1],.V)) + & 
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Now for the second coordinate, we have 
(Lg-1(s)48 (5) = 89(5) + C1 adg,(s) 81(5)- 
Therefore, 


1 


I 32 even a / | (Lp-1(s)28'(S))5 + C1 adg,(s) 81(8) Is ds 
0 


1 
2 o 2 2 
<4(Ie ot Oblisao ny +2 f leo lgleioolses) 
0 
< 


( 
4(|| (epee) 5 raya a +Cille) le aenva) 00) 


where we have used Eq. (31) restricted to the first coordinate. In this manner, we inductively 
show ||g/llx2((0,1),v;) < 00 for alli=1,...,7. 


Graded Lie groups and Lie algebras have a useful dilation structure. For 4 € C,a 4 0, let 
o,:g — g be given by 


. 
dV tute tu) 0 ay; for vj € Vj andi=1,...,r. (34) 
i=l 


This dilation defines an automorphism of the Lie algebra g with inverse ¢,-:. The dilation on g 
extends to a dilation on H(g), 


(prh)(s) = dx (h(s)), (35) 
which is an automorphism of H(g). 


Definition 38. An element a ¢ T(H(g))’ is of finite rank if there exists an integer N > 0 such 
that 


(a, hi @hz®---@hm) =0, 


for all h1,...,h4m € H(g) if m > N. The smallest such N is the rank of a and we say that a is 
of rank N. 


Our goal is to show that given a € Ne (H(g)), there exists a function tg € Hr such that 
d—- D);! Rit, = a. Of primary importance will be that finite rank tensors are dense in Tp (H(g)) 
when g is graded. The proof of Theorem 41 closely follows the finite-dimensional result of [8, 
Lemma 4.4]. We first establish a result which will be used in the proof of Theorem 41 and in the 
sequel. 
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Notation 39. Given a Hilbert space H and a linear operator 6: H — H, we denote pr : He 
H®* the operator such that for all hy, ho,...,h, € H 


GP (hy @h2 @--- @ he) = $1) @ H(h2) @--- @ H(hk) 
extended by linearity. 
Proposition 40. Let H be a Hilbert space and I:H — H the identity operator. Suppose 
gon: H — H is a sequence of linear operators such that \|\¢n — I\lop > 0 as n > o and 


In llop < 1 for all n. Then for all k > 0, ||\2* — 1%* |lop < 2 and ||@2* — 12*\|op > Oasn > ov. 


Proof. By the proposition of Reed and Simon [21, p. 299], for any two bounded linear operators 
A and B on A, ||A ® Bllop = ||Allop|| Bllop. It follows that for any k > 0, 


ones 2°45 55 lor Nop + 7 lop = lInllop + 1<2. 


Furthermore, by writing 


k-1 


ORF — 19 = OF! @ Gn —D @ IMS, (36) 
j=0 
it follows that 
k-1 ; 
[ork — 12 |g = dl Pullapll bn — Flop < kllbn — Hop: (37) 
j=0 


It then follows that ||@®* — 1®* ||, > 0 asin oo. 


Theorem 41. Suppose g is complex graded Lie algebra. Then the finite rank tensors in JOH (g)) 
are dense in J? (H(g)) for each t > 0. 


Proof. For 0 € R, let [gy : T(H(g)) —~ T(H(g)) be the automorphism induced by the automor- 
phism ¢,io on H(g). Then [91 = 1 and [6(h1 @h2®--- @hy) = pen (I @h2 ®---@h,) for 
all hy,...,h» € H(g). For any h,k € H(g), we have 

Ig(h @k —k@h—[h, k]) = (Heioh) ® (bpiok) — (Heiek) ® (Peioh) — [Heioh, Pek], 


and so I takes J;(H(g)) into and onto J;(H(g)). If we let I 4 denote the transpose, then for any 
a € J°(H(g)) and v € J;(H(g)), 


0=(a, gv) = (Iya, v). 


Therefore, I, a takes JOH (g)) into and onto itself. If $ = {hj hfe , is any orthonormal basis for 


H(g), then so is Sg = {bein j}F— 1, and so 7 
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Gee so c1(q) = aa a, (Mia, hy @ --- @hy)| 
Pee heeS 


k=0 ~~ hy,..., hee So 
= llolljous@y: 
Since ¢,i0 = Yat etl? P; where P;: H(g) > H(Vj;) is orthogonal projection, ¢,i0 : H(g) > 
H(g) is operator norm-continuous in @. It follows from Proposition 40 that ony : H(g)?" > 


H(g)®" is operator norm-continuous in 6 for all n. 
Consider hi ® ho ®-:--@hp € H(g)®*, where hy € H(V;,) for p=1,...,k, where 1 < 
Jp <r. Then 


(o2% — 1%) (hy @hr@-:- @hk) = (ei? Xp=1 dp = Ihy @hr@---@hz, 


r k < 
where jel? Lp=i eP_Hib< lose — ‘iad |e If we choose an orthonormal basis S of H(g) which 


is a union of orthonormal bases for the spaces H(V;) fori =1,...,7r, itis evident that 
@k @k 2 
I6¢ — el boGg¢q) = a a, (54 — 1") (t @ ++ @hy))| 
eaehi - 
@k ||2 
S gy e kl loti Crea *)@k oer - I Be (38) 
k=0 


Since by Proposition 40, eee —1 pad eas < 4, the right-hand side of Eq. (38) is bounded above 
by Alla 20g 
For every n € Z1, let 


. Therefore, the DCT and Proposition 40 give continuity of 0 > Iya. 


k 


a) 
F,(6)= 1S yo ell a 1 sin*(n0/2) 


an ~ Inn sin? (0 /2) 


denote Fejer’s kernel [26, p. 413]. Then 


oS 


iy F,(6)d0 =1 (39) 


—T 
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for all n, and if ¢@ is continuous on [—z, zr], then 


us 
lim [ Frea0 = (0). (40) 
n—>oo 
—1 
In addition, if m € Z4 with m > n, then one can show that 


ve 
J Fuoreim® do =0. (41) 
=e 
Set B =h @h2 @--- @hy € H(g)™, where hy € H(V;,) for p=1,...,k, where 1 < jp <r. 
7 k if 
Then [4B = (el? psi J?) 8. 16k >n, then pS Jp > nas well, and by Eq. (41), 


ie 
/ F,(@)I9B dé =0. 
It. 
Any element of H(g)®* can be written as a sum of elements like f, and so in fact 
nS 
/ F,(0)l9Bd0=0 for all B € H(g)®* with k > n. 
—- 
Consequently, 


rs 
/ F,(0)Iyad@ =0 forallae (H(g)*)>* with k >n. (42) 


=Jt 


Let w € J?(H(g)) and define 


us 
Yn i= i F,(0)Iya do. 
= JE 
Then yy, € JPA (g)) for all n > 0 and by Eq. (42), it is zero in all ranks greater than n. Therefore 


4 


if F,,(0)(1ya — a) dé 


—T 
4 


<limsup [ F,(0)| 9 — | joc4(qy) 49 


—T 


ims — epg) = Hin | 
J; (H(g)) 


=0 


by Eq. (40). 
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The Taylor map will be shown to be onto the set of a € J}(H (g)) of finite rank, and the 
following proposition states that this is sufficient. 


Proposition 42. Let E C FP (H(g)) be a dense subset. If for every a € E there exists a function 
Ua € Hr such that (1 — D);! Ritq =a, then the result holds for alla € Jy (H(g)). 


Proof. Let a € 70 (7 (g)), and pick a sequence {on}Pr, C E such that a, > a as n > ov. For 
each ay, there exists ay, € Hr such that (1 — D);! Rig, = Mp. Recall by Corollary 33 that the 


Taylor map (1 — D);'R [Hr Jy (H(g)) is an isometry. Hr is closed and hence there exists 
aug € Hr such that ao, — Uy. Finally, since the Taylor map is continuous, 


a= lim a = lim (1— D)7!Riig, = (1 — D)z! Rita. 
noo noo = a 


Remark 43. For the remainder of this section, it will be assumed that a € Je (H(g)) is of finite 
rank. 


5.2. Construction of U4 € H(H(G)) 


Given a € Je (H(g)), we would like to construct a holomorphic function ug on H(G) such 
that (1 — D)7! ua =a. Recall from Section 3 that we require that for every g € H(G), the 


map h € H(g) > ua(g- e'') is Fréchet differentiable at h = 0 and that this Fréchet derivative is 
complex linear and continuous in H(g)* as a function of g. 
Remark 36 can be applied pointwise to paths to give, for h € H(g), g € H(G), andzeEC, 


r-1 r-1 


1=0 1=2 


where Q) is homogeneous of degree / in h. Therefore 


r-1 


“s d ] 
Ra) = Flys mah + Lo Cradyh (44) 
and 
Y r-1 
gc h=gth(g)+ > Oi(g.h). (45) 
1=2 


The following theorem is motivated by results in [3], specifically by Remark 5.6 and Propo- 
sition 6.2. 


Theorem 44. Given a € Jp (H (g)) of rank N < 00, for every g € H(G) define 


N 


wa(g) = ) (a, g®")/nl. 


n=0 


Then ug is a holomorphic function on H(G) satisfying (A — D)y! Ua =a. 
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Proof. For 0 <n < N, define f, : H(G) > C by 


1 n 
frl(g) = “(0 8" ). 


Since finite sums of holomorphic functions are holomorphic, it suffices to show that f, is holo- 
morphic. 
For h € H(g) and g € H(G) define 


1 n—-1 7 a 

(dfn)gh ‘= se >> g% @ h(g) @ ge" ') 
k=0 

where h(g) is given in Eq. (44). Notice that h(g) is complex linear in / and continuous in g. 


To see that (df,,)g is the Fréchet derivative of f, at g € H(G), we first observe that, using 
Eq. (45), 


r-1 @n 
(g-h)®" = ( +h(g) + >> Ong, ») 


1=2 
n—l 
= 32" + >> 2 @i(g) @ ge"! + R(g,h), 
k=0 


where R"(g, h) is a sum of tensors of degree two or greater in h. For ||h|| 7g) < 1, it follows that 
|R°(g, A) ll a(gy2” < Ce Allene) for an appropriate constant C,. Therefore for small h, 


lfn(g-h) — fn(g) — (dfn) gh| 

|| zg) 
lla gyyenll(g - 2)" — g@" — peer ge @h(g) @ ger! Il (g)2" 
a'|lhllag) 


x 


ON Ut (gy*)& |R"(g, A) ll cgye 


niilAllacg) 


2 
Allg" Cg llAllzz(g) 


iilAllacg) 


Which tends to zero as h — 0. This proves that f, is holomorphic, and therefore so is uy. 
To see that (1 — D)7! ua =a, observe that for h € H(g), 


OO on 


wei = >. <x, n®"), 


n=0 


Then 
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k times 
See d d 
hh---hug(€) = s—| +++ 3] Ua (teh + te_1h- ++ th) 
dt,;!0 dt, \0 
d d 
es ee ee t tr vcealb AR 
nail di lot (te + ea + + t1)h) 
ee 5 cea n®n) 
dt\!o dt, \0 n! : 
n=0 
= (a, h®). 


Polarization then gives the result for symmetric tensors. The fact that a € dy (H(g)) and the 
Birkhoff—Witt theorem gives that for h,,h2,...,h, € H(g), 


hho... hytta(e) = (a, hy @ hz @ ++» @hk). 


5.3. Construction of cylinder functions 


Given a Ug € H(AH(G)), we would like to show the existence of a function ug € Hr such 
that Rit agrees with uy on the finite energy subgroup. We do so by constructing a sequence of 
approximating cylinder functions, the result of evaluating ug on piecewise-linear approximations 
of paths. Recall from Section 2.1 that Pp denotes orthogonal projection from H(g) onto Hp(g), 
the subspace of piecewise-linear paths subordinate to a partition ?. Due to the identifications 
between W(g) and W(G) outlined in Section 5.1 and Proposition 37, we can further consider 
Pp as a map from W(G) to H(G). It should be noted that Pp, when considered as a map 
between groups, is not a group homomorphism. Since this piecewise-linear path only depends 
on the path at its partition points, we have the following natural cylinder functions. 


Definition 45. For a partition P and a function uy, € H(H(G)), then Fp: W(G) — C given by 
Fp :=Ug 0 Pp 
defines a cylinder function. 


Our goal in this section is to characterize the derivatives of Fp in terms of our given a. Notice 
that given h € H(g) and g € W(G), 


S d 
(hFp)(g) = = lal P(g -th)) 


d 
= —| wa(Pps-(—Ppg- Pp(g-th))). (46) 


Then setting 


d 
hp(g):= —| (—Ppg): Pp(g th) (47) 
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yields 
(hFp)(g) = (Dua(Ppg), hp(g)), (48) 
and in particular 
(hFp)(e) = (or, hp (0) (49) 
since Pp(e) = Pp(0) = 0. 


Notation 46. Let a(P) := (1 — Dj, ps ie. for h),h2,...,he € H(g), 


(o(P), hi @ hz ®-+- ® hy) = (hyhz-+-he Fp)(e). 
In which case, Eq. (49) can be restated as 
(a(P), h) = (a, hp (0)). (50) 
Remark 47. If Pp : W(G) > H(G) was a Lie group homomorphism, then it would be clear that 
(a(P), h) = (a, Pph), 
and in general 
(a(P), hy @ hz @ +++ @ hy) = (a, Pph, ® Pphz @-»- ® Pphy). (51) 


This is not the case. We will see, however, Eq. (51) is approximately correct as the partition mesh 
tends to zero. 


An essential feature of the linear map Pp is that it does not raise the “index of nilpotency” 
of a path. It is not difficult to see that if g ¢ H(V;), then Ppg € H(V;) as well. A more useful 
property is phrased in terms of the lower central series. Recall that the lower central series of a 
step r nilpotent Lie algebra g is a sequence of ideals 


90> 91 D--: D gr D {0}, 


where gx =[g, 9x-1] with go = g. 

Defining the sequence of ideals H(g)x for k =0,...,7 as above, it can be shown that a path 
g © A(g)x iff g © A(g) and g(t) € gx forall t € [0, 1]. Since Ppg is contained in the convex hull 
of the points {g(s1), g(s2),..., g(Sn)}, it follows that if g © H(g)x, then Pog € H(g)x. We will 
commonly use this fact to conclude that if g is a path such that [h, g] =0 forallhe V Cc A(g), 
then it follows that [h, Ppg] =0 for all h € V as well. The following proposition gives a useful 
expression for hp(g) (Eq. (54)). 
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Proposition 48. Suppose g is a step r graded Lie algebra. Suppose L : g > g is a linear map 
which preserves the lower central series, i.e. Lgx C gx. Then for all X,Y € g, we have 


r-l1 m 


(—L(X)) -L(X -tY) = eS se Cim adi (x, L(ad’y Y), (52) 
m=0 1=0 


al 


with the property that Co,o = 1 and for allm > 1, eG Chm = 0. 


Proof. Recall that group product is given globally by the BCH series (see Eq. (28)) 


A-B=A+B 
. 3 (—1* 3 1 ad’! oad’z! o-+- oad oadpt A 
k+1 nyt::-+tnztil ni!m,!---ng!m,! 
k=1 NY gooey noo 
m,...,m~>0 
nj+mj;>0 


Consider setting A = —L(X) and B= L(X -tY) = L(X) + oe CL(ady Y) + O(#), in 
which case 


ny my Nk Nk 
ad, oadp’o---oad, oad,’ A 


ral k 
=1(-1)Eia Beco Cred Or Gd, ’) + O(t?). (53) 
1=0 


Since L preserves the lower central series, our series terminates with r or more brackets. We 
reindex and group together terms based upon the number of nested brackets (m in Eq. (52)). It 
should then be clear that all terms of order ¢ on the right-hand side of Eq. (52) are of the form 
Chm ad) (x) Lead! Y) forO <m <r,1<™m, and some constants C),m, which are independent 
of L. 

The coefficients of the BCH series are universal and hence Eq. (53) is valid for any step r 
graded Lie algebra. We could make L equal to the identity map, in which case Eq. (52) becomes 


r-1 m 
y=Co¥+ (= cin] Ady. 
m=1 \ 1=0 


r-1 


So if there is a step r graded Lie algebra in which there exist X and Y such that {ad Y}) 
are linearly independent, then we necessarily have that Co,9 = 1 and 0 Ci.m = 0 for m > 0. 
This is satisfied by the step r graded Lie algebra determined by the basis {Xo,..., X,} and the 
relations [Xo, X;] = X;4, fori =1,...,r — 1, with all undefined brackets being zero. Clearly 
{ad XxX] een are linearly independent. 


Corollary 49. Keeping the same notation as in Proposition 48, there exist constants Chin such 
that 
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< |, (-E@) -L(X-tY) 


r-l1m-1 


= L(Y) + ¥> Y> Cim(adi yy L(ady' Y) — ad) L(ady'*" Y)). 
m=1 [=0 


Proof. This follows from Proposition 48 after setting G Lm = ae, Cj,m and performing a sum- 
mation by parts. 


We apply the above to the path algebra W(g) with L = Pp to get a useful expression for 
hp(g). 


Definition 50. For 1 <k < j <r andhj,...,h; € W(g), define RP, :-W(g)i > W(g) by 
RP (1, ...,hj) = adppn, ++ adpphy_, (Pp (adn, -++adn,_, 17)) 
— adppn, -- adppn, (Pp(adn,,; tee ad j_, hj)). 
Observe that RP, is a multilinear function and RPI H(gi CH (g). 
Recalling the definition of hp(g) in Eq. (47), we can use the above to write 


r—1m-1 


hp(g) = Pph+ 7 Y | Cin(adppe) Pp (adg!h) — adp gy Pp(ady!*'h)) 


m=1 1=0 
j—1 times 
poe —=—V—_— 
=Ppht+ Y- CieRP (B05 8h). (54) 
l<k<j<r 


We now include an example of the above decomposition of hp(g) when g is a step 3 graded 
Lie algebra. Step 2 graded Lie algebras (for example the Heisenberg Lie algebra) are the first 
examples in which such calculations are non-trivial. The reader is encouraged to examine the 
case of the Heisenberg Lie algebra as an exercise. The following example is perhaps more helpful 
in understanding the general case. 


Example 51. Suppose that g is a step 3 graded Lie algebra. Then the BCH series gives 
1 
gh=gth+t -[g,h]+ —([g.[s. Al] —[A,[s. 41) 
and so 
t t > 
Pp(g-th) = Ppg +1Pph + 5 Pplg,h] + 75 Pp[g.(g.hl] + O(). 


We therefore arrive at the following expression for hp(g): 
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2 


d t t t 
“| (—Ppg)-( Pog +tPph + —Pplg,h] + —Pplg, lg, h]] - —Pplh,[g,h 
aK 8) ( pg ttPph + >Pplg,hl+ 75 Ppls.[s, hl] — 75 Pela. ls il 


1 1 
79 Pls. (g.hl] — 5lPps, Pph 


1 
= Pph+ —Ppl[g,h 
P + 5 Pels I+ 55 


1 1 1 
~ qlPrs, Prls.hl] + 75 Pps. Pps, Pehl] + [Pps | Pps, Pphl] 
1 1 
= Pph + 5(Pplg.h] —[Ppg, Pehl) + (Pls. (a, Al] — [Ppa, Pels. /1)) 
1 
— g(lPes: Pelg. hl] —[Pps. Pps, Pphl]) 
1» 1 1% 
= Pph + 7 Rai (8, h) + 7p B31 &> h) ce 6 R3.2(8, &> h). 
Remark 52. Notice that if any one of h1,..., 4; is equal to 0, then 
RP (M1, -.-,hj) =0. 


Recall that our goal is to analyze derivatives of Fp at the identity path. Remark 52 and Eq. (49) 
imply that 


(a(P), h) = (a, hp(0)) 
= (0 Pph+ YS) CjaR?,(,...,0, in) 
l<k<j<r 


= (a, Pph). (55) 


We now consider higher order derivatives of Fp. Suppose R is a function defined on H (g)/. For 
k € H(g), we define, in the spirit of Notation 3, 


ae d 
(KOR) Gis. 8) = a oF: +++) 8i-1s Bi tk, Bi41,---> Bj): 


Note that if R is multilinear, then 


(KOR) (a1, - 0-5 j) = RUBL «++ Bi—-1, K(Bi), BEI, +s Bf) (56) 


The notation above allows us to write 


j—l 
7 d Pi ae 
ih ==) h = Ci kORP inn & WY, 57 
P(g) = =| hls: tk) Pp» PKR RG (8s 00s 8A) (57) 


where k“ RP, is given as in Eq. (56). Therefore 
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am d 2 
(khFp)(g) = —| (hFp)(g th) 


=| (tp(e- th)ua) (Pp(g-th)) 


——_ 


= (kp(g)hp(g)ua) (Pps) + (khp(g)ua)(Ppg) 
= (D?ua(Ppg). kp(g) ® hp(g)) 
irl 
+ Yo Ej A(Dua(Ppg), KORP (8, ---48,h)). (58) 
1<k<j<r i=l 
In particular, 


(a(P), k @h) =(o, Ppk ® Pph + Co,1R3 (kh). (59) 


We can calculate higher order derivatives of Fp analogously, with repeated use of the product 
rule as in line (58). This is summarized in the following proposition, whose proof is evident. 


Proposition 53. Let P a partition of [0,1], and Fp defined as in Definition 45. Then for any 
hy, ho,..., hy € H(g), 


(hyho--- he Fp)(g) =(Dua(Ppg), Vp hi, hy, ...,hk)(8)), 


where Vp(hi ,h2,...,hx)(g) is defined inductively with Vp (g)=1, Vp(h)(g) =hp(g), and for 
k>1, 


VS (hi, ho, ..-.hk)(g) = hyp(g) ® Vp (ho, hs, ....he)(8) 
+h V5 '(h2,h3,...,he)(g). 


It therefore follows that 
(a(P), hi @h2 @-+-@ he) =(a, V(r, ho... Ak )(C))- (60) 
The following continuation of Example 51 should provide insight into the general case. 


Example 54. Again, let g be a step 3 graded Lie algebra. Recall from Example 51 that 
1 lp 1 op l op 
Vp(h)(g) =hp(g) = Pph+ 5 Rai (8 h)+ 7p R31: g,h)— 6 83.28 gh). 
The result from Eq. (55) follows easily: 


1 P 1 P 1 P 
(a(P), h) = Qa, Pph+ en ley 7p B31 @ 0, h)- gna 0, h) 


= (a, Pph). 
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Also note that since k(g) =k + 3[g.k] + 4g. Lg. KI], it follows by the definition of Vz that 


Vp(k, h)(g) = kp(g) ® hp(g) + khp(g) 
1 1 1 
= kp(g) @ hp(g) + 5 RI (kh) + SRP (Ig. hk]. h) + GRP 8h) 


1 1 1 
+ TRV (g kh) — ERY 9(k, 8h) — ERE 9( 8,4, hh). 


Therefore, as in Eq. (59), 
1 
(2(P), k@ h) = (a, Pek ® Pph) + 5(a, RS (k, h)). 


We get the following expression for Vp (e): 


1 1 
Va(l,k, h)(e) = Ppl ® Ppk ® Pph+ Ppk® 5 RE, h) + 5 RR (l,k) @ Pph 
1 1 i 
+ Ppl® 5 Rk, h) + RAW, k],h) + Rh. 1,h) 
1 1 1 
ay Ri kh) = Zia kh) = g RS 2k Lh). (61) 


As the example above indicates, the tensors Vp are quite complicated in general. It is clear from 
the definition that Vp (g)€ aa T(H (g))® . We are able to show below that for k sufficiently 
large, Vp (g) contains no tensors of “small” order (see Proposition 56). Since a is assumed to be 
of finite rank, this will imply that a(P) is also of finite rank for any partition P (see Corollary 57 
below). 

Since we have assumed that g, and hence H(g), are step r nilpotent, it follows that if 
R: H(g) > H(g) is a linear function, then for any /), /2,...,Jm € H(g) with m > r, 


ih oe -ImR(g) =0 
for any g € H(G). This, along with Eq. (56), implies 

ily -I RPA (8,-8.1) =0 (62) 
if m > (j — 1)r and, by Eq. (54), 


ily-+-Inhp(g) =, (63) 

form >r*—r. 
For higher order derivatives, it can be seen that the result of evaluating derivatives of Fp 
at the identity yields a acting on a sum of tensor products of terms like Pph and RP, where 


the arguments of the terms RP could be nested brackets. This is summarized in the following 
proposition. , 
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Proposition 55. For all k > 0, g € W(G) and hy, ho, ..., hy € H(g), 

ila -++ImVp(hi, ho, ...,hk)(g) =0 (64) 
for any 1,12, ...,lm € H(g) ifm > k(r? — 1). 
Proof. We proceed by induction on k. For k = 1, the result follows from Eq. (63). Suppose 


Eq. (64) holds up to order k — 1. Then if m > k(r? —r), then we have that by the definition 
of Ves for any hy,..., he € H(g), 


i ---im Vi (hi, ---. he) (g) = hh -+-in (hyp (g) ® Vp | (ha, h3,..-, he) (8)) 
+p +++Im (Ve | (ho, ha, ...,Ae)(g)). 


Since m+ 1 > k(r? —r) > (k — 1)(r? —r), the second term above is zero. For the first term, we 
use the product rule and the pigeon-hole principle. If fewer than or equal to r* — r derivatives fall 
on h;p(g), this leaves more than (k — 1)(r? —r) to fall on the Ves term, which gives zero by 
the induction hypothesis. If more than r? — r derivatives fall on h,p(g), then we get zero again 
by Eq. (63). 


Proposition 56. For all k > 0, g € H(G), and hy,..., hx € H(g), 
Vp (hi, h2,...,m)(g)  H(g)* =0 
ifm > xk(k+ Dr? —1). 


Proof. We start by observing that if / is the smallest integer such that Vz (11, h2,...,Am)(g) M 
H(g)® + 0, then, ifn > L(r? —r), 


Vie Cig sel liye ha) Ou @)™ 
= (iy 1, VE Oy, ha, ---,tm)(g)) A H(g)® =0 
by Proposition 55. 


We now proceed by induction on k. Note that since Vp (h) =hp(g), then if m > r(r — 1), by 
Eq. (63) it follows that Vp (hy, h2,...,hm)(g) ON H(g) = 0. So the result holds for k = 1. Now 


suppose that Vp (hy ho, ..., Mm! )(g) O H(g)®*—! = 0 for all m! > 5(k — 1)k(r? — r). Then by 
the above observation, 


Ek(r(r—1 
Ve oe hy. kgg—p)s As «+s hm) (g) ON H(g)®™ = 0. 


The result follows, since m! +k(r? =r) > 5(k—Dk(r? =r) +k (r? =r) = $k(K+ D7 —9). 


Corollary 57. Suppose a is of rank N. Then for every partition P, a(P) is of rank less than 
5N(N + 1)(r? —r). 
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Proof. Suppose m > 4N(N + 1)(r? —r) and hy, ..., 4m € H(g). Then 


(a(P), hi @h2 ® con @hm)= (a, Vp (hi, sey hm)(e)) = 0 


since by Proposition 56, Vp (hy,..., am) (Ee) Hg) =Oifk<N. 


In light of the previous Corollary, we can write, for all h1,h2,...,h, € H(g), 


(a(P), hy ®@ hz ®-+- @ hx) = (a, Phy @ Pphz ®-+- ® Pph) 
+(a, RP (hi,...,h)), (65) 


with RP (h 1,---,Mk) € Qi! H(g)®! where m is the largest positive integer such that k > 
5mm + 1)(r2 —r). The terms RP will sometimes be referred to as remainder terms. It is the 
subject of Section 5.5 to show that these become sufficiently small as our partition mesh tends 
toward zero. We end this subsection by establishing some useful shorthand. 


Notation 58. For i = 1,..., j, let Bj: H(g)?i > H(g) be multilinear functions with p; are pos- 


itive integers such that yy pi = p. Let B: H(g)? > H(g)/ be defined by 
Bhi cas hp) = (Bi incre lep)s Ba ep, bss 54 Roy hp)» ezy By Apap 415004 tp): 
We will use the above to denote the terms which arise from derivatives of RP 


Example 59. Equation (61) of Example 54 contains the term RE ,(/, k], 2). Setting By U,k) = 
[1, k], Bo(h) =h, and B = (B), B2), then we can write 


R3 (Il, k], 2) = (RE, 0 BY (Ik, h). 


In the next subsection, we will prove some results regarding terms of the form RP o B. These 


will be independent of the specifics of B, so we will further shorten our notation with setting 
(RP,0 B)(h) = (RP, 0 B)(hy, ho, ...,hp). (66) 

The meaning of B and h should be clear from the context. 

5.4. Increments and multilinear functions on H (g) 


As seen in the previous subsection, our cylinder functions are based on approximations of 
paths in W(g) by paths which are piecewise linear subordinate to a partition of [0, 1]. Thus we 
develop some results concerning the increments of paths over small time intervals. What follows 
is primarily notation and some estimates that will be essential for our analysis to follow in Sec- 
tion 5.5. We generalize to arbitrary multilinear functions, though in the sequel will be primarily 
concerned with applying the following results to the functions RP, given in Definition 50. The 
reader may find it convenient to skip to Section 5.5 and revisit this section as necessary. 
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Notation 60. Given a partition P = {0 = sp < sj <-+-+- < Sy < 5y41 = 1}, we will let 6; denote 
the increment function for i = 0, ...,n. That is, if V is a vector space, and f :[0, 1] — V is any 


function, then 
dif = f(sit1) — fi). 
In the case that f is the identity function on [0, 1], we omit the f in the notation, i.e. 
6; (= Sj41 — Sj. 
The notation above will be used often in the following contexts. If h ¢ H(g), then 
djh := h(si41) — h(si). 
Ifhy,...,h, € H(g), then (h1,..., hg) € H(g)‘, and 
5i(Iy,..., hg) = (hi (541)... Ae (sin) — (Ar (si), Ae (si). 
Finally, if h1,..., x € H(g) and T is a multilinear function on gé , then 


OT (hy,..., hg) := T (hi (si41), Soh hg (si+1)) — T (hi (si), ais hx (si)). 


(67) 


(68) 


We introduce a discrete version of the product rule (Proposition 64) to express increments of a 
multilinear function (as in Eq. (68) above) in terms of increments of the arguments. We need the 


following notation. 


Notation 61. For integers k > / > 0, let eH denote the set of subsets of size / of the integers 


1,2,...,k. That is 
Qe {we 224) | Hw) =I}. 


Notation 62. Suppose u1,...,ux% € H(C) andwe ore Then 


5° (uy ae “Uk) = I] 6jU j I] uj (Si). 


Jeo JE@ 
Similarly, if hy,...,hg € H(g), then 
BP hissy = City oes Ri) 
where hj = 6h; if j €@ and hj = hj;(s;), otherwise. 
Example 63. Suppose w = {1, 3, 4} € 23. Then 
5? (uy +++ U5) = (5;u1)(5;u3) (5;u4)(u2(s;)) (us (s7)) 


and 
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5? (hi, ...,hs) = (d:h1, ha(si), 5:3, d:h4, hs (si). 


Observe that if T is a bilinear function on 9. then for hj, h2 € H(g) 


57 (hi, h2) = T (Ai (si41), ho (si41)) — T (hi (8), 42081) 
= T (hy (si41),h2(si)) — T (Ai (s:), ha (si) + T (A (si), h2(si41)) 
— T (hi (s;), ha(si)) + T (Ai (si41), h2(si41)) — T (1 (Si41), h2(s1)) 
— T (hy (s;), ho(si41)) + T (Ai (5), h2(si)) 
= T (hy (sj41), h2(si)) — T (1 (87), h2(s;)) + T (h1 (51), h2(si41)) 
— T (hy (sj), h2(si)) + T (Ay (Si41) — 21 5;), ho (541) — h2(s7)) 
= T (djh1, ho(s;)) + T (Ai (s;), 5:h2) + T (Sjh1, 5;h2) 


= > Ye T (5° (A, h2)). 


I=1 wea! 


This suggests the following product rule, which can be easily proved by induction on the above. 


Proposition 64 (Product rule). Suppose T be a multilinear function on g*. Then 


k 
SThysoky= >> Yo POP Oink). 


I=1 wea! 


Remark 65. Letting T be the identity map on g*, the above proposition tells us that 


k 
Bit... Md = DD OPM. hed: 
l=1 we! 
Furthermore, if T:C* > C by T(z1,..-, 2k) =Z1--+ Zk, then we get 
k 
Siu) = DD) dP Cur ---un) 
l=1 wee! 


for uj,...,uz € H(C). 


In the sequel we will be summing such increments of multilinear functions over an orthonor- 
mal basis for H(g). We are able to calculate such sums explicitly using the reproducing property 
of H(C). The following proposition is a summary of well-known properties of the reproducing 
kernel. 
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Proposition 66. Suppose P ={0 = so < 81 < +++ < Sy < S41 = 1} is a partition of [0,1]. For 
any s,t € [0,1] and any 1 <i, j <n, 


(1) deues(C) u(s)u(t) = K(s,t):=s At, 
2) VuesiO [5;u|? = K (8;, 8;) = 8, 

(3) drves(cy) Oim)u(sj) = 1j>i5i, 

(4) Vues(c iu) (6ju) = 115i, 


where 1,; denotes the Kronecker delta and 1j+; = 1 if j > i and 0 otherwise. 


Proof. Properties (2)—(4) are straightforward applications of (1). So we only prove (1). By the 
Fundamental theorem of calculus, 


1 


us) = f Leon! (e)de. (69) 


0 


Let x, € H(C) be given by x, (-) :=s A-. If u € H(C), then Eq. (69) is equivalent to 


u(s) = (U, Ks) H(C); 
and so 
Yo usuO= YO Wk ak OHO 
ueS(C) ueS(C) 


y (kr, Ks) H(C) 


ueS(C) 


1 


/ 10,41 (7) 1[o,s](t) dt 
0 
= 5 Af; 


Notation 67. Suppose w € 2!, and 6 € 21", then we write w = 6 if they are equal as sets of 
positive integers and/ =m. 


The following proposition will be essential for many calculations to follow. 


Proposition 68. Suppose w € 2!, and 6 € Q"", withn > 2 and1,m > 1. Then 


Yo 8° Wr n)59 tn) = Lig Loo (57)! (8), 


where 149 = 1 if w= 86 in the sense of Notation 67, and 0, otherwise. 
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Proof. First suppose w 4 0. If aN 6 #G, then w.l.o.g. there exist elements p € w with p ¢ 0, 
andg €aNé. W.Lo.g., say p = 1 and g =2. Then 


Yo P(r ++ Un)54 (Ta) 


U],-..,Un €S(C) 
=( > @uny(insp) )( > (un) Gj) 
uj eS(C) u2€S(C) 


xox ( ye 392 ag. -n)d a=) ) 


U3,...,UnES(C) 


U3,..-,Un€S(C) 


= 11)-16901;89( iS 59g nd a=) ) 


=0, 


since 1j5;1;; =0. If a 1@ =, then there exist elements p,q such that pc aw, p ¢0,q ¢a, 
and gq € 8. W.l.o.g., say p = 1 and g = 2. Then 


Yo PW +n) 59 Te) 


U],...,Un€S(C) 
= a Gunna) )( ye (u2(00)57)) 
ujeS(C) urES(C) 


xox ( ye 8p y+ -n)89°1 ==) ) 


U3,..-,Un€S(C) 


U3,.--,Un€S(C) 


= (1.180278) ee 8IN ag --g)8)°1 =) ) 


=0, 


since 1 ;~;1;~; =0. Now we assume that wm = 0. Then 


Yo 8P Wr Un)84 Tn) 


U],...,Un€S(C) 


=TI( > (tp) 7p) IT ( ye (u9(60)(«@6) J 


upeS(C) qew® ‘ugeS(C) 
= 1; (5:)'(s1)" 7. 


The next three corollaries follow from the above and an application of Proposition 64 
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Corollary 69. For all n, 


Yi bj (uy +++ Un)5j T= MD (7) ao" 


U1,...,un€S(C) 
Notice that if h; =ujAj € Sc for uj; € S(C) and Aj € Xc, then 
b°T (hy,..., hn) = 86? (uy +++ Un)T (At, ..-, An) 
and 
6;T (hy, ..., hn) = 6; (Uy +++ Un) T (Aq, .-.-, An). 


Notation 70. If 7; and 7> are g-valued multilinear functions on g”, then define C,(7), Tr) € 
9 ® g by 


CAT, T):= >) T(Ar,..-,An) ® T2(A1,..., An)- 


Corollary 71. Suppose w € Or and @ € 2", withn > 2 andl,m > 1. Let T; and T> be g-valued 
multilinear functions on g". Then 


Yo M18? (ar, tn) ® To(54 (1, ---, An)) 


= Lj lwo (61)! (51) 'Ca(Th, Ta). 


Corollary 72. Let T; and T2 be g-valued multilinear functions on g". Then 


>, i Ti(hi,.... tn) @ 37 BG, hn) 
hy,....An ESC 


ad) 3 HG Jo '(si)" "Cn (Th, Tr). 
Remark 73. It follows from Corollary 71 that for @ € @/ and @ € 2” 


DY (Ti(5P C1... fin), T2841... 0) g 


hy,...,hnESc 


= 1;j1wo(6:)! (s;)" "Cn(N, Tr), 


where 


CAT, T):= > (Ti(At, «+, An), T2(A1,- An) 
Aj,...,AnEXe 


3° 
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In particular, 


3 |T(5? Ga, And) 5 = i! ny S- TAL Ans 


hy,..., hnéSc Aj,..,An€Xe 


= CNET Oey 
5.5. Remainder estimates 


In this section we use the tools developed in Section 5.4 to prove the following theorem and 
corollary. We will assume throughout this section that {P;,}°° , is a sequence of refining partitions 


with #(P,) =n. 


Theorem 74. Let a € i (H(g)) be of finite rank. For each n > 0, let a(P,) be given as in 
Notation 46. Then for alln > 0, a(Py) € J}(H(g)) and 


lla —a(P,,)|| J2H(g)) > 0 asn>o. 


Corollary 75. For all T > 0, the Taylor map (1 — D);'R Hr > J}(H(g)) is surjective for G 
a simply connected graded complex Lie group. - 


We begin by giving an explicit formula for Pph in terms of increments. 


Notation 76. For a given partition P = {0 = sg < sy <-++ < Sy < 5n41 = 1}, for t € [0, 1] and 


i=0O,...,n, let 
t— Sj 
ti (t) = Lessa ; ‘). 
i 


In the sequel, we will often omit the ¢ in the notation, that is ¢;(t) = 1;. Notice thatO <¢;(t) < 1 
for alli =0O,...,n andt € [0, 1] and 


d 1 
qe = Misi OF 


The notation above gives an explicit formula for Pph, 


n 


(Pph)(t) = (AG) isis: + CiA)G@), (70) 


i=0 
for t € [0, 1]. Then Pph agrees with h at the partition points and is linear on [0, 1]/P. 


Proposition 77. For any g,h € H(g) and any partition P, 


n 


Pp(adg h) — adppg(Pph) = Ss ads, 9 (5;h) (ti _ #7). 
i=0 
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Proof. It suffices to show the result on an individual partition increment. On (s;, 5;+1], 


Pp(adgh) — adppg Pph 
=([g(si), h(si)] + dilg. Alti — [g(si) + digti, h(si) + djht;| 
=[g(si), A(si)] + dilg, Ali — [g(si), h(si) | 

— [5:8 h(s;)|ti — [g(s;), sh]; — [8:8, 5h \t7 
= (sig, h] — [8:g, A(si)] — [g (7), 6)h]) ti — [5ig, Sh Mt? 
= [6:g, 5h] (ti — 17) 
= ads, ¢(5:h)(t; — t?). 


Proposition 77 lets us again rewrite our remainder terms: 


RP (1... hj) 


n 
= > ad Pphy + AdPpry_; Ad5;n, (5; (adjyy,+** adn ;_; hj)) (ti = 1). 
i=0 


In general, the arguments of Re are nested brackets, so using Notation 58, 
(RP, 0 B)(h) 
n 
pa T 2 
= 0 adpp(py) + Ad Pp(B,_1) ads; B, (5; (ada,,, ---adp,_, Bj))(h)(ti — 17). 
i=0 


Since in the above expression, both By, and adg,,, ---adg jd B; are multilinear functions of the 
type considered in Section 5.4, we can use Proposition 64 to write 


np 
(RP oB)A)= >>> DY) 8°TA) folti), (71) 


t=V1=2 we, 


where T : g? + gisa multilinear function and f,,(f;) is a polynomial, possibly zero, in t; depend- 
ing on @, where ¢; is defined in Notation 76. Refer to Eq. (66) for the meaning of the left-hand 
side, while Notation 62 indicates the meaning of the right-hand side. The following example 
should clarify Eq. (71). 


Example 78. For + > 6, the following remainder term appears in a sixth order derivative of Fp 
evaluated at the identity path: 


RP,([h1, (ha, hal], (ha, hs], he) 


=) [Pp[hi. tho, hal], [Silha, hs], dite] (ti — 17)] 


i=0 
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n 


=) /[[hi(s1), [ho(si), h3(si)]], [Sila As], d:h6]] (ti — 17) 


i=0 
“Db [/1,[h2, hal], [5:th4, hs], 8;h6]] (7 — 1) 


n 


2 
“Sinn [h2(si). h3(si)]], bp > the shih] —1;) 


i=0 l=1 we, 
n 2 
>>|p3 S> 6? [At tha, hs] i} [> SS ithe shit [(@—) 
i=0 l=1 we} l=1 we} 
n 6 
= se 5? [[h1, tho, hal], [h4, hs], ho] foo(ti), 
i=0 [=2. we 2h 
where 
0 if oN{6} =H oran{4,5}=h 


felt) =) —t? if oN{1,2,3}=G, oN {6} ZB, and wn {4,5} £9, 
2-1 ifoN{l,2,3} 49, oN {6} 4G, and oN {4,5} £9. 


We will now prove some limiting properties of the RP. , terms as the partition mesh tends to 
zero. 


Proposition 79. Suppose 1 <k < j <r, and for 1 <i < j, By: g?! > g be multilinear functions 
such that ¥~!_, pi = p. Then 


lim ae a Rr co) B) \Mla@ < 
* fie(Sc)? 


Proof. By Eq. (71), we can write 
Dig. Hae ; - 
(RigoB)M=) Dd) Dd) PTA) folti) 
; oe 


where T : g? —> g is a multilinear function and, for each w € 24, f.. is a polynomial. Notice that 
both T and f,, are independent of n and 


(Re oB Oli = T (h) folti) 


i=0 1=2 weal, H(g) 


n Pp 2 
=I Dd PTO fH) 


i=0ll/=2 wes, H(g) 
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n P 
<CH YY le TOLMOa@ 


i=0 /=2 wel, 


n Pp 
=Ce) dd dD Me © jolt) 
i=0 1=2 weal, 1? ((0,11,C) 
Furthermore, 
Si+1 
d 2 d 2 
[50 = / — fa(ti)| dt 
dt LOA.) J dt 
Si+l 
1 7 7 
=a dt 


where C(q) is an appropriate constant independent of both 7 and n. 
By Remark 73, )je(s¢)p D1=2 Nw, 115?’ T (A) ig is O(5;). Therefore, 


lim sue | (ai co) B) )(A) ee 
 he(Sc)? 


<lim ‘sup > cory » larra|, 


* e(Se)P i=0 /=2 wel, 


P 
<lim up cmt ‘ > Ss ps Jar) 


i= 5° he(Sc)P 1=2 we, 


“fe (ti) 


L2({0,1],C) 


=lim sup C(p) YF 


now bj 


= lim au Ei 2008) 
i=0 


< ©. 


Proposition 80. Suppose 1 <k < j <r, and for 1 <i < j, Bj: H(g)?' > H(g) be bounded 
multilinear functions such that 4 pj = p. Define a function Ge (B) :[0, 1]? + g® by 
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= d = d7 pa 
Gr But: 7, (Rik 0 B)(h)(u) ® a (Ri o B) (V(t). 
he(Sc)P 


Then ||G(B)Il.2(0,17:92) > 0 as n> 0. 
Proof. Again by Eq. (71), we can write 


n P 


d Pr d ~ ~ 7) 
(Rik eB) (h)(t) = — rr So YS YS 8PTH) folio) 
i=0 [=2 we Ql, 
_ > ze ~ 1, ul ) 
S> eT) = fi (ti). 
i=0 /=2 wEQ', 


So if 5; <u < sj41 and sj <t <5j41, then 


GrBun= » » opr) ~ fal (wy) (>: » irs Ke wo) 


he(Sc)? \!=2 we! "=2 96a! 


ll 
OS 
I 
i) 

& 
a 
2 


Dp eo £14. (py) TS 
D> EO BUO)( d) 6°T(h) @ HT i) 


Pp he(Sc)P 
bea! 
P / PPLE TEN 
= ( > S BOO) gC T)) 
fP=2 wee, be] 
bea! 


P 
Si GW) GO) GO) - Gr "Cara, 


1=2 wel, 


where C,(T, T) € g @ g is defined as in Notation 70. So Ge (B) has support concentrated near 
the diagonal, on the set {(u, t) € [0, 1? | sj <u,t < s;41 for some i = 0,...,n — 1}, which is 
going to zero in measure as n — oo. Also note that our functions f,, are polynomials, and hence 
there exists a constant C such that IF, < C for all t € [0, 1] andwe 2 for] =2,..., p. For 
anyi=0,...,n—1 ands; <u,t < 5;41, it follows that 


|GABu,o| 3 S> fyi) Fe) (8)! 257)? Cp (LT) 


1=2 wel, 


gg 
92g 


< C(p)C? | i) (51)? “Cp T) || gag 


<C(p)C?||Cp(T,T)| qq < 2: 
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So Gre (B) is pointwise bounded independent of partition with measure of the support going to 


zero as n —> oo. Therefore, on (B) ll2((0,172) > Oasn— 0. 


Corollary 81. Suppose 1 <k < j <r, and for 1 <i < j, By: H(g)”' > H(g) be linear func- 
tions such that yy Pi = p. Givena € H(g)*, 


d> |le. (Rio BY)? +0 asn— ov. 
he(Sc)? 


Proof. For all a € H(g)*, there exists an @ € H(g), such that 


(a, (Re o B)(h)) = ((Ri i 0 B)(h), &) eq): 


In particular, 


(oe, (RF 0 B)A))|? 


1 


1 
(fw ° AN.) ga (fer - By.) a) 
0 


0 


= / (Ge o B)(hy'(t) ® (Ri 0 B)(h)' (uw), @ (1) @ HW) jor dt @ du. 
[0,12 


We sum the above over all possible h € (Sc)? and use Fubini’s theorem and Proposition 79 to 
justify moving the sum inside the integral. Therefore, 


Ye [oe (RR 0 BY) I’ = (GB), & @®) p49, 42,902)" 
he(Sc)P 


By Cauchy—Schwarz, 


YS la (RFE oO BY)? < le’ @ Fl2¢0,1p, 9216, 4@B) le2@0.177,98)- 
he(Sc)? 


We have shown in the above proposition that |G" (B) |12({0,1]2,9%2) > 9 as n — O. The result 


follows since ||@ ® @”|| 12((0, 172,422) = lel Gq) <0. 


We wish to extend the result of Corollary 81 to arbitrary tensor products of remainder terms. 
This is accomplished in Proposition 82 below. We first shorten our notation further. We will use 


R Pn 


jks (B') @ ++ @ Ri", (BY) A) 


to denote 
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Py tpl\ Ge Pa (Ra\ (a 
Rin, (B') (1) @--- @ Ry", (BY) (hg), 
where it is understood that h = (h1,..., hig): We will typically assume that h ¢ H(g)®?. 
Proposition 82. Given a € (H(g)®4)*, then 


DE Mo. Rite, (B!) @ + @ Ri", (BM)? + 0 as.1n > ov. 
he(Sc)? 


Proof. For a € (H(g)®4)*, define 


bp(a):= | D) \la, Rin, (B!) @-- @ Ri", (BA)M)/’ 


he (Sc)? 


Then ¢p is a seminorm on (H (g)®7)*. Using Proposition 79, we can say that 


$P(A) <leleagqeaye D> Rie (B') B+ BR, (BYVAL jy cqy00 


he(Sc)P 
=i 
<tetivoson( ley Bln) 
Re(Se)"st 
eerie ( a | Ri, (B%)(h) ln) 
q 
he(Sc)’/4 


2 
<Cc lla I (H(g)®7)*? 


for some C? < oo. Or equivalently, ¢p(a) < Cllallc(gyea)*. Suppose (a, -) = (-,ki ® 
oo ® kg) age for some ki,...,k, € H(g). Then 


belay = Yo |(Rite, (B!) © @ Rin, (BM, kt @--- Oka) pegyeal 


he(Sc)P 
S se (Rie (Bh) es fat Sa | Re (BY), kn) Ine) 
he(Sc)? 
= Wali Gre (B Yilz2@o.12) X° »X [Km lone, (B VW e2zcorry: 


Proposition 80 also tells us that eae (B' Il 22q0,1,2) — Oas |P| > 0 fori = 1,...,q. There- 
fore, ép(a) — 0 as |P| — 0. Furthermore, the same is true for all finite linear combinations of 
such a. Standard density arguments yield the result for any w € (H(g)®7)*. 


The typical remainder term is a tensor product of Pph and RP. , terms (see Proposition 53 and 
Example 54). The next propositions generalize our results to this Gain 
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Proposition 83. Given a € T(H(g))’ and hy,ho,...,hy € Sc , there exists Briho..hy © 
(H(g)*)®" which satisfies 


(a, hy @--- @he @N) = (Bayhy...ng n), (72) 


for any n € H(g)®", and furthermore, 


2 2 
ye Bry ny...he Nay" = lon ell Cy (gyyeun44) < Ow. (73) 
hy ,hoa,...,hpEeSc 


Proof. Since a € T(H(g))*, we can write 


(Qn+ks°) = x Any hy...hn zn, 21 @ +++ @ Minsk) A(gyantk 
hy ,hg,...An4kESc 


for some square summable @j;ny...h,4., € C. The result follows by setting 


(Bhyhy...hys ) = eS Ahyhy...tnag Cs Mk+1 @ +++ @ hn+k) A(gy2- 


Ag tsAntkESc 


It should be noted that the above proposition is true regardless of the ordering of h1,h2,..., 
hx, n in Eq. (72). 


Proposition 84. Given a € T(H(g))’ and q > 0, then asn > oo 


Dla. Pp, tt @---@ Pp, hg ® Ri", (B!) @--- @ Ri", (BY)H))|” > 0. 
he(Sc)? 


Proof. First notice that for any partition P, we can first select a basis Se for Hp(g), and then 
extend it to a basis Sc for H(g). Then it follows that 


lim = > (a, Pphy @---@ Pphg @ RE 4, (B® @ RP y, (B4)H))|” 
he(Sc)? 


< im, 7 lm @--- hg @ Ri", (B') -- @ Re, (BY M)/? 
hy,.-.hgESc 


he(Sc)? 


= lim ye (Bri --hg> Re (B') @---® is (B4) (hy)? 
hy,...,hg ESC 
he(Sc)? 


=0. (74) 
In Eq. (74) we have used Proposition 83. We are able to move the limit inside by the DCT, which 


is justified by Eq. (73) and Proposition 79. The case where g = 0 is merely a restatement of 
Proposition 82. 
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Remark 85. For all k > 0 and any partition P, let RP be defined as in Eq. (65), i.e. 
(a(P), hy @h2 @+-- @hx) =(a, Pehy ® Pphz @---@ Pphe + Ry (hi, ..., hy) 


Since we have shown that Ae consists of a finite sum of terms like those in Proposition 84, we 


have shown that for a refining sequence of partitions {Py }°° ,, 


ye \(a, RE" (hy, ...,he))| >0 asn-w. 


We leave the proof of the following to the reader. 


Lemma 86. Let {P,,}°° | be a sequence of refining partitions. Then 


(1) UP. Ap, (g) is dense in H(g). 
(2) Hp, (a) C Hp,,,(g) forall n. 
(3) Forallh € H(g), |\|h — Pp, h\la(g) > 0 asn— oo. 


Remark 87. Lemma 86 allows us to construct an orthonormal basis for H(g) adapted to our 
sequence of partitions in the following sense. After first constructing an orthonormal basis Se ! 
for Hp, (g), extend this basis inductively from Hp, (g) to Hp,,,(g) fori =1,2,.... Then Sc = 


WB par Se is an orthonormal basis for H(g). 


Proposition 88. Let a € T(H(g))*. Then for any hy,..., he € Sc, 


slim |(a, hy @ ++ @ he — Pp,h ®---® Pp,hx)|” =0. 


Proof. Setting ¢, = — Pp, in Proposition 40 gives that || /®* — Be lsh —> O0asn— ov. 


We are now set to prove Theorem 74 and Corollary 75. 


Proof of Theorem 74. We assume that a is of rank N. Recall from Corollary 57 that w(P,) is of 
rank M = 5N(N + 1)(r? —r) for all n. Choose Sc to be an orthonormal basis for H (g) adapted 


to {P,}f° , as in Remark 87. To see that a(P,) € a (H(g)), notice 


laPr eur = » ki » |(@(Pn). hi ®-+-® hy) |” 
k=0 


M yuk 
4 
k=0  hy,..., hee Se 
M Atk ; 
Doe, ye I(x, RE" (hy, ...,hx))| ; (76) 
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2 

J? (H(g)) 

bounded independent of n by Proposition 79. So a(Py) € Ie (7 (g)) for all n. 
To show convergence in ns (g)), notice that 


It follows that the sum in Eq. (75) is less than 4||a|| < 0, while the sum in Eq. (76) is 


. 2 
jim lo — @ Pa) jo cac@y 


t 
= tim ODE [ent © @ he — Pp, @---® Ppl) — (a, Ry "(hi ---a))|” 


t 
— Him, DD [Ke Pots @---@ Ppl) — (01 Re" (his... ha)) |? 


N 
< lim 4a Se (|(, 4) @ ++ @he = Pp,hy @---®@ Pp, he) |? 
=0 hig: hee Sc 
P, 2 Ee P, 2 
+ |(a, Ry" (hi, ...,he))| ) + Jim, x A > I(, Ry" (hi, -.-,he)) ; 
k=N+1 Hie hreSc 
N tk 4 
= 4) aim, a (a, ht @ +++ @he — Pp,hy ®--+® Pp,hx)|”, 
k=0 hj..heeSc 


since we have shown in Remark 85 that for all k > 0, 


2 s Ile, RP" (hi, ...,hx))|" =0. 


If we choose a basis Sc adapted to our sequence of partition as in Remark 87, then |(a, Pp, hi ® 
-++@ Pp hx)| is either equal to zero or |(a@, hy @ --- @ hy)|. Therefore 


Ss (a, hy @ ++ @he — Pp, @---® Pp, hy) |” 


<2 Yo lat @-@he)! +2 S> |(a, Ppt @---® Pp, hx) |? 
hj,....hpESc hj,...,.hpESc 
<4 So [lah @ @hy)|? 


2 
= Alla I (H(g)*)@k* 


This justifies the use of the DCT in calculating 


366 


by Proposition 88. 
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. 2 
im, |e —a(P,)| JQ(H(g)) 


N 
<4)° lim Yo |(a, hy @ ++ @hy — Pp, hy @-+- ® Pp, hx) 


n—->Co 
k=0 hj,...,hkEeSc 


| 2 


N 
=4)0 2 slim |(@, hy @+--@ he — Pp,h ®---® Pp,he)|” 
k=0 hj,..., hee Sc 


=0, 


Proof of Corollary 75. Theorem 74 implies that {a(P,)}°°_, is Cauchy in if (H(g)). Since the 
Taylor map is an isometry (Corollary 33), it follows that the holomorphic cylinder functions 
{Fp, }°°, converge to some uy € Hr. It then follows by the continuity of the Taylor map that 
d — D)>! Rig =a. So the Taylor map is onto the set of finite rank a and therefore onto 


J? (H(g)) by Proposition 42. 
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1. Introduction 
The Cauchy problem for the one-dimensional cubic nonlinear Schrédinger equation is 


iu; tuyx + @|ul?u = 0, (NLS) 
u(O, x) =uo(x). 


Here u = u(t, x) with (t, x) € [0, 7] x R!, and w = +1. As is well known, this Cauchy problem is 
globally wellposed in H° [13]. For all negative s it is illposed in H’, in the sense that solutions 
(for smooth initial data) fail to depend uniformly continuously on initial data in the H* norm 
[5,9]. Moreover, for s < —5, there is a stronger form of illposedness: the solution operator fails 
even to be continuous at 0; there exist smooth solutions with arbitrarily small H* norms at time 0, 
yet arbitrarily large H° norms at time ¢, for arbitrarily small ¢ > 0. 

Our first result, concerning smooth (or more precisely, H®) solutions, implies continuity of 
the solution map at uo = 0 in the C°(H*) norm for negative s sufficiently close to 0, in contrast 
with the strong illposedness for s < —3. It asserts an a priori upper bound for the H* norm of 
an arbitrary smooth solution, in terms of the H* norm of its datum. 


Theorem 1.1 (A priori bound). Let s > ->b. Then for all R < ©, there exist R' < co andT > 0 
such that for all ug € H® satisfying |\uo|| ys < R, the standard solution u of (NLS) with initial 
datum uo satisfies max;e[o,7] \|U(t. -)|lHs < R’. 


For large R, T scales like a certain negative power of R. 

By the standard solution we mean the unique solution of (NLS) belonging to the function 
space X°? for some b > 5. or equivalently to C°(H°) N L4({0, T] x IR). Koch and Tataru [10] 
have obtained the same result in the larger range s > —Z. It remains an open question whether 
this type of result is valid over a yet larger range. 

Wellposedness of (NLS) has been established by earlier authors in various function spaces 
which are wider than H° [4,7,14] and scale like negative order Sobolev spaces, but do not con- 
tain H* for any s < 0. We emphasize that those results have a different character than ours; 
uniformly continuous dependence on the initial datum in the norm in question is established in 
those works, whereas it certainly fails to hold [5,9] in H* for s <0. 

Our second main result asserts the solvability of the Cauchy problem, in a weak sense, for 
all initial data in H* for a range of negative exponents s. The precise statement involves certain 
function spaces Y°:’, which will be specified in Definition 6.1. These are variants of the spaces 
Kee commonly employed in connection with this equation. For any u € Y°-?, |u|*u has a natural 
interpretation as a distribution for the range of parameters s,b covered by our results, in the 
sense that when the space-time Fourier transform of |u|?w is written as an integral expression 
directly in terms of the space-time Fourier transforms of the factors u, u, u, the resulting integral 
is absolutely convergent almost everywhere and defines a tempered locally integrable function; 
see (7.2). Thus there is a natural notion of a weak solution in Y°:?: We say that u € Y* > is a weak 
solution of (NLS) if the equation holds in the sense of distributions, when |u|*w is interpreted as 
the inverse Fourier transform of the function defined by this absolutely convergent integral. 


Theorem 1.2 (Existence of weak solutions). Let s > ->+. Then there exists b > 5 such that for 


each R < oo there exist R’ < co and T > 0 such that for all ug € H® satisfying ||uo|| ys < R, 
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there exists a weak solution u € C°({0, T], H°)0 yo? of (NLS) with initial datum ug which 
satisfies max;¢[o,7] lu(t) las < RK’. 


Y°*-” embeds continuously in C°(H*) for b > 5 so the C°(H*) part of the conclusion is 
redundant, and is included only for emphasis. 

The solutions guaranteed by this theorem are weak limits of smooth solutions with smooth 
initial data approximating given H* data. We do not know whether these solutions are unique, 
that is, independent of the choice of approximating sequence, let alone whether there exists any 
s <0 for which the mapping from datum to solution is continuous. 

Our analysis does not rely on the complete integrability [1] of (NLS). Our arguments would 
apply, with essentially no changes, to nonintegrable vector-valued generalizations of the one- 
dimensional cubic nonlinear Schrédinger equation, provided that those systems obey H® norm 
conservation. 

We are grateful to Justin Holmer for helpful comments. 


2. Strategy of the analysis 


The strategy is as follows. We begin by using the differential equation to (formally, at least) 
rewrite the increment ||u(t) lie — |luo lee as a multilinear expression in terms of the space-time 
Fourier transform of u. Certain cancellations arise, which have no analogues in the corresponding 
expression for u(t, x) — uo(x). This leads to an a priori inequality of the form Ill (t) 17,5 _ 
IlwollF,s < Cllullyn> for certain r,s, b with s <0 andr <:ss. It is this initial step which breaks 
down if u is replaced by the difference of two solutions, preventing us from establishing any 
continuity of the map uo b> u. 

Thus a bound is required for the X"? norm, but a loss relative to the C°(H*) norm is permitted 
in the sense that r can be less than s. In Section 6 we introduce certain function spaces Y*°*?. Their 
main relevant properties are: 


(1) For s <0, Y*? embeds in X"?, provided that r < (1+ 4b)s. 

(2) Y°-> embeds in C?(H$~*) for all* ¢ > 0, provided that b > 5. 

(3) Ifu,v,we Y* then uow € Y*’—!, under certain restrictions on s, b. 

(4) Ifu € C°(H°) and (18; — Ayu € Y°?—! thenu € Y*?. 

(5) For solutions of (NLS), there is an a priori bound for the Y 5D norm in terms of the C °(H®) 
norm, of the form ||1|| ys.5 < Cll cocys) + Cllu ere valid under certain restrictions on s, b. 

Thus one obtains a coupled system of two inequalities relating ||w||co(qs) and ||u|lys.» to 
lluoll#s. By restricting attention to a short time T and rescaling, one can reduce matters (for 
s>e 5) to the case where uo has small H* norm. Via a continuity argument, the coupled system 
then yields a bound for ||w||co¢qs) + ||ullys.» in terms of ||voll as. 

Weak solutions are obtained as limits of smooth solutions. An a priori bound in H* yields 
compactness in H*~* on bounded spatial regions. It follows readily from the machinery devel- 
oped below that if smooth solutions u; with uniformly bounded Y*-> norms converge weakly 
to u, then |u ; Pu j converges weakly to |u|?u for some subsequence. 


4 We find it convenient to work with Besov-like spaces y*- rather than Sobolev-like versions. Their Besov character 
accounts for the infinitesimal loss of derivatives in the embedding into C e4 Sy 
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An additional argument is needed to place these weak solutions in C°(H*), rather than 
C°(H’-*)  L©(H*). We refine the machinery by replacing the squared H* norm 
f\a@,&) PC + |€|?)' dé by f a(t, €)|?@(€) dé for weight functions g adapted to individual 
initial data, so that y(£) >> (1 + |é|?)® for very large |E|, and show that control of vi |ao(E)|-p dé 
extends to control of re |6(t, €)|?y dé for all solutions v of (NLS) with smooth initial data suf- 
ficiently close in H* norm to ug. This extra control at high frequencies leads to compactness 
in C°(H®). 


3. Bounding the norm 


In this section we begin to establish an a priori bound for the C°(H*) norm of any sufficiently 
smooth solution of (NLS), in terms of certain other norms. For technical reasons we work with 
the modified Cauchy problem 


ie + xy + Co(t)w|ul?u =0, (NLS*) 
u(0, x) = u(x) 


where fo is a smooth real-valued function which is = 1 on [0, 7], and is supported in (—27, 27). 
Standard proofs of wellposedness in H° (or in H'‘ for t > 0) apply to this modified equation. One 
advantage is that u can be extended to a solution defined for all t € R. 

We will study ¢)(t)u(t, x), where ¢; is another real-valued smooth cutoff function supported 
in (—2T,2T) which satisfies €;¢) = fo. Because the equation is simply the linear Schrédinger 
equation outside the support of fo, a C °H *) bound holds for ¢(t)u(t, x) for one real-valued 
cutoff function in ¢ € Cj°(—2T, 2T) satisfying ¢¢ = fo if and only if such a bound holds for 
every such function. 

Recall [2] the function space X*-”, which is defined to be the set of all space-time distributions 
u whose space-time Fourier transform # is such that 


leell0 = [flaeorte — £7)? (£)°8 dé dt <0 
R2 


where (x) := (1+ |x|*)!/2. 
One of the two principal inequalities underlying our theorems is as follows. The second is 
formulated in Proposition 8.1. 


Proposition 3.1. Let Ty < 00, T € [0, To], s € (5,0), b € (5, 1). There exists C < 00 such that 
for any sufficiently smooth solution® u of (NLS*) with initial datum uo, 


2 2 4 
[lel Gog—arory, Hs) = I|“oll ys -< Coil yo (3.1) 
provided that 


1 
ar and b> -. (3.2) 


5 For instance, ug € 1 10 would suffice. 
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For s > — ie the right-hand side involves a norm which is weaker, in terms of the number of 
spatial derivatives involved, than the C°(H*) norm. The proof of this result is begun below and 
completed in Section 5, using some of the inequalities established in Section 4. 

We will work with both spatial Fourier coefficients 


ii(t, €) = feuds (3.3) 


R 


and space-time Fourier coefficients® 


a(&,T) = fhe uct, sax dt; (3.4) 
R2 
it will be clear from context and from the names of the variables which of these two is meant in 


any particular instance. The differential equation (NLS*) is expressed in terms of spatial Fourier 
coefficients as 


d, edn ; i ee 
aoe £) =-i€°A(t, &) + i@to(t) i U(t, €1)Uu(t, &2)u(t, €3) dre (3.5) 
§1—§2 +§3=& 
where A¢ is appropriately normalized Lebesgue measure on {(§1, &2, €3) € R3: €) -H +8 =}. 


Consider any sufficiently regular solution u of (NLS*). Let g:IR — [0, co) and define the 
modified mass 


Po(t) = Dy(t, u) = lie. Poeas. (3.6) 


R 


We will be primarily interested in g(€) = (€)”°, but more general weights will be needed to 
establish the full conclusion of Theorem 1.2. 
A short calculation establishes the “almost conservation law” 


d® 
— =Re(caTZ) 
dt 


for ®, where c is an absolute constant, Z is the multilinear integral 


L(t) =Lp(u, t) := Solt) / fi(t, 1)a(t, Eo)a(t, &3)a(¢, G4) WE) dal), (3.7) 


> 


— = (&,...,&4) € R4 is a multi-frequency, & C R? is the hyperplane 


5 :={é: & —ip +&—& =0}, (3.8) 


© The order of the variables is reversed in our space-time transform; u(t, x) is transformed to u(€, 7) where &, t are 
dual to x, t, respectively. 
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4 is appropriately normalized Lebesgue measure on 4’, and 


WE) = gE) — gE) + 93) — Ea). (3.9) 


Thus’ |S(t) — BOO) S | fo Zr) rl. 
Introduce also 


o(&,...,€4) = 6 6 + & — &. (3.10) 


o has the useful alternative expressions 


o (E) = 2(E, — £2)(E1 — E4) = —2(E1 — £2) (&3 — &2) 
= —2(f — &4)(& — £4) VE ES. (3.11) 


We have the following basic cancellation bound (cf. [6]): 


Lemma 3.2 (Double mean value theorem). Let E = (&,...,&) € 2 CR*. fg €C andall §j 
belong to a common interval I then IW) < lo®)| maxye, |p’ (y)|. 


Proof. 9(&) —¢@(&) = (&2—£1) i y' (€) +t (& —&1)) dt. Writing the corresponding expression 
for g(&4) — g(&3), and noting that (2 — &,) = —(&4 — &3) since E € &, gives 


1 
w(E) = (G2 - a) [le + t(& — &)) — 9 (&& +16 — &)) ] dt 
0 


=625)G -e ff o'er +t — £1) + ss Ep) dst. 


[0,11 


In order to control the contribution made by the region not close to the diagonal, express each 
factor u(t, €) in the integral as the inverse Fourier transform of its Fourier transform with respect 
to t, to obtain for all t € [—2T, 27] 


t 


4 
[tomnal<e ff T]lae.calin-o+n-wylW@|dean® G.12) 
0 5 pt i=l 
where C depends on T and Tt = (t1,..., 74). The notation # denotes here the Fourier transform 
with respect to both spatial and temporal variables. 
Write 
A = —b 
(Ej. ts)| =: (Es) 7 (ty — 87) 8 Ej, T)- (3.13) 


7 As usual, we use X < Y to denote an estimate of the form X < CY for some constant C, depending only on the 
exponents r, s and b which will appear later in this paper. 
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Then ||gj|lz2@g = |l¥llx-». The right-hand side of (3.12) becomes 


4 
Jf Th leoc6ns 10060) (on 82) VG aa rs = 415 — ta) Na. (3.14) 


Rte n=1 


In Section 5 we will complete the proof of Proposition 3.1 by showing that for g(é) = (&)°, the 
integral (3.14) is majorized by C [be Il $n ll_2<@qz2) provided that s, r, b satisfy the hypotheses of 
the proposition. 


4. Trilinear inequalities of Strichartz type 


A prototypical inequality of Strichartz type says that for h € L7(R), the solution u of the 
linear Schrédinger equation with initial datum h belongs to L°(R*). Therefore any three such 
solutions satisfy uju2Uu3 € L*. Rewritten on the Fourier side by means of the Plancherel identity, 
this becomes 


3 
S[]llgntlezqyll fiizzy. = 4D 


n=1 


3 
fort —& +8, 6 -§ +8) [] gn Er) din 


n=1 


One version of the bilinear Strichartz inequality, expressed directly in terms of Fourier variables, 
states that for any subset E C R?, 


| / Ff (Er £ &2, &f £ EF) hy (Er )h2 (E2) xe (Er, &2) dé 1 dé 
R2 


1/2 
S( min i 21) 2¢p2) 1/1 |l,2¢e1 IlA2llp2ce1 (4.2) 
pee l§1 — §2| If ll c2qa2y lr Iz cay lhl zz aes 


where the two + signs are either both +, or both —; this represents the pairing of f with a bilinear 
operator applied to h;, hz. This is implicit in Carleson and Sjélin [3], and is a direct consequence 
of Cauchy—Schwarz via the substitution (€), 2) b (&1 + &, &? &3). Its advantage, in practice, 
is that it provides a superior bound when |& — &2| is large. 

In this section we establish certain versions of the trilinear inequality (4.1) which incorporate 
improvements similar to the factor |£; — &|~!/? in (4.2). These arise naturally in the analysis of 
the Fourier transform of a threefold product uw of functions in spaces X"? or Y*-?. 


4.1. Statements of inequalities 
Proposition 4.1. Consider 


4 
i: / [] gn Gn. t)(tn — &2) xe (LE)) da) dn) (4.3) 


EeSCE U-2+73-t4=0 ie 


where each g, > 0, i, j € {1, 2, 3, 4} are distinct, E C R! is any measurable set, and L: R‘ +R 
is a linear transformation. Suppose that 
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e Bn> 5 for all but at most one index n, and By > 0 for all n; 

e i, j have opposite parity; 

e L belongs neither to the linear span of {&, §}, 1 — §2 + &3 — 4}, nor to the linear span of 
(Ex, &1, 1 — &2 + &3 — &4}, where {i, j,k, 1} = (1, 2, 3, 4}. 


Then there exists C < 00 depending on L such that (4.3) is majorized by 


SN as i )- ae (o@)) Testa (4.4) 
€E 


where B = miny Bn. 


In our application, L will take the form L() = &, — &, for some wu F v. If {w, v} equals 
neither {i, 7} nor {1, 2, 3, 4} \ {i, 7} then L satisfies the hypothesis. 
A variant of this inequality applies to other linear transformations L: 


Proposition 4.2. Consider (4.3) with L() = & for some k ¢ {i, j}. Suppose again that B, > 5 
for all but at most one index n, and B, > 0 for all n. Suppose that |E| S mines l& — &;|. Let 
B := min, By. Then there exists C < 00 such that (4.3) is majorized by 


E14 max( (6; ~ 61-4) -max(lo@)) "TT eet a 


Remark 4.1 (Trilinear Knapp example). (4. a) is (in procter) weaker than (4.4), because 
|E|/ ming |§ — &;| is raised only to the power 4 , rather than 4 5 as in Proposition 4.1. We dis- 
cuss here the simplified expression 


/ G (Ei + &3 — 4, 87 + & — €7) | | tn En) xieucixs) dé dé dé, (4.6) 


R3 nA2 


which arises in the proof of Proposition 4.2 (see the case v = 2). The example can be adapted 
to the situation of the proposition. The analogue of (4.5) for (4.6) is the bound mins |&, — 
&)|~!/4] Gl 2 Tne |/n || ,2, which is established in the proof of (4.5) below. We show now that 


the exponent i cannot be improved in this bound for (4.6). 

Define h4 to be the characteristic function of the interval [0, 1], 4; to be the characteristic 
function of [V, N + N!/2], and h3 to be the characteristic function of [V + N!/*, N + 2N!/?]. 
Define S to be the set of all é = (€1, 2, &3, &4) for which hy (&))h3(&3)ha(&4) 4 0; & is always 
regarded as a function of (&1, &3, 4) via the relation &; — & + &3 — 4 =0. Define G(x, y) to 
be the characteristic function of the set of all (x, y) € R? satisfying |x — 2N| < 3N!/? and |y + 
2N* — N —2Nx| <4N. Thena short calculation shows that G(é + & — &4, &? + i _ E2) =1 
for all E € S, and consequently the integral (4.6) is simply Tne Sri h,=N'/2.N12.1=N. 

On the other hand, ||G||,2 = CN?/4, while ||hy||,2 = N!/4 for n = 1,3 and = 1 forn =4. 
Thus the product of the four L? norms has order of magnitude N*/4, and consequently the ratio 
of (4.6) to the product of norms has order of magnitude N/N*/4 = N~!/4, Since &) —& = & —&4 
has order of magnitude JN for all E € S, this is the ratio claimed. 
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The analysis of (3.14) is a bit more complicated because the relation tT; — t2 + 73 — T4 = 0 is 
replaced by the slowly decaying factor (tj — t2 + 73 — t4)~!. It requires a third variant: 


Proposition 4.3. Consider 


4 
/ / (t1 — 12 +13—14) 1] | 8n Ens t)(tm — 2) OE) xe(LE) dA@)dz (4.7) 
FeSca teRt nt 


where gy, > 0, @ > 0, and By > 5 for all n. Leti~ j € {1, 2,3, 4} and let L /R* > R bea linear 
functional satisfying the hypotheses of Proposition 4.1. Then (4.7) is majorized by 


4 
Co] ignllrcey lB"? - [ max(@E){oE))') - max (E1!? 
EeS EcS 


n=1 


+ max @(@) - max (gi — &)17"/?) -max((o@) *)| (4.8) 
EES EcS 


EcS 
for any B <miny Bn. 


While (4.7) is formally similar to (4.3), a significant contribution to (4.7) can arise from a 
region in Fourier space which has no analogue in (4.3). This region contributes an additional 
term in (4.8). In our application, ¢@ will be |W]. 

The factor lE |'/? in (4.8) can be replaced by MaXxzes IL(E )|!/? for any linear functional L such 


that {L, L, & — &2 + &3 — &4} is linearly independent. 
4.2. Proofs of inequalities 
The essence of Propositions 4.1—4.3 lies in the following two simpler inequalities. 


Lemma 4.4. Let i, j,k be the three elements of {1,2,3}, written in any order. Let €:R> +> R! 
satisfy 0€/0&% 40. Then for any nonnegative measurable functions G, gy of two and one real 
variables, respectively, and for any measurable sets E CR! and § C &, the quantity 


3 
if I | gn Gn) G (1 — 2 + &3, & — 8} + &) xs) xe (CE) dé dé dé3 (4.9) 


RB n=1 
is majorized by 
S 1/2: —1/2 
SlGllz2 [| loll 21E| (min\gi — (4.10) 
€ 


n=1 


where the implied constant depends on £. 
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Proof. Consider the case where {i, j} = {1, 2}. Apply Cauchy—Schwarz to majorize by 


1/2 
( / eb toe -F +8) he)dE, 8.6) 


EcS 


2 1/2 
x ([ stenedenxe(e) a0..6.4) : (4.11) 


R3 


The left-hand factor is majorized by < ||G|| ,2||g3|| ,2 (ming |&1 — &2|)~!/; this is seen by first 
fixing €3 and integrating with respect to (1, 2), making the change of variables (&1, &2) tb 


(&| — &,& — &3). 


To analyze the right-hand factor, first integrate with respect to &3, obtaining a bound of 


1/2 
< ie / 1 (61) 85 (E2) dé ats) (4.12) 


since 0£/0&3 #0. Then integrate with respect to (€1, 2). Multiplying these bounds for the two 
factors yields $ [|Glly2 [Tp llgnll,21E1!/? (ming [1 — 21)~"/?. 
The same reasoning applies for other {i, j}; in all cases |§ — §j| arises, rather than 


I&i + § jl. 


Lemma 4.5. For m = 1,2 let Lm:R* > R be linear functionals such that {€, — & + & — 
&4, L1, L2} is linearly independent. Then all nonnegative measurable functions gyn € L2(R!) and 
all measurable sets Ey, C R!, 


4 2 2 4 
[ [ gen) [] xe, (LmE)) dE) ST] Em”? |] lignite. (4.13) 
n=1 


m=1 m=1 n=1 


Q) —, 


Proof. Consider the multilinear form 


4 
Tinea / I | gn Gn)gs(Li@))g6(Lo(€)) da). 


=> n=l 


By Cauchy—Schwarz, 


3 


1/2 
|T (g1,.--,86)| < ( [Tisha 


n=1 


fo 
ro} 


5 m sacl2 
x ( lesen? les(t1®)Ples(2@)? a8) 


a 


378 M. Christ et al. / Journal of Functional Analysis 254 (2008) 368-395 


The first factor is a constant multiple of ean lg; ll2. The assumption that {€ — & + &3 — 
&4, L,, L2} is linearly independent implies that the second factor is likewise proportional to 


6 
TTj=4 lg jll2- 


Proof of Proposition 4.1. Consider the quantity (4.3) given in the statement of the proposition. 
Define A = ming. 5(o (&)) > 1. Introduce p, = tT, — e Since 01 — ~2 + 03 — pa = ay = & + 
& _ &} = o(é), we have (0n) = (a ()) for some n. 

Partition the region of integration into four subregions, according to the index n for which 
On| is largest. By symmetry, it suffices to prove the stated bound for one of these subre- 
gions. Let v € {1, 2, 3, 4} be arbitrary, and consider the subregion consisting of all E satisfying 
|v (E )| = maxy |n (E )|. Partition further into subregions, in each of which (p,) ~ 2“ A for some 
nonnegative integer «, and consider the contribution of any one of these subregions. 

Suppose first that v ¢ {i, 7}. Denote by jz the remaining index, so that {1, 2,3, 4} = {7, j, w, v}. 
The contribution of the subregion under examination is 


< / ( [ 2( Su gi Sj. fi §? &F Pu = Pi pj) ] [angi Pn) 
(pi.Pj PueR? BR n#v 
x (py) P* xs E) xe (LE) d& dé; as, ] [ (en) P* (pi. 1). Py) (4.14) 
nAv 


where the + sign preceding & agrees with the sign preceding &, for eachn € {, i, j}, and where 
the outer integral extends only over those (p;, 0;, 0.) satisfying |On| < |p,| for all n and (py) ~ 
2" A. Here hy (En, On) = 8n(Ens Tr) = Bn (Ens Pn + an and consequently ||hy, lr2 = |I8n llp2- 

Fix (0;, Oj, Ou). The linear transformation 3 ¢ & +> (&,&j,€) € R? is invertible, so there 
is a unique linear functional L: ROR satisfying L(&,é pu) = LE ). The hypothesis on L 
ensures that 0L/ 0&,, # 0. The inner integral thus takes the form discussed in Lemma 4.4, and is 
consequently majorized by 


[oll z2qx2 [| [|] Pn) ll pagqy El? sup(léi =&|-')(2"4) (4.15) 
n#v 


since (py) 2 2" A. 
It remains to bound Tes Sion) S28 A len@, Pn) Il z2<QR1) (Pn) don. If Bn > I then 


[le (, Pn) zaqry (Pn) P" don S Il $n ll -2.cR2) (4.16) 
R 


by Cauchy—Schwarz. If By, > 5 for all n ¥ v then, since A was defined to be mins (co), the desired 
bound is obtained from (4.15) by summation over all integers « > 0. 

Otherwise there remains exactly one index m 4 v such that By, < 5 Then 6 = Bm, and 
By > Bm. Since 2" A ~ (p,) = (Pm) throughout the region of integration, one has 


(aay < (ayn (Pm)Pm Be , 
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This factor of (pm)8"—?, multiplied by the factor of (pm) Pm already present in the integral, 
becomes (m)~*". Since By > 5 the analysis can be completed as above, yielding a bound of 


4 
TT isn llzaceey HEL? sup(6i — 61°" )(2" A) a 


n=1 


The desired bound again follows by summation over x, in the case where v ¢ {i, j}. 

Suppose finally that v € {i, j}; by symmetry, we may suppose that v = i. If we write 
{1,2,3,4} = {i, j,k, 1}, then the equation for 4, together with the hypothesis that 7, j have op- 
posite parity, imply that | — €;| = |&& — &| for all E € &. Thus mins |& — §;| = ming |& — &|, 
so {i, j} can be interchanged with {k, /}. Denote by jz the remaining index, so that {1, 2,3, 4} = 
{u, v, k,l}. The hypothesis on L is formulated so as to be unaffected when {i, j} is interchanged 
with {k, 1}. Therefore the above reasoning again applies. 


Proof of Proposition 4.2. (3.14) is invariant under the permutations (1,2, 3,4) bh (2, 1,4, 3), 
,2,3,4)  G,2,1,4, U,2,3,4) b C,4,3,2), and consequently also (1,2,3,4) b& 
(3,4, 1,2) of the indices. Therefore it is no loss of generality to assume that i = 1, j = 2, 
and k = 4. 

We follow the proof of Proposition 4.1. In the case when v ¢ {1, 2}, because Le ) = &4 does 
not belong to the span of the three linear transformations &1, 2, and €| — &2 + &3 — &4, that proof 
applies without alteration and yields the upper bound (4.4). Since |E|/ ming |&) — &| <1 by 
hypothesis, (4.4) is majorized by a constant multiple of the desired bound (4.5). 

Consider next the case where v = 2. Then because &; — & = —(&3 — &4), Lemma 4.4 can be 
applied with the roles of the indices 2, 4 interchanged to obtain a bound 


1"? max 8 — 31717? -maxlo)) "TL teeisay (4.17) 
€ 


Another bound is also available. Apply Proposition 4.1 with L replaced by LE y= & -— &; 


L belongs to neither the span of {&, &, &| — & +&3—&4} nor the span of {&3, &4, | — & +&3 —&4}, 
so the hypotheses are satisfied. This yields an alternative bound 


max | — &3|!/? - max(|&, — &|)/” - max((o(@)) ‘Teste (4.18) 
EcS EcS Ees 


If maxs |&| — &3| is comparable to ming |&, — &3|, then taking the geometric mean of these two 
upper bounds yields the desired bound (4.5). Decomposing S into subsets S, in which |& — &3| 
is comparable to 2“ for arbitrary « € Z, invoking whichever of (4.17), (4.18) is more favorable 
for each x, and summing over « yields the same bound in the general case. 

Finally, when v = 1, apply Lemma 4.4 with the roles of the indices 1, 4 interchanged, and 
repeat the above discussion for the case v = 2, replacing &; — &3 by & — &3 throughout. The 
reasoning is otherwise unchanged. 
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Proof of Proposition 4.3. Substitute t, = p, + &? and gn(&,T) = Sn(En, Pn) for all n € 
{1, 2,3, 4} to transform the integral into 


‘i me (p1 — 2+ 03 — pat o®) "Ti anton Pnb(E)xe(L(E)) da(E) dp (4.19) 


Rt SCE 


where , has the same L? norm as gp. 
Begin with the region where |p,| < g(o (€)) for all n € {1, 2,3, 4}, which has no counterpart 
in Proposition 4.1. Its contribution is comparable to 


4 
/ [ ] Sn Gn. on) (Pn)~P"(o E)) GE) xe(LE)) dp dr). (4.20) 


SCE ps v= 


Since all £, are assumed to be strictly > 5 applying Cauchy—Schwarz to the integral with respect 
to each variable po, gives an upper bound 


4 
[] mnGo(o @)'b@xe(L@) ar (4.21) 


Scg n=l 


where hn (En) = ||8n (En, DIlz20r!y = Ign (En, lz: 
According to Lemma 4.5, (4.21) is 


SIE? T J lgnllc2cey max(#(E)(o()) ‘1 (y), (4.22) 


since the linear functional L does not vanish weaned on &. 

Consider next the region where max, (p,) > 3 (0 (E )). By symmetry, it is no loss of generality 
to restrict attention to the region where |4| = es |On|. An upper bound for the integral over 
this region is 


a\-1 - 
/ (01 — p2 + 3 — pat a(E))  g4(E4, p4) (04) as) 
R3 SCH |pa|2>maxj<3 |p;| 


3 


3 
x 6) xe (LE) [ ] (gn (Ens On) (on) *") dA) | | don. (4.23) 


n=1 n=1 


Consider the contribution made to (4.23) by the subregion in which (4) is comparable to an 
arbitrary constant A > 2. Since (04) = maxn(~n) 2 (o (E )), necessarily A > (o (E )), and thus 
(P1 — 02+ 3 —pato (E)) < < A. Therefore the innermost integral in (4.23) is majorized by the 
convolution of A~4 9(&4, -) with (04)! - xr-ca,ca} (4), evaluated at p1 — p2 + 3 + o(€). 

Since ||(p4)7! - Xi-ca,cal(payllriaay < log A, the contribution of the region (4) ~ A 
to (4.23) is majorized by 
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CAP log A / / xs (E)Ga(E4, p1 — p2 + p3 +o &)) 


R3 (a) SA 


3 3 
x [| an Gn. Pn) E)xe(LE)) da) | ] (Pn) don (4.24) 


n=1 n=1 
where ||Gall2 < Cllgallz2. GaGa, p1 — po + 03 +0 &)) can be reexpressed as Ga(Ea, pi — p+ 


p3+ & _ éF + E2) where ||G4|| 2 = ||Ga||,2. Summing over dyadic values of A yields for (4.23) 
the upper bound 


cof / Ga(&, pi — p2 + 3 +o E)) 


R3 Sc& 
a . 2 7 a 3 
x T] gn En. pn) Eo @) ” xe (LE) da [ ] (Pn) ~”" don (4.25) 
n=1 n=l 


for any B < Ba. 
This is nearly identical to the expression (4.14) reached in the proof of Proposition 4.1, with 
the factor (p,)~%" in (4.14) now replaced by Cg(a(&)) 8 It suffices to repeat the analysis above 


of (4.14), with the simplification that here all 8,, are > 5. 


5. Conclusion of the proof of Proposition 3.1 
Lemma 5.1. Suppose that s <0, r > —4, and b > 4. Let w(&) = 0h (-1)" En)’. Then 


4 


4 
/ [] (en Gn. tm) (En) "(tm — 63) °)|W@|aa@ dF ST] Ignllze@y. ED 


Rte n=1 n=1 


Proof. It is no loss of generality to assume throughout the proof that ||g,|| 2 = 1 for all n. We 
analyze the integral (3.14) using Proposition 4.3, with @ = yw. Recall the symmetries discussed 
in the proof of Proposition 4.2. These will be used to reduce the number of cases that must be 
discussed in the proof. 

Let N > 1, and consider the contribution to the integral made by the subregion Sj of in- 
tegration in which all (§;) are comparable to N. Because of the symmetries listed above, we 
may restrict attention to the region where |&; — &2| < |& — &4|. Let Sy,a,p be the subregion 
where |& — | ~ AN and |& — &4| ~ B, for arbitrary 0 < A < B <1. We majorize the con- 
tribution of Sy.4,3 = S via the bound given by Proposition 4.3, with L() = & — & and 
E =[—CAN, CAN]. Since |W (€)| < N7°~2|o(€)| < N° AB, this yields the sum of the fol- 
lowing two quantities: 


C|B|'/? max|y&)| max((o())') max |§"/? 


— (AN)'/?1N?’ AB(ABN?) | N12 < Al/2n2s-1 
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and 
C|B|'/? max(|g1 — &4|'/?) max|y@)| max((o())”) 
< (AN)'/2(BN)—"/?(N* AB)(ABN?) ? S AN2571 


since 6 > 5: 

Summing over dyadic values of A < B < 1 gives a total bound of < N?°~! for the contri- 
bution of Sy. Taking the factors (&,)~" into account yields a net bound of < N°~*"—! for the 
contribution of Sy to (3.14). Provided that —r < i _ 55, this is S N~ for some 5 > 0 and 
hence we can sum over dyadic values of N > 1 to majorize the contribution of the entire region 
on which all four quantities (&,) are mutually comparable. Since s < 0, this is a less stringent 
condition on r than the hypothesis —r < jz. 

The relation | — & + 3 — &4 = 0 defining & implies that the largest two of the four quan- 
tities |€,| must remain uniformly comparable. Consider next the contribution of a region of 
integration in which some two variables &, with indices n of opposite parity are large, and at 
least one of the other two variables is comparatively small. Because of symmetries, it is then 
no loss of generality to restrict attention to the region where |&1|, |&2| ~ No, (&3) ~ Nj, and 
(&4) ~ No, where the parameters No, Nj, No > | satisfy No < Ni < No. 

In the subcase in which No ~ Nj, consider the subregion S, where |&4 — &3| = |&1 — &2| has 
some fixed order of magnitude A; necessarily A < N;. There lo (E)| = |) —&4|-|&1 —&2| ~ ANo, 
and 


|W (E)| < |o(Es) — Es)| + |PEr) — 9) SNS TAT NS TAS NGA 6.2) 


since |§| — €2| = |&3 — &4l. . ¥ 7 
Apply Proposition 4.3 with L(é) = &4 — & and @(€) = |w(&)| to the contribution made by 
the region of integration S, to (3.14): 


max|L(@)|'”” max|y (@)| max((o @))') max ||!/? 
SA SA SA Sa 
<al2. NORA ; (AN2)1 Ny!” 


wel» A 
< A'/2N2s-lN 1? = (A/No)'?2N5 2 a (5.3) 


while 
21/2 eg z zy\-P 
max|L(&)| max |& — &4| max| yp (€)| max((o ()) ) 
Sa Sa Sa Sa 
-1/2 a - = 
Al? Ny? NOST A. (AN2)~!? < (A/No) NG’ N35. G.4) 


a 
Since A S No S No, the maximum of these two maxima is < (A/No)'/2No* aN, mee Incorpo- 
rating the factors (§,)~" from (3.14) introduces an additional factor of No = Ny ar leaving a net 
bound 


—4-2r —1_2r 


S(A/No)"2No 2 NG? 


M. Christ et al. / Journal of Functional Analysis 254 (2008) 368-395 383 


Summing over dyadic values of A < No yields a bound 


2s—4h-2r —}-2r 
2 2 
SNo N, 


for the original region. This quantity is S Nj > for some 6 > 0 if (and only if) —r < i: We may 
then sum over dyadic No < N2, then over all dyadic N2. : 
If on the other hand No < MM then A ~ Nj and |w(E)| S No so 


1/2 


max|L )|'/” max|y(€)| max((o €))') max |&|'/? < NI/? NGS - (Nia) NG”, 


eel pe oe de 
giving a net bound of NON, 2 "Ny 4 an which again is < N;° for some 5 > 0 if and only 


if —r < . Likewise 


max|L(E)|/* max |é1 — &4|7!/? max| y(E)| max ((o @))”) 
SN, ENS Pane OND? SNe NO NG, (5.5) 
leading once again to the less stringent requirement —r < i - 5S. 

Because the roles of the four variables &, are not completely symmetric, it is necessary to 
analyze separately the subcase in which again No < DM < p>, but (4) ~ No, (&2) ~ M1, 
and |&1|, |&3| ~ N2. Thus lo (E)| is at least as large as in the above analysis. Since it was raised 
to negative powers above, this new situation is more favorable. Therefore the hypothesis —r < i 
again suffices. 

When the various symmetries between the indices {1, 2, 3, 4} are taken into account, the above 
discussion exhausts all possible cases, and the proof is complete. 


Proof of Proposition 3.1. It suffices to bound ||u(t,-)|| qs for t in the support of fo, since 
T(t) = 0 for other ¢. For such ¢, u(t, x) = ¢,(t)u(t, x) and hence u can be replaced by a (nu 
throughout the above discussion. Thus ||u||y,» can be replaced by ||¢1u|| 7» on the right-hand 
side of the inequality. 


6. Y°® norms 


The purpose of this section is to introduce certain function spaces Y*-?, variants of the spaces 
X°*-> employed by Bourgain [2] and then Kenig, Ponce, and Vega [8] to establish wellposedness 
of the nonlinear Schridinger and Korteweg-de Vries equations. An a priori bound for |u|7u in 
these spaces, in terms of u, will be proved in the following section. 

Proposition 3.1 asserts an a priori upper bound for a solution in C°(H*) in terms of an X”? 
bound. Rather than establishing an X”? bound directly, we will work with Y°?. Whereas the 
usual argument establishing an a priori X°-? bound for a solution breaks down for X*? for s 
strictly negative, it continues to apply for Y°’ when an upper bound in C°(H*) is known. Y¥**? 
strictly contains X 55D but embeds in X”? for certain r < s; see Lemma 6.2. 

Define the scaling operator 


Tyu(t, x) = Au(A7t, Ax); (6.1) 


384 M. Christ et al. / Journal of Functional Analysis 254 (2008) 368-395 


T;, acts on distributions wu defined on R?. It maps any solution of the cubic nonlinear Schrédinger 
equation to another solution. We use the same notation for functions of x alone: 7) f(x) := 
Af (Ax). 

Define also the (rough) Littlewood—Paley projections 


a(é,t) iflEI<N, 


0 if |E| > N. co) 


Penulé, t) = 


We say that a function f is M-band-limited if f(é, T) = 0 whenever |&| > M. 
Fix an infinitely differentiable, compactly supported cutoff function n € Cj° (R!) satisfying 


nO) #0. 


Definition 6.1 (Y°? norm). Let s,b € R with s € [-3, 0]. For any tempered distribution u de- 
fined on R? whose space-time Fourier transform u(&, tT) belongs to i (R2), 


l|Ullyso == sup sup ||n(t — t0)Ty2s (Pen) || yo0- (6.3) 
toERNZI1 


It would be slightly more natural to form an ¢7 norm over a dyadic sequence of values of N, 
rather than a supremum, but the definition used here is a bit simpler to work with, and is sufficient 
for our purpose. Observe that if f is N-band-limited, then Ty2s P<n f is N 142s band-limited. 

For functions f supported in any fixed bounded interval with respect to time rf, 


sup i / | FE, 2) |(E)?9(N4 (x — £7)? dé dt SIF Ro, (6.4) 


(E)~N teR 


although the reverse inequality does not hold®; this inequality can be derived as in the proof of 
Lemma 6.2 below. Because s is negative and b positive, the factor (N*°(t — &7))?? is weaker 
than the corresponding factor (tr — £7)?" that appears in the X°-? norm. Thus X*? embeds con- 
tinuously in Y*-?. 

Our first lemma is a simple consequence of the definition; the proof is omitted. 


Lemma 6.1 (Insensitivity to smooth cutoffs). (1) If h:]R — C is compactly supported and infi- 
nitely differentiable then ||hu|lyso S ||u|lys.» for all u € yo”. 

(ii) Changing the cutoff function n in the definition of Y*? leads to an equivalent norm, 
provided that n € C™ is compactly supported, and not identically zero. 


Remark 6.1. For s < 0, the spaces Y**? are natural from the point of view of the extant H° 
theory. If an initial datum uo for (NLS) is N-band-limited in the sense that #9(€) is supported 
where || ~ N, and if ||voll 7s ~ 1, then uo € H®, but with large norm luoll qo ~ N~*. Hence 
the Cauchy problem with initial datum uo has a solution belonging to X°. This does not follow 
from the usual fixed point argument, since uo may be quite large in H®. Instead one can partition 


8 Forr = (1+4b)s and |&| of some fixed order of magnitude N > 1, the left-hand side of (6.4) is equivalent to the X” ib 
norm squared in the region where |t — £2| 2=N —45. it becomes larger as |t —& 2) becomes smaller than this threshold. 
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the interval [0, t] into sufficiently short subintervals that a fixed point argument applies on each, 
and invoke H° norm conservation. 

An equivalent way to do the first time step is to solve the Cauchy problem for unit time with 
rescaled initial datum 7,,,uo0, where Ay = N 25 then to reverse the scaling. The exponent is 
chosen so that ||7),,, voll 70 < 1 uniformly in N > 1. Successive time steps are done in the same 
way. 


The next simple lemma makes possible the conversion of bounds in Y*’? to the more standard 
spaces X"?, 


Lemma 6.2 (Y controls X). Let s <0 and b > 0. For any A < c and any r < (1+ 4b)s and all 
Schwartz class functions f (t,x) supported where |t| < A, we have 


If llxrno Sf llyso- (6.5) 


The converse inequality is not true; in the region where |t — &7| < (€)~*, the Y*? norm is 
stronger than the X” > norm even for r = (1 + 4b)s. We make this conversion both for the sake 
of conceptual simplicity, and because it simplifies certain calculations later on. 

While Lemma 6.2 is needed to control d@ /dt, a variant will be used in establishing the Y°? 
norm bound. For any real number M > | define the X ae and X ae norms by 


IPPs = fli 1) /M)* le — £2)? de de, 
[alley = Jfles. r)le/M)*(e — £2)? ara, 


Likewise define 
Nelo = [flee oP ee Paes. 
R2 


Lemma 6.3 (Y controls X, refined). Lets <0, bE G. 1), and suppose that n € C°(R) has 
compact support. Let r < (1+ 4b)s. Then there exists C < oo such that for ay f <Y°*, any 


N 21, and any to € R, the function g(t, x) = n(t — to) Ty2s f (t, x) belongs to ben with bound 


r. < S,bD. 5 
Hallet <Cllfllyse (6.6) 


The constant C can be taken to depend only on s, b, r, n. 


Choose any smooth, compactly supported function 7 such that >> jez nt — j) = 1 for all 
teR. 
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Lemma 6.4 (Almost-orthogonality). Let b € R. Let g be any Schwartz function, and define 
gj =n(t — j)g so that g= jez gj. Then the summands gj; are almost orthogonal in xO? 
norm, in the sense that 


1/2 
ligllxo0 < (x lls; Iaas ) (6.7) 


where C < oo depends only on b, n. 


Proof. Introduce the spatial Fourier transform Fg(t,&) = tee Gaye 2 dx. Let J(t) be 
the distribution in S’(R!) whose Fourier transform is (t)?. Then J may be decomposed as 
J = Jo + Joo where Jo is compactly supported and Jog belongs to the Schwartz class. 

Now 


ligllyoo = |Fe x (e® I) | > (6.8) 


where * denotes convolution, taken with respect to the ¢ variable alone for each fixed value of &. 
Since Jog is a Schwartz function, 


1/2 
Fe x (ce Joo) 2 S i leslie) (6.9) 


j 


and since b > 0, |lgjllz2 S Ilgillxoo- 

There exists a finite constant Co, depending only on 7 and on the support of Jo, such that no 
point (¢, x) belongs to the support of g; for more than Co integers j. Because the cutoff functions 
n(t — j) are independent of x, the same bounded overlap property holds for their spatial Fourier 
transforms Fgj(t,&). Because Jo has compact support, it follows that likewise no point (f, &) 
belongs to the support of Fg; * (e!5"! Jo(t)) for more than Co integers j. 

Therefore 


| Fs * (eo) | > S srs ( (Jo) 72 


£F [fen Pte —v9Pace 
j 

So llgilio 
j 


since |Jo| =|J — Jool <|JI HC < (tr)? + < (tr) since b > 0. 


Proof of Lemma 6.2. Let f be given. Let r := (1 + 4b)s. It suffices to show that for all N > 1, 


/ i |FE, v)| (ec — €7)" (6) dé dt Sif ll. (6.10) 
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since summing over all N = 1,2,4,8,... then yields the required bound for all r strictly less 
than (1 + 4b)s. 
Define gj := n(t — j) - Ty2s Pen f, and g := jez gj, as in Lemma 6.4. All but at most 


CN~*S terms in this decomposition vanish identically, because of the hypothesis restricting the 
support of f with respect to t. Moreover f (&,t) = N*°g(N*E, N*r). Consequently a trivial 
majorization of the ¢7 outer norm in (6.7) gives 


IIgllxoo SN~* max [1g ll xo» NSP pe (6.11) 


Now (since 1 + 25 > 0) 


Pi [\fe z)|°( t—é em (E)*" dé dt 


E)~NteR 


= Nes / / |g(N7*é, N* 1) [7x = Py? ey dé dt 


(E)~N tER 
— n2s / / |, 1) (N~*(z = £7)? (N25 @)" dé dt 
(é) \~N 142s TER 
~ N25 . [lee x) ( (N~*(r — £7)" N°" dé dt 
E)~N142s TER 
Aes / [lee z)|°( p= £7)" dé dt 
(é) \~N142s TER 


2s—8bs+2 
i) email "Igllos 


—2s—B8bs-+2r 9 ¢1)2 
Se NS live 


by (6.11). This is S baler under the hypothesis thatr < (1+ 4b)s. oO 


Proof of Lemma 6.3. This argument is nearly identical to the proof of Lemma 6.2, except that 
additional parameters are involved. 

Let f ¢ Y°? be arbitrary. Let g(t, x) = n(t — to)Ty2s f (t,x) and M = N!*?. Consider 
Semiw~a Seer 8, t)|?(E/M)*" (c — &2)? dr dé for arbitrary A > 1. The contribution of the 
region |£| < N!+?5 to this integral is controlled directly by || f ||? 
ther discussion. 

Since Ty2s f(€, T) = fi (N~?5E, N~*5r), the above integral can be reexpressed in terms of 
f(&, t) with |E| ~ AMN~% = AN, thus in terms of F = n(t — to) Ty2s(Pecan f). This func- 
tion F can be naturally decomposed as F = 2s F; where each function Fj(t, x) is supported 


ys» and hence requires no fur- 


where ¢ € J;, each J; C R is an interval of length “Ae, no point of R belongs to more than 2 
intervals J;, the sum exes over at most C.A~*® indices j, and F; satisfies 


/ |FFE, 2) [7(A* (¢ — &2)\ A-* de dé < CA If II2 50. (6.12) 
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This decomposition is obtained by a smooth partition of unity in the ¢ variable, which de- 
composes the portion of f(t,x) with Fourier transform (with respect to x) supported where 
|§| < CAN into summands which (as functions of ¢) are supported on intervals of lengths 
(AN)*. The Y*? norm directly gives a bound for each summand, and substitution via the dila- 
tions Tyy2s yields (6.12). 

By dilating time by a factor of |A|~*, invoking Lemma 6.4, and reversing the dilation, we 
conclude that F = )/; F; satisfies 


if / [PE P(A (2 —£2)PA* dedé S Am? A“* If Rags (6.13) 


whereas an application of the triangle inequality would yield a factor of A~** on the right-hand 
side, the orthogonality expressed by Lemma 6.4 saves a factor of A**. Since (A**(t — &*)) > 
A*S (t — &7), it follows that 


/ / FE, P(e — £2)" acae SAH FY, (6.14) 


Since —2s(1 + 4b) < —2r, this yields the desired bound for the contribution made by F to g, 
that is, the contribution of the region where |§/M|~ A. Since —2s(1 + 4b) is strictly less than 
—2r, summation over dyadic values of A > 1 completes the proof. 


Proposition 3.1 together with the embedding of Y°-” in X” established in Lemma 6.2 yield 


Proposition 6.5. Let Ty < oo, T € [0, To], 5 € (2,0), Be G; 1). For any sufficiently smooth 
solution u of (NLS*) with initial datum uo, 


lel og—ar ary. ney < lols + Cllovll}s. (6.15) 
provided that s <0, b > 5, and —s < 4(1+46)71. 


To use this bound we of course need to control the Y**? norm of u. This will be accomplished 
in the next two sections. 


7. Bound for |u|?u 
The objective of this section is to prove the following nonlinear estimate. 


Proposition 7.1 (Trilinear estimate in ys). Suppose that s > -% and be G, 1) satisfy 


1 
—s <(1+4b)7! mi 
s<(1+4b) min( 5 


a b : et b 7A 
+ 5(1=b), 5 + 5 )). (7.1) 


Then for any u,v, w € ys 


||udw]l ys.b-1 S [leellys.ollvll ys. wll ys.o- (7.2) 
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The product uvw, by virtue of having a locally integrable space-time Fourier transform, con- 
sequently has a natural interpretation as a distribution. 

(7.2) is a variant of a well-known inequality in which Y°** is replaced by X°-° throughout. 
Here there is a tradeoff: Once the parameter N in the definition of Y S.b—! ig fixed, no bound is 
asserted for uowé, t) for |&| >> N, but uw, v, w are allowed to lie in spaces of mildly negative 
order. 


The right-hand side of (7.1) equals % when b = 5: Thus for any s > i there does exist 
b € (5, 1) satisfying (7.1). 


Proof of Proposition 7.1. The definition of the Y°’ norm involves a supremum over N > 1; 
fix N. Set M:= N'*5, Choose r very slightly less than (1 + 4b)s, and recall the 5 ae 
formulated in Lemma 6.3. 

Pair the space-time Fourier transform of uvw with (t — €*)°~! g4(&, t) where gy € L?(R?). 
Substitute for the Fourier transforms of u, v, w as in (3.13). Matters then reduce to showing that 


bound 


4 


4 
/ [ ] (gn En. ta) En/M)~"(t — &2)P") x59(E) da(@) daE) S TT] iignllz2cey 
S 


n=1 n=1 


uniformly for all M > 1, where 6, := b forn <3 and 64 := 1 —b, and So := {E: |&4| S M}. 
Assume with no loss of generality that || gn || ,2;q2) = 1 for all indices n. 

An important special case arises when all |&,| are < M = N'*?5. For this subregion, the 
desired inequality is nothing more than the well-known X°°—! bound for |u|*u in terms of 
lI“lI3.o» (see e.g. [11)). 

Consider next the contribution to the integral of the region where |&,| ~ AM for alln 44 
for some single A > 1. For all such é, lo (E)| ~ (AM)?, so since min(b, 1 — b) = 1 — b, an 
application of Proposition 4.2 with LE ) = &4 yields an upper bound of the form 


Mi/4 
(AM)1/4 


(AM)~20-5) 4-37 = M-20-)) 4 47-2(1-b)~3r (7.3) 


and we need both exponents to be negative. The exponent —2(1 — b) on M is certainly negative 
since b < 1. Thus we need 


: rate b) (7.4) 
r< ; : 
12. 3 


Y*> embeds in xy for all r < (1 + 4b)s uniformly in M > 1, in the sense expressed by 
Lemma 6.3, so this expression is appropriately controlled by the product of Y*? norms provided 
that (7.1) is satisfied. 

A more delicate case arises when |§;| ~ AM with A > 1 for two values of j € {1, 2, 3}, but 
l&,.| ~ BM where B < A/10 for the third index. If n = 2, then o(é) ~ (AM)’, and the above 
analysis applies; the sole change is that one factor of A~" is now merely < B~", which is a more 
favorable bound since B < A andr < 0. Thus it remains only to discuss the case where n is odd; 
by virtue of the symmetries of the problem, it is then no loss of generality to suppose that n = 3. 
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In the subcase where B 2 1, we have jo| 2 AMBM and Proposition 4.2, again with 
L(é) = &4, yields the upper bound 


mMi/4 
(AM)1/4 


(ABM?) "4 2r Bor — 2-5) 4 i 2r—(1-b) p—-r—(1-b)_ (7.5) 


Provided that —r < 1 — b, the exponent on B is negative, so when B > A!/? this is 
1_5 3 

< M~20-5) a~4—3'- 3-9) Tn the case 1 < B < A!/* we invoke instead Proposition 4.1 with 

L = &q4 — & to obtain an upper bound 


(BM)'/? 
(AM)!}/2 


(ABM?) "4 2r Bor — yy-20 b) Bd (1-b)-r 4 4—(1-b)—2r 


1_ 3 5 


since the exponent 5 — (1 —b) —r is positive for b > 5 and r <0, and B < A!/?. This is the 
same bound as obtained above for B > A!/?. The exponent on M is negative since b < 1, while 
the exponent on A is negative if 


1 3 
1—b). TE 
Pa ss ) (7.7) 


Under those conditions, this bound is summable over dyadic values of M, A, B. 

1—b> 45> min(7 + (1 — 5), + FC — b)) for all b € (5, 1), so the condition that 
—r <1—b does not appear in the hypotheses of the proposition. 

If ABM? < 1 then we use the upper bound < 1 for (o) in place of (ABM7)~“'~°), and obtain 


the upper bound 


ids 1 


(BM)!2(AM)~!/2A-2 = BY2A-3 2 <(A-IM NMA 3-2r — a-!-2ry-l (7.8) 


Both exponents are negative for all —r < 7 so this is a less stringent requirement than (7.7). 
Choosing r to be sufficiently close to (1 + 4b)s reduces all these restrictions to the stated 
hypothesis on s. 


8. A priori bound in Y**? 
The next result is the second main inequality underlying our theorems. 


Proposition 8.1. For any s > -*% and be (. 1) satisfying 


1 3 \ ae 
—s <(1+46)7! mi 1—b), 1—b 8.1 
s<(14+4b) min( 75 + 3( Van tak ) (8.1) 
any sufficiently smooth solution u of (NLS*) with initial datum ug satisfies 


3 
le llys.0 S Wellcocasy + lle llyso (8.2) 


where 7 coc) = | : Il cO(—27,2T],H): 
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Proof. Choose r < (1 + 4b)s sufficiently close to (1 + 4b)s. Let N > 1, let 7 be a smooth, 
compactly supported function, and let to € R. Recall that u may be considered to be defined, and 
to satisfy the modified equation (NLS*), for all t € R. 

Consider w(t, x) := n(t — to) Ty2s (u), which satisfies the equation 


iw, + Wey = 11 (t — to) Ty2u + n(t — t0)60(N* (t — t0))|Ty2sul?Ty2su. (8.3) 


It suffices to bound w(é, T) in the region where |t — €7| > 1, for the contribution of the region 
|c — €| < 1 to the X°? norm of w is majorized by < lw ll2(araxy> hence by S ||wll co; 470) 
because as a function of t, w(t, x) is supported in an interval of uniformly bounded length; 
hence this contribution is majorized by < ||u||cocys)- 

We may express w(&, 7) as a constant times (t — £2)-! times the Fourier transform of the 
right-hand side of (8.3). The contribution of the first term on the right is then easily handled, for 
IIn!(t — to) Ty2sttll 22<araxy < CMT y25"ll coezo) < Cllullcocysy. After dividing by (t — €?)~! we 
therefore have a quantity whose norm in X°! is majorized by < ||u IlcocHs)- 

The function n(t — to)¢o(N*(t — to)) may be expressed as 7°(t — to) where 7 € C© 
is real-valued, is supported in a bounded interval independent of N, and is bounded in 
any C* norm uniformly in N. The second term on the right-hand side of (8.3) thus becomes 
ln(t — to) Ty2su|?A(t — to) Ty2su. 


By Lemma 6.3, the norm of 7(¢ — t9)Ty2su in xe 


nyit2s 1S S |lullys.». Proposition 7.1 says that 
the X°- norm of the function whose Fourier transform is (t — é 2)—! times the characteristic func- 
tion of the region |£| < N!*?5 times the space-time Fourier transform of |7)(t — to) Ty2su|"n(t — 


to) Ty2su is majorized by < ||u eee provided that —2+2b< 1— 2b. 


Proof of Theorem 1.1. For any finite T and 5’ > 0, there exists 6 > 0 such that the bounds of 
Propositions 8.1 and 6.5 together imply an a priori upper bound ||u||co(9, 7), 45) < 6’ provided 
that ||voll as <6 and ||u||Coqo,7], 4s) < 25’. 

To prove the theorem, it suffices to show that given any R < oo, there exists ¢9 > 0 such 
that for any ug € H 0 satisfying ||uo|| 47s < R, if u denotes the solution of (NLS) with initial 
datum uo, then T,,u satisfies an a priori C°([0, 1], H*) bound. Because s > -4, the equation is 
subcritical in H*; there exists €g so that ||eug(ex)|| 7s < 6 whenever ||uo|l| ys < RandO<e<e. 
We know that u € C°(H®), hence u € C°(H*). For very small ¢, depending on ||uo| Ho, we have 
T.u Ilc°((0, 1], #5) < 5. 

Now a continuity argument can be applied. If ¢ > 0 has the property that || Tew || coq0,1),Hs) < 
6’, then there exists «’ > ¢ such that Il Tell co(¢0,1.,#8) < 26’, and provided that e’ < eg and €o is 
chosen to be sufficiently small but depending only on R, this implies that || T.'u|| Coq, 11,48) <6". 
Standard reasoning shows that this must then hold for e’ = €9. 


9, Existence of weak solutions 


We now prove a weakened variant of Theorem 1.2 on the existence of weak solutions, showing 
merely that weak solutions exist in L°(H*) M C°(H*’) 1 Y*%-> for all s’ <s. The last detail, 
existence in C°(H*), will be addressed in Section 10. 
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Lemma 9.1. Let s > ->- Let uo € H*, ¢ > 0, and M < o be given. There exist T' > 0 and 
6 > 0 such that for any initial datum vp € H°® satisfying ||vo — uo|l ys < 6, the standard solution v 
of (NLS) with initial datum vo satisfies 


|, €) — (, &)|°(e)? dé <e forall t,, t) € [0, T’] satisfying |t) — | < 6. (9.1) 
IEI<M 


Proof. Fix any b > 5: For any ¢’ > 0 there exists 5’ > 0 such that any w € X°? satisfies 
|w(t1,-) — w(t, Ile S | — fol” wll yoo for all y < b— 5 whenever |t; — t2| < 1, as follows 


from a standard Cauchy—Schwarz calculation. By rescaling we conclude that 
|| Pemu(ti,-) — Pemv(t2,)|) ys < Cult — tol” llvllyso (9.2) 
whenever |t; — t2| < M*. 


We have already established an a priori upper bound for ||u|| ys,» in terms of || vo|| 7», hence in 
terms of ||uvo|| 7» so long as 6 < 1. Consequently 


|5(t1,€) — 8(t, €)[(E)° dé < Cye”? (9.3) 
l§|I<M 


provided that |t; — t2| < 6’M*°. The claim follows. 


Proof of Theorem 1.2. Let s € (-, 0), and then let s’ € (-p, S) be arbitrary. Consider any 
initial datum uo € H*. Let (vo,;) be any sequence of functions in H %(R) such that v0, > Uo 
in H® norm as j > oo. Let v‘/) € X°? be the unique standard solution of the Cauchy prob- 
lem (NLS) with initial datum vg, ;. 

There exist b > 5 and T such that the sequence v) is uniformly bounded in C "(97 28) 
H*°)Y*-? norm. Moreover, the mappings (—2T,2T) Str v(t, Je H® are equicontinuous, 
by virtue of Lemma 9.1 and the inequality 


| FE) (E)2" dé < CM? f [Fs (9.4) 
|§| 2M 


For any large N, decompose v\/) as 


(7) (7) 


GW) — 
ve" = UN: nigh + UN; low 


where oy low (f) €) (= v(t, €) when |&| < N and := 0 otherwise. The equicontinuity of the 
mapping tt v(t, -) € HH’ implies precompactness of fon eat in Cle) for x in every 
bounded region, for every N. A diagonal argument produces a subsequence, denoted again 
by vY), such that for every N, oy low COMVerges in the C °(C™) topology in every bounded 
region. Since v/? is uniformly bounded in C°(H°), there exists a distribution u € D’ such that 


v) —> wu in the topology of D’. 
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Equicontinuity, the uniform upper bound on v in C°(H°) NY 5b and (9.4) together ensure 
(possibly after passage to the limit of some subsubsequence) that u € C CH ’) Ee a AY, 
It follows likewise that u(0, -) = uo(-). The proof that the limit of some subsequence actually 
belongs to C°(H*) will be completed in Section 10. 

It remains to show that u is a weak solution of the equation. To simplify notation, denote the 


nonlinearity by N’(v) := |v|*v. It follows directly from the above convergence that VV (vo! ) ) 


N; low 
converges to NV (ww: low) in CCE) for every N. 
For any ¢ > 0 there exists N such that 
|e) = (OR? oy) [ysroen Se for all j. (9.5) 


This follows from the basic trilinear estimate, Proposition 7.1, since vo high is arbitrarily small 


in y°? provided N is sufficiently large, while the low part is bounded uniformly in NV. Likewise 
N(u) — N (uy: tow) is < € in ¥*-9-! for alll j. 

These conclusions together imply that V(vY)) > N(u) in the topology of D’. Since v is 
a solution of (NLS), it follows that wu is likewise a solution. 


10. Continuity in time 


Since weak limits cannot be taken directly in spaces C°(H*), some additional argument is 
needed to ensure that the weak limits constructed above do belong to these spaces. In this section 
we bridge that gap by establishing a certain limited equicontinuity with respect to time. 

Recall the expressions y(t, u) = te |a(t, €)|?p(€) dé. Additional control on the solution u 
can obtained by analyzing ®,(t,u) for weights y which are more general than (E)*5, and are 
specifically adapted to the initial datum uo (cf. the “frequency envelopes” used for instance 
in [12]). We have actually proved the following statement more general than that announced 
earlier. 


Lemma 10.1. Let s > -4 and s' € (s,0). For any nonnegative C* weight function satisfying 
eE <6", EDS EPTT' GME) SE), (10.1) 
for any initial datum ug € H®, the standard solution u(t, x) of (NLS) satisfies 
|S, (t,u) — yO, u)| < Cully s- (10.2) 
From this can be extracted a high-frequency continuity result. 


Lemma 10.2. Let s > -4. Let ug € H*® and € > 0 be given. There exist 5 > 0 and N <0o such 
that for all vo € H® satisfying \|vo — uoll ys <4, the standard solution v of (NLS) with initial 
datum vg satisfies 


|O@, 2) (E)?° dé <e (10.3) 
\g| DN 


for allt € [0, T]. 
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Here the timespan T € (0, oo) is fixed, and it is assumed that ||vo|| 7» is sufficiently small 
that the proof of Theorem 1.1 applies to all smooth solutions with initial data satisfying 
llvo — uollas < 40, where 59 depends on T. 


Proof. Fix any exponent s’ € (s,0). Let ¢ > 0 be given. Choose M < oo so that 
Seem |@o(E)|7 (E)*5 dé < e*. Then there exist a large parameter M’ > M and a weight func- 
tion y satisfying the three inequalities hypothesized in Lemma 10.1, with exponent s’, such 
that 


e !(E)> > p(E) > (é)* for all é, (10.4) 
g(é) =e '(&)** for all |E| > M’, (10.5) 
g(é) = (&)* for all |&| < M. (10.6) 


M',g depend on « and on s’. The conclusion (10.2) of Lemma 10.1 holds with a constant C 
independent of M, e. 
Thus by (10.2), 


J \e@P owas <2 / lap(é)|"p@) dé +2 / |e) — MCE)" oe) aé 


\§|>M’ \§|2M’ |§| 2M’ 


< 2¢ + Collvo — uoll3ys (10.7) 


where Cy depends on 9, hence ultimately on ¢. Therefore there exists 6 > 0 such that 


| (E)| OE) dé <3e (10.8) 
|§| 2M’ 


for every vo € H® satisfying ||v9 — uoll ys <6. 

For such initial data vo, the associated solutions v have uniformly bounded Y 5,b norms, with 
a bound independent of ¢, provided that 6 is sufficiently small. Therefore by Lemma 10.1, 
Pg(t,v) = te |0(t, £)|?p(E) dé is bounded by a finite constant independent of ¢, M, M’ uni- 
formly for all t € [0, 7]. Therefore since (€)*° < ey(E) for all |E| > M’, 


Joa. E) 7G) dé <e i la.) oe) dé <e, (10.9) 
|| 2M’ |§|>M’ 


provided that t € [0, 7] and ||vo — uoll as <6. 


Thus if uo, vf? are initial data with ug € H* and yf? € H®, and if v¥) — up in the H® norm, 
then the corresponding standard solutions v\ form an equicontinuous family in C°(H*). There- 
fore passage to the limit through an appropriate subsequence produces a solution in C°(H*), 


satisfying the other conclusions of Theorem 1.2. 
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Remark 10.1. Lemma 10.2 has the following direct consequence. Let s > ->- If there exists 
r > —oo for which the solution mapping from datum to solution of (NLS) is continuous from H* 
to C°({0, 7], H”), then the solution mapping is continuous from H* to C°({0, T], H°). 
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1. Introduction 


The Elliott program for the classification of amenable C*-algebras might be said to have begun 
with the K-theoretical classification of AF-algebras [8]. (This was closely related to the Bratteli 
diagram classification given earlier in [3], but differed in introducing the K-functor.) Since then 
(but only after a fifteen-year hiatus), many classes of amenable C*-algebras have been found to 
be classified by their Elliott invariants. Among them, one important class is the class of simple 
unital inductive limits of homogeneous C*-algebras (AH-algebras for short). In this paper, by a 
unital homogeneous C*-algebra, we refer to a C*-algebra which is isomorphic to 


PMn(C(X)) p 


for some compact Hausdorff space X, and some projection p in M,(C(X)). (Noted that these 
C*-algebras are exactly the homogeneous C*-algebras with trivial Dixmier-Douady class. See, 
for example, p. 14 of [1]. In general, a homogeneous C*-algebra may not have this form.) In [16] 
and [14], Elliott, Gong, and Li showed that C*-algebras in this class can be classified by their 
Elliott invariant, provided that the dimensions of the base spaces of their building blocks are 
uniformly bounded. (Such AH-algebras are referred as AH-algebras without dimension growth.) 
Many naturally arising C*-algebras—for instance, the irrational rotation C*-algebras [12]—are 
known to be AH-algebras without dimension growth. (Note that AH-algebras not in this class 
were constructed by Villadsen in [33] and [34].) 

A very important axiomatic version of the classification of the AH-algebras without dimension 
growth was given by Huaxin Lin. Instead of assuming inductive limit structure, he started with a 
certain abstract approximation property, and showed that C*-algebras with this abstract approxi- 
mation property and certain additional properties are AH-algebras without dimension growth [18, 
20,21,23]. More precisely, Lin introduced the class of tracially approximate interval algebras— 
TAl-algebras for short. Recall that an interval algebra is a C*-algebra isomorphic to F ® C([0, 1]) 
for a finite-dimensional C*-algebra F'. Then TAI-algebras are defined by the following. 


Definition. A unital C*-algebra A is a TAI-algebra if for any ¢ > 0, any finite subset F C A, and 
any non-zero a € A‘, there exist a non-zero projection p € A and a sub-C*-algebra J C A such 
that 7 is an interval algebra, 1; = p, and for all x € F, 


(1) llxp — pxll <e, 
(2) there exists x’ € I such that || pxp — x’|| < e, and 
(3) 1— p is Murray—von Neumann equivalent to a projection in aAa. 


The classification theorem for TAI-algebras was given by Lin in [23]. (The second author also 
contributed to the final part of this work; see [26].) 


Theorem. (See [23].) Let A and B be two simple amenable unital TAI-algebras satisfying the 
UCT. Then A is isomorphic to B if the Elliott invariant of A is isomorphic to the Elliott invariant 
of B. Moreover, the isomorphism between the algebras can be chosen in such a way that it 
induces the given isomorphism between the invariants. 


Since AH-algebras without dimension growth are TAI-algebras by the work of Gong [16], 
and since AH-algebras exhaust the invariant for the class in question (see [32], combined with 
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Lemma 10.9 of [23]; see also Corollary 4.20 below), the TAI-algebras which are classified by 
the theorem above must be AH-algebras. Thus the theorem above also provides a method to ver- 
ify whether a given C*-algebra is an AH-algebras. In this way, the higher-dimensional simple 
noncommutative tori were shown to be AT-algebras in [22] and [29], and the crossed-product 
C*-algebras arising from certain minimal homeomorphisms were shown to be AH-algebras 
in [24]. 

Motivated by Lin’s work on AH-algebras and TAI-algebras, the second author succeeded on 
using the axiomatic approach to obtain a classification for certain simple inductive limits of 
subhomogeneous C*-algebras in his PhD thesis [27]. More precisely, C*-algebras which can be 
tracially approximated by splitting interval algebras—TASI-algebras for short—were introduced 
and studied in [27]. Under a certain assumption on the value of the invariant arising—to be shown 
now to be redundant!—these C*-algebras were classified. Recall that a splitting interval algebra 
is defined as follows. 


Definition. Let k be a natural number and (k; = {ki1,..., kij,})i=0,1 be two partitions of k. (All 
numbers non-zero.) The splitting interval algebra S(ko, k,) is defined as follows: 


S(ko, k1) == { f © M(C((0, 1])); f@ € Mx, (C) @--- ®Mg,, ©, i =0, 1}. 


These building blocks were introduced by Su in his work [31], in which he classified simple 
unital inductive limits of splitting interval algebras with real rank zero. General unital simple 
inductive limits of splitting interval algebras were classified by Jiang and Su in [17]. These au- 
thors also pointed out that there exist simple inductive limits of splitting interval algebras with 
Ko-groups failing to have the Riesz decomposition property, which is one of the properties held 
by simple AH-algebras without dimension growth. (Such examples were also constructed by the 
first author in [11].) 

The classification theorem of [25] or [27] was as the following. 


Theorem. (See [25,27].) Let A be an amenable simple separable TASI-algebra which satisfies 
the UCT: If there exists a C*-algebra B which is a simple unital inductive limit of splitting interval 
algebras together with certain basic homogeneous C*-algebras (specified in [27]; see also below, 
where we refer to these algebras as the Gong standard homogeneous algebras), such that 


(Ko(A), Ko(A)™, [alo, Ki(A), T(A)) = (Ko(B), Ko(B)*, [1a]o, Ki(B), T(B)), 


then A = B. Moreover, the *-isomorphism can be chosen to induce the given isomorphism be- 
tween the invariants. 


As one can see, the above classification theorem covers a priori only a subclass of TASI- 
algebras, namely, those with the same invariant as an inductive limit C*-algebra of certain kind. 
The main purpose of the present paper is to show that the assumption of the theorem is satisfied 
automatically. 

Recall that the Gong standard homogeneous C*-algebras consist of 


(1) matrix algebras over the C*-algebras of continuous functions on 77, and 
(2) matrix algebras over the C*-algebras of continuous functions on S! v--- Vv S! v T3, ki Voor 
T3,k;> 
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where 7> x is the two-dimensional CW complex obtained by attaching a two-dimensional disk D 
to S! via a map S! (= aD) => S! of degree k, and T3, is the three-dimensional CW complex 
obtained by attaching a three-dimensional ball B to S* via a map S* (= 4B) — S? of degree k. 
(See [13,16], and [14].) We shall prove the following theorem in this paper: 


Theorem A. Let .Y be a class of splitting tree algebras containing the interval algebras, and 
let A be a simple separable C*-algebra in the class TA.Y. There exists a simple inductive limit 
C*-algebra B of C*-algebras in the class ' consisting of S together with the Gong stan- 
dard homogeneous C*-algebras such that the Elliott invariant of A is isomorphic to the Elliott 
invariant of B. 


Hence with .Y the class of splitting interval algebras, we have that for any TASI-algebra, 
there is a simple inductive limit C*-algebras of certain building blocks which shares the same 
invariant. As a consequence, the class of all separable simple amenable TASI-algebras satisfying 
the UCT is classified by the Elliott invariant. 

The proof of this theorem is quite different from the proof for TAI-algebras. For a unital simple 
TAI-algebra, the Ko-group is weakly unperforated and has the Riesz decomposition property, and 
the pairing map preserves extreme points. Thus, by the Effros-Handelman-Shen type theorem 
for simple AH-algebras without dimension growth given by Villadsen in [32], the invariants 
of such AH-algebras and the invariants of TAI-algebras coincide. However, we do not have an 
Effros-Handelman-—Shen theorem for simple inductive limits of our building blocks (whether 
splitting tree algebras, or just splitting interval algebras). 

The main argument of the decomposition theorem (Theorem A) uses the following local crite- 
rion (Lemma 3.1) to determine whether an ordered group is an inductive limit of certain building 
blocks. 


Lemma. Let G be a set of ordered groups closed under direct sums and containing the group 
of integers with the usual order, and assume that the positive cone of every group in G is finite 
generated. Then a countable ordered group G is an inductive limit of ordered groups in G if G 
has the following lifting property: 

For any G, €G, any ordered group homomorphism 0 : G, —> G and any a € ker(@), there 
exist Gz € G and ordered homomorphisms t:G, — G2 and 0': Gz — G, such that t(a) = 0 and 
the following diagram commutes: 


G2 


ie 


Ci G. 


Let G be the ordered group Ko(A), where A is a simple C*-algebra which can be tracially 
approximated by splitting tree algebras (a class of subhomogeneous C*-algebras which contains 
the class of splitting interval algebras). We are going to show that the ordered group G satisfies 
the criterion above for the class G consisting of the ordered Kg-groups of certain splitting tree 
algebras, and hence the ordered group G is an inductive limit of ordered groups in G. Further- 
more, we show that the groups G; and G2 in the lemma above can be chosen in such a way that 
a large piece of them comes from a splitting tree algebra sitting inside A, and the restrictions 
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of the lifting maps to these large pieces are induced by maps between the splitting tree algebras 
which come from the tracial approximation structure and the semiprojectivity of the splitting tree 
algebras. Therefore, we get an inductive system (not necessary unital) of certain splitting tree al- 
gebras sitting inside large pieces of A, such that the inductive system realizes most of the torsion 
free part of the Ko-group and the pairing map of A. Then, we shall put suitable Gong standard ho- 
mogeneous C*-algebras into the inductive system to make it to be a unital inductive system, such 
that it realizes the K1-group and the torsion part of Ko-group. Since these new building blocks 
only sit inside small pieces of the new inductive system, it will not change the pairing map. In 
this way, we construct an inductive limit C*-algebra using certain special building blocks, such 
that its Elliott invariant is isomorphic to that of A. 

In the final section of this paper, we report some results on the tracial approximation by 
general C*-algebras, showing that certain properties of C*-algebras in a class @ are possessed 
by simple C*-algebras which can be tracially approximated by C*-algebras in @. More precisely, 
we investigate the following properties: 


(1) being (stably) finite; 

(2) having stable rank one; 

(3) having at least one tracial state; 

(4) the strict order on projections is determined by traces; 

(5) any state on the Kg-group comes from a tracial state of the algebra; 

(6) if the restriction of a tracial state to the order-unit Ko-group is the average of two distinct 
states on Ko, then it is the average of two distinct tracial states; 

(7) the canonical map from the unitary group modulo the connected component containing the 
identity to the K;-group being injective. 


2. TAS-algebras 


In this paper, -¥ denotes the class of finite-dimensional C*-algebras, and .¥ denotes the class 
of interval algebras (recall that an interval algebra is a C*-algebra isomorphic to F @ C([0, 1]) 
for a finite-dimensional C*-algebra F’). If A is a unital C*-algebra, let us denote by T(A) the 
simplex of tracial states of A. If a, b are two elements of a C*-algebra A, a =, b means that 
||a — b|| < e. If B is a subset of A, then for any a € A and ¢ > 0, the notation a €, B refers to 
the relation that there is an element b € B such that ||b — all <. 

Recall that a splitting tree algebra is a certain subhomogeneous C*-algebra defined as follows. 


Definition 2.1. (See {3/].) Let T be a tree (as a topological space) with finitely many vertices 


{vj a , k be anatural number, and (k; = {kj1,..., kij; yer , ben partitions of k (with all numbers 
non-zero). The splitting tree algebra S (k,,...,kn; T) is defined as follows: 


Ski... :kniT) = {f €Me(C)): fi) € Mg, (C) ® ++ ® My, (C) for all i}. 


Let us call the vertices {v;} the singular points of S. In the case that T consists of only two 
vertices, let us call S a splitting interval algebra. 


Following the notion of Lin on the tracial approximation by interval algebras, let us consider 
tracial approximation by more general C*-algebras. Let @ be a class of unital C*-algebras. Then 
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the class of C*-algebras which can be tracially approximated by C*-algebras in @, denoted by 
TA@, is defined as follows: 


Definition 2.2. A unital C*-algebra A is said to belong to the class TA@ if for any ¢ > 0, any 
finite subset F C A, and any non-zero a € A‘, there exist a non-zero projection p € A and a 
sub-C*-algebra C C A such that C € @, 1c = p, and for all x € F, 


(1) llxp — pxll <e, 
(2) pxp €¢ C, and a 
(3) 1— p is Murray—von Neumann equivalent to a projection in aAa. 


Lemma 2.3. [f the class @ is closed under tensoring with matrix algebras, or closed under taking 
unital hereditary sub-C*-algebras, then TAG is also closed under passing to matrix algebras or 
unital hereditary sub-C*-algebras. 


Proof. Let us only verify the lemma for unital hereditary sub-C*-algebras. The matrix algebras 
can be verified similarly. 

Let A € TA@, and consider the unital hereditary sub-C*-algebra eAe where e is a projection 
in A. Let us show that eAe € TA@. 

For any ¢ > 0 (without loss of generality, let us assume that ¢ < 1/32), any a € (eAe)™, and 
any finite subset F in the unit ball of eAe, since A € TA@, there is a sub-C*-algebra C with 
p=l1c and C € @ such that for any x € F U {e}, 


(1) llxp — pxll <é, 
(2) pxp €- C, and a 
(3) 1— pis Murray—von Neumann equivalent to a projection in aAa. 


Therefore, there is a projection e2 € eAe such that ||e2 — pep|| < 4e. Since pep €, C, there 
is a projection e5 € C such that ||e2 — e5|| < 8¢. Therefore, there is a unitary u with ||u|| < 16¢ 
such that e2 = uehu*. 

Consider the sub-C*-algebra C’ := uCu*. We assert that e2C’e2 satisfies the lemma. Indeed, 
since e2 € eAe, we have that e2C’e2 € eAe. For any x € F C eAe, 


€2X€2 =4e (pep)x (pep) = (pep) pxp(pep) =4e €2 PXPC2 =16e €2U(PXP)U* er Ee €2C’er, 


therefore e2xe7 €33¢ e2C'e>. 
Moreover, for any x € F, we have 


X€2 =4e X(pep) =e X( Pe) =e PEPX =e €2X, 


therefore, ||xe2 — e2x|| < 10e. Since ||(e — e2) — (1. — p)e(1 — p)|| < 8, the projection e — e2 
is Murray—von Neumann equivalent to a projection in aAa. Therefore, the C*-algebra eAe is in 
the class TA@. 


The class TA.¥ is the class of tracially AF C*-algebras [21], and TA.% is the class of 
C*-algebras of tracial topological rank one (TAI-algebras) in sense of Lin [23]. If .7 denotes 
the class of finite direct sums of splitting tree algebras, for convenience, we shall refer to the 
C*-algebras in TA.Y as TAS-algebras. 
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The following lemma provides a criterion for the stable finiteness of simple separable 
C*-algebras in TA@. (In fact, the lemma only uses the conditions (1) and (2) of Definition 2.2.) 


Lemma 2.4. Let @ be a class of unital C*-algebras. Suppose that for any C*-algebra C € @, 
there is a unital *-homomorphism from C to a matrix algebra Mx(C) (with k > 0). Then 
any separable simple unital C*-algebra satisfying the conditions (1) and (2) of Definition 2.2 
with respect to the class @ can be unitally embedded into the asymptotic sequence algebra 
TL, Mz, (C)/ B; Mz, (C) for some sequence of positive integers ky. In particular, it has at least 
one tracial state and is stably finite. 


Proof. Let A be a separable simple unital C*-algebra which satisfies the conditions (1) and 
(2) of Definition 2.2. Choose a countable dense subset F = {a,,d2,...} of the unit ball of A 
with a; = 1, and set e, = 1/2” forn = 1,2,.... Applying the conditions (1) and (2) of Def- 
inition 2.2 to é, and F, = {a,,...,a,}, we obtain a sub-C*-algebra C, € @ and a projection 
Pn = 1c, such that prdi Pn €e, Cn and || pnai — ai Pn|| < én for all a; with 1 <i <n. Picka 
unital *-homomorphism ¢, : Crp — My, (C) for some k,. By Arveson’s extension theorem, there 
exists an extension of ¢, to a positive linear contraction from p, Ap, to the same matrix alge- 
bra; denote this still by ¢,. Then ®,, defined by %,(a) = ¢,(pap), a € A, is a positive linear 
contraction from A to the matrix algebra Mg, (C) with ||®,(ajaj) — ®n (ai) Pn (aj) || < 2én and 
| Pn (ai*) — Bn(aj)* || < 2e, for any 1 <i, j <n. 

Applying this procedure for each n, we obtain a sequence (@,,) of unital positive linear 
contractions from A to various matrix algebras—the sequence (My, (C))—with the approxi- 
mation properties as above. The unital map ® from A to the asymptotic sequence algebra 
TL, Mz, (C)/ @,, Mz, (C), which is induced by the Cartesian product of (®1, ®2,...), is then 
a unital «-homomorphism. By simplicity of A, the «-homomorphism ® maps A injectively into 
the asymptotic sequence algebra [],, Mz, (C)/ @,, Mz, (C). 

Since the asymptotic sequence algebra [],, Mx, (C)/@,, Mx, (C) has tracial states, the 
C*-algebra A (being a unital sub-C*-algebra) has at least one tracial state. Since A is simple, it 
follows that A is stably finite. 


Corollary 2.5. Any separable simple TAS-algebra can be embedded into the asymptotic sequence 
algebra | |,, Mx, (C)/ @,, Mx, (C) for some positive integers ky. In particular, such a C*-algebra 
has at least one tracial state, and hence is stably finite. 


Proof. For any splitting tree algebra S and any point ¢ in its spectrum, there is a unital 
*-homomorphism from S' to a non-zero matrix algebra consisting of the evaluation map at the 
point t. Thus, the corollary follows from Lemma 2.4. 


The following lemma concerns the sizes of the matrix algebras in Lemma 2.4. 


Lemma 2.6. Let A be a C*-algebra of Lemma 2.4. If A is not of type I, then the sizes of the 
matrix algebras My,, are unbounded. 


Proof. Suppose that this were not true. Then A can be embedded into an asymptotic sequence 
algebra | ],, Mz, (C)/ ®,, Mz, (C) with {k,} uniformly bounded. But [],, Mz, (C)/@,, Mz, (C) is 
a type I C*-algebra (it is a quotient of the type I C*-algebra [],, Mx,,). Therefore, A must be of 
type I, which is in contradiction with the assumption. 
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Recall that a C*-algebra has the property (SP) if every non-zero hereditary sub-C*-algebra 
of A contains a non-zero projection. Let @ be a class of C*-algebras, and let A € TA@. If A 
does not have the property (SP), then there is a € A* such that the hereditary sub-C*-algebra 
aAa does not contain non-zero projection. Apply Definition 2.2 to any finite subset F, any «, 
and a, we conclude that A can be approximated by C*-algebras in @. This observation will be 
used several times in Section 4 in which certain properties of C*-algebras in @ are shown to be 
inherited by C*-algebras in the class TA@. 

However, if only the conditions (1) and (2) of Definition 2.2 are satisfied with respect to 
splitting tree algebras, then the property (SP) holds automatically. More precisely, we have the 
following proposition. 


Proposition 2.7. [f a separable simple unital C*-algebra A satisfies the conditions (1) and (2) of 
Definition 2.2 with respect to splitting tree algebras, then A has the property (SP). 


Proof. We must show that for any non-zero positive element a, there is a non-zero projection in 
aAa. Given such an element a, without loss of generality, we may assume that ||a|| = 1. 

For any ¢ > 0, there exists a sub-C*-algebra S with unit p (not necessarily equal to 1) such that 
there is an element b € S* with || pap — b|| < € by the conditions (1) and (2) of Definition 2.2. 
We assert that we may choose S and b such that for any irreducible representation 2 of S, the 
norm of z(b) is greater than | — e. 

Suppose that this were not true. Then there exists an ¢9 > 0 such that for any S, and b, 
obtained by the conditions (1) and (2) of Definition 2.2, there exists an irreducible representa- 
tion z, of S, such that the ||7z,(bn)|| < 1 — eo. By the proof of Lemma 2.4, these irreducible 
representations induce a unital «-homomorphism ® from A to an asymptotic sequence algebra 
TL, Mix, / Q@,, My,,, Sending a to the quotient of the Cartesian product (7 (b1), 72(b2), ...). Since 
ln (bn) || < 1 — €0 for any n, it follows that ||®(a)|| < 1 — eo. But since A is simple, the unital 
map ® must be injective, and thus is isometric. This is a contradiction to the assumption that 
lal] = 1. 

Therefore, we may assume that for any ¢ > 0, there exist a sub-C*-algebra S of A with 
unit p, and b € S* such that || pap — b|| < «e, ||pa — ap|| < €, and the norm of b is greater 
than 1 — € pointwisely on the spectrum of S. By perturbation methods as for interval algebras 
[10], we may assume that b does not have multiple eigenvalues in each canonical quotient of S. 
Therefore there exists a projection (a spectral projection) g € S such that ||¢b—q|| < ¢, and hence 
l|gpap — q|| < 2e. Since || pa — ap|| < €, we have that ||¢ (pap) — gpa|| < 3e. Thus we have that 
lq —qpal| < 4, and ||q — apgpal| < 8¢. Since q is a projection, the element apqpa € aAa has 
disconnected spectrum when ¢ < 1/16. By functional calculus, there is a non-zero projection 
in aAa. 


Let (G, Gt, u) be an order-unit group. Denote by S(G, G*, u) the convex set of order-unit 
group homomorphisms from (G, GT, u) to (R, RT, 1). It is compact with respect to the point- 
wise convergence topology. In the case that there is no confusion, we write S(G) for S(G, GT, u) 
in short. Any element in S(G, G*, u) is called a state of the order-unit group (G, GT, u). The 
real-valued affine functions on the convex set S(G, G*, u), denoted by Aff(S(G, G*, u)), is an 
order-unit vector space with respect to positive functions as the positive cone and the constant 
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function 1 as the order unit. Note that there is a canonical order-unit homomorphism p from 
(G, Gt, u) to Aff(S(G, GT, u)), defined by 


p(g)(s) =s(g) 


for any g © Gands € S(G). 

Let A be a unital stably finite C*-algebra. Then (Ko(A), Ky (A), [1]o) is an ordered-unit 
group (see [2]). Moreover, any tracial state t of A induces a state of (Ko(A), Kj (A), [1]o) by 
the restriction to projections of matrix algebras of A. This defines an affine map from T(A) to 
S(Ko(A)). We shall refer it as the pairing map (between the simplex of traces and the order-unit 
Ko-group), and denote it by r4. Then the Elliott invariant of A is defined as the tuple 


((Ko(A), Kj (A), [1Jo), Ki(A), T(A), ra). 


This invariant has been shown to be the complete invariant for simple unital AH-algebras without 
dimension growth (the same class as the simple separable unital amenable TAI-algebras satisfy- 
ing the UCT). (See [14,16], and [23].) 


3. The Elliott invariants of TAS-algebras 


Let .Y denote a class of splitting tree algebras which contains all interval algebras and is 
closed under taking finite direct sums. For example, .“ may denote the class of all splitting in- 
terval algebras. Any C*-algebra in the class .Y can be generated by a finite subset with respect to 
stable relations (see [7]). (Explicit generating sets and relations for certain splitting tree algebras 
are found in [28].) 

As shown in Section 4, any simple separable C*-algebra A in TA.Y has stable rank one (see 
Corollary 4.4), and thus has cancellation property for equivalent class of projections. Moreover, 
the strict order on projections of A is determined by traces, and thus A has weakly unperforated 
ordered Ko-group (see Corollary 4.14). 

We shall investigate the Elliott invariant of C*-algebras in the class TA.%, showing that for 
any simple separable C*-algebra A € TA.Y, there exists a simple C*-algebra B, of an inductive 
limit of Y’ contaning .Y and the Gong standard homogeneous C*-algebras, such that the Elliott 
invariant of A is isomorphic to the Elliott invariant of B. 

Fix a simple separable C*-algebra A € TA. be. Let (F,,) be an increasing sequence of fi- 
nite subsets of A with dense union, and let (¢,) be a decreasing sequence of positive numbers 
converging to zero. Since A belongs to the class TA.Y, there is a sub-C*-algebra S of A in the 
class .Y, such that if p; denotes 15,, then for any a € Fj, 


(1) I|pia—apil| <1, 
(2) prapi €e, Si, and 
(3) t(14 — pi) < & for any t € T(A). 


Let S| denotes the finite set consisting of b. 

We may assume that F2 is sufficently large such that F2 contains a generating set of $;. Since 
A belongs to the class TAY, for any e’ > 0, there is a C*-algebra Sz of A which belongs to the 
class .Y, such that if p2 denotes 15,, then for any a € Fp, 
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(1) |lp2a — ap2|| <e', 
(2) prap2 €, Sz, and 
(3) t(14 — p2) <eé’ for any t € T(A). 


We may assume that ¢’ is sufficiently small such that there is a x-homomorphism ¢, : Sj > S2 
satisfying 


ob) — p2bp2 | <e foranybeS}. 


Repeating this procedure, we obtain an inductive system (not necessarily unital) (S,, dn). 
Denote by S the inductive limit C*-algebra of (S;,, 6,). Since each S, are unital, S is a stably 
finite C*-algebra with an approximate unit {e,} consisting of projections. Denote by T,,(S) the 
set of traces t on S satisfying sup, T(é€,) = 1. It is a Choquet simplex. Also denote by S,, (Ko(S)) 
the set of the positive homomorphisms s from Ko($) to R such that sup, s([én]) = 1. The same 
argument as that of Lemma 10.8 of [23] shows that there exist affine continuous isomorphisms 
t:Ty(S) > T(A) and s:S,(Ko(S)) — S(Ko(A)) such that the following diagram commutes: 


S(Ko(A)) <—“— T(A) 


Sw (Ko(S)) <——— Tw (S). 


In the following part of this section, we shall construct a new inductive system (Cy ® Sn, #),) 
based on (S;,,¢,) where C, are the Gong standard homogeneous C*-algebras (see 3.3), such 
that B := lim(C, ® S,) is simple and the K-theory of B is isomorphic to that of A. More- 
over, the C*-algebras C, and the maps ¢/, are chosen in such a way that T(B) is isomorphic 
to T,(S), SC(Ko(B)) is isomorphic to S,(Ko(S)) and hence isomorphic to S(Ko(A)), and the 
map rg: T(B) > S(Ko(B)) is compatible with the map r;. Moreover, the isomorphism between 
S(Ko(B)) and S(Ko(A)) is also compatible with the isomorphism between the Ko-groups. Thus 
the pairing maps between the simplex of traces and the ordered Ko-group of A is isomorphic to 
that of B, and the Elliott invariant of A is isomorphic to the Elliott invariant of B. 


3.1. Two ordered group lemmas 


In analogy with Chao-Liang Shen’s local criterion for dimension groups, we have a local 
criterion to determinate whether an ordered group is an inductive limit of certain basic building 
blocks. Let G be a set of ordered groups closed under direct sum and containing the group of 
integers with the usual order. Furthermore, let us assume that the positive cone of every group 
in G is finitely generated. Then we have 


Lemma 3.1. A countable ordered group G is an inductive limit of ordered groups in G if G has 
the following property: 

For any G, €G, any ordered group homomorphism 0: G, — G and any a € ker(9), there ex- 
ist G2 € G and ordered group homomorphisms t: G, — G2 and 0’: G2 > G, such that t(a) = 0 
and the following diagram commutes: 
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G2 


Le 


G| ——> G. 
6 


Proof. The proof is similar to the case considered by Shen. Since G is countable, we may write 
Gt = {g1, g2,...}. To prove G is an inductive limit of G, it is enough to construct the following 
commutative diagram: 


where 6; and 1; are positive homomorphisms such that ker(@;) C ker(z;) and j Gy =G. 

Take G; = Z and define 0;:n  ng,. Now, assume the diagram is well defined for G, 
with 6,:G, — G. Then, take ':G, > G, ® Z by s + (s,0), and k:G, 6 Z > G by 
(s,m) > 6,(s) +mgy. Since G, ®Z € G, there are an G, + € G and a positive homomorphisms 
On41: Gna > G,u":Gy ® Z > Gy41 such that ker(«) C ker(v’”) and we have the following 
commutative diagram: 


On 
Gn >G 
tna’ ou! Gr,@OZ id 
re 
G G. 
ons On+1 


It is easy to verify that ker(6,) C ker(u,). Therefore, the ordered group G is isomorphic to the 
inductive limit of {Gp, tn}. 


Recall that if S(k,...,kn; T) is a splitting tree algebra defined by Definition 2.1, its Ko-group 
can be described as 


(mi, -..ma) € ZH Eni == Dap 
i=l i ; 
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with the usual order. (See [31].) A map r:Ko(S) > Z is called a point evaluation map if it is 
induced by a point evaluation map S > M,,(C) for some n. By the point evaluation map on a 
regular point, we refer to the positive map Kg(S) — Z defined by 


Ik | 


(m1,...,Myn) bh ee 
i=1 


The Ko-groups of splitting tree algebras are not necessarily dimension groups (the Riesz decom- 
position may fail); however, certain positive homomorphisms factor through dimension groups, 
provided these maps have a large corner factoring though dimension groups. More precisely, we 
have the following lemma. 


Lemma 3.2. Let G = Ko(S) where S is a splitting tree algebra, and let r:G — Z be the point 
evaluation map on a regular point. Then there exist u € G* and a natural number m such that, 
if 0:G — G is defined by gt» r(g)u, the positive homomorphism id + m@:G — G factors 
through @)' Z for some n. 


Proof. The group G is torsion free and the positive cone of G is finite generated. Therefore, 
there is a basis of G (as an abelian group) consisting of the positive elements. Denote it by 
{u1,...,Un}. Then, there is an isomorphism y from G to @, Z (as groups) sending {u;} to 
the canonical basis of @,, Z. This isomorphism may not be a positive homomorphism. But its 
inverse wy! is positive. 

Define a positive map 62:Z — G by sending 1 to u:=u, +---+ un, and define 0 = 62 or. 
Since y(u) = (1, 1,..., 1), we have that for any positive element g in G, there is a natural 
number m, such that w(g) + mgy o O(g) is positive in @,, Z (with the usual order). Since the 
positive cone of G is finite generated, there is a natural number m such that w(g) + my o @(g) 
is positive for any g € Gt. Consider the positive map ¢ = y + my 00 from G to @,, Z. Then 
the diagram 


id+mé 


G >G 
NA 
DZ 


commutes, as desired. 


3.2. The Ko-groups of C*-algebras in TAY 
Let A be a simple separable C*-algebra in the class TA.”. We shall prove that Ko(A) is an 
inductive limit of certain basic building blocks. Let KS denote the class of ordered Ko-groups of 


C*-algebras in .Y, and let ZT denote the class of finite direct sums of ordered groups 


ZL@Z/kZ, k=1,2,..., 
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with respect to the order 
(m,n)>0O ifandonlyif m>0. 


Denote by XK the class of finite direct sums of ordered groups in KS and ordered groups in ZT. 
We also refer to the ordered groups in K as basic building blocks (of ordered groups). We shall 
prove the following proposition in this subsection: 


Proposition 3.3. Let H = Ko(A) for some simple separable C*-algebra A € TA.Y. Then, for any 
Go € K, any positive homomorphism @:Go — H, and any a € ker(@), there exist G1 € K, pos- 
itive homomorphism t: Go — G4, and positive homomorphism 6’ :G, — H, such that i(a) = 0 
and the following diagram commutes: 


G\ 


_ 


Go — > A. 


Moreover, if Go = Gy ® G5, where Go is the Ko-group of a sub-C*-algebra S, of A as 
described at the beginning of this section and the restriction of @ to Go is induced by the inclusion 
map, and u € Go is a positive element with @(u) = [1a], then, for any natural number N and 
€ > 0, there is a sub-C*-algebra S, of A as described at the beginning of this section with k 
sufficiently large, such that G, can be chosen as G', ® Ko(Sx), where G‘, is an ordered group 
in ZT. If denoted by u' the restriction of i(u) to G‘, and u" the restriction of \(u) to Ko(Sx), 
we have that u" = [1s,] and N6'(u') < 6'(u") in Ko(A). Furthermore, we may assume that 
t(14 — 1s,) < € for all t € T(A) and the restriction of t to Go and Ko(Sx) can be chosen to be 
induced by the *«-homomorphism on, from Sy to Sx. 


As a straightforward consequence of the first part of this proposition, a certain inductive limit 
decomposition of the Ko-groups of a simple separable C*-algebra in TA./ is obtained. 


Corollary 3.4. Let H be the Ko-group of a simple separable C*-algebra in TA.Y. Then H is 
an inductive limit of Ko-groups of splitting tree algebras in the class .Y and ordered groups 
Z@Z/nZ,n=1,2,.... 


Proof. It follows from Lemma 3.1 and the first part of Proposition 3.3. 


The proof of Proposition 3.3 needs several lemmas. 

Let H be an ordered group with positive cone H*. Denote by Hijo; the subgroup of torsion 
elements of H. Then, one has that H* MN Ator = {0}. It follows that the quotient group H/Ator, 
with the image of H~ as the positive cone, is an ordered group. 
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Lemma 3.5. Let G € KS and H = Ko(A) for a simple C*-algebra A € TA.Y. Then, for any pos- 
itive homomorphism 0:G — H/ Hor and an a € ker(0), there exist positive homomorphisms 6, 
and 62 from G to H/Hyor such that 0 = 0; + 62 and the following diagrams commute: 


G\ G2 
V1 2 
a | < «| ~ 
Gn tio Ge 
1 v) 


where G, = @, Z for some natural number k, Gz € KS and $2(a) = 0. Moreover, the positive 
homomorphism wz can be lifted to a positive homomorphism to H. 

Furthermore, if G = G' ® G", where G" is the Ko-group of a sub-C*-algebra S, of A as 
described at the beginning of this section and the restriction of 0 to G" is induced by the inclusion 
map, and u € G is a positive element with 0(u) = [1a], then, for any natural number N and 
€ > 0, the group G2 can be chosen to be the Ko-group of a sub-C*-algebra S,; of A as described 
at the beginning of this section with t(14 — 15,) < € for every t € T(A), and if let u; = ¢1(u) 
and uz = $2(u), we have that Ny (uy) < W2(u2) in the ordered group H/ Hor. Moreover, the 
restriction of the map $2 to G" can be chosen to be induced by the *-homomorphism yx from Sp 
to Sk. 


Proof. We may assume that 6 always send a non-zero positive element in G to a non-zero 
element in H/ Hor. Otherwise, the positive map 6 factors through a quotient group of G which 
still belongs to KS, and we then can investigate the map from this quotient group to H/HAtor. 
Therefore, we may assume that neither a nor —a is positive. 


Step I. We construct a point evaluation map 6’ from G to H/ Ho, which sends a to 0, and 6’ is 
small enough such that 6 — 6’ is still a positive homomorphism. 

Let r},...,7% be the point evaluation maps on regular points of each simple summand of the 
group G. Denote by m the integer r}(@) + --- + rg (a). If m > 0, one then chooses a singular 
point fo of a such that the value of « at fo is negative (we can do this since a ¢ GT). Let s denote 
the point evaluation at fo, and let —n = s(a). Since the positive cone of G is finite generated and 
A has the property (SP), there is h € H/ Hoy such that (m + n)h is less than the images of the 
generators of G*. Then, we define the positive homomorphism 6’: G > H/ Hor by 


k 
6’: gt s(g)mht+ > ri(g)nh. 


i=1 


It is easy to see 6 — 6’ is a positive homomorphism and 6’(a@) = 0. Since 0(u) = [1,4], we can 
also choose h sufficiently small such that 40(6'(u)) < min{e, 1/N} for each state p of H/ Ator. 

If m <0, a construction similar to the above also gives us a desired positive homomor- 
phism 6’. 


Step 2. Denote by y the map 6 — 6’. Since 0’(a) = 0, we have that g(a) = 0. Apply Lemma 3.2 to 
each direct summand of G to obtain an integer m; and a positive element u; foreachi = 1,...,k, 
such that the positive map (id + an m;rju;) factors through a finite direct sum of the group of 
integers. 
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Since the positive cone of G is finitely generated, one can denote the images of these genera- 
tors in H/HAtor by {p1,.-., Pm}. Choose a pre-image q; in H = Ko(A) for each p;. Since A is a 
TAS-algebra, one has that 


G=q+q). i=l,...,m, 


where each q;’ is in the Ko-group of a splitting tree algebra S; as described at the beginning of this 
section. Since the positive cone of the group G is generated by finite relations and the Ko-groups 
of splitting tree algebras are torsion free, with a suitable choosing of the splitting tree algebra S,; 
(choose S, far enough), the map sending each generator of G to the corresponding q” induces 
a positive homomorphism from G to H and sends a to 0. Denote this positive homomorphism 
by ¢2, and denote by 62 the positive map from G to H/ Hor induced by $2. The map sending 
the generators of G to corresponding q; may not extend to a positive map from G to H, but it 
induces a positive map to H/ Hor by passing to the quotient. Denote this positive map by 64. 
Therefore, we get a decomposition g = 6; + 62, where 6; and 62 are positive homomorphisms 
from G to H/ Ho, which satisfy 6; (a) = 0, 62(a) = 0, and 62 factors through G2, the Kg-group 
of the splitting tree algebra S;. Thus, one has the commutative diagram 


een ees A/ For 


with $2(a) =0. 


If G = G’ @G" where G’ is nonempty, G” comes from a sub-C*-algebra S,, of A as described 
at the beginning of this section and the restriction of 6 to G” is induced by the inclusion map, 
one can choose the element / in Step | sufficiently small such that the map 6” is less that the 
restriction map of @ to the summand G’. Thus the restriction of the map g to G” is still induced 
by the inclusion map of S, into A, and then we can choose the sub-C*-algebra S; such that 
the restriction of the map ¢2 to G” is induced by the *-homomorphism ¢,,, constructed at the 
beginning of this section. 

Note that we may choose gq; sufficiently small such that mj6)(uj) < h and 4p(@)(u)) < 
min{e, 1/N} for all positive state on the ordered group H/Htor. Thus we have the decom- 
position 


6=0'+9=(0' +61) +, 
and for any g in a direct summand of G, the following holds: 


k 
6'(g) + 0;(g) =s(g)mh + > \ri(g)nh + O4(g) 
i=1 
k 
= s(g)mh +) ri(g)(nh — m6} (ui)) 


i=l 
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k 
+ So ri(g)mi{ (ui) + 91(g) 
i=l 
k 
= s(g)mh + Yri(g)(nh — mj; (ui)) 


i=1 


k 
+6; » miri(g)ui + ‘) 


i=1 


The first two terms of the decomposition are point evaluation maps, and thus factor through 
a finite direct sum of the group of integers. By Lemma 3.2, the positive homomorphism 
(ers mjrjuj + id) also factors through a finite direct sum of the group of integers. There- 
fore, the positive homomorphism 6’ + 6; factors through the group G; = @, Z for some k. 
Set 9) = 6’ + 6}. Then the positive homomorphisms 6; and 62 have the desired factorization 


property. 


Using a slightly modification of the argument of the lemma above, we have the following 
decomposition for the positive homomorphisms from an ordered group in K to H = Ko(A). 


Lemma 3.6. Let G € K and H = Ko(A) for a simple C*-algebra A € TA.Y. Then, for any pos- 
itive homomorphism @:G — H and a € ker(@), there exist positive homomorphisms 6, and 62 
from G to H such that 0 = 0; + 62 and the following diagrams commute: 


G\ G2 
V1 a) 
«| ~*~ | * 
G —>H G —>H 
01 2) 


where G, € ZT, G2 EKS, and ¢7(a) = 0. 

Furthermore, if G = G' ® G", where G" is the Ko-group of a sub-C*-algebra Sy, of A as de- 
scribed at the beginning of this section and the restriction of 6 to G" is induced by the inclusion 
map, and u € G is a positive element with @(u) = [1,4], then, for any natural number N and 
€ > 0, the group G2 can be chosen to be the Ko-group of a sub-C*-algebra S; of A as described 
at the beginning of this section with t(14 — 1s,) < € for each t € T(A), and if we let u; = ¢1(u) 
and uz = $2(u), we have that Ny (uy) < W2(u2) in the ordered group H. Moreover, the restric- 
tion of the map $2 to G" can be chosen to be induced by the *-homomorphism oy.~ from Sp 
to Sr. 


Proof. Write G = Gz; ® Gxs where Gzy € ZT and Ges € KS. We consider the restriction of 
@ to Gzr. Since the positive cone of Gzr is finite generated and A is a simple C*-algebra in the 
class TA.Y, the map Gzp — H can be decomposed into the sum of positive maps x; and k2, 
where the x2 factors through the Ko-group of a sub-C*-algebra of A in the class .”. Since the 
Ko-groups of splitting tree algebras are torsion free, the map «2 factors through a finite direct 
sum of the group of integers. Moreover, given G, u € GT, natural number N, and ¢ > 0 as the 
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second part of the lemma, we may choose x; and x2 such that «2 factors through the Ko-group 
of S, and 2NK,(u) < k2(u). 

Note that the map 6 can be decomposed as the sum of the map «;, the map «2, and the re- 
striction of 6 to Gxg. Since the map x is chosen to be sufficiently small, it is enough to prove 
the lemma for the sum of the map «2 and the map Gxs — H. Since the map x2 factors through 
a finite direct sum of the group of integers, it is enough to prove the lemma for G € KS. Then, 
a repeating of the argument of Lemma 3.5 gives a proof of the lemma (even more straightfor- 
ward, one does not need to find liftings of positive elements as that in Step 2 of the proof of 
Lemma 3.5). 


By Lemma 3.5 (or Lemma 3.6), the map @ can be lifted to a map ¢; © $2. However, we only 
have that ¢2(a) = 0. Thus, in order to determine whether the ordered group H (or H/HAitor) is 
an inductive limit of certain basic building blocks, we have to handle the map y. Note that the 
domain of the map 7 is a finite direct sum of the group of integers. We can use certain arguments 
of the Effros-Handelman-Shen theorem in [6]. 

Let a = (a1,...,,) € @,, Z for some natural number n. Set 


m=max{|aj|,..., lanl}, 


and / to be the number of |a@;|’s equal to m. Then we define the degree of a@ to be the pair (m, /). 
Denote it by deg(a). The degrees are well ordered by (m, 1) < (m’,l') if m < m' orm =m’ and 
1 <I’. Note that deg(w) = 0 implies a = 0. 


Lemma 3.7. Let G = @,, Z for some natural number n. Let H = Ko(A) for a simple C*-algebra 
A €TA.Y. Then, for any positive homomorphism 0:G — H/ Hor and a € ker(@), there exist an 
ordered group (@,, Z) ® G1 with G, € KS and positive homomorphisms $1, ¢2 and such 
that the following diagram commutes: 


(Bn Z) ® Gi 


v 
$1892 | oe 


G —a A/ Aor, 


such that @1(a@) = $2(a) = 0. Moreover, G, comes from a sub-C*-algebra of A which is a split- 
ting tree algebra, and the restriction of yy on G, is induced by the inclusion map. 

Furthermore, if the map @ is the quotient of a positive homomorphism 6':G — H, the maps 
$1, $2 and the restrictions of can be chosen to satisfy the following commutative diagrams: 


@,, Z Gi 
WI 2 
a] WT ae | BS 
CS ge ie Gs ee 
1 2 


where 6; + 65 = 6". 
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Proof. The proof follows the same line as the proof of the Effros-Handelman—Shen theorem 
in [6]. Let 


r Ss 
a=) mje; — > nj fj. m,nj EN, 
i=1 j=1 


where e; (I <i <r), fj 1<j<s)and g I <k <t) (7 +s+1t =n) are the standard basis 


of @,, Z. 
Let 6(e;) = a; and 0(f;) = b;. Assume deg(a) = (m,/) and m; =m. Since 6(a) = 0, we 
have 


Therefore, 


r s 5 
mya, < So miai = So njbj <my (xn) 
i=l y=) j=l 


Since H = Ko(A), the ordered group H/ Aor is unperforated. Hence we have 


Ss 
ays be: 
j=! 


Case 1. If aj = pa ee b;, we have that r = 1 and nj = m, for each j. Then, we can define a 
positive homomorphism ¢:@,, Z > @,,_; Z by 


where f; (<j <s), g (l<k <1) are the standard basis of €—,_, Z. We also define the 
positive homomorphism y :@,,_; Z—> H/Htor by 

fix bj U<s<s), 

Bete (gr) (1<k<t). 
A direct calculation shows that 6 = yy o @. Moreover, we have 


s 


wer=m do s-Sontiam(Ssj-S)=0 
j=l j=l j=l j=l 


Hence we get the desired lifting of 9 (with G; = {0}). 
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Case 2. If a) < )0}_1 bj, we have that r > 1 or nj <m for some j. Let a;’s and bi’s be pre- 
images of a;’s and b;’s, respectively, in H. Let 6’ be the lifting of 6 according to a;’s and b’’s. 
We assert that there is a factorization of 6’ as follows: 


G @ (Bx Z) 


lS 


G —W—> HH 
6’ 


’ 


where G; € KS comes from a sub-C*-algebra of A, 6; (a) = 0. Moreover, deg(i(a)) < deg(q@). 
To show this, we shall use the same technique of Lemma 3.5. Let dj = )°;_, mj; and 
a= ee nj. Define the positive homomorphism r: G = @,, Z— Z by 


r r+s n 
frenenra a Soa) +ai( «)4 ye Cj. 


i=l i=r+l i=r+st+l 


Since A has the property (SP), there is an element / € H sufficiently small such that g + 6’(g) — 
r(g)h is a positive homomorphism. To save notation, let us still use r to denote the map 
gt r(g)h. Note that r(@) = 0 and r is faithful on the positive cone of G. We have 


Ss 


Yi mir(ei) = >> njr(f))- 
i=1 


j=l 


Therefore, we get 


mr(e}) < n(n). 


j=l 


In the other words, (jar fj) — e1) > 0. 

Since A is a TAS-algebra and the positive homomorphism 6’ — r is positive, there is a 
decomposition 6’ — r = ¢ + ¢1 such that ¢|(@) = ¢1(@) = 0 and ¢) factors through G; 
which is the Ko-group of a splitting tree algebra inside A. Moreover, we may assume that 
soi(er) <r ja fj) — e1). 

Therefore, we have that 6’ = r + ¢| +1. We wish to show that the map r + ¢ factors through 
a dimension group and decreases the degree of a strictly. Since r((ja1 fj) — e1) > 0, we have 


re) < dor(fj): 
jal 


Moreover, the map r factors through Z by construction. Therefore, there exist G43 ee ay > such 
that 
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Ss 
rei) =) aij 
j=l 


and aj; <r(fj) foranyl <j <s. 
Among the {a;;}, let us show there exists a j) such that $i (1) <r(fijo) — AY jg: Suppose this 
were not true. Then for any 0 < j < s,r(fj) — ay < $ (e;). Therefore, one has 


Ss Ss 


orf — doai; <sei(en, 


j=l j=l 
and ae r(fj) —r(e1) < s@{ (e1) which is a contradiction to the choice of ¢}. 


coke = a) foranyl <j <s,j F joandajjy) = ay ,, + ¢'(e1)- Since $}(e1) < 1 (fin) — 44 jg? 
we have 


aj<r(fi<rf)t+o(fj) foranyl<j<s, 
and 
r(e1) + $4 (e1) = («,) +o) (e1) =) aij. 
j=l j=l 


As in the proof of Effros-Handelman—Shen theorem in [6], let e} j O<j<s),e, 2<i<¢n), 


fj A<j <s) and gy (1 <k <1) bea standard basis for Z*, where k =r +2s+t-—1. Define 
the positive homomorphisms 1: G > Z* by 


na a; 
j 
eerre;, (2<i <r), 
fir Ft er; 
BI? Bi, 
and yr, :Z* > H by 
ej > aij, 
et r(e)+¢i(ei)) G>2), 


fp r(f)+ of) — aj, 
Br (8k) — Pi (8K): 


A direct calculation shows that yr 01 =r + ¢. Moreover, 
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w= ome - ons) 
1 


j=l 


; 
= Som ae nje\j + So mie} - Sony fh, 
J i=2 J 
where n; > 0 for any j. Thus, 0 4 deg((a@)) < deg(a) as desired. 


Applying the factorization above to the restriction of y to @, Z iteratively, after finite steps, 
we get the following commutative diagram: 


Gi © (@y Z) 


“lo 


eee amas 


for some G; € KS which comes from a sub-C*-algebra of A, such that ¢;(@) = 0 and the 
element (a) has the form m'e; — }°m’ f; where e; and f; from the standard basis of @,, Z. 

Therefore, after passing to the quotient H/ Hor, in order to prove the lemma, we shall find a 
suitable factorization of the restriction of y to ,, Z. Since 1(@) has the special form, it reduces 
the lemma to Case 1. Thus, the first part of the lemma holds. 

If the positive map 6 can be lifted to 6’: G > H, we can choose this positive homomorphism 
as the lifting of 9 as what we used in the proof of Case 2. The commutative diagrams of the 
second part of the lemma follows directly from the constructions in Case 2. 


From Lemmas 3.5 and 3.7, we have the following corollary: 


Corollary 3.8. Let G = (@,, Z) ® Go with Go € KS. Let H = Ko(A) for a simple C*-algebra 
A € TA.Y. Then, for any positive homomorphism 0:G — H/ Hor, there are an ordered group 
(®,, Z) ® Gi where G, € KS and positive homomorphisms $ , ¢2 and w such that the following 
diagram commutes: 


(®,, Z) ® Gi 


v 
oi Bo2 one 


G — > A] or, 


such that ker(¢,) = ker(@2) = ker(@). Moreover, the group G, can be chosen to be the Ko-group 
of a sub-C*-algebra of A which is a splitting tree algebra, and the restriction of on G, is 
induced by the inclusion map. 
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Proof. Let {a1,...,@,} be a set of generators of ker(9). By Lemma 3.5, there is a factorization 


(By, Z) OG; 


v 
$1 O95 


G —, > 9] Box 


with some Gi € KS, such that $5, (a1) = 0 and the positive homomorphisms in the commutative 
diagram satisfy the second part of the corollary. Applying Lemma 3.7 to the restriction of yy’ to 
Bu Z, we obtain the factorization of 6 


(Bn, 2) BG 


v 
$1 OG2 


6 =a A/ Hor 


with $1 (a1) = $2(a1) = 0. 

Then, one can consider the image of a2 in (Bn, Z) ® G, by ¢; @ @2. If it is not zero, by 
the same argument above, one gets a factorization of the positive homomorphism w, and sends 
1 (a2) ® }2(a@2) to zero simultaneously. Repeat this procedure for each a;, we obtain the desired 
factorization of 0. 


Corollary 3.9. Let H = Ko(A) for a simple TAS-algebra A. Then H/ Hoy is an inductive limit 
of the Ko-groups of splitting tree algebras. 


Proof. This follows directly from the first part of Corollary 3.8 and Lemma 3.1. 


Before proving Proposition 3.3, we need the following lemma about the Ko-groups of simple 
TAS-algebras. 


Lemma 3.10. Let H = Ko(A) for some simple separable TAS-algebra A. Then, for any a € H* 
and b € Hor, b is majorised by a. 


Proof. Since A is a simple separable TAS-algebra, A has the cancellation property for equiva- 


lence classes of projections. Since any matrix algebra over a TAS-algebra is a TAS-algebra again, 
we may assume 


for projections e, p and gq in A with e 1 qg,e 1 p. Since b € Aor, we have 


T(p)=t(qg) forany t € T(A). 
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Hence 
t(e+q)=T(e)+t(g)>t(p) foranyt E€T(A). 


Since A is a simple TAS-algebra, by Theorem 4.12, the strict order on projections is determined 
by traces. Hence, 


[pP]<le+4q], 


which implies b <a. 


Proof of Proposition 3.3. Let ~ be an element in the kernel of the map 0: Go > H. Let us first 
show that it is sufficient to prove the proposition for positive maps from basic building blocks 
in ZT —i.e., the basic building blocks Z @ (finitecyclic)—to the ordered group H. It follows 
from Lemma 3.6 that the map Gg — H factors through G; @ G2 with Gj « ZT and Gz EKS 
such that the map Go — G2 sends @ to 0, and the groups G, and Gy» satisfy the second part of 
the proposition. Thus, to prove the proposition, it is sufficient to show that the map G; — H has 
a lifting in K which sends the image of a in G, to 0. 

Therefore, let us assume that Go € Z7, and follows an argument similar to that of Theo- 
rem 3.2 of [9]. 


Step 1. Let us show that it is sufficient to verify Lemma 3.1 with the basic building blocks Z@® 
(finite cyclic) replaced by the ordered groups Z © (finite) (with the order determined by the first 
coordinate). To see this, it is enough to show that a map G — A with Gi = Z @ (finite) can 
be factorised as G| > G| > H with G; € ZT. With the finite part of G, be expressed as 
F, ®--- ® Fy, denote the images of their generator by t,..., t € Ator, and denote the image 
in H of the positive generator of Z C G‘, by a. Since H = Ko(A) and A has property (SP), one 
has that a = a; + --» +a, with some aj, ..., dn € H*. By Lemma 3.10, we have t; < a; for each 
1 <i <n. With G; to be the direct sum of the basic building blocks Z @ Fi, ..., Z@® Fy, let us 
define the map G‘, > G, by mapping F| ®--- ® Fy, © G* identically onto Fi) ®---@ Fn © Gi, 
andleZc G‘ into (1,..., 1) € Z” C G,. Wealso define the map G; — H by sending the fixed 
generators of Fj to t; € Htor and the positive generator of the ith summand of G, into aj € H. 
We then have the factorization G — G, — H as desired. 


Step 2. In order to verify the local criterion for the generized building blocks of Step 1, it is 
enough to consider the case that the restriction of the map Go > H to the subgroup (Go)tree 
generated by the free direct summands of the generalized basic building blocks Z @ (finite) 
of Go factorises through the direct sum of (G1)free a torsion free basic building blocks in ZT 
and (G1)xg a basic building blocks in KS, in such a way that the kernel of (Go) free > (G1) free 
is equal not only to the kernel of (Go) tree — H, but also to the kernel of (Go) free > H/Ator- 

Let Go — H be a map of ordered groups with Go a finite direct sum of generalized ba- 
sic building blocks, and consider the map (Go) free > H/Htor obtained by restricting Go — H 
to the (noncanonical) subgroup (Go) free and composing (Go) free > H with the canonical map 
H — H/H tr. By Lemma 3.7, there exists an ordered group (G1) free 8 (Gi)Ks, with (G1) free 
the finite direct sum of the ordered groups Z, (G1)xs the Ko-group of a splitting tree algebra, 
and a factorization (Go) free > (G1) free 8 (G1)Ks > H/Htor such that 


ker((Go) tree > H/ Hor) = ker((Go) tree ae ((G1)free ® (G1)xs)). 
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Moreover, the restriction of the map (G1) free 8 (G1)Ks > H/HAtor to (G1) xs has a lifting to H 
by the second part of Lemma 3.7. Choose a positive map (G1) sree > H lifting the restriction of 
the map (G1) free B (G1)Ks > H/Htor to (G1)free. Then, we get a map (G1) free B (Gi)Kks > H 
lifting the map (G1) free 8 (G1) Ks > H/ Aor. 

The map (Go)free > H may not equal to the combined map (Go)free > (G1)free ® 
(Gi)ks — H. By the second part of Lemma 3.7, we only need to fix the map which factors 
through (G1)free. This can be done by the same argument as that in the proof of Theorem 3.2 
of [9]. 


Step 3. Let us show that the local criterion holds for generalized basic building blocks. Let 
Go — H bea map of ordered groups with Go a finite sum of generalized basic building blocks. 
By Step 2, we may assume there is a factorization (Go) free > (G1)free 8 (G1)Ks — H of the 
map (Go)free > H, where (Go)free denotes the direct sum of the free parts of the generalized 
basic building blocks Z @ (finite) of Go, and (G1) free is some finite ordered group direct sum of 
copies of Z, such that 


ker((Go) tree nae H/ Hor) = ker((Go)free —> (Gi)free ® (G1)xs). 


Let us construct G, a finite direct sum of generalized basic building blocks and ordered groups 
in KS, with torsion free part equal to (G1) free 8 (G1)xKs as given above, and a factorization of 
Go — G, — H of Go > A such that 


ker(Go — H) = ker(Go > G}). 


Denote by F the image of the finite part of Gp in H. By Lemma 3.10, the subgroup F is 
majorised by any positive element in H. Pick a minimal direct summand Z of (G1) free which 
has non-zero image in H, and append F to this summand. This direct sum can be ordered (in a 
unique way) so that it is a generalized basic building block. Thus, the group G1 = ((G1) free ® 
(Gi)xs) ® F became an ordered group direct sum of basic building blocks and ordered group 
in KS. The extension of (Go) tree > (G1) free 8 (G1) Ks © G1 to Go by factoring (Go) tor through 
the maps (Go)tor > F C H and F > (G})tor © G1, and the obvious extension of (G1)free ® 
(Gi)xs > H to G, = ((G}) free 8 (Gi)xs) ® F, mapping F C Gy, identically onto F C H, 
factorise Go — H obviously, and fulfill the condition 


ker(Go — H) = ker(Go > G}). 


Positivity of Go — G, follows directly from the construction and simplicity of the group 
H/ Hor: The finite part of a generalized basic building block of Go is majorised by the positive 
generators of the free part in Go. By simplicity of the ordered group H/ tor, for each positive 
element of direct summand of (Go)free which does not vanish in H, we may assume that its 
image in each simple summand of (G1)free under the map (Go) free > (G1) free B (Gi)Ks iS a 
positive element. Therefore, positive elements of Go are sent to positive element of G; by the 
map Go > G1. 

Positivity of the map G; —> H follows directly from Lemma 3.10: By Lemma 3.10, the image 
of F is majorized by any positive element of H. Thus, the map G; — H sends positive elements 
of G; to positive elements of H. 


Step 4. The proposition follows from Steps | and 3. 
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Remark 3.11. In fact, in order to prove Proposition 3.3, one only needs Lemmas 3.6, 3.7 
and 3.10. 


3.3. The Ki-groups and the pairing maps of C*-algebras in TAS 


If A is a separable simple C*-algebra in the class TA.7, we have shown that the Kg-group of A 
can be realized as an inductive limit of Ko-groups of the C*-algebras in .7 and certain ordered 
groups in the class ZT. We shall go further to construct a C*-algebra B, a simple inductive limit 
of algebras in .” together with certain homogeneous C*-algebras, such that A and B not only 
have the same Ko-group, but also have the same K,-group and pairing. 

The basic building blocks of C*-algebras we are going to use are 


(1) splitting tree algebras in the class .7, 

(2) matrix algebras over the C*-algebras of continuous functions on 77, and 

(3) matrix algebras over the C*-algebras of continuous functions on S! v--- Vv S! v T3.k; Vir V 
T3,k;> 


where 7> ; is the two-dimensional CW complex obtained by attaching a two-dimensional disk D 
to S! viaa map S' (= dD) > S! of degree k, and 73,, is the three-dimensional CW complex 
obtained by attaching a three-dimensional ball B to S* via a map S* (= 9B) — S? of degree k. 
Building blocks in (1) provide the torsion free part of the Ko-group, building blocks in (2) pro- 
vide the torsion part of the Ko-group, and building blocks in (3) provide the K;-group in the 
construction. 

The homogeneous C*-algebras of (2) and (3) are called the Gong standard homogeneous 
C*-algebras (see [13,16], and [14]). Denote by .”’ the class of C*-algebras containing .” and 
the Gong standard homogeneous C*-algebras. 

Let A be a simple separable C*-algebra in the class TA.%. Since K; := Kj (A) is a countable 
abelian group, we can write K, as an inductive limit (in the category of abelian groups) of finitely 
generated abelian groups with injective maps: 


12 123 ; 
K() > KO) Co... C—> Jim K?? = Ky. 


We may assume 


Kj)? =Z@--- ®Z@(Z/n\Z) © --- @ (Z/n,Z). 
mi 


Then the compact topological space 


a 1 eee 1 “ eee * 
E;=S V:---VS ME ON VF aa 


mj 


has Ki? as its K,-group and has (Z, Z) as its ordered Ko-group, i.e., Ky (C(£;)) = Ky? and 
(Ko (C(E;)), Kj (C(E;))) = (Z, Z*). Moreover, for any group homomorphism 


nae) YQ) 
nij: Ky > kK, . 
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there is a *-homomorphism 
dij :C(Ei) > Mi2(C(E;)) 
such that 
[ijli=nij and [¢ij]o = id, 


where [¢;;]4 denotes the homomorphism induced by ¢;; on K,-groups. 

We have shown that Ko(A) is an inductive limit (as ordered groups) of basic building blocks. 
Moreover, by Proposition 3.3 and the argument of Lemma 3.1, the inductive limit decomposi- 
tion of Ko(A) can be chosen to have special forms: let {¢,} be a sequence of positive numbers 
which converges to 0. The ordered group Ko(A) can be realized as an inductive limit of (G; = 
G’ ® G’,1;) where GY comes from a sub-C*-algebra S; of A satisfying t(14 — 15,) < €; as be- 
ing described at the beginning of this section, and the restriction of 1; to G/ + Gj, , is induced 
by the homomorphism (not necessarily unital) $; : 5; > Si+1. 

Set the positive map 6; in the proof of Lemma 3.1 to be nt n[1,]. Since A belongs to 
the class TA.Y, the map 6; can be decomposed into 6; + @/' such that 6; has the factorization 
7325 Ko(A) and 6/' has a factorization Z + G'{ > Ko(A), where G{ is the Ko-group of sub- 
C*-algebra S; of A with t(14 — 1s,) < €1. Now suppose that the inductive system is constructed 
up to the nth level; that is, we have groups Gj; = G; © G/’ and maps 6; and 1; such that the 
following diagram commutes: 


0 
GS KA 
ly id 
Y > 
G2 ——> Ko(A) 


12 id 


ln-1 id 


Y On 
Gn ——> Ko(A), 


and moreover, the group G/’ is the Ko-group of sub-C*-algebra $j, the restriction of 6; to G7’ is 
induced by the inclusion map, and the restriction of 1; to G’ > Gi is induced by ¢j,;41. 

We shall construct an ordered group Gn41 = Gi, 41 ® G, 41 and certain positive maps. As 
in the proof of Lemma 3.1, define the positive maps i':G, > G, ® Z by s # (s,0), and 
K:Gn ® Z => Ko(A) by (s,m) & 6,(s) + mg,. Since A belongs to the class of TA@, the 
map « has a factorization G, @ Z > G, ® Z@® D —> Ko(A), where D is the Ko-group of a 
sub-C*-algebra S,41 of A as being described at the beginning of this section (we may pass to a 
subsequence of the original sequence (S,,), and assume that S,,41 is far enough from S,,). More- 
over, since the restriction of « to G7’ is induced by the inclusion map, the factorization can be 
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chosen such that the map G), > D is induced by the x-homomorphism @p : Sp > Sn41. We then 
apply Proposition 3.3 to the map (G, ® Z) ® D — Ko(A) to get a factorization 


(Gn @Z) @eD-> (G41 = Ghat ® Goes) —> Ko(A), 


such that ker((G, ® Z) @ D > Ko(A)) and ker((Gy 6 Z) 6 D > G41) are the same. Moreover, 
the ordered group G’’ 4, 1s the Ko-group of a sub-C*-algebra S,+2 of A as being described 
at the beginning of this section, and the map D > G’ 4, is induced by the *«-homomorphism 
oni: Sn+1 > Sp+2. Set the map G, > Gyj+1 to be the composition of G;, > (Gn 6 Z) 6 D 
and (G, ® Z) ® D > Gy +1, and it is the desired map. We may pass to the subsequence of the 
inductive system (S,, @,) described at the beginning of this section, and still denote the sub-C*- 
algebra of A associated with G,+1 by Sn+41. This procedure can be illustrated by the following 
diagram: 


co 2 Ko(A) 
kK 
oe a 
tno" ot! Gr,@Z ae (Gn ®Z)® D id 
U 
Wm 
Gn4i > G. 
On+1 


Thus, we have an inductive limit decomposition of the ordered group Ko(A) 


G ® Gi > Gy ® Gy > --- > Ko(A) 


such that the ordered groups G;, are sub-C*-algebras S, of A, the maps G;, — Gi’, are in- 


duced by the +-homomorphisms @y : Sn — Sn41, and the maps G/’ > Ko(A) are induced by the 
inclusion maps. 

Since each simple direct summand of the ordered group G/, belongs to the class K, we can 
choose a certain C*-algebra to have this direct summand as its ordered Ko-group: if the simple 
direct summand is Z, we choose the algebra of complex number; if the simple direct summand 
is Z ® Z/kZ, we choose the algebra of the continuous function over 7>,x; if the simple direct 
summand is the Ko-group of a C*-algebra in .7, we choose the corresponding splitting tree 
algebra. Therefore, there is a C*-algebra C,, of the finite direct sum of basic building blocks 
such that Ko(C,,) = G/,. For each Gj, choose u/, € G/,* such that the image of (w’,, w’’) is [14] 
in Ko(A). By taking matrix algebras or their cut-down over C,,, there is a C*-algebra of the finite 
direct sum of the basic building blocks such that its order-unit Ko-group is (Gj,, u/,). Still denote 
this C*-algebra by Cy. 

Set By = Cn @ Sp. It is clear that (Ko(Bn), [1z,]) = (Gj, ® G", (u},, uy)). For any positive 
homomorphism t,,:G, — Gy+1, since any order-unit Kg-map between basic building block 
C*-algebras can be lifted to a *-homomorphism (see [14] for homogeneous building blocks, 
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and see [27] for splitting tree algebras), and the restriction of 1, to G > G’ 41 is induced by a 
*-homomorphism @¢y : Sy, — Sy+1, there is a *-homomorphism Wy, : By, > By+1 in the form 


(: 4) 

« on 

such that [Wp ]lo = ¢n. Moreover, we can choose the maps Wy, in such a way that lim B, is simple. 
It is clear that the inductive limit of the system (B,, W,) has the same order-unit Kg-group as that 
of A. However, the C*-algebra B has trivial K;-group. 

To get the desired K,-group, we shall replace one direct summand of each B, by a certain 
basic building block C*-algebra with nontrivial K;-groups, and modify the connection homo- 
morphisms without changing the Ko-group. Since at least one of the simple direct summands 
of G/, is Z, there is one of the direct summand of C,, which is a matrix algebra, say My (C), and 
it does not vanish in the inductive limit. We then replace this direct summand by Mx (C(E,,)), and 
still denote the new building block by B,. We then see that K;(B,) = K ee and the Ko-group 
of B, remains same. Set the map between two such building blocks C(E;,) and Mg (C(En+1)) by 


f > diag{¢n, fv—12),---. Faw}, 


where each x; is a point in E,, ¢@, 1s a *-homomorphism from C(E;,) to Mj2(C(En+1)) which 
induces 1y.n41 a8 K,-map, and k’ is the multiplicity of the Kg-map between the two matrix 
algebras being replaced. Moreover, since the K-group maps do not depend on the choices of 
the points {x;}, we again can choose suitable points such that the inductive limit C*-algebra is 
simple. Thus, there is a *-homomorphism yy, : B, > By+1 in the form 


( 4) 
* Pn 
such that [Wy ]lo = t, and [W,]1 = 7,. Denote the inductive limit of (B,,,) by B. We have 
Ko(B) = lim(Gn, tn) = Ko(A) 
and 
Ki (B) = lim(Ky", m) = Ki(A). 


Thus A and B have the same K-groups. 

We assert that A and B have the same pairing map between the simplex of traces and the 
ordered Ko-group. At the beginning of this section, we have that the map r4:T(A) — S(Ko(A)) 
is isomorphic to the map rs: T,(S) — S,(Ko(S)) where S is the inductive limit of (S,, @,). We 
shall first show that rg :T(B) > S(Ko(B)) is also isomorphic to the above maps. 

Since B is a simple inductive limit of splitting tree algebra and homogeneous C*-algebras with 
bounded dimensional spectra, the strict order on the projections in B is determined by traces. By 
the construction, there are homomorphisms i, : S, — B by sending S, to the corresponding di- 
rect summand of B,,. Note that we have commutative relations A, = An+1 0¢n. Since A is simple, 
the system (S,, ,) is injective (by an asymptotic argument as that of Lemma 2.4). Therefore, 
the «-homomorphism 1, : S$, — B is one-to-one, and we may consider the C*-algebra S and S,, 
as sub-C*-algebras of B. 
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Note that for any ¢ > 0, we have that p([lBlo — [¢n,coUs,)]) < ¢ for any p € S(Ko(B)). 
Since B is a unital nuclear C*-algebra, any state on Ko(B) comes from a tracial state on B; we 
conclude that t(1, — ly) < € for any tracial state t € T(B). Thus, let {F,,..., Fn, ...} be an 
increasing sequence of finite subsets of B with dense union, and {e,} be a decreasing sequence 
of positive number converging to zero. It is easy to see that the sub-C*-algebra S,, of B (we may 
pass to a subsequence of the system (Bn, dn )) satisfies the following: let py = [15, ]o, then, for 
any b € Fy, we have 


(1) ||pb — bpll < én, 
(2) pbp &e, Sn, and 
(3) te — Pn) < &n for any t € T(B). 


Using the same argument as that of Lemma 10.8 of [23], we conclude that the map rg: T(B) > 
S(Ko(B)) is isomorphic to rs: T,(S) > S,(Ko(S)). In particular, it is isomorphic to the map 
ra: T(A) > S(Ko(A)). 

In order to prove that the pairing of A is isomorphic to the pairing of B, we must show that 
the isomorphism between the Ko-groups and the isomorphisms between S(Ko(A)) and S(Ko(B)) 
are compatible; that is, if w denotes the isomorphism Ko(B) — Ko(A) and @ denote the isomor- 
phism S(Ko(A)) — S(Ko(A)), one has that 


s(W(p)) =0(s)(p) forany p € Ko(B), se S(Ko(A)). 
Denote by go, the isomorphism S,(Ko(S)) — S(Ko(A)) and denote by og the isomor- 


phism S,(Ko(S)) — S(Ko(B)). To prove the compatibility, it is sufficient to show that for any 
s €S,(Ko(C)) and any projection p in B, the equality 


ox(s)([p]) = ea(s)(v([P])) 


holds. By (iv) of Lemma 10.8 of [23], if the projection g stands for the Ko-element y([p]), one 
has that 


ea(s)(¥([p])) = lim ts (bn,00(Ln” @))) 
and 


en(s)([p]) = lim ts(bn,00(Ln”’(p))), 


where T;, is a trace on S which induces s, and { LY) (or { L)) are certain completely positive 
linear maps from A (or B) to S,. Let e > 0. By the construction of B, one may assume that 
p € By and [p] = [p’] @ [p”] € Gi, © G".. By the construction of the isomorphism y (induced 
by the positive homomorphisms {6,}), one has that w([p]) = 6, ([p]). Thus, there is a projection 
q € A such that [q] = W([p]) and g =q' + q” where q” € S,41. Moreover, since the restriction 
of 6, to Gy is induced by the inclusion map of S,, the projection g can be chosen such that 


Iz(gn(p") — 4") | <e 
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for any t € T(A). By (iii) of Lemma 10.8 of [23], this implies 
It’ (dn(v") — 4") | <e 
for any t’ € T,(S). Since L“\(q) = q" and L‘®(p) = p”, one has 
Jes(Ly@) — Ly” (p))| Se 


when n is sufficiently large. Thus, the equality 


on(s)(Lpl) =e4(s)(v (Lp) 


holds, and hence the pairing of the simplex of traces and the Ko-groups of A is isomorphic to 
that of B. Thus, we proved Theorem A. 


Theorem A. Let A be a simple separable C*-algebra in the class TA.Y. There exists a simple 
inductive limit C*-algebra B of C*-algebras in the class ' such that the Elliott invariant of A 
is isomorphic to the Elliott invariant of B. 


Remark 3.12. Denote by -” the class of splitting interval algebras. Theorem A concludes that for 
any simple separable C*-algebra in the class TA.”, the model algebra in the sense of [27] exists. 
Therefore, by the classification theorem of [25] or [27], the class of simple separable amenable 
C*-algebras in TA.Y which satisfy the UCT can be classified by the Elliott invariant. 


4. Certain properties preserved by tracial approximation 


The question of the behaviour of C*-algebra properties under passage from a class @ to the 
class TA@ is interesting and sometimes important. In fact, the property of having tracial states, 
the property of being of stable rank one, and the property that the strict order on projections is de- 
termined by traces were used in the proof of Theorem A and also in the proof of the classification 
theorem of [27]. 

In this section, we shall show that the following properties of C*-algebras in a class @ are 
inherited by simple C*-algebras in the class TA@: 


(1) being (stably) finite; 

(2) having stable rank one; 

(3) having at least one tracial state; 

(4) the strict order on projections is determined by traces (if this property holds for every matrix 
algebra over the given C*-algebra, then it in particular implies that the Ko-group of the given 
C*-algebra is weakly unperforated); 

(5) any state of the order-unit Ko-group comes from a tracial state of the algebra; 

(6) if the restriction of a tracial state to the order-unit Ko-group is the average of two distinct 
states on the Ko-group, then it is the average of two distinct tracial states (in particular, the 
restriction map preserves extreme points); 

(7) the canonical map from the unitary group modulo the connected component containing the 
identity to the K;-group being injective. 
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Theorem 4.1. Let @ be a class of finite unital C*-algebras. Then any simple C*-algebra in the 
class TA@ is finite. Moreover, if C*-algebras in © are stably finite, then simple C*-algebras in 
the class TA@ are also stably finite. 


Proof. Let A ¢ TA@. For any finite subset F of the unit ball of A, there is a sub-C*-algebra Ce 
of A with unit pz such that for any a € F 


(1) llpxa —apell < jp, and 
(2) there is an element az € C¢ such that |laz — prapr|| < Tae 


where |F| denotes the cardinality of #. Let ®¢ be a unital map (not necessarily a linear map, 
just a set theoretical map) from A to C¢ such that ®¢ sends a toar. 

Note that the collection of all the finite subsets of the unit ball of A forms an upward directed 
family. Define the map (which is not a linear map a priori) 


®:A>][Cr/PBCcr byar |] os, 
F F F 


where F¥ runs over all the finite subsets of A. 

We show that the map @ is in fact a *-homomorphism. Fix a, b in the unit ball of A. Let F 
be an element of an upward chain of finite subsets containing {a, b, a*, b*,a + b, ab}. Then, we 
have that 


1 
|S-(@ — prapr| = lar — praprll< =. 


|F | 
The same argument shows that 
1 
@r(b) — prb < 
||P-) — prbpr| FI 
and 
1 
|Pr@+b)— pratb)pzl| < rat 
Therefore, one has that 
1 
|er(a +b) — (Pra) + Pr®))| <3 75 - 


A similar argument also shows that 


1 


l@r(@") - (Pr@)"| <2 


and 


1 
|@r(@b) — Pr(a)oz®)| <5. 


G.A. Elliott, Z. Niu / Journal of Functional Analysis 254 (2008) 396-440 427 


Therefore, the families 


(®¢(a +b) — (®F(a) + GF(b))) ¢. 
(®¢(a") — (®F(@)") ¢ 
and 
(@z¢(ab) — Pz(a)Pr(b)) ¢ 


are in the ideal )- Cr. Note that @ is also unital, hence the map @ is a x-homomorphism. 
Since the C*-algebra A is simple, the map @ is injective, and the C*-algebra A can be con- 
sidered as a unital sub-C*-algebra of [|-Cr/@4Cyr. We shall show that the C*-algebra 
Il-C+/@eF C= is finite if the C*-algebras C¥ are finite, and hence the C*-algebra A is fi- 
nite. 
Let v be a partial isometry in [[¢-C+/@-¢ CF such that 


vu'=1 and v*v=p. 


Note that any partial isometry in [| ¢- C¢/@- Ce can be lifted to a partial isometry in [| ¢ Cr. 


Pick a lifting and denote it by (vz) where vz is a partial isometry in Cz. Therefore, we have 
that 


lim Jvrv¥— lex] =0. 
In particular, uv; = 1c, if F is sufficiently large. Since C+ is finite, we conclude that v7-ur = 
lc, if F is sufficiently large, and hence p = v*v = 1. Thus the C*-algebra []- Cr/@®- Ce is 
finite, as desired. 

If C*-algebras in @ are stably finite, the argument above applies to matrix algebras of A, and 
shows that A is stably finite. 


Remark 4.2. In the proof of the theorem above, we only use conditions (1) and (2) of Defini- 
tion 2.2. In other words, only a piece of A is required to be approximated by C*-algebras in @ 
without assuming this piece to be large. 


Recall that a unital C*-algebra is said to have stable rank one if the invertible elements are 
dense. 


Theorem 4.3. Let @ be a class of unital C*-algebras with stable rank one. Then any simple 
C*-algebra in the class TA@ has stable rank one. 


Proof. Let A be a C*-algebra in TA@. Let us show that it is enough to assume that A has the 
property (SP). If A does not have the property (SP), then there is a positive element a € A such 
that the only projection in a Aa is the zero projection. Since A € TAY, by applying Definition 2.2 
to a given finite subset F C A, e > 0, and a, we conclude that F can be approximated by a C*- 
algebra in the class @ (which has stable rank one) to within e. In particular, this implies that 
the C*-algebra A has stable rank one. Hence it remains to consider the case that A has the 
property (SP). 
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We must show that the invertible elements are dense in A. Let a be an element of A which 
is not invertible. Let ¢ be any positive number. Note that any C*-algebra with stable rank one is 
stably finite. By Theorem 4.1, A is stably finite, and thus a is not one-sided invertible. By [30], 
there exists a zero-divisor a’ such that ||a — a’|| < ¢/2. Thus, in order to prove the proposition, it 
is enough to prove that a’ can be approximated by invertible elements. 

Since A has the property (SP), there is a projection e which is orthogonal to a’. Recall that 
stable rank one is preserved by unital hereditary sub-C*-algebras. Hence, we may assume that 
the class @ is closed under passing to unital hereditary sub-C*-algebras, and therefore we may 
assume that the C*-algebra pAp belongs to the class TA@ for any projection p € A. Since 
A has the property (SP), eAe also has the property (SP). Since A is simple, we have that 
e =e, +e) with e2 < e; by Lemma 4.9 below. Since a’ is orthogonal to e;, we have that 
a’ € (1 — e;)AC — e). Furthermore, since (1 — e;)A(1 — e1) is also a C*-algebra in TAY, 
there is a projection p € (1 — e;)A(I — e;), and a sub-C*-algebra C € @ with 1c = p such 
that a’ is close to pa’ p — (1 — e; — p)a’(1 — e; — p) up to €/4, pa’ p is almost inside C up to 
é/4, and 1 — e; — p = ep. Since C has stable rank one, there exists an invertible element b € C 
which is close to pa'p up to ¢/2. In the unital hereditary sub-C*-algebra (1 — p)A(1 — p), 
if we denote by yu the partial isometry with wu* = 1 — e; — p and u*pu < e1, the element 
(1 —e; — pad — e; — p) + (€/2)u + (€/2)* + (€/2)(e; — u* 2), with the matrix form 


en — mye") 0 0 
0 0 (€/2)u* , 
0 (e/2)u (l—e1 — p)a(L — 1 — p) 


is invertible, and is close to (1 — e; — p)a’(1 — e; — p) up to €/2. Thus, the element a’ can be 
approximated by the invertible elements of A. This shows that A has stable rank one. 


Corollary 4.4. Any simple TAS-algebra has stable rank one. 


Proof. This follows from Theorem 4.3 and Corollary 2.5. 


Remark 4.5. The authors thank the referee for informing us that the same statement as that of 
Theorem 4.3 has appeared in Qingzhai Fan’s PhD thesis, and a weaker version appeared in [15]. 


Let 7 be aclass of unital C*-algebras which have tracial states. 
Theorem 4.6. Any C*-algebra in the class TAY has at least one tracial state. 


Proof. Let A be a C*-algebra in TA and F be a finite subset of A. Then there is a sub-C*- 
algebra B+ (with unit p) of A such that for any x € F, 


x — (pxp + = p)x(1 — p))| < = 


and there is be Br 


1 
|pxp — bl < —, 
|F| 


G.A. Elliott, Z. Niu / Journal of Functional Analysis 254 (2008) 396-440 429 


where || is the cardinality of F. Choose a tracial state tg of By and extend it to a state of pAp; 
still denoted by tg. Define a state t¢ on A by 


T#:at> TR(pap). 


The finite subsets of A form an upward directed collection with respect to inclusion. There- 
fore, all the states {t¢} on A form an upward directed family. Since the state space is compact, 
there is a state t on A such that t is an accumulation point of {tr}. 

As expected, t is a trace. To verify this, fix a,b € A, and let us show that t(ab) = t(ba). 
For any ¢ > 0, by definition, there exists a finite subset F of A containing {a, b, ab, ba} and 
|F| > 1/e, such that 


|c(ab) — tr(ab)|<e and |t(ba) — tr(ba)| <e. 


(One can take F; = {a, b, ab, ba}; then take an increasing sequence of finite subsets contain- 
ing F,.) Then we have 
t(ab) =. t#(ab) = tg(pabp) =. tB(pappbp) 
=, tg(a'b') wherea’,b'<¢ Br 
= tp(b'a’) 
=2. TF (ba) 
=, T(ba), 


where a =, b refers to |a — b| < ¢. Thus we have 


| (ab) —t(ba) | < 6e. 


Since ¢€ is arbitrary, t(ab) = t (ba). 


An immediately consequence of the theorem stated above is 
Corollary 4.7. Any simple C*-algebra in the class TAT is stably finite. 


Remark 4.8. In the proof of Theorem 4.6 and corollary above, we only need the conditions (1) 
and (2) of Definition 2.2. In other words, one does not need the unknown piece in tracial approx- 
imation to be small. 


Note that with A a C*-algebra in the class TAY for some class @, any element a € A can be 
approximated by 


pap+(1— p)ad — p), 


where pap is approximately inside a sub-C*-algebra of A which is in the class @. We shall see 
in the following that if A is an infinite-dimensional simple C*-algebra with the property (SP), 
we can make the piece (1 — p)a(1 — p) to be uniformly small with respect to tracial states. First, 
we have the following well-known lemma (for example, see Lemma 3.5.6(b) of [19]): 
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Lemma 4.9. Let A be a simple C*-algebra with the property (SP). Then, for any finite set 
of projections {pi,..., Pn}, there is a non-zero subprojection e of p, such that e is Murray- 
von Neumann equivalent to a subprojection of p; for all 1 <i <n. 


Combining the above lemma with the fact that any infinite-dimensional unital simple 
C*-algebra contains a positive element with infinite points in its spectrum, we have the follow- 
ing observation: for any unital simple infinite-dimensional C*-algebra A with the property (SP), 
and for any n > 0, there exist n mutually orthogonal projections {q1,..., qn} in A which are 
Murray—von Neumann equivalent to each other. Applying this observation to any unital heredi- 
tary sub-C*-algebra of A, we have the following lemma. 


Lemma 4.10. Let A be a infinite-dimensional simple unital C*-algebra with the property (SP). 
Then, for any natural number N and any non-zero projection p, there is a non-zero projection 
q € A such that N[q]o < [p]. Hence, the projection q is less that 1/N with respect to any tracial 
state of A (if tracial states exist). 


In particular, this lemma holds for p = 1. Therefore, if A ¢ TA@ for some class @, by ap- 
plying tracial approximation to any finite subset F C A, any ¢ > 0, and gq, we get the following 
lemma. 


Lemma 4.11. Let A € TA@ for some class € of C*-algebras. If A is simple, infinite-dimensional, 
and has the property (SP), then, for any natural number N and any finite subset F © A, any ¢ > 0 
and any a € A*, there is C € G with Ic = p satisfying the approximation with respect to F, € 
and a, such that 


N{1— plo < [1o. 


Recall that a unital C*-algebra A has the Blackadar comparison property if T(A) is non- 
empty, and for any projections p,q € A, if t(p) < t(q) holds for any t € T(A), then p is 
Murray—von Neumann equivalent to a subprojection of q. 


Theorem 4.12. Let @ be a class of unital C*-algebras with the Blackadar comparison property. 
Then any simple C*-algebra A € TA@ has the Blackadar comparison property. 


Proof. By Theorem 4.6, the C*-algebra A has tracial state. Let p and qg be two projections in A 
with t(p) < t(q) for any t € T(A). We shall show that p = q. 

Let us assume that A has the (SP) property. Since the simplex of tracial states is compact 
under the pointwise convergence topology, there exists 6 > 0 such that t(p) < t(q) — 4 for any 
t € T(A). Since A is simple and has the (SP) property, by Lemma 4.10, there is a subprojection 
q’ of q such that t(q’) < 6/2 for any t € T(A). 

Applying tracial approximation (Definition 2.2) to F = {p,q —q'}, € =1/16 anda =q’, we 
obtain a sub-C*-algebra C € @ with unit e such that for f = p,q —q’, 


(1) Ife —efll < 1/16, 
(2) efe €1/16 C, and 
(3) 1 —e is Murray—von Neumann equivalent to a subprojection of q’. 
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p~pitp2 and q—q~qit+q, 


where pj, q1 are subprojections of 1 — e and po, q2 are projections in S. 

We assert that we can choose such a sub-C*-algebra C such that t(p2) < t(qz) for any tracial 
state t of C. Indeed, if this were not true, then for any sub-C*-algebra C stated above, there 
would exist a trace t on C such that t(p2) > t(q2). This trace could be extended to a positive 
linear functional t with norm 1 on eAe. Let us still denote it by t. Then the map ¢:at> T(eae) 
would be a positive linear functional on A with norm 1. Note that ¢(p) > ¢(q). As the argument 
of Theorem 4.6, we could apply this construction with any finite subset of A, to obtain an upward 
directed family of states (@,,) inside the unit ball of the dual space of A. Choose an accumulation 
point To, and it is easy to verify that to is a trace of A. But then we have that 


to(p) = limg,(p$”) > lim, (qs) = t0(), 


which is in contradiction with the assumption on p and q. 

Therefore, we may assume that t(p2) < T(qg2) for every trace t of S. Then pz is Murray— 
von Neumann equivalent to a subprojection of gz. Note that p; is a subprojection of | — e and 
1 —e is Murray—von Neumann equivalent to a subprojection of q’, so that p; is Murray—von Neu- 
mann equivalent to a subprojection of q’. Therefore we have 


p~prtmn<dt+n<qt+q-q =q. 


If A does not have the (SP) property, there is a positive element a € A such that the only 
projection in aAa is 0. Apply Definition 2.2 to any finite subset F, any ¢, and a, we conclude 
that there is a unital sub-C*-algebra C of A such that F C, C. With an argument same as that 
used above, we conclude that the unital sub-C*-algebra C can be chosen such that there are 
projections p’ and q’ in C with ||p — p’|| < 1/2, |lq —q'|| < 1/2, and t(p’) < t(qg’) for any 
t € T(C). Since C has the Blackadar comparison property, one has that 


p~p'<q~4, 


as desired. 


Remark 4.13. The proof above is similar to the proof of Theorem 3.7.2 of [19], which states that 
any simple TAI-algebra has the Blackadar comparison property. 


Corollary 4.14. Let A be a simple TAS-algebra. The ordered group Ko(A) is weakly unperfo- 
rated; that is, if g € Ko(A) and ng € Ko(A)t \ {0} for anyn € Z*, then g € Ko(A)™. 


Proof. We must show that for any two projections p and qg in a matrix algebra M;(A), if 
diag{p,..., p} is Murray—von Neumann equivalent to a proper subprojection of diag{g,...,q} 
—— — 


n n 
in Myx (A) for some n € Z*, then p is Murray—von Neumann equivalent to a subprojection of q. 
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Since the projection diag{p,..., p} is Murray-von Neumann equivalent to a proper subpro- 
———e—” 
n 
jection of diag{g,...,q}, one has that nt(p) <nt(q) for any t € T(A), and hence t(p) < t(q) 
——$—" 
n 
for any t of T(A). Since M; (A) is also a simple TAS-algebra, by Theorem 4.12, the projection p 


is Murray—von Neumann equivalent to a subprojection of g, and hence the ordered group Ko(A) 
is weakly unperforated. 


Let & be a class of unital stably finite unital C*-algebras, such that any state on the order-unit 
Ko-group comes from a tracial state. It is well known that any stably finite unital exact C*-algebra 
has this property. We shall show that this property still holds for C*-algebras in TA@. 


Theorem 4.15. The map r:T(A) > S(Ko(A), Kj (A), [1]) is always a surjective map for any 
simple C*-algebra A € TA@, where r is induced by the canonical restriction of tracial states to 
projections in matrix algebras of A. 


Proof. Let p be a positive state over (Ko(A), Ky (A), [1]), and let F be a finite subset of A with 
|F| > 2 where |F| is the cardinality of F. 

Let us assume that A has the property (SP). Since A is a simple C*-algebra in TA@, there is 
a sub-C*-algebra E of A with p = 1¢ such that E € &, and for any a € F: 


(1) ||pa —ap|| < 1/|F\, 
(2) pap €1;\F| £, and 
(3) M[1 — p] = [1] for a natural number M > |F |. 


Then the map @:at> pap is F — ral multiplicative, and p([1 — p]) < iy < rae 

Define the map 1 : Ko(S) > R to be »;([g]) = app la) for any projection g in a matrix 
algebra of E (since E is a sub-C*-algebra of A). It is clear that o; is a positive state of Ko(E). 
Since E is in the class &, p; arises from a tracial state of S, denote it by ae One can extend qj 


to a state on pAp; we still denote it by t;. Then define a positive linear contraction t; on A by 
T, =; o®@. It is clear that 


|t1 (ab) — t1(ba)| <4/|F| for any a,be F. 
Moreover, for any projection g € F, the projection q will be unitarily equivalent to a sum of two 


orthogonal projections q’ and q” where q' < 1— p,q” € E, and ||q” — ¢(q)|| < 1/|F|. Then for 
any projection q € F, we have that 


|e([g}) — 11(q)| = |e (la) + (91) — t1(q)| 


<= + lo([a"l) —od@)| 
Sgt ietlg )— 10 o@) 


< ee ie [q”] 1(q")| 
<F p([g"l) — 1 
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2 
< =e ” — Wy 
At [e(L4"l) — er(ta"I)| 


4 
ane 
|F | 


Repeating this construction for all finite subsets (73), we obtain an upward directed family of 
positive linear contractions (t,,). Pick an accumulation point t of (t,,) in the unit ball of the dual 
space of A (with respect to the weak topology). It is a state of A. Moreover, for any a and b in 
the unit ball of A, we have that 


(ab) — (ba) = lim (t,(ab) — 1) (ba)) =0. 


Therefore, t is a tracial state of A. 
For any projection q ¢€ A, there is a finite subset F containing g with sufficiently large cardi- 
nality. Therefore, we have 


r(q) = lim 0.9) = p([qlo)- 


Set 7; to be the set of all the traces on A which have the property t(f) = p([f]o) for any 
projection f in A. 7; is acompact set with respect to the weak topology. By the argument above, 
T; is not empty. Since the n by n matrix algebra over a C*-algebra in TA@ still belongs to the 
class TA@, we can apply the construction above to M,,(A), and get a nonempty compact set of 
traces on A such that t(f) = o([f]o) for any projection f in M,(A). Denote by 7, all such 
tracial states of M, (A). Since T,, D T,+1 and all 7, are compact, there exists a tracial state t in 
all of 7,,. Therefore the state on (Ko(A), Kj (A), [1]) induced by Tt is exactly p. And the map 
r:T(A) > S(Ko(A), Kj (A), [1]) is surjective. 

If A does not have the property (SP)—-say, there is no nontrivial projection in the hereditary 
sub-C*-algebra generated by a € A—one can apply the tracial approximation property (Defini- 
tion 2.2) to any finite subset, any ¢, and a. One then concludes that A can be locally approximated 
by C*-algebras in the class &. The same arguments as above (even more directly) show that the 
map r:T(A) > S(Ko(A), Kj (A), [1]) is surjective. 


Unital stably finite exact C*-algebras are in the class &. However, not all simple C*-algebras 
in the class TA@ are exact. There even exist non-exact separable simple C*-algebras in the 
class TA.¥. Here is an example constructed by M. Dadarlat in [5]: 


Example 4.16. Let B be a non-exact unital separable C*-algebra which has a separating sequence 
of finite-dimensional representations {7}. (For instance, we can take B to be the full C*-algebra 
of the group Fo, the free group with two generators. See [4,35].) Denote by d, the dimension of 
the representation z,,. 

We are going to construct A as an inductive limit. Set Aj = B 6 Mg, (C). Assume that we 
already have Ay = M;, (B) @ Mj, (C), we set ing) =in +injn and jn41 = dnin + jn. We then set 


Anti = Mi,,,(B) ®M;,,, (©), 
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and set a map @,: An > An+1 by 


An > (b,m) (diag{b, m, ...,m}, diag{z,(b), m}) € Ansi- 


In 


Denote by A the inductive limit C*-algebra of the system (Ay, @,). We claim that A is a simple 
C*-algebra in the class TAY. But A contains B, a non-exact C*-algebra, as a sub-C*-algebra; 
thus A cannot be an exact C*-algebra. 

The simplicity of A follows directly from the separability of {7} and the construction of the 
maps {g,}. We wish to show that A satisfies Definition 2.2 for the class of C*-algebras ¥. For 
any finite subset F C A and ¢ > 0, we may assume F C A, for some n. Thus, A satisfies con- 
ditions (1) and (2) of Definition 2.2; by Proposition 2.7, the C*-algebra A has the property (SP). 
Therefore, in order to verify the condition (3) of Definition 2.2, it is enough to verify it for any 
unital hereditary sub-C*-algebra of A. In other words, to see A belongs to the class TAF, it is 
enough to verify Definition 2.2 for any finite subset F C A, any e > 0, and any projection g. We 
then may assume Ff, and q are in a building block of A, say Ay. Since Ay, = Mj, (B) @ Mj, (C), 
we even may assume that g € M;, (C). 

Denote by p’ the unit of Mj, (B) in Ay. Passing to Ay+1 = Mi,.,(B) ® Mj,,, (C), the image 
of p’ in M;,,,,(B) by the map @, has the form of (1,0,...,0). By the construction of gp, re- 
stricting to the sub-C*-algebra Mj,,,,(B), the projection (1, 0,...,0) is Murray—-von Neumann 
equivalent to a subprojection of any image of minimal projections of M;,(C) by the map gy; 
hence it is Murray—von Neumann equivalent to a subprojection of g. Therefore, we may take the 
sub-C*-algebra F to be the direct sum of the sub-C*-algebra M;,,, (C) and the image of Mj, (C) 
in Mj, ,,(B). It is easy to see that this sub-C*-algebra satisfies Definition 2.2 for the finite sub- 
set F and projection qg. Thus, A is a simple separable C*-algebra in the class TAY which is not 
an exact C*-algebra. 


In 


Let A be unital stably finite C*-algebra. Denote by r the canonical affine map 
T(A) — S(Ko(A), Kj (A), [Lalo) 
induced by restricting traces to projections in matrix algebras. 


Definition 4.17. A unital stably finite C*-algebra A is said to have the property (M) if for any 
tracial state t of A satisfying 


r(t) =Aip1 + A2p2 


for two states ~1, 02 on Ko(A) where Aj, A2 > 0 with A; +A2 = 1, there exist two tracial states T, 
and t2 of A such that r(t,) = pe; and r(t2) = p2 respectively, and 


THAT +A2T. 
Remark 4.18. Let A be a C*-algebra with the property (M). Then the map r is surjective (indeed, 


one can set one of the A;’s to be zero). If a tracial state t is sent to a midpoint of S(Ko(A)) by 
the map r, then t must be a midpoint of T(A). In particular, the map r preserves extreme points. 
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Theorem 4.19. Let 4 be a class of unital stably finite C*-algebras with the property (M). Then 
any simple C*-algebras in the class TA-4@ has the property (M). 


Proof. Let A be a C*-algebra in TA.@. Let t be a tracial state of A satisfying 
r(t) =Aipi +A2p2 


for some states 01, 02 on Ko(A) where Aj, A2 > 0 with Ay + A2 = 1. 
Suppose that A has the property (SP). For any subset F of the unit ball of A, since A € TAZ, 
there is a sub-C*-algebra M with unit p such that p commutes with the elements of F to within 


1/|F|, and pap belongs to M up to 1/|F| for any a € F, where |F| is the cardinality of ¥. There- 


fore, if we define the map 6: A pAp by at pap, ¢ is unital and F — val multiplicative, and 


the map ¢ sends F to M to within 1/|F|. Moreover, we may assume that t’(1 — p) < 1/|F| for 
any tracial state t’ of A. 


Consider the restriction of t to M and the restrictions of p; and p2 to Kg(M), one then has 


ru (T|M) = 1/1 Kom) + A2021Ko(M)- 


Since M has the property (M), there exist tracial states t; and t of M such that ry(t;) = 
PilKo(M)> 1M (75) = P21Ko(m) and 


t|m(b) =A1 71 (b) +A2t5(b) for any be M. 


We then extend these two tracial states to states on pAp; still denote them by t; and t} respec- 
tively. 
For any a € F, we have 
|z(@) — (iti ($@) +425(¢@))| 
<|r((1— p)a( — p) + pap) — (Arty (#(@)) + 2273 ($@))| + I/IFI 
< 2/|F| + |t(b(@)) — (Arti ($@) + A273 ($@))| 
<5/|F|. 


Denote by ce the state t; o d of A fori = 1, 2. 


Thus, for any finite subset of the unit ball of A, on can construct two states a and oe of A 
such that for any a € f, 


|c(a) — (Arty (a) — Aare (a))| < I/F, 
and for any projection g € Ff, 
[z1(@) — pi(lg])| < I/F] and |r2(q) — pr(a])| < 1/IF I. 
Moreover, for any a, b € F, one has that \t7 (ab) — «7 (ba)| <4/|F| fori = 1,2. 


Since the finite subsets of the unital ball of A form an upward directed collection, there are 
accumulate points tT and Tt for the upward directed families {7 } and {ay } in the unital ball 
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of the dual space of A. A simple argument shows that t;° and t5° are tracial states of A, and 
moreover, 


THAI HATS, 
and 
tP°(q) =pi([g]) and t3°(q) = p2(I9]) 
for any projection g in A. Using the same trick as that of the argument of Theorem 4.15, we can 


find two traces tT and T2 such that t1(q¢) = o1([g]) and t2(qg) = o2([g]) for any projection qg in 
matrix algebras of A, and tT = A1T1 + A272. Therefore, we have 


r(t1) = p1, r(t2) = 02 
and 
T=A{q +A2T2, 
as desired. 
If A does not have the property (SP), one has that A can be locally approximated by 


C*-algebras in the class .@ by the argument of Theorem 4.15. Using an argument similar with 
above (even more directly), one can show that A has the property (M). 


Note that all unital homogeneous C*-algebras have the property (M). Therefore, we have the 
following corollary. 


Corollary 4.20. Let A be a separable simple C*-algebras in the class TAH’, where H is the 
class of unital homogeneous C*-algebras. Then the C*-algebra A has the property (M). In par- 
ticular, the map r preserves extreme points. 


Remark 4.21. A direct consequence of the above corollary is that any separable simple TAI- 
algebra has this property. This is important for TAI classification. (See [23,26]. Note that this 
fact is included in [23], as Lemma 10.9, but was erroneously just assumed in [26].) (The present 
proof is different from that of Lemma 10.9 of [23].) 


Let A be a unital C*-algebra. Denote by U(A) and Uo(A) the unitary group of A and the path 
connected component of 1,4, respectively. Then the group Uo(A) is a normal subgroup of U(A), 
and there is a canonical map z from U(A)/Ug(A) to K,(A). 

Let @ be a class of unital C*-algebras such that the map 7 is injective for any member of this 
class. We shall show that for any simple C*-algebra A € TA@ with the cancellation property for 
projections, the map z is still injective. 

It is well known that if two unitaries u, v satisfy ||u — v|| < 2, then uw is path connected to v. 
There is a little improvement of this fact. 


Lemma 4.22. Let u, v be two unitaries in a C*-algebra A. If ||u — v|| < 2 and there is a projec- 
tion p € A with [p, u] =[p, v] = 0, then there exists a path w(t) in U(A) such that w(0) = v, 
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w(1) =u and [p, w(t)] = 0, Vt € [0, 1]. Moreover, if pup and pup are in a unital sub-C*- 
algebra B of pAp, then the path w(t) can be chosen such that pw(t) p is a path of unitaries in 
the C*-algebra B. 


Proof. Since ||u — v|| < 2, the point —1 is not in the spectrum of v*u. Therefore, there is a 
real-valued continuous function y on sp(v*u) such that z = exp(iy(z)). Seth = w(v*u) € A®, 
and one has v*u = exp(ih). Set w’(t) = exp(ith). It is a path in the unitary group of A such 
that w’(0) = 14 and w’(1) = v*u. Moreover, since [p, u] = 0 and [p, v] = 0, one has [p, h] = 0. 
Hence, [p, w’(t)] = 0. Set w(t) = vw’ (ft). It is clear that w(0) = v, w(1) = u and [p, w(t)] =0 
for all t € [0, 1]. 

If pup and pup are in a unital sub-C*-algebra B of pAp, then one has that 


php = ((pvu* p)(pup)) € B, 
and hence for any ¢ € [0, 1], 


pw(t)p = puw'(t)p = (pup) (exp(it(php))) € B, 


as desired. 


Theorem 4.23. Let A be a simple C*-algebra in TA@ with the cancellation property for pro- 
jections. Let U(A) and Uo(A) denote the unitary group of A and the path connected component 
containing the identity 1, respectively. Then the canonical map U(A)/Uo(A) — Ky, (A) is injec- 
tive. 


Proof. To show the injectivity of the map U(A)/Uo(A) — K, (A), it is enough to show for any 
unitary u € A, if 


diag{u,1,..., 1} 
— 
n+l 
is path connected to 
diag{1,1,..., 1} 
—_——— 
n+l 


in the unitary group of M,,+1(A) for some n, then u is path connected to 1 in U(A). 

Suppose that A has the property (SP). Let diag{u, 1, ..., 1} be a unitary in M,,41(A) which is 
path connected to diag{1,1,..., 1} by a path W(t). Then there is a partition 0=t) <t <---< 
t; = 1 such that 


|W) -— Weer) <2, O<k<s—-1. 
Since A is simple and has the property (SP), there are n + 1 mutually orthogonal projections 
{q1,--->9n+1} in A which is Murray-von Neumann equivalent to each other. Since A € TA@, 


one may assume that there is a sub-C*-algebra C € TA@ with 0 ¥ p € Ic such that 


Wte)ij = W'(t)i,j + Wi, 
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with W'(t)i,; € (1 — p)AC — p), W''(tk)i,j € C for eachO <k <s and 1 <i, j <n +1, and 
(1 — p) x q. Moreover, one can assume (W'(th)i,j) is a unitary in M,4,((1 — p)AQC — p)) 
and (W"'(th)i,j) is a unitary in M,+41(C). By Lemma 4.22, there is a path of unitaries w;(t) be- 
tween W(t,) and W(t,41) for each O< k < s — 1 and wz commutes with Q = diag{1 — p, 
1 — p,...,1 — p}. Therefore, Qw,;(t)Q is a path of unitaries in M,41(U1 — p)AC — p)) 
which connects (W'(tk)i,j) and (W' (ter 1)i,j) Moreover, (1 — Q)w x(t)(1 — Q) is a path of 
unitaries in Mn41(C) which connects (W”(¢,);,;) and (W’’(th+1)i,;). Then, there is a path of 
unitaries Qw(t)Q in Mn+1((1 — p)AC — p)) which connects (W'(to)i,j) and (W'(ts)i,j) =Q, 
and there is a path of unitaries (1 — Q)w(t)(1 — Q) in M,41(C) which connects the unitary 


(W''(to)i,7) =diag{W" (to)1.1, P»---. P} 
and the unitary 
(W" (ts)i,;) =1— 0 =diag{p, ..., p}. 
Therefore, the unitary W’ (fo)1,; has trivial K; class. Since the canonical map 
m :U(C)/Up(C) > Ki(C) 
is injective, one has that W" (to)1,1 is path connected to p = 1c in the unitary group of C. 
Note that (1 — p) = q, and the mutually orthogonal projections qj, ...,@n41 are Murray— 
von Neumann equivalent to each other. Since A has the cancellation property for projections, 


there are partial isometries {vj = 1 — p, v2, ..., Vp41} such that the source projections are | — p 
and the range projections are mutually orthogonal. Set 


V ={vy, v2,.--, Un+i} € Min41(A). 
It is easy to verify that V*V = Q. Then 
c(t) = VQw(thav* +d -VV*) 
is a path of unitaries in A. One has 
c(0) = V diag{ (1 pjul—p),l—p,...,1- p}v* +(1-VV*) 


=(1—p)ud—p)+p 
= W'(to)11 +? 


and 


c(1) = Vdiag{1 — p,1— p,...,1— p}V*+(1— VV*) 
=(U—p)+p 
=1, 


Therefore W’(to)1,1 + p is path connected to | in the unitary group of A. 
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Note that 
u= W(to)1,1 = W(to)1,1 + W" (to) 1,1. 


Since W’(to)1,1 is path connected to p = lc in the unitary group of C, one has that u is path 
connected to c(0) = W'(to)1,1 + p in the unitary group of A, and hence u is path connected to 
c(1) = 1 as desired. 

If A does not have the property (SP), A can be locally approximated by C*-algebras in the 
class @. Therefore, using an argument same as above, we may assume that the unitary 


diag{u,1,..., 1} 
—-"" 
n+l 
is path connected to 
diag{1,1,..., 1} 
Se 
n+l 


in a unitary group of the matrix algebra M,,+1(C) for a unital sub-C*-algebra C of A which is in 
the class @. Hence, the unitary u is path connected to the identity in the unitary group of C, and 
in particular, uv is path connected to the identity in the unitary group of A. 


Remark 4.24. If A is a simple TAS-algebra, then A has stable rank one by Corollary 4.4, and 
therefore, the natural map U(A)/Uo(A) — Kj (A) is an isomorphism. 
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Abstract 


We are concerned on the possibility of finite time singularity in a partially viscous magnetohydrodynamic 
equations in R”, n = 2,3, namely the MHD with positive viscosity and zero resistivity. In the special 
case of zero magnetic field the system reduces to the Navier-Stokes equations in R”. In this paper we 
exclude the scenario of finite time singularity in the form of self-similarity, under suitable integrability 
conditions on the velocity and the magnetic field. We also prove the nonexistence of asymptotically self- 
similar singularity. This provides us information on the behavior of solutions near possible singularity of 
general type as described in Corollary 1.1. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Viscous MHD; Self-similar singularity; Asymptotically self-similar singularity 


1. Introduction 


The equations of magnetohydrodynamics (MHD) with zero resistivity in R”, n = 2, 3, are the 
following: 


dv 


- +0 Y= vav-V(p+ 5167) + 0-0), CET 
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ob 

apt eR ee Ve (1.2) 

divv = divb=0, (1.3) 

v(x,0)=vo(x), bx, 0) = bo), (1.4) 
where v = (v1,..., Un), vj =v;(x,¢), j =1,...,n, is the velocity of the flow, b= (b1,..., bn), 


b; =b; (x,t), is the magnetic field, p = p(x, f) is the scalar pressure, v > 0 is the viscosity of the 
fluid, and vo, bo are the given initial velocity and magnetic fields, satisfying div vp = div bo = 0, 
respectively. The system (1.1)-(1.4) describes the macroscopic behavior of electrically con- 
ducting incompressible fluids with extremely high conductivity. In the original (fully viscous) 
equations of magnetohydrodynamics, besides the viscosity term, v Av, in (1.1) we have the re- 
sistivity term, 7 Ab, in the right-hand side of (1.2), where 7 is the resistivity constant, which is 
inversely proportional to the electrical conductivity constant, o. In the extremely high electrical 
conductivity cases, which occur frequently in the cosmical and geophysical problems we ignore 
the resistivity term to have our system (1.1)—(1.4) (see e.g. [4]). We are concerned here the math- 
ematical question of the global well-posedness/finite time singularity of the system (1.1)-(1.4). 
The proof of local well-posedness of the Cauchy problem is rather standard, following argument 
in [12] (actually the necessary essential estimates are derived in the proof of Lemma 2.1), and 
similar to the case of fully viscous MHD, which is done in [17]. The question of spontaneous 
apparition of singularity from a local classical solution is a challenging open problem in the 
mathematical fluid mechanics. The situation is similar to the both of the cases of ideal MHD 
and fully viscous MHD. We just refer some of the studies on the finite time blow-up problem 
in the ideal MHD ([1,6—8,10,16] and references therein). In order to discuss the self-similar sin- 
gularity of the system (1.1)—(1.4) we first observe that it has the following scaling property: if 
(v, b, p) is a solution of (1.1)-(1.4) corresponding to the initial data (vo, bo), then for any 4 > 0 
the functions 


v* (x,t) =Av(Ax, AP), b* (x,t) =Ab(Ax, 72), 
and 
p*(x,t) =A? p(ax, 72) 
are also solutions with the initial data vb (x) =Avo(Ax), bs (x) = Abo(Ax). In view of the above 


scaling property the self-similar blowing up solution (v(x, t), b(x, t)) of the system (1.1)-(1.4), 
if it exists, should be of the form, 


1 x 
vnn= =—v(—). (1.5) 
ee) a( ws ) (1.6) 
VT, —t VT, —t 


1 x 
px, t= (aS) (1.7) 


for t close to the possible blow-up time T7;.. If we substitute (1.5)—(1.7) into (1.1)-(1.4), then we 
find that (V, B, P) should be a solution of the stationary system: 
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1 1 1 

aor Ot (V-V)V=vAV+ (8-v)B-V(P+ sl8r), (1.8) 
1 1 

zB +5 VIB+V-V)B=(B-V)V, (1.9) 
div V = div B =0. (1.10) 


Conversely, if (V, B, P) is a smooth solution of the system (1.8)—(1.10), then the triple of func- 
tions (v,b, p) defined by (1.5)-(1.7) is a smooth solution of (1.1)-(1.4), which blows up at 
t = T,. The search for self-similar singularities of the form, (1.5)-(1.7) was suggested first by 
Leray for the 3D Navier-Stokes equations in [14], and its nonexistence was first proved by Neéas, 
RuZitka and Sverdk in [15] under the condition of V € L3(R?) N A), (R°), the result of which 
was generalized later by Tsai to the case L? (IR?) N Ae (R*) with p > 3 in [19]. Their proofs 
crucially depend on the maximum principle of the Leray system, 


1 1 
a FOV VV SAV PAY, div V = 0, 


which corresponds to a special case(B = 0) in (1.8)—-(1.10). The corresponding maximum princi- 
ple for (1.8)-(1.10), however, cannot be obtained by applying similar method used in [15,19] (the 
situation is similar even if we have ‘special’ resistivity term vA B to the right-hand side of (1.9)). 
Due to this fact there are difficulties in extending the nonexistence results for the self-similar 
singularity of the 3D Navier-Stokes system to our system (1.1)—(1.4). Recently, the author of 
this paper developed new method to prove nonexistence of the self-similar singularity of the 3D 
Euler system under suitable integrability condition on the vorticity [2]. Here we first combine 
the argument in [2] together with the results by [15,19] to obtain the nonexistence of self-similar 
blowing up solutions, the precise statement of which is in the following theorem. 


Theorem 1.1. Suppose there exists T,, > 0 such that we have a representation of a solution (v, b) 
to (1.1)-1..4) by (1.5)-(1.6) for all t € (0, T;.) with (V, B) satisfying the following conditions: 


(i) (V, B) €[C (RP, VV € L©(R"), and div V = div B =0. 

(ii) In the case n = 3, there exists q, € [3, 00) such that V € L” (R?). 
In the case nn =2, V € L?(R?). 

(iii) There exists q2 > 0 such that B € L4(R") for all gq € (0, 2). 


Then, V=B=0. 


Remark 1.1. In order to illustrate the integrability condition for B in (111) above we make the 
following observations. If a function f(x) on R” satisfies 


sup (1+ |x|*)|f(x)|<0o VkeEN, 


XE 
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then f € L?(R”) for all p € (0, oo). Indeed, given p € (0, 00), we choose k = ewe Then, we 
have 


[o,@) 
C Pp n—-1 
| F(x)? dx < | (——_) ax<ccn, p) | ——~ar<w&. 
1+ |x|* (+r"tl) 
R' 0 


R” 


Under different type of decay conditions on (V, B) from the above theorem, we could also 
have similar nonexistence result as follows. 


Theorem 1.2. Suppose there exists T,, > 0 such that we have a representation of a solution (v, b) 
to (1.1)-(1.4) by (1.5)-(1.6) for all t € (0, T;.) with (V, B) satisfying the following conditions: 


(i) (V, B) €[H™ (RP, m>n/24+1. 
Gi) ||VV||z0° + ||VB\lz~o < 9, where n is a sufficiently small constant to be determined in 
Lemma 2.1 in the next section. 


Then, V= B=0. 


Remark 1.2. The above theorem implies the ‘stability of the null solution’ of the stationary 
system (1.8)-(1.10). Namely, there exists 7 > 0 such that if (V, B) is a solution to (1.8)-(1.10) 
and belongs to a ball B(O, n) = {X = (V, B) €¢ H™(R") | || VX||L~© <n}, where m > n/2+ 1, 
then (V, B) = (0, 0). 


Next, we consider more refined scenario of ‘asymptotically self-similar singularity, which 
means that the local in time smooth solution evolves into a self-similar profile as the possible 
singularity time is approached. A similar notion was considered previously by Giga and Kohn 
in the context of the nonlinear scalar heat equation in [9]. Recently, the author of this paper [3] 
considered it in the context of 3D Euler and the 3D Navier-Stokes equations (see also [11]), and 
excluded its scenario. We apply the idea developed in [3] to exclude asymptotically self-similar 
singularity of our system (1.1)—(1.4). 


Theorem 1.3. Ler (v,b) € [C((0, 7); H” R")/, m >n/2+ 1, be a classical solutions to 
(1.1)-(1.4). Suppose there exist functions V , B satisfying the conditions (i)—Gii) for V, B in The- 
orem 1.1 such that the following boundedness and the convergence hold true: 


l—n 1 - 2 
sup (T —t) 2 |uG,t) v( ) 
O<t<T VT —t T-t/ | 
1l—n 1 = ¥ 
+ sup r= |G. a( ) <0, (1.11) 
O<t<T VT —t T-t L} 
lim(T —1)| Vv, 0) : vi( ) 
im(T — v(, 
t/T JT -t T —t/\_~ 
1 _ : 
lim (T — t)||VbG,t VB =0. 1.12 
+ lim(T —)]V66.0 - -— ( —) 3 (1.12) 
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Then, V = B = 0, and (v, b) can be extended to a solution of (1.1)—(1.4) in [0, T +6] x R”, and 
belongs to C((0, T + 6]; H™(R")) for some 6 > 0. 


Remark 1.3. Unlike to the cases of the Euler equations [3], the convergence of (1.12) is not 
in the critical Besov space norms for the quantities of vorticities and current densities, but in 
the Lipschitz norm for the gradients of velocities and magnetic fields. Actually due to the non- 
symmetry of the viscosity terms (the term vAv for the velocity evolution equations (1.1), and 
zero for the magnetic field evolution equations (1.2)) we cannot obtain critical Besov space type 
of norm estimates in the procedure of proof of the above theorem (see the proof in the next 
section). 


As an immediate corollary of Theorem 1.3 we have the following information of the behaviors 
of solution near possible singularity, which is not necessarily of the self-similar type. 


Corollary 1.1. Let (v, b) € [C((0, T,); H(R"))/?, m > n/2 +1, be a classical solutions to 
(1.1)-(1.4), which blows up at T. We expand the solution of the form: 


1 = x = 

ven) = Feed ( R=) +a, (1.13) 
1 = x _ 

b(x,t)= = i( FS) +500. (1.14) 


where (Vv, B) satisfies the conditions (i)—Gii) for (V, B) in Theorem 1.1. Then, either 


, l—n 2 = 
lim ales —t) 2 (ft@|] 1+ |2O],)] =. (1.15) 
t 
or there exists €9 > 0 such that 
lim gan —1)(|Vi@|,.. + |V2O||,..)] > 0. (1.16) 
t 


2. Proof of the theorems 


Proof of Theorem 1.1. We assume classical solution (v, b) of the form (1.5)-(1.6). We will 
show that this assumption leads to V = B = 0. By consistency with the initial condition, bo(x) = 
ats Bs). we can rewrite the representation (1.6) in the form, 


VTx 


1 


t 5 t\ 2 
n.n= (1-7) »((1- =) x) Vt € [0, T,). (2.1) 


Let at» X(a,t) be the particle trajectory mapping, defined by the ordinary differential equa- 
tions, 


oN) = u(x(a,0,2); X(a,0) =a. 


446 D. Chae / Journal of Functional Analysis 254 (2008) 441-453 


We set A(x, t) := X = (x,t), which is called the back-to-label map, satisfying 
A(X (a, t),t) =a, X(A(Q, 1), t) =x. (2.2) 


We note that for our smoothness condition (1) decay condition on the velocity (ii) the existence 
of A(-, t) is guaranteed at lease for ¢ close to 7; (see [5]), which is enough for our purpose in the 
proof. Taking dot product (1.2) by b, we obtain 


—+(v-V)|b| =abI, (2.3) 


0|D| 
ot 


where a(x, t) is defined as 


fF a1 Sef DE, HEH, 1) if bx, 1) 40, 
«n= ey : if b(x,t) =0, 


with 


1fov; dv; b(x,t) 
Soe =| — : d = : 
7 s(Ge+ ae) ae ey 


In terms of the particle trajectory mapping we can rewrite (2.3) as 


d 
9 A(X @, t), t)| =a(X(a,t),t)|b(X(a, 0), t)]. (2.4) 


Integrating (2.4) along the particle trajectories {X (a, t)}, we have 


t 


|b(X (a, t), t)| = Poialess| [a(ate.n.s is} (2.5) 


0 


Taking into account the simple estimates 
=|VvG, || 0 <atx,t) YxeR", 


we obtain from (2.5) that 


’ 


t 
Poialere| = f vec. ‘| < |b(X(a, 1), t) 
0 


which, in terms of the back-to-label map, can be rewritten as 


t 
Po( ats nlexe| =f IVe6. 9,0 ‘| < |b, 1). (2.6) 
0 


Combining this with the self-similar representation formula in (2.1), we have 
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t 
2s ae 
Po(atsniexe| =f IveC.9 | < (1 - =) mo((1 - =) *)} (2.7) 
0 


Given q € (0, g2), computing L7(R”) norm of the each side of (2.7), we obtain 


1 


t n 
t \2q 2 
IIbollza oo] - / Voc, 5) p00 i| es bobs (1 - =) (2.8) 
* 
0 


where we used the fact det(V A(x, t)) = 1. Now, suppose B 4 0, which is equivalent to assuming 
that bo 4 0, then we divide (2.8) by ||Do||z¢ to have 


f t 2q 2 
oo|—[Ivoe.0 L~ ‘| < (1 — =) : (2.9) 
‘ * 


Passing gq \, 0 in (2.9), we deduce that 


t 
Jive. s)|| ds =0o te (0,T,). 
0 


This contradicts with the assumption that the flow is smooth on (0, 7;,), i.e. 
v eC! ([0, T,); C'(R")N W'(R")), 


which is implied by the by the explicit representation formula (1.5)—(1.6), combined with the as- 
sumption (i). Hence we need to have B = 0. Setting B = 0 in the system (1.1)—(1.4), it reduces to 
the incompressible Navier-Stokes system in R”. When n = 3 we apply Neéas—RuZi¢ka—Sverdk’s 
result in [15] for gj = 3 and Tsai’s result in [19] for gi € (3, 00), respectively. Then, we obtain 
V =0. In the case n = 2 we recall that in the 2D Navier-Stokes equations for the initial data 
vo(-) = gE (GR) € L?(R*) the solution v belongs to C~((0, 00) x R?) (see e.g. [18]), and 
hence we need to have V = 0. 


In order to prove Theorems 1.2 and 1.3 we establish the following continuation principle for 
local classical solution of (1.1)—(1.4). 


Lemma 2.1. Let (v,b) € [C({0, 7); H’”(R"))/°, m > n/2 +1, be a classical solution to (1.1)- 
(1.4). There exists an absolute constant n > 0 such that if 


sup (T —1t){|Vv(t) ||, + | VoO|,0} <n, (2.10) 
O0<t<T 


then the solution (v(x, t), b(x, t)) can be extended to be functions on [0, T +4] x R", and belongs 
to C((0, T +6]; H’” (R")) for some 6 > 0. 
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Proof. Let a = (a@1,...,a@,) € (NU {0})” be a standard multi-index with |w| =a | +--++a,. We 
take operation D® = ay ... 0,” on (1.1), and take L?(R”) inner product it with D®, summing 
over |a| < m after integration by parts. Then, we obtain 


d 
5 gy lullium + v||Vol[2e0 = y (D%(v- V)v — (v- V)D*%v, D%v) ,» 


lal<m 


+ S° (D%-V)b= (b- V)D*b, D%v) ;» 


|o|<m 


+ )> ((b- V)D%b, D*v) ,>, (2.11) 


|o|<m 


where we used the facts, 


((v-V)D%v, D*v) > = 5 [o-9) [DP ax=-5 | aiv)|D%P ax =o, 
R" R' 


and 


1 1 
(pv, D°v(p+ 51?)) =- (priv), 0*(p + 50?) =0. 
p p ei 


Applying the well-known commutator estimate [13], 


Y= | D*(f8) — FD%g| po <C(V Fllama + Uf lam ligiize). 


|o|<m 


to the terms of the right-hand side of (2.11), we have 
2. 2, 
5 gp lelliam + vIV olin 
< Cll Vollz~[lvllzn + CVO [z= [blz lvllam + SY) ((-V)D%b, D%v) ,2. (2.12) 


lal<m 


Similarly, starting from (1.2), we can deduce 


ld 
5 qj lollim =— DY) (D*(v- V)b— (v-V)D%b, D*b) 2 
lo|<m 
ae La (D%(b- V)u — (v- V)D%v, D%b) , + ((b- V)D%v, D®b) ,» 
lal<m |a|<m 


< Cll Vvl[z~[blljm + CllVO| Lula [lbllam + > ((-V)D%v, D®B) p>. 


|a|<m 


(2.13) 
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We observe that 


Y> ((b- V)D*%b, D*v) 9 =— SY ((b- V)D%v, D%b) >, 


|a|<m ja|<m 


which is obvious by the integration by part. Thus, adding (2.12) to (2.13), we obtain 
ld 
5 ay (lellinm + lbllszm) + vllVvllizm <C(IVvllece + Vbllz=) (llvllem + bllizm), 2-14) 


where we used the inequality, ab < 5 (a? + b*). From (2.14) we first derive the inequality 


t 
[Pm + [OO Ljm +» f V2 ds 
to 


t 


< (le Fie foerlin)ese| {IVI +1900] ,s)4"] es) 


i) 


for all 0 < fo < t, which implies the continuation principle that if 


T 
[U9 )]),< + [VOI] ,0) ds <00. 
0) 


then ||v(7)|| qm + ||b(T)|| qm < co, and we can continue our classical solution (v(t), b(t)) € 
[H’"(IR")]|? up to [to, T + 6] so that (v, b) € [C({0, T + 6]; H’"(R"))P° for some 6 > 0. Next, 
using the estimate (2.14), we derive 


d 
ai = t)(Ivllym + [OU Fm) } + 2(T = 2) || Vu lliym + (lull gm + bli Gym) 


< Co(T — 1)(I|Vollz + VOI [z-)(lvll jm + [Bll zzm) (2.16) 


for a constant Co = Co(m, n). We suppose 


1 
Sup (7 -D(IVO| = + VO] .~)} < ae: 


Then, 


d 1 
Fl ~ O(lellizm + lbllfm)} + 20 — UV olin + 5 (lolliem + IIB lifam) <0, 


and integrating this over [to, 7], we have 
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sup (T —t)(lullzem + Dll) 12s foro 


to<t<T 


T 


1 
+5 [ WrOlim + Olin) at 


1) 
< (T = t0)(\|v(t0) || ym + [5(t0) | jym)- 
In particular, 


T 


[We OK pn + NOK jpn) dt < 27 = 10)(] 000) Dj + [OC0) fj) <00. 2.17) 


to 
Since H™(R”) — Lip(R") for m > n/2 + 1, the estimate (2.17) implies 


T A: 


[UO L,~ +1960], ~)42<C f (vO pm + [Ol ym) at 


1 to 
1 


if 2 
< CYT - of Ue + Joon) < 00. 
0) 


Applying the continuation principle derived above, we can continue our local solution as de- 
scribed in the theorem. 


Proof of Theorem 1.2. We just observe that 
(T —1t)|Vv@|],0 = 1Vilz~, (T —1)||Vo@||,0 = IV Blli~ 
for all t € (t9, 7). Hence, our smallness condition, || VV || ,0 + || VB||z0%° <7, leads to 


sup (F—{|VoO],~ + [VEO] x} <> 


to<t<T 


Applying Lemma 2.1, for initial time at t = fg, we conclude that (v, b) € [C([to, T); H (R")) 7 
cannot have singularity at t = tg, hence we need to have V = B=0. 


Proof of Theorem 1.3. We change variables from the physical ones (x,t) € R” x [0, T) to the 
‘self-similar variables’ (y, 5) € R” x [0, co) as follows: 


x l, T 
= ; s=-log| —— }. 
- T-t 2 6 T-t 


Based on this change of variables, we transform the functions (v, p) + (V, P) according to 
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6 = VOWS), (2.18) 

bs.) = Bl s), (2.19) 
1 

PUN pag OE (2.20) 


Substituting (v, b, p) into (1.1)-(1.4), we obtain the following equivalent evolution equations for 
(VP); 


1 1 1 1 
Veep sey SO-VIV+(V VV evav +(B-V)B-V( P+ Biv 


QD 2 
1 1 1 : . (2.21) 
Brea ry es AOR SB VY: div V = div B = 0, 
V(y,0)=Vol(y)=VTuo(VTy), By, 0) = Bo(y) = VT ho (VT). 
In terms of (V, B) the conditions (1.11) and (1.12) are translated into 
sup (|VC.5) = VO + | BG.) — BO|,1) <0 
0<s<oo 
and 
lim |VVG,s)-VV()|| 0 = lim | VBC, s) — VBC) ||, =9, 
SCO soo 
respectively, from which, thanks to the standard interpolation, we can have 
Jim, | VG;s) = VOM wap = a Jim, | BC, 5) — BO aap) =f) (2.22) 


for all 0 < R < cw, where Br = {x € R” | |x| < R}. Similarly to [11], we consider scalar 
test functions € € C}(0, 1) with As E(s)ds £0, w € CR") and the vector test function ¢ = 
(1,---, On) € Cc! (R”) with div ¢ = 0. We multiply the first equation of (2.21) by €(s —k)@Q), 
and integrate it over R” x [k,k + 1], and then we integrate by part for the terms including the 
time derivative and the pressure term to obtain 


[000 -V(y,s+k)dyds 


[sooo -[V+0-V)V+2V-V)V](y,5 +4) dyds 
0 R" 
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n 


1 
-2f [ &)60)-[B-VB]o.5+ Havas 
0 R 


1 
+2vf [ )V60)-VVO.9 + Wdyds = (2.23) 
0 R 


n 


and 


I 
-{ &s(s)W(y) Bly, s +k) dyds 
0 R 


n 


1 


+f [ eorvor[s + 0-98-4200 -1)B]O.5-+ bavas 
0 R* 
1 


-2f [ e@wor[B-Wv]o.s +Hdyas =o, (2.24) 
0 R" 


Passing to the limit k > oo in (2.23)-(2.24), using the convergence (2.22), ree é,(s) ds = 0 and 
ri &(s) ds £0, we find that V, B € C!(R") satisfies 

[[¥+ 0-90 420 v0 -28-1)8]-oay+2v [ VV -vody=0. 

R" R’ 


[le+ (y--V)B +20 - V)B -20B- V)V] dy =0, 
R" 


for all vector test function @ € Cc (R") with div ¢ = 0, and scalar test function y € Cc (R"). 
Hence, there exists a scalar function P’, which can be written without loss of generality as P’ = 
P+ 5|B for another scalar function P, such that 


- - = = 3 = - = 1 _ 
V+iy-V)V+2(V-V)V =2vAV42(B8-V)B- 20(P + 5180) (2.25) 
and 


B+ (y-V)B+2(V-V)B=2(B-V)V. (2.26) 


On the other hand, we can pass s — oo directly in the incompressibility equations for V and B 
in (2.21) to have 


div V =divB=0. O27) 
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Equations (2.25)-(2.27) show that (V, B) is a classical solution of (1.8)-(1.10). Since, by hy- 
pothesis, (V, B) satisfies the condition (i)—-Gii) of Theorem 1.1, we can deduce V = B = 0 by 
that theorem. Hence, the equations above (2.22) lead to 


Jim [VVC] «= fim, [PBC] 0 


Thus, for 7 > 0 given in Lemma 2.1, there exists s; > 0 such that 


VV (s1)|] ,0 + |] VB(s1) ||, <7. 


Let us set t) = T[1 — e**!]. Going back to the original physical variables, we have 


Applying Lemma 2.1, we conclude the proof. 


(T ~ t) || Vu) || L&© or (T _ t1)| Vd(t1) || 20 <7. 
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Abstract 


Let H be a nonnegative selfadjoint operator, € the closed quadratic form associated with H, and P a 
nonnegative quadratic form such that € + P is closed and D(P) > D(H). For every B > 0 let Hg be the 
selfadjoint operator associated with € + 6 P. The pairs (H, P) satisfying 


L(H, P) :=liminf 6 | (Hp +17! = Jim (Hy + | wks 
Boo Bi->00 


are characterized. A sufficient condition for convergence of the operators (Hg + 1)—! within a Schatten- 
von Neumann class of finite order is derived. It is shown that L(H, P) = 1, if € is a regular conservative 
Dirichlet form with the strong local property and P the killing form corresponding to the equilibrium 
measure of a closed set with finite capacity and nonempty interior. An example is given where L(H, P) 
is finite, H is a regular Dirichlet operator and P the killing form corresponding to a measure which has 
infinite mass and a support with infinite capacity. 
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1. Introduction 


Let H be a nonnegative selfadjoint operator in a Hilbert H and € the closed quadratic form 
associated to H in the sense of Kato’s representation theorem. Let P be a nonnegative quadratic 
form in 7 and (Hg)g 0 be a family of nonnegative selfadjoint operators in 1 satisfying 


D(/Hp) = D(P)N DE), 
I/Ae fll =ER A +BPS) Vf €D(P)NDE(E), (1) 


for all 6 > 0. By Kato’s monotone convergence theorem (cf. [8]), the operators (Hg + 1)~! con- 
verge strongly, as 6 tends to infinity. Both in quantum hard core scattering and in semiclassical 
analysis one is interested in the question about how fast these resolvents converge, cf. [4—6] and 
references given therein. 

The operators (Hg + 1)! may even converge locally uniformly. Under the additional as- 
sumption, that P is not identically equal to zero on D(P) N D(E) and 


D(H) c D(P), (2) 


Brasche and Demuth [3] have shown that the convergence in operator norm cannot be faster than 
c/B for some positive constant c. In fact, let 


BEEP = limint | (Hp +17! = tim (Hy +17! [. (3) 
Boo B'> 00 


Then [3, Proposition 1(ii)]! 
L(H, P) > 0. (4) 


In [3], one has given both examples where L(H, P) < 00, i.e. where the convergence in oper- 
ator norm is as fast as c/B for some finite constant c, and examples where L(H, P) = oo. In this 
paper we shall derive a condition which is necessary and sufficient in order that L(H, P) <0, 
i.e. in order that the operators (Hg + 1)~! converge in operator norm with maximal rate of con- 
vergence, as 6 tends to infinity. We shall also show that the limit inferior in the definition (3) is 
a limit and describe a method how to compute it. 

It is possible that the resolvents (Hg + 1)~! do not only converge with respect to the operator 
norm but even within some Schatten—von Neumann ideal. We shall derive a condition which is 
sufficient in order that the operator 


(A +1)7! = lim (Ag +17! 
Bp’ oo 


belongs to a Schatten—von Neumann class of finite order and give an upper bound for the norm 
of the operator within this ideal. The condition also guarantees convergence of the resolvents 
(Hg + 1)~! with respect to the corresponding Schatten—von Neumann norm. 


! The formulation in [3] is different, but equivalent, cf. Appendix A. 
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On the other hand, it is also possible that the resolvents (Hg + 1)~! do not even converge with 
respect to the operator norm, cf. Example 13 below. We shall give a condition which is sufficient 
in order that locally uniform convergence takes place. In addition, for 0 < r < 1 we shall present 
conditions which guarantee that the convergence in operator norm is at least as fast as O(1/"). 

Both in quantum hard core scattering and in semiclassical analysis one is strongly interested in 
the special case, when H is a regular Dirichlet operator and P a killing term, i.e. H = L?(X, m) 
for some locally compact separable metric space and some positive Radon measure m on X 
whose support is X, € is a regular Dirichlet form in L?(X,m), and P = P,, for some positive 
Radon measure jz on X charging no set with capacity (with respect to €) zero, where 


D(P,) =|repe: [iran <0}, 
PLCf f= i IfPdu Vf <D(P,). (5) 


Here and in what follows we use the fact that every f € D(€) admits a version which is quasi- 
continuous (short q.c.) and two different q.c. versions coincide quasi-everywhere (short q.e.), and 
we always assume that any q.c. version of f has been chosen. We refer to the standard book [7] 
for notations and results from the theory of Dirichlet forms used in this paper. 

For closed subsets I” of X with finite capacity let zr be the (1-)equilibrium measure of I". 
Brasche and Demuth have shown that 


HA Py) <4 (6) 


provided that the resolvent (H + 1)~! is conservative and possesses a Green kernel. The ques- 
tion whether there exist also measures ~s with L(H, P,,) < oo which are not proportional to an 
equilibrium measure has been left open. In this paper we shall use our general criterion for the 
finiteness of L(H, P) in order to give an example where L(H, P,,) < 00, the measure jz has 
infinite mass and the capacity of the support of ju is infinite; in particular, the measure jz is not 
proportional to any equilibrium measure. We shall also show that (6) holds, provided that the 
resolvent (H + 1)~! is conservative, i.e. the hypothesis that (H + he possesses a Green kernel 
can be omitted. 

As mentioned we describe a general method how to compute the number L(H, P). If 
(H + 1)7! is conservative and the Dirichlet form € possesses the strong local property, then 
this method can be used in order to show that 


EA; Pup) =1, (7) 


provided I” is a closed subset of X with finite capacity and nonempty interior. Thus in this case 
the inequality (6) even becomes an equality. 

We shall apply our mentioned general results on Schatten—von Neumann norms in the special 
case when H equals the Laplacian or a fractional Laplacian in L*(R¢, dx) and P the killing term 
corresponding to the equilibrium measure of a closed subset I” of R¢ with finite capacity. In this 
case we shall derive upper bounds for the Schatten—von Neumann norms in terms of the capacity 
of I. 
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2. General results 


Let H and Haux 4 {0} be Hilbert spaces with scalar product (-,-) and (-,-)aux and correspond- 
ing norm || - || and || - |laux, respectively. Let H be a nonnegative selfadjoint operator in 7 and 
put 


AXyqi=VHSVHg)+(f9) Vige DWH). 


Let J be a closed operator from the Hilbert space (D(V A), (.,-) JV) to Haux. Suppose that the 
range ran(J) of J is dense in Hayx and the domain D(J) of J contains D(#7). Let 


D(P):= D(J), 
P(f, f):= MI flleax- (8) 


For every 6 > 0 there exists a unique nonnegative selfadjoint operator Hg in H such that 


D(./Hg) = D(P), 
I/Ae fl =IVWAFIP+BP A) VE ¢ DU/Ap). (9) 


In fact, since J is closed, the right-hand side of (9) defines a nonnegative closed quadratic form 
on 7, as it is easily verified. Since the domain of J contains the domain D(#) of H, it is dense 
in (D(\/H cD) Vi) and hence in 7/. Thus the existence and uniqueness of the nonnegative 
selfadjoint operator Hg satisfying (9) follows from Kato’s representation theorem. 

Since the range of J is dense in Hayx, the operator J J* is invertible. Since J is a densely de- 
fined closed operator from (D(\VA), (-,-) VB) to Haux, the operator J J* in Hayx is nonnegative 
and selfadjoint. Thus its inverse 


A:=(ss*) (10) 
is an invertible nonnegative selfadjoint operator in Hayx. For every h € Haux let j, be the spectral 


measure of h with respect to H, i.e. the unique finite positive Radon measure on R such that, 
with (E (A))aer being the spectral family of H, 


2 
Un((—00, A]) = || E,@al,,, VYAeR. (11) 
Since H is nonnegative and invertible, we have 
n((—00, 0]) =O Vh € Haux- (12) 


We put 
K,:=(H4+1)7!. 


Since J is closed and K, is bounded and everywhere defined, the operator J K, is also closed. 
Since ran(K,) = D(H) Cc D(J), the closed operator J K, is also everywhere defined and hence 
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it is bounded. If, in addition, ran(J K1) C D(H ), then the same reasoning shows that the operator 
HJ K, is bounded, too. 
By [2, Lemma 3(ii)], 


-1 
(H+ (Hy + = KD] 5 +] JK. (13) 


Let h € D(J*). Since 
(J*h, f) =(J*h, Ki f) pq = (hy SK faux = ((JK1)*h, f) 
for every f € 7H, we have 
J*h = (JK )*h. 


Note that J is regarded as an operator from (D(V H), (-,-) Va to Haux and JK, as an operator 
from (H, (-,-)) to Haux. 
By Kato’s monotone convergence for quadratic forms, the strong limit 


lim (Hg +17! 
Bp’ 00 


exists. Often these resolvents even converge with respect to the operator norm || - ||. It has been 
shown in [3] that the convergence in operator norm cannot be faster than c/6 for some constant 
c > 0. In the theorem below we shall give a condition which is necessary and sufficient in order 
that the convergence in operator norm is as fast as L(H, P)/B for some finite constant L(H, P) 
and, in addition, we shall determine the constant L(H, P). 

It is convenient to introduce some notation. We put 


Dg:=(H+1)7'-(Hgt+7! VB>0, and Do:= lim Dp. (14) 
B'>0o 


Note that with this notation 


(Hp +1)! ~ im (Hp + 1)! = Doo — Dg. (15) 


Formula (17) in the following theorem is known [3, Proposition 1(ii)]; for convenience of the 
reader we shall show that it also easily follows from the assertions (ii) and (iii) in the next 
theorem. 

Theorem 1. 


(i) The limit 


RPS Tn B| (Hp + 1 - lim (Hp +1)" (<0) (16) 
Boo B'>0o 


exists and 


L(A, P) > 0. (17) 
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(ii) The limit L(H, P) is finite if and only if the range ran(J J*) of JJ* contains the range 
ran(J K,) of the operator J(H + hak 
(iii) Let ran(J J*) D ran(J K1). Then 


L(A, P) = |(Js*) sat $y’. (18) 


Proof. Let f ¢ H, 6 > 0 and put h := JK, f. Then 
1): estan stds ean 
((Dgr — Da) f, f) = (vxor([5 + A] = E + a] JiR r) 
“(eee ] G+] es) 
AME’ B oer 


1 1 
=| (GF Ia 1/B+ a) mah 


for every B’ > 0. By (12) and the monotone convergence theorem, this implies that 


2 


x 
((Dp — Da) f. A= [ yuna. (19) 


lim 
B'>0o 
By this equality in conjunction with (14), we get 


2 


x 
((Doo — Dg) f. f) = i en by (dd). (20) 


By the monotone convergence theorem in conjunction with (12), this implies 
jim, B((Dx — Da) f. f) = i: a? un (da). 


Since h = JK, f and jp is the spectral measure with respect to the selfadjoint operator H, it 
follows that 


jim, B((Doo — Dp) ff) =WHIK fllaux» if Ki fe DUD), (21) 
jim B((Doo~ Dp) ff) = 00, if JKi f ¢ DUM). (22) 

By (2), 
lim inf Bl| Doo ~ Dgl| = 00, (23) 


if there exists an f € H such that J/Ki f ¢ D(A). 
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Suppose now that ran(J K1) C D(A) = ran(JJ*). Then, by (21), 


liminf B|| Do — Dell > HI Ki f ll, 
Boo 


aux? 
if || f || = 1, and hence 


Hm nt Bl Doe — Dall > WA IKiI?. (24) 


By (20) in conjunction with (12), Doo — Dg is a nonnegative selfadjoint operator in 71. Thus 


oo Pall= sup ((Doo— Daf f)- (25) 


(20) in conjunction with (12) also implies that for every normalized f « H 


B (Das — Da) ff) < [2 unde) < WIR. 
In conjunction with (25), this implies that 
B\|Doo — Dall < |HJ Kill? VB >0. (26) 


By (23), (24), (26), the assertions (ii) and (iii) are proved as well as the existence of the limit 
in the assertion (i). If L(H, P) would be equal to zero, then, by the assertions (ii) and (iii), we 
would have J K; = 0. Thus the kernel of J would contain ran(K,;) = D(#) and hence it would 
be dense in (D(\/H ),G,*) JED: Since the kernel of a closed operator is closed it would follow that 
J =0, which contradicts the fact that the range of J is dense in Hayx. Thus L(H, P)>0. O 


Under weaker conditions we still get norm convergence of the resolvents (Hg + 1)~! at least 
as fast as O(6~") for some r € (0, 1): 


Proposition 2. Let 0 <r < 1. If H'/2+/2 7 Ky is a bounded everywhere defined operator from 
H to Haux, then 


| (Hp + ty! = lim (Hp + n| 
B'> 00 
; 1 
<hr [RPT IK VB >0. (27) 
Proof. By (15), (20) and (25), 


AP 
Hp +1)! — tim (Hp +1)! |= su i dh 
[eet tim (ear +"! | = sup f A wna, 


where f and / are related viah = J Ki f. 


a2 
di) < m glletele dh 
[se )< mes of ? anda). 
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By elementary calculus, 


yl-r ast —r)!- ryt 
ret. = A+B pr . 


By the spectral calculus, 
foe??? say = |iPPa, 


Ifh=JK,f and || fl] = 1, then 


Peel ue < POPP IK, 


and the proposition is proven. 


The hypothesis that F/2+7/2 7 Ky isan everywhere defined bounded operator from 1H to Haux 
can be violated for every r > 0, cf. Example 13 below. However, it is always satisfied for r = 0 
and we have the following results on the representation of the operator Doo: 

Lemma 3. 
(i) We have 
ran(JK,) C D(H'?) and) Doo = (H"? JK)" HFK. (28) 


In particular, Dog is compact if and only if H'/2 7K, is compact. 
(ii) Ifran(J K1) C D(A), then 


Doo = (J K1)*HIK}. (29) 


Proof. (i) Let f € H and h := J Kj f. By (13) and (14), 


(Doof. f) = Jim (Dp ff) = pnd) = f usar). 


Sire 


In the last step we have used the monotone convergence theorem and (12). By the spectral cal- 
culus, it follows that h = JK, f € D(A'/”) and ||H!/27 Ky f \[2,, = (Doof, f). Thus 


» 2 
|? 7K" = Dooll- (30) 
Since J Ki f € D(H '/2) for every f € H, the spectral calculus yields 
1 5 qe > 
[ata] JK, > HH! JK, strongly, as B > ov, 


and hence 
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1 . =1/2 * 1 2 —1/2 ¥ 7 
([5+a"'| IK) [ata] JK, > (H'? 7K) H'? IK, (31) 


weakly, as 6 tends to infinity. By (13) and (14), the operators on the left-hand side of (31) also 
converge to Dy and (28) is proven. 
(ii) (29) follows from (28) and the fact that (J K,)*H'!/? c (A'/? J K,)*. 


That H)/27K 1 is a bounded everywhere defined operator from 1 to Hayx does not guarantee 
that the resolvents (H + 6)~! converge locally uniformly, cf. Example 13 below. The stronger 
requirement that H'/2 7K, is compact implies convergence of the operators (Hg + 1)~! with 
respect to the operator norm: 


Theorem 4. If H'/2 7K, is a compact operator from H to Hayx, then the operators (Hg + 1)7! 
converge locally uniformly. 


Proof. By (15), we only need to prove that Dx. — Dg converge to zero with respect to the 
operator norm, as f tends to infinity. By (13) and (14), Dg is a nonnegative bounded selfadjoint 
operator in 1. By (12) and (20), Dog — Dg is a nonnegative bounded selfadjoint operator in 71, 
too. By the definition (14), Dj. — Dg converge to zero strongly, as 6 tends to infinity. By (28), 
along with H3/2 Ky also Doo isa compact operator. 

The remaining part of the proof follows now from an idea due to Stollmann [9, p. 34]: the 
operators Doo — Dg are nonnegative selfadjoint operators dominated by the compact selfadjoint 
operator Doo, and they converge to 0 strongly, as 6 tends to infinity. Hence limg-;¢9 || Doo — 
Dg\| = 0. 


Let p € [1, 00). Let H; be Hilbert spaces with scalar products (-,-);, i =0,1,2,.... Let C be 
a compact operator from 7{; to H2. Then 7/2 has an orthonormal basis {e;};<7; such that, with 


|C| := J/CC*, 
|Cle) =Aje; Viel 
for some suitably chosen family {A;};-7 in [0, 00) which is unique up to permutations. One puts 
1/p 
IClls, = (ee) 
ie] 


Sp (71, H2) (short S',) denotes the set of compact operators from 71; to 72 such that ||C'|| Sp < 
and is called the Schatten—von Neumann class of order p. S;, is a linear space and || - ||5, a norm 
on it. If C : Ht; > Hz belongs to the class S,)(H1, H2) and A: Ho > Hy and B: H2 > Hz are 
linear and bounded, then CA € Sp(Ho, Hz) and BC € Sp(H, H3) and 


IICAlls, <IlClls, WAM, |BClls, <IIClls, 


|B. (32) 
Moreover 


IClls, = ||C*| 


s, = [lel| 


4 (33) 
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for every compact operator C. 

Let B : 7; — Hz be linear and bounded, Q, an orthogonal projection in 7; and Q> an 
orthogonal projection in 7/2 such that the dimension N of the range of Q> is finite. Then 
|Q2BQ\|* = Q2BQ) B* Q2 and hence |Q2BQ}| is compact and 


1228 Qi\|5, = [128 Qil[ran(Q>)], . (34) 


Since |Q2BQ,|[ran(Q2) belongs to the finite-dimensional space of all linear mappings from 
ran(Q2) into itself and all norms on a finite-dimensional space are equivalent, there exists a 
finite constant c, depending only on p and N such that 


|||Q2BQilfran(Q2)|].,, < ¢|]|Q2BQi|[ran(Q>)|| < cl BI. (35) 
By (33)-(35), 


|Q2BQills, <cllBll (36) 


for some finite constant c, depending only on p and N < ov, provided the range of Q, or the 
range of Q»2 is N-dimensional. 

If A is a nonnegative bounded selfadjoint operator and dominated by the compact selfadjoint 
operator B, then A and B — A are also compact and it follows easily from the min-max principle 
for compact operators, that 


Alls, <I|Blls, and ||B— Alls, < ||Blls,- (37) 


In the proof of Theorem 4 we have used that strong convergence of nonnegative selfadjoint 
operators dominated by a compact operator implies operator norm convergence. Similarly, op- 
erator norm convergence of nonnegative selfadjoint operators dominated by an operator in Sp 
implies convergence in Sp: 


Lemma 5. Let {An}nen be a sequence of nonnegative bounded selfadjoint operators dominated 
by the bounded nonnegative selfadjoint operator A. Let 1 < p < 00. If A € Sp and limy ox ||A — 
Ay|| = 0, then 


lim |A — Anlls, =0. (38) 
n—->0oo 


Proof. A admits the representation 
A= yale, ‘ei 
iel 


for some orthonormal system {e;};<7 and some family {A;};<7 of nonnegative real numbers sat- 
isfying 


yo? = Ills, 


iel 
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Let ¢ > 0. We choose a finite subset Jp of J such that 


Se Ser 


ie!\Io 


and denote by Q the orthogonal projection onto the orthogonal complement of the finite- 
dimensional space spanned by ({e;: i € Jo}). 


QAQ= D> AsE;, “ei 


iel\Io 


and, in particular, 


IOAQIS = Do ar <e?. 


ie!\ Io 


Since Q(A — A,)Q is dominated by QAQ, it follows that 
QA - An) Ql], <e wWneN. (39) 


Since the range of the orthogonal projection 1 — Q is finite-dimensional and limy-,0 || A — 
Ay || = 0, it follows from (36), that 


dim, || — Q)(A— An) Qs, = lim | — Q)(A = Any = OD], 
= lim | Q(A — An) — Q)||5, = 9. 


Since A — An = Q(A — An)Q + (1 — Q)(A — An)Q + Q(A — An) — Q) + 1 — Q)(A — 
An)U — Q), this implies in conjunction with (39), that 


lim sup||A — Anlls, <6, 
n—->Co 


and the lemma is proven. 


The following corollary gives a sufficient condition in order that the operator Doo belongs to 
a Schatten—von Neumann ideal of finite order and gives an upper bound for the corresponding 
Neumann—von Schatten norm. We refer to Example 14 for an application of the corollary. 
Corollary 6. Let L(H, P) < oo. 
G@) Let l<p<oo. If J Ky € Sp(H, Haux), then Dg € Sp(H, H) and 
| Doo — Dalls, < I|Doolls, < VL(A, P)IlJ Kills, (40) 


for every B € (0, 00). Moreover 


lim ||Doo — Dalls, = 9. (41) 
Boo 
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(ii) Let u € (3/2,00). If JJ* is bounded and JK{ belongs to the Hilbert-Schmidt class 
So(H, Haux), then Dg € Sau—2(H, H) and 


| Doo _— Dall sa,-> < IDooll si, 


“a 1 
< JL, P)( Jot |? | sxe |) #2 (42) 
for every B € (0, 00). Moreover 
lim || Doo — Dall sy,» = 9. (43) 
Boo 


Proof. By Theorem | and since L(H, P) < oo, we have that ran(J K,) C D(A), || HJ Ky || = 
/ L(A, P) and limg-; 90|| Doo — Dg || = 0. By Lemma 3(ii), this implies that 


Dx = (JK1)*HJIKi, 


hence (40) follows from (32), (33) and (37). 
Suppose, in addition, that J J* is bounded. For all h € Hayx and f € D(€) 


(FIR HK A Wax = (Kifs*h)= (fh): 


Thus J*h = (J.K1)*h for all h € Haux. Thus JJ* = J Kj/°(JKy/7)* and hence 


52 1/22 
lyr = aT. 
In conjunction with the hypothesis J Kj’ € S2 this implies, by [2, Lemma 2], that 


WK < frre |? 


S4u—2 Ki ee 


hence (42) follows now from (40). 
By Lemma 5 and since limg--o¢ || Doo — Dg || = 0, (41) and (43) follow from (40) and (42), 
respectively. 


3. Dirichlet operators 


Throughout this section we consider the important case when H is a regular Dirichlet operator 
and P akilling term. Thus H = L?(X,m) for some locally compact separable metric space and 
some positive Radon measure m on X whose support is X, € is a regular Dirichlet form in 
L?(X ,m), H is the selfadjoint operator associated to €, Haux = L2(X , 4) for some positive 
Radon measure jz on X charging no set with capacity (with respect to €) zero and J equals the 
operator J,, from (D(€), €)) to L?(X, w) defined as follows: 


DE {7 e Dé): i If? du < oo}, 


Infi=f Vf eDUy); (44) 
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we recall that every f € D(€) admits a version which is quasi-continuous (short q.c.) and two 
different q.c. versions coincide quasi-everywhere (short q.e.), and we always assume that any 
q.c. version of f has been chosen. 

We shall always assume that 


[isan <ce Vf € D(A). (45) 


Then the general hypothesis in the previous section is satisfied and the operators denoted by Hg 
in the previous section become the selfadjoint operators associated to the Dirichlet form €°“ 
satisfying 


D(EF") = DU,), 
EPEC F, FY = ECS, f+p f ifP dw Vf € D(EP). (46) 


We shall denote the operator associated to £8“ by H + Bw. With our special choice of H and P 
we get 


1 


Dp =(H +1)! - (44+ But, Doo = jim Ds, H=(i,lf). (47) 
> 00 


Here and in what follows we do not indicate the dependence of Dg and H on the special choice 
of the measure jZ; it will always be clear from the context which measure we refer to. 
For a Borel subset B of X we define the form €x\8 as follows: 


D(Ex\B) = {f € D(E): f =0q.e. on Bh, 
Ex\B A A i=EF f) Vf D(Exys). (48) 


€x\B is a Dirichlet form in L2(X \ B,m) and we denote by Hx\g the selfadjoint operator in 
L2(X \ B,m) associated to it. 

Fairly different measures jz may lead to the same limit limg-+99(H + Bu + 1)~!; actually, if 
one passes to the limit, then only the quasi-supports play a role: we have 


jim (H+ But 1) = (Ay gt)" €0, (49) 
00 


provided F is a quasi-support of the measure jz. As an abbreviation we shall change the notation 
and simply write (Ay, +1)! instead of (Ay, +1)7'@0. 

Note that for every h € L?(X, ) with h > 0 pr-a.e. the following holds: hy is a measure with 
finite energy integral (with respect to €) if and only if h e DU jo In this case [ alt equals the 
(1-)potential U; (hw) of hu (with respect to €), 1.e. 


[jh=U\(hp) >0 m-ae. Vh € D(I}) with h > 0 w-ae. (50) 


Let I” be aclosed subset of X such that the (1-)capacity cap(I") of I” is finite. There exists a 
unique er € D(E) satisfying 
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er=1 qe.onl and €(er,v)>0 Vve D(E) withv >0qe. on I. (51) 


Moreover there exists a unique positive Radon measure wr on X such that wr has finite energy 
integral, 


erW)=per(X)=cap) and er =Ujur. (52) 
Thus | € DUI) and 
Iup Ti pl=l q.e.on I. (53) 


The (1-)equilibrium potential er of I” satisfies, in addition, 
O<er<l m-ae. (54) 


We also recall some basic facts about the trace of the (transient) Dirichlet form € on the 
support of jz relative to w. To this end we denote by F the extended Dirichlet space of € (see [7, 
p. 35)). 

Let A be the positive continuous functional whose Revuz measure is 4. We denote by F the 
support of jz and by F the support of A. It is known [7, p. 265] that F isa quasi-support for ju, 
LCF \ F ) = 0 and that, by [7, Theorem 4.6.2], if two elements from F coincide j1-a.e. then they 
coincide q.e. as well. 

We introduce the subspaces 


Fy _ poHtf ef: f =0q.e.on F}={f €F: f =O p-ae. on F}, 


and HY , the €-orthogonal complement of Fy _; in the space F, so that the following decompo- 
sition holds true [7, p. 265]: 


F=HFy ip OH". (55) 


Let P be the orthogonal projection onto HF . We define the trace of E€ on the subset F relative 
to the measure jz as follows (see [7, p. 266 and Theorem 4.6.5]): 


D(€) _ {feL(F, LL): f =u u-ae. on F, for some u eF}, 


E(f, f)=E(Pu, Pu), f=u p-ae.onF. 
It is known that € is a regular Dirichlet form in L?(F, LL) [7, p. 266] and the Dirichlet space 
(E€, D(E)) is called the time changed Dirichlet space or the trace of the space (€, D(E)) on F 


relative to ju. 
In the following, instead of € we consider €,, which is a transient Dirichlet form, and put 


Ey = (E}). 


It is known that the operator H, defined by (47), is the selfadjoint operator associated with E in 
the sense of Kato’s representation theorem, cf. [1, Eq. (4.5)]. We put 
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K:= fs iar and Ky:=(H+a)! Va>0. (56) 


Equality (53) can be used in order to prove that J,, . I i , 1s a bounded operator with norm one. 
We prepare the proof by the following lemma. 


Lemma 7. Let G be a symmetric Markovian kernel and put 


Tf (x) := i Sy) GG, dy) 
whenever the expression on the right-hand side is defined. Then 
1/2 
ITA < (IIT Moo) "UF IL VF € L7(X,m) LX, m) 


and hence T extends to a bounded operator on L?(X,m) with 


ITI < (IT Moo)”. (57) 
Proof. Let f € L?(X,m) L™(X,m). By Hilder’s inequality, 
irpP<T1f f°)GC.dy)< IT Ihe f #0) GC.dy). (58) 
x x 
which yields, by the Markov property and symmetry of G, that ||T ||? < ||T1|looll fll’. 
Corollary 8. Let I" be a closed subset of X such that 
0 <cap(I") < oo. 
Then 
\eiele sl Te (59) 


Hr’ er 
Proof. By the first resolvent equality and since the operators Ky are positivity preserving, the 
sequence (K1/n f)°°_, is pointwise nondecreasing ju p-a.e. for every f € L?(X, wr) with f >0 


Ur-ae. 
By (56) and (53), 1 € D(K) and K1 = 1 wp-a.e. and hence || K || > 1. By the spectral calculus 


Kin f —Kflizcx,ppy 29, asin oo, Vf € D(R). (60) 


Since the sequence (K L/n 5 a is nondecreasing ju -a.e., it follows that it converges to 1 wp-a.e. 
and, in particular, Kijnl <1 wrp-a.e. for alln EN, n > 1. By Lemma 7, this implies that 


Kinll <1, n=1,2,3,.... 


By (60), it follows that IK || <i. 
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We proceed to improve, a bit, the result of Brasche and Demuth [3, Theorem 4]. There the 
authors proved that the rate of convergence is optimal if the measure jz is the equilibrium measure 
of a closed subset having finite capacity, provided the operator (H + 1)~! is conservative and 
possesses a Green kernel. We shall show that the condition that (H + 1)~! is an integral operator 
is not needed. We prepare the proof of our generalization via the following 


Lemma 9. Let 1 be a positive Radon measure on X with finite energy integral and satisfying (45). 
Let F be a quasi-support of 1. Then for all B > 0 the operator 


(H+ Bu+1)! — (Hyp +17! (61) 
is positivity preserving. 


Proof. Let f € L*(X,m) satisfying f > 0 m-a.e. and B > 0 be fixed. For every integer n > B, 
set 


fn = (H+ Buti 'f—(A taut d's, 
fp:= (A+ Buti" f—- Ay gt DS 
By [3, Lemma 1], the operator (H + Bu + 1)~! —(H +ny+1)7! is positivity preserving and 
thereby fy; > 0 m-a.e. for every n > B. Further, since (H + nu + 1)~! converges strongly to 
(Ay, @ +1)7!, we get 
lim || fn — fll = 0. (62) 
n> oo 


Thus, a suitably chosen subsequence of (f,,) converges to fg m-a.e. Since the f;,’s are nonnega- 
tive m-a.e., we conclude that fg also is nonnegative m-a.e, which yields the result. 


Remark 10. The operators (H + Bu + 1)~! and (H X\F 4y-2 possess symmetric Markovian 
kernels, since they are the resolvents of symmetric regular Dirichlet operators. Thus the differ- 
ence of these operators possesses a symmetric kernel, too. By the latter lemma, the symmetric 
kernel of the difference (H + Bu + 17! (Ay, @ + 1)7! is also Markovian. 


Theorem 11. Let I" be a closed subset of X with finite capacity and wr the equilibrium measure 
of I’. Let F be the support of up. Assume that (H + 1)~! is conservative, i.e., 


(H+1)'1=1 ge (63) 


Then 


I 
| + Ber +1! - Ay t+ DI] < Tap Pe? (64) 


Proof. Making use of Remark 10 and Lemma 7, it suffices to prove that 


1 


| + Bur +11 (Ay + D1, < 
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Let B > 0 and (fx) C Cc(X) such that f; t 1 everywhere on X. Using the representation of K1 
in term of its Markovian kernel, we obtain, by applying the monotone convergence theorem, that 


InpKife> 1 in L?(X, ur). (66) 


Thus observing that, by (53), A(H + B)~'1 I ee we get 


De fe = BU Ki)" (A + BY Ki fe > lar KL, (67) 


By monotone convergence, another time, we get that Dg f; + Dg 1 a.e. Thus, by the latter identity 
and since 


B 
Up K1)*1 _ 14 per 


1+, 
we achieve Dgl = aM itr for every 0 < B < ov. Since the operators Dg converge to Doo 
strongly, this implies that Doo l = Ui. Thus 


- = Wier lh 
(+ Bur +0711 - (Ay + oS ag VB > 0. (68) 


Finally the result follows from (52) and (54). 


Theorem 12. Suppose that the regular Dirichlet form E associated to the nonnegative selfadjoint 
operator H in L*(X,m) has the strong local property. Let I be a closed subset of X with finite 
capacity. If the interior °° of I” is not empty, then 

L(H, Py) > 1. (69) 
If, in addition, the operator (H + 1j=! is conservative, then 


LH, Py) = 1. (70) 


Proof. (70) follows from (69) and Theorem 11. Thus we need only to prove (69). 
Since Ujzp =1q.e. on I’ and by the strong locality of €, 


fam =Crur.) =EWrur.) = f udur 


for all u€ Co("°) N D(E). Since C,("°) N D(E) is dense in C,(I"°) with respect to the supre- 
mum norm, it follows that 


urp=m_ onB(I’) (71) 


(B(D) denotes the Borel algebra of D). 
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Choose u € Ce(I7°) N D(E) such that ||u|| = 1. For all f € DU) 
Ef, Ku) = (f,0) = Uap fe 2p) = Ef Tu) 
(in the second step we have used (71)). Thus Kju = iu and hence Hy, K,u =u. Thus 


Tur Kill 2 Welle2qipy = ell =1 


(again we have used (71) in the second step). By Theorem 1 (iii), this implies (69). 


Example 13. Let € be the classical Dirichlet form in L?(R, dx), i.e. the domain of € equals the 
Sobolev space H 1(R) of order one and 


(uu) = f \w'Pas Vu € D(E). 


Denote by 6, the Dirac measure with mass at a and put 


= Poe, 


neZ 


In this case K : ig an integral operator with a square integrable convolution kernel g(x — y) and 
J g(-— y) f(y) dy is continuous for every f € L?(R, dx) and hence gk? a Hilbert-Schmidt 
operator. By (13), this implies that Dg even belongs to the trace class for every 8 € (0, 00). Thus 
the essential spectrum oess(—A + Bu) of —A + By equals the essential spectrum of —A and 
hence 


Sess(—A + BL) = [0, 00). (72) 


On the other hand, as 6 — oo the operators —A + 6 converge in the strong resolvent sense 
to an operator which is unitarily equivalent to the infinite orthogonal sum 


@ aA ae 


neZ 


Here —AP denotes the Dirichlet Laplacian on J. Thus there exists 4 € [0, 00) which does not 
belong to the spectrum of limg-+o9 —A + Bu. By (72), this would be impossible if the oper- 
ators —A + By would converge in the norm resolvent sense, as 6 tends to infinity. Thus the 
operators Dg do not converge to Doo with respect to the operator norm. By Proposition 2 and 
Theorem 4, this implies that for every r > 0 the operator H/2+r/2] Kj is not an everywhere 
defined bounded operator from L?(R, dx) to L?(R, 2) and that H/27 Kj, is not compact. 


As the example shows, even in the classical case the operator Do, need not be compact. On 
the other hand, if the killing measure jz is an equilibrium measure, then in the classical case Doo 
even belongs to a Schatten—von Neumann class of finite order: 
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Example 14. Let H = (—A)* for some a € (0, 1] where —A denotes the selfadjoint operator in 
L?(R¢, dx) associated to the classical Dirichlet form. Let I be a closed subset of R@ with finite 
capacity and wr the equilibrium measure of I” (“capacity,’ “equilibrium measure,” etc. refer to 
the Dirichlet form associated to (—A)”). Let F be a quasi-support of wr. 

Let 4au > d. The operator ((—A)* + 1)~™ is an integral operator with a kernel go(x — y) 
satisfying 


Sa,u(k) = dk-a.e., 


el + k20)u 


u,u iS square-integrable and for every f € L*(R4@, dx) the function Sf 8a,u-, y) f(y) dy is con- 
tinuous. Thus /,,,.Kj' is the integral operator with kernel gy,,(x — y), belongs to the Hilbert— 
Schmidt class $>(L?(R¢, dx), L?(IR¢, w)) and 


2, 2 -—d 1 
[ur Kills, = i i |gau(x — y)| dy ur (dx) = 27) / eee te caper). (73) 
By Corollary 8 and Theorem 11, 


[ZurZi-[=1 and L((—A)*, Py,) <1. (74) 


By Corollary 6 and (73) and (74), the following assertions hold true: 


(i) Let 4a > d. Then the operator ((—A)® + 1)7! — ((—A)*)pay@ + 1)—! belongs to the 


Hilbert—Schmidt class S2(L7(R¢, dx), L(R?, dx)) and we have the following upper bound 
for its Hilbert-Schmidt norm: 


(ay $1) = (CA) pap +1) Is, 
_ 1 
< (Qx)4 i, pee koe). (75) 


(ii) Let 4au > d and u > 3/2. Then the operator ((— A)® + 1)~! — (A) pay f +1)7! be- 
longs to the Schatten—von Neumann class S4y—2(L?(R@, dx), L? (IR, dx)) and we have the 
following upper bound for its norm with respect to this class: 


4u—2 
S4u—2 


MACE) ae +) 
~ 1 
<7).© i a eep ther). (76) 


We recall that (75) and (76) imply, that the operators ((—A)® + Bur + iO ie converge to 
(((—A)*) pay pt 1\-! with respect to the Hilbert-Schmidt norm and the norm in S4,—2, 
respectively. 


Let us give a concrete example where L(H, P,,) is finite despite the fact that the measure jw 
has infinite mass and its support infinite capacity. 
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Example 15. Let d € N, d > 2. Set on the upper half space 
sr = {x = (x',xg): x’ ERI! , xg > O}, 
QS its closure. Set mg the d-dimensional Lebesgue on R¢, 1727) := L?7(Q*,mqa) and 


w!(Q7) the first order Sobolev space on QF 
We consider the gradient energy form 


pe=w'(a}), en fivsPame vfew'?(2). 
Qt 


It is known that € is a regular Dirichlet form in iQ): 
Define the measure jz by 


d(x) = dmg_)(x') d8(xa). (77) 
The measure ju is just the restriction of the d-dimensional Lebesgue measure on R¢~! and has 
support as well as quasi-support equal to R¢~!, which is the boundary of ar (see [7, p. 278]). 


We claim that jz is €-bounded. Indeed, let g € Co° (27). Using the elementary identity 


CO 


g(x’,0) = -2 f oe nee’, t)dt, (78) 
0 


we achieve the inequality 


os 2 
y*(x’, 0) < [(eo'.n+ (Zen) Jar, (79) 
0 


which, integrated with respect to Lebesgue measure on R¢~!, yields 


[ean<evow Vy € CX (27), 60) 


ot 
24 


and the claim follows from the denseness of Co° (27) in w(t). 
Finally we shall prove that L(H, P,,) < oo. By Theorem 1, it is sufficient to show that 


I,K, f €D(H) Vf eL?(2t,ma). 


Lethe D(E1) be arbitrary. Let u € D(€) be the (1-)harmonic function satisfying J,,u =h p-a.e. 
Then 
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JEU Ki f.h)| = EK fo) 
=|(f,u)| 
SMF MMell Sell FMAM 22 Geet my) 
for some constant c which does not depend on h. Thus the mapping £ 1, Kf, h) extends 
toa bounded linear functional on L2(R¢-!, mgq_,) and there exists an f*e€ L2(R¢-!, Md-1) 
such that €) (1, Ki f,h) = (f*,1)72@a-1,m,_,) for every h € D(€\). By Kato’s representation 
theorem, this implies that J,,K) f € D(A) and HI, Kif = f*. 
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Appendix A 


In Section 2 we have studied a special kind of perturbations P of the quadratic form €. Actu- 
ally, any nonnegative form perturbation of € leading to a selfadjoint operator is of this form: 


Lemma. Let € be a nonnegative closed quadratic form in the Hilbert space H and P a non- 
negative quadratic form in H such that there exists a nonnegative selfadjoint operator H, in H 


satisfying 
D/H) = D(P) NDE), 
IWMSIP=ERA+PL A) Vf e€D(P)NDE). 


Then there exist a Hilbert space Hayx and a closed operator J from (D(E), E1) to Haux such that 
DVJ)=D(P)NDE), PL A=(Ifllax VF € DV), 
and ran(J) is dense in Haux. 


Proof. Since ||,/Hj f ||? — E(f, f) is a nonnegative quadratic form on D(P)M D(E) it extends, 
by polarization, to a semi-scalar product (-,-); on D(P)M D(€). 

We define an equivalence relation ~ on D(P)M D(E) as follows: f ~ g if and only if (f — g, 
f — &)s =0. For every f € D(P)N D(E) let [f] be the equivalence class of f with respect 
to this equivalence relation and denote by 7{ayx the completion of the quotient space (D(P) 1 
D(E), (-,-)s)/~. Then 


D(J) = D(P)N D(&), 
Jf:=(f] Vfe DV), 


defines a closed operator from (D(E), €1) to Hayx with the required properties, as it is easily 
verified. 
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Abstract 


We describe a method to prove meromorphic continuation of dynamical zeta functions to the entire 
complex plane under the condition that the corresponding partition functions are given via a dynamical trace 
formula from a family of transfer operators. Further we give general conditions for the partition functions 
associated with general spin chains to be of this type and provide various families of examples for which 
these conditions are satisfied. 
© 2007 Elsevier Inc. All rights reserved. 
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Introduction 


The dynamical zeta functions of interest in this paper are generating functions of the form 


ce(z) = exp( > —Z, J. (1) 


n=1 
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associated with sequences (Zp)nen in C. If the Z, arise as partition functions of a dynamical 
system, the notion of dynamical zeta functions or Ruelle zeta functions has been introduced 
by Ruelle in [21,22]. Naming and special form of these functions are motivated by concrete 
examples from statistical mechanics. The partition function encodes the statistical properties of 
a system in thermodynamic equilibrium. It depends on the temperature, the volume, and the 
microstates of a finite number of particles. We will consider partition functions of the form 


ny 
Ln= xXeroy traceG’ or Z, =det(1— A") trace G” (2) 
v=0 


for large n. In the first case one has a (possibly) infinite family of compact operators G,, called 
transfer operators, such that the corresponding Schatten norms satisfy poe oll Ge Ils,(H,) < ©. 
In the second case one has as a transfer operator G together with an auxiliary operator A. We 
will refer to formulae of the type (2) as dynamical trace formulae. Examples of such dynamical 
zeta functions derived from trace formulae of the type (2) have been treated repeatedly in the 
literature, see e.g. [4,5,8,10,11,13,15,18,19,26,27]. Apart from these specific references there is 
a vast literature on meromorphic continuation of dynamical zeta function via different types of 
trace formulae; for details we refer to Baladis memoir [2] and the references given therein. 

Unlike other kinds of zeta functions such as Riemann’s, Selberg’s, or Artin’s zeta function, 
our dynamical zeta function is an exponential of a power series, hence itself a power series. 
Considering s +» ¢p(e~*) one obtains a function which is holomorphic in a right-half plane, 
provided ¢p has a non-zero radius of convergence. Zeta functions typically occur as a kind of 
generating functions for collections of objects like prime numbers or prime geodesics and it is 
natural to ask for their analytic properties. 

In such contexts it is important to know whether the zeta functions have meromorphic con- 
tinuations to a larger set or even to the entire complex plane in order to prove asymptotic results 
for counting functions. In the case of spin chains counting functions are not a primary concern. 
But, via the location of the poles and zeros, meromorphic continuation of the zeta function in 
this case provides information on the spectrum of the associated transfer operator, which in turn 
encodes physical quantities of the system (e.g. the free energy or asymptotic properties of corre- 
lation functions). On the other hand, via symbolic dynamics, zeta functions of spin chains show 
up also for Axiom A flows, for which the counting functions are of considerable interest. 

In fact, in the case of spin chains one observes that rapid decay of the interaction is linked 
to good continuation properties of the zeta function. The challenge is to prove continuation also 
for interactions with not so rapid decay. In this paper we present a class of interactions for mero- 
morphic continuation of the zeta function to the entire plane can be proved. This class not only 
covers all spin chain examples treated in the literature so far, it also allows to treat new examples 
like the so-called hard-rod model. 

We will show that this kind of information can indeed be provided if the partition function can 
be written via dynamical trace formulae. More precisely, we show that such dynamical zeta func- 
tions are quotients of regularized Fredholm determinants, one factor for each transfer operator 
(see Theorems 2.1 and 2.2). Thus they have representations as Euler products, and it is possible 
to give a spectral interpretation for its zeros and poles. 

Finally, the approximation of the transfer operators by finite rank operators opens a path to a 
numerical analysis of the associated zeta functions. In special cases this was done in [18]. 

Results of the kind sketched above become interesting only if one has a sufficient supply 
of examples of partition functions with the desired properties. We provide a general principle 
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how to construct such examples from (classical) spin chains. To describe these, we consider 
a Hausdorff space F equipped with a finite measure v, and let M: F x F — {0, 1} bea v @v- 
measurable function, which we call a transition function. Then Qy := {€ € F N | M(é&, &41) =1 
Vi} will be referred to as a configuration space. Further we fix a bounded continuous interaction 
A € Cy(2yy). These data, together with the left shift t : FN_, FN, (tTE)x t= E41, are called a 
spin chain or, more technically, a one-sided one-dimensional subshift. With such a subshift we 
associate a partition function 


n n-1 
Zn(A) = [Te tarer( 5 atehee)) dv"(1,..., 80), 3) 
k=0 


Fr i=l 


where &) ...&) := (€1,...,6n, &1,---, 6). J € FN and €n41 = &,. Consider the special case of 
A= 0, and let p,: FN -5 F", E +> (&1,...,&,) be the projection. Then 


Zn (0) =v" (on ({§ € Pru | 2" =§})), 


which measures the number of closed t-orbits in (2)4 with period length n with respect to the 
a priori measure v. In particular, if the system is a full shift, i.e., M = 1, then Z,(0) = v(F)”. 
For general non-interacting subshifts it is possible to show (see Proposition 5.1) that there is an 
operator Gy such that Z,, (0) = trace Guy for n > 2. If the interaction A is non-zero we have to 
make more assumptions in order to guarantee such trace representations of the partition function. 
See Theorem 5.3 for a precise formulation. Its proof depends on a two special types of trace 
formulae. One (see Lemma 1.7) is elementary and deals with iterates of averages of Hilbert— 
Schmidt operators. The other (see Theorem 4.6) deals with special composition operators on 
Fock spaces and is based on a fixed point formula of Atiyah and Bott. 

In order to satisfy the hypotheses of Theorem 5.3 one has to verify certain estimates which boil 
down to asking for a rather rapid decay of the interactions (see Theorem 6.2). Physicists would 
like to be able to treat models with polynomially decaying interactions,~ which cannot be treated 
directly with the methods developed in this paper. One approach to polynomial interactions is 
to view them as limiting cases of interactions of the type polynomials times exponential decay. 
These models fall in the class covered by our theorem. Moreover, it is strong enough to also 
produce all the partial results scattered in the physics literature quoted above (cf. Example 6.5). 
Finally, it is worth noting that it is possible to reformulate the hard-rod model mentioned above 
as a spin system which can be treated by our methods (see [20]). Doing so one of the authors 
shows that the associated dynamical zeta function has a meromorphic continuation to the entire 
plane even in the interacting case. So far this has been way out of range, [14]. 

The paper is organized as follows. In Section 1 we recall some key definitions and provide a 
number of technical results concerning traces and determinants in infinite dimensions used later 
in the paper. In Section 2 we show how to continue dynamical zeta functions meromorphically if 
a dynamical trace formula holds. Section 3 contains a description of the composition operators 
that are instrumental in the construction of dynamical trace formulae for spin chains in Section 5. 
The underlying trace formulae for these operators are proven in Section 4. In Section 6 we apply 
our results to Ising type spin chains and give examples for interactions for which our results can 
be applied. 


2 This is not the same as polynomially decaying correlation functions. 
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1. Traces and determinants 


Given a compact operator K on a Hilbert space 71 we will denote by (A; (K)) jen the sequence 
of its eigenvalues counted with multiplicities. Let (s;(K)) jen be the sequence of the singular 
numbers of K, i.e., the eigenvalues of the positive compact operator |K| = /K*K. For 1< 
p <0 the Schatten class S,(H) is defined as the space of all operators K such that 


IK lls, *=|((®) nen! ep(Ny ~ &- 


The Schatten classes S,(7H1) C End(H) for 1 < p < oo are embedded subalgebras, i.e., they 
satisfy 


| Allenaay < IIAlls, 1, |ABlls, Hy < Alls, aol Blls, co, 


and have the approximation property, i.e., the finite rank operators are dense with respect to 
|| - Ils) (cf. [3, Theorem XI.11.1]). For any Aj,..., Afp; € Sp(H) one has (cf. [3, Theo- 
rem IV.11.2]) 


[pl 
|trace(Ay ++ Arp})| <A1- Arpillsiay < []t4; lls, (4) 


By [3, Theorem XI.1.1] this estimate implies that for any ng ¢ Ny» the ng-regularized determi- 
nant 


ttg=1 
1 
det, (1 — F) := det(1 — F) on > z trace r) (5) 


k=1 


defined on finite rank operators admits a continuous extension to S,(7), also denoted by A t> 
det,,,(1 — A). The following assertions are true on the level of finite rank operators and can be 
extended to Sp(H) by continuity (see [3, Theorem XI.2.1]). 


Lemma 1.1. Let 1 be a Hilbert space and 1 < p < No < 00. The function z +> dety, (1 — zA) is 
entire for every fixed A € S,(H) and has the soe an 


re “ 
det,,(1—zA)=14+ D> S==(-1)"2", (6) 
nN=No 
where the coefficients cy(A) are defined by 
by n-1 0 .. O O 
bo bh n-2 ... 0 O 
cn(A) = det | 73 
bn-1— bn-2—bn-3 Dia k 


bn by-1 bn-2 Sw. = Oy 
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and 


traceA”, ifn >No, 
n= : 
0, otherwise. 


For |z| sufficiently small one has 
[o,@) zn 
det, (1 — zA) = exp| — 3 ~ trace A” J. (7) 
nN=No Ht 
Let (A); be the eigenvalues of A € Sp(H), then one has the Euler product 
No—1 ak 
J ok 
det, (1 — zA) = n(« _ capes yy 72 )) = I] Fn, (ZAj), (8) 
J k=1 J 
where 
No-1 zk (®) lee) zk 
fn, (%) = (1 — 2) oo BS =| = o0(- Ss =} 
k=1 k=no 
The identity (x) can be obtained as a consequence of the power series expansion of log(1 — z). 


The Euler product expansion (8) shows that the zeros of z+> det, (1 — zA) are in bijection with 
the eigenvalues of A. 


Lemma 1.2. Let H be a Hilbert space. Then for any no € N there exists a constant I,, > 0 such 
that for all A € Sy, (H) the estimates below hold. One can choose I = 1. 


|det,,(1 + A)| <exp(In, 


Proof. The inequality |det,, (1+ A)| < exp(),, ||All 
The claim follows from this via (8). 


©. gy) can be found in [3, Theorem XI.2.2]. 


The following criterion for the convergence of infinite products of regularized determinants 
will turn out to be useful. 


Lemma 1.3. Let (Hy)ven be a family of Hilbert spaces. Fix ng € N and pick Gy € Sp,(Hy) 
satisfying yo \|Gv" lls,a4,) < 00. Then 


[o,e) 
| [ detn,d — 2G.) 


v=0 


converges absolutely and locally uniformly to an entire function of z. 
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Proof. Note that the function f,, from Lemma 1.1 is of the form f(z) — 1 = 2"? hn, (Z) 
for some entire function h,,. Further, c := sup,cyy||Gv| is finite. Hence |hy, (Aj (zGy))| < 
SUP) yw] <Jz\cl4no (w)| =: c; for all eigenvalues A ;(zG,,) of zG,. Now the hypothesis implies that 


love) [o,@) 
Dd | Fro (4j Ev) — 1] < cele”? DUNG I s.a4,) 
v=0 j v=0 


is finite. Thus the infinite product TT II r fno.Aj@Gy)) converges, and by Lemma 1.1 it is 
equal to [ [°° det, (1 — zG,). This proves the claim. 


Proposition 1.4. Let H, and Hz be two Hilbert spaces and no € N. Pick A € Sy,(H1) and 
B € Sn, (H2). If we denote the eigenvalues of B by 4.;(B), we have 


det,,(1—zA ®@ B) =] [detn, (1 — z4j(B)A). 
j 


Proof. For |z| < Alls! (Hy) Bll! (H>) the Lidskii trace theorem [3, Theorem IV.6.1] applied 
to the trace class operators B” (n > nj) yields 


det, (1 —zA @ B) 2 | | dety, (1 — 2a j(B)A). 
j 


By Lemma 1.1 the left-hand side is an entire function in z. Therefore analytic continuation shows 
that the identity holds for all z ¢ C if we can show that also the right-hand side is an entire 
function in z. But that follows from Lemma 1.3 applied to the family G; :=1;(B)A. 


Let A:H > H be a trace class operator on a Hilbert space H and A’ A: /\’ H > /\" H its 
r-fold exterior product. Then (cf. [23]) we have 


dim 
det(1 — A) = ee (—1)" trace A" A (10) 
r=0 
and the estimate 
ATA < : All’ 11 
| Isuarr S nl Isic: an 
For the special case of a finite rank operator B with spectrum A1,..., Aq Proposition 1.4 implies 
that 
dety,(1-zA@A°B)= [J] dety,(1—za"A), (12) 


ae{0,1}4; Jal=v 


where for a € {0, 1}4 we set A% := Tai ey . Approximating Schatten class operators by finite 
rank operators one derives the following proposition: 
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Proposition 1.5. Jn the situation of Proposition 1.4 writing 4; := 4; (B) we have 


(i) detn,(1—zA ®A"B) = lim [] — detn, (1-224), 
ae{0,1}4; Jal=v 
[o,e) 
(ii) [ [det - zd @A"B) = lim [J det,,(1 —za%A). 
v=0 aoe acrg qe 


Proof. (i) This is a straightforward consequence of (12) and the approximation property. 
(ii) Here the essential point is to verify the summability condition (17) from Lemma 1.3, 1.e., 
the finiteness of 


AS Co 
~ DY %4ls, gy =l4lls.00 Yo lt 


v=0 we{0, 1}; Ja|=v v=0 we{0, IN; |a|=v 


To show this, we note that 


i = 


[o-e) 
~ YS YSU ge) <0. 


v=0 we{0, 1}; |a|=v v=0 
The following lemma is proved by induction on n. 


Lemma 1.6. Let n > 2 and suppose that the functions a,:N x N > C. satisfy 
Vi ja lacli, |)? < 00 fork =1,...,n. Then 


Yo [ [acdsee] < ( 3 jaca) 
i i k=1 


i,j=l 


using the convention that in41 = 11. 
Now we can prove the main result of this section. 


Lemma 1.7. Let (F, v) be a measure space, g: F x F — C a measurable function, and (St )eer 
a measurable family of operators on a separable Hilbert space H. The formula 


(T(fi ® f2))) = [ 8. AGS fave) (13) 


F 


defines a Hilbert-Schmidt operator T : L?(F, dv) ®H — L?(F, dv) @H iff 


i / |g(E. mn)’ dv liSell3,qy VE) < ov. (14) 


F F 
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In this case T satisfies 
2 
Fr 
and 


n—-1 
trace T” = { (Teei-tivn) areas Or vO Se) dv" E152 545 En) 


Fr \j=l 


for alln > 2. Moreover, for these n we have 


2 
| as lsirate Ineey = Bl 


FFF 


x Se, 0+++ 0 Se ll ay dV" Er, «+s En) dv(). 


2 


n—-1 
(Ti etre abn n) 


j=l 


Proof. Suppose first that (13) defines a Hilbert-Schmidt operator. Then (15) follows from Par- 
seval’s identity. Conversely, if (14) holds, again Parseval’s identity shows that not only the 
integral (13) converges for almost all 7, but also that it defines a Hilbert—Schmidt operator on 
L?(F, dv) @H. 

Now assume that T is Hilbert-Schmidt. Then for n > 2 the operator T” is trace class and a 
simple induction argument shows that 


(T"(e® f))(n) 
n—-1 
= { (Tees-tivn) en nets, 0-0 Se fdv"(E,....§n). 
Fr gal 


By the first part of the proof the Sg, are Hilbert-Schmidt (for almost all €;), hence the composi- 
tions Sg, o--- 0 Sz, are trace class. We claim that trace 7” can be rewritten as )°° | (Gne; | ei) = 
trace G, with 


n-1 
Gn f)(n) = [ (Teei-tivn) een 
pn 


yt 
x trace(Sg, 0---0 Se.) f (E1) dv" (&1, ..., En). 


Note that (by Fourier expansion and induction) 


oo n—1 
trace(S,o---0 S}) = > (Tesi, ya) ) Se | hi,) 


Hsendg=l \j=1 
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for any orthonormal basis (h;)jen for 7 and Hilbert-Schmidt operators S; on H. Setting 


Gi,j NM = f ee.m(seh |hj) fE) dv) 


F 


for i, 7 € N, we can rewrite Gy, as 


GrfM) = Yo Gin iy Gig tin 07 Giz SM)- 


LT], n= 


The identity 


DY WGA c2cavy = i |e EM] SEIS, oy dv) dv(n) (16) 


ii=l so 


implies that the G;; are Hilbert-Schmidt operators on L?(F,dv). Therefore, for each 
(i,,...,i,) € N” the integral operator Gj,, ij, © Gi,_1,in O°** ° Giy,iy 18 trace class and by [7, Exam- 
ple X.1.18] its trace can be obtained by integrating the integral kernel along the diagonal. If G,, 
is trace class, we have 


[ee 


traceG, = > trace(Gj,, i, °Gi,_1,i, O° * O° Giy,in) 


ij,...jin=1 


a 


n—-1 
= { (Testi) e@navincecs, 6 oSe )dv" Elz.005En) 
fr 


= trace T”. 


Thus, to prove the claim it suffices to show that > ee ae Gi,,i; 9°** © Gi,,i, ConVerges in 
S| (L?(F ,dv)). Using the estimate given in Lemma 1.6, we obtain the estimate 


[o@) n 
IGnllsa2cayy < > [LNG asllsc2cany 
owl ys 
lee) n/2 
2 
< (> WGij.ijs ibicieen) 
i,j=l 
(16) 2 a 
= ( / / |g(&.n)| ISeI3,9p dv) dv) 
F F 


which proves the claim. To conclude the proof of the lemma one verifies the formula for 


||T” IIs (LF dv)@H) for n > 2, which can be done similarly as in the case n = 1. 
2 , 
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If v is a finite measure on F, gi F? — C is bounded, and sh IS lS, ay 2VE) is finite, 
Lemma 1.7 shows that the associated operator T is Hilbert—Schmidt. 


2. Meromorphic continuation 


The following theorem is an analog of a result of D. Mayer (see [13, Theorem 7.17]) proven 
there in the context of generalized Perron—Frobenius operators associated with expanding maps. 


Theorem 2.1. Let (Hy)ven, be a family of Hilbert spaces. Fix ng € N and pick Gy € Sn, (Hv) 
such that 


(oe) 
| Gy ls,au) < OO. (17) 
v=0 


Let (Zn) nen be a sequence in C such that Z, = yo (-D” trace G? for all n > no. Then the 
dynamical zeta function Cp associated with (Zy)neNn admits a meromorphic continuation to the 
entire plane. It is given by the formula 


No-1 yn lee) r 
tr (2) = oo +s = 24) [ [ (det, — 2a)". 


n=1 v=0 


Proof. We treat the case of finitely many non-zero operators first, say G; = 0 for all ] > k. 
For |z| < min{||(G,)”? Ison) |v=0,...,k}, using Lemma 1.1, one obtains a finite product of 
meromorphic functions 


No-1 yn k : 
cr(2) = sso( ye <7.) [](det,,@—<@,)OP™. 


n=1 v=0 


We turn to the general case. By (17) the sequence GY? Ils, Hy) tends to zero as v > ~&, 


so the minimum min{||G‘’ Vs.0¢ ) | v € No} > O exists. Using the convergence criterion from 
Lemma 1.3 we see that the quotient of infinite products 


CO 


=1+! © det, (1 —zG 
| [ (aetna — zGy))' coe Tyo to ( 2v+1) 
To 0 det, (1 = zG2,) 


v=0 


converges absolutely and locally uniformly for all z € C. 


Theorem 2.2. Given two Hilbert spaces H and Hp, fix no € N, and consider G € S,,(H) and 
A € Sy, (Ho). Let (Zn)nen be a sequence in C such that Z, = det(1 — A”) trace G" for n > no. 


(i) The dynamical zeta function Cp associated with (Zn) nen admits a meromorphic continuation 
to the entire plane. It is given by the formula 


No-1 on dim Ho ioe 
sto) = Ss = 2,| I] (det, (1 — zG @ A” A))~ ye 
n=l v=0 
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(ii) Denote the eigenvalues of A by (A;)ien, repeated according to multiplicity. For a € {0, 14 
Set * = ace Ay”. Then the meromorphic continuation of fp is given by the formula 


No-1 yp : 
oR) = on oe “2 jim I] (det, (1 — za%G)) a 
n —>0o 


n=1 ae{0, 1}¢ 


Proof. Since A’(A”) = (A" A)” and trace A trace B = trace(A ® B) for all trace class operators 
A and B, the identity (10) implies that 


dim Ho 
Zn = oa (—1)” trace G? 
v=0 


with Gy :=G@A'A on H™ :=H® /\" Ho for n > no. Note here that the estimate (11) 
provides the summability condition (17). In fact, 


dimH, lee) 1 
YM", c009 <6 Ls 90 2 gl ey = 
v=" v= 


Now we can apply Theorem 2.1 to finish the proof of (i) which together with Proposition 1.5 also 
proves (ii). 


Suppose A belongs to S,,(H,) and 1 ¢ spec(A). Then the set Ugen{A* € Cl ae 
{0, 1}¢, A; € spec(A)} contains a unique element of maximal modulus, namely A” where ay =1 
if |A;| > 1 and a* = 0 otherwise. Then Theorem 2.2(ii) implies that the physically important first 
pole of zeta, i.e. the pole of minimal modulus, is located at AX 1)! where [1 is the leading 
eigenvalue of G. Whereas the first pole cannot be cancelled by a zero, the others possibly can. So 
Theorem 2.2(ii) does in general not imply that the poles and zeros of fp are precisely the z such 
that zA°~G has | as an eigenvalue. On the other hand, we will see examples of physical systems 
with rapidly decaying interaction with a cancellation-free representation of the dynamical zeta 
function (cf. Proposition 5.1, Example 6.5(i) and (iii), where the product turns out to be simple). 
In these cases one has the desired spectral interpretation of zeta’s poles given by a simple bijec- 
tion between the poles and the eigenvalues of a Schatten class operator. If the interaction gets 
more complicated, cancellations in general cannot be avoided—see also Remark 6.9(iii). 


3. Composition operators on Fock spaces 


We start by briefly recalling some basic properties of reproducing kernel spaces of holo- 
morphic functions on not necessarily finite-dimensional manifolds. Our basic reference for this 
material is [16], although we choose a different normalization. 

Let H c CF be a Hilbert space consisting of complex valued functions on a set E. The space 
H is called a reproducing kernel Hilbert space (RKHS), if for each x € E the evaluation func- 
tional ev, : 71> C, ft f(x) is continuous. A function k: E x E — C is called a reproducing 
kernel for H, if for all y € E the function ky := k(-, y): E > C belongs to # and if for all f € H, 
y € E we have f(y) = (f | ky)x. Recall that a function p: E x E — C is positive definite, if 
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st aay p(xx, x1) > 0 for alln EN, aj €C, xj € E (j =1,...,n). These concepts are con- 
nected by the following fact, cf. [16, I.1]: If H Cc C£ isa RKHS, then the functionk: Ex E> C 
defined by k(x, y) := ev, 0 ev} is a positive definite reproducing kernel for H. Moreover, for all 
f €H,x € E one has 


| F@)| < ISIE, x). (18) 


Since the span of the kernel functions k,, (w € E) is dense in 7, a bounded operator T on 1 is 
uniquely determined by its “integral kernel” 


kr (Z, w) = (Tkw)() = (Pky | kz). (19) 


The integral kernel of the adjoint T* of T is obtained from 


kr«(z, w) = (T*ky | kz) = (Kw | Tz) = (TK | kw) = kr (w, Zz). 


Recall that the Bargmann—Fock space F(C™) is defined as the space of entire functions 
F:C” > C with 


(ee = [\FoP exe(—aP) dz<0o 
cn 


where dz denotes Lebesgue measure on C’”. It is a RKHS with reproducing kernel k(z, w) = 
exp(r(z | w)). 

Let (H,(- | -)) be a separable Hilbert space, then the map k:H x H > C,(z,w) b 
exp(z(z | w)) is a positive definite kernel, see [16, I.2.2]. One defines the (symmetric) Fock 
space to be the unique reproducing kernel Hilbert space F(H) Cc C™ associated with this 
kernel. Since the reproducing kernel is holomorphic in the first and anti-holomorphic in the 
second variable, [16, Proposition A.[II.10] shows that F(H) C O(H). In particular, F(H) con- 
sists of continuous functions. Let (e;);<7 be an orthonormal basis for 7/. Then the monomials 
bq(Z) = (=e T],(z lei)" (@e (No)/) form an orthonormal basis for the Fock space F(H), 
where we use the standard multi-index notations: a! := [], @;! and |a| := )°; a;. We will use 
composition operators to view the F(C”) as subspaces of F(H). In this context we note the 
following elementary lemma. 


Lemma 3.1. Let H1, H2 be separable Hilbert spaces and B:H, — Hz a linear operator with 
Bll < 1. Define Cp: F(H2) ~ F(A), f th f o B. Then Cg is continuous with ||Cg\| < 1 and 
(Cp)* = Cpe. If B is surjective, then Cg is injective. In particular, if BB* = id, then Cp is an 
isometric embedding. 


Using Lemma 3.1 we obtain 


Gi) If P:H — 4 is a projection, then Cp € End(F(H)) is a projection. 
Gi) If P: 7H — 71 is self-adjoint, then Cp € End(F(H)) is self-adjoint. 
(iii) As a consequence of (i) and (11) we see that if P : 7 — 7 is an orthogonal projection, then 
Cp € End(F(H)) is an orthogonal projection. 
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(iv) Let P:H — H be an orthogonal projection. For p:H > PH, zt» Pz we have P = p* p 
and pp* = idpz,. Hence C,: F(PH) > F(H) is an isometric embedding. 

(v) With the identification F(PH) = Cp(F(PH)) C F(H) we can view (PH) as a subspace 
of F(H). Moreover, ¥ (P71) has a reproducing kernel, namely the kernel of F (1) restricted 
to PH x PH. 

(vi) Cpx: F(H) > F(PH) is the adjoint of Cp: F (PH) > F(H), Cp = Cp(Cp)*, and 1 = 
Coll = [Cpsll. 


Lemma 3.2. Let P,:H — H be a sequence of orthogonal projections converging to the identity 
in the strong operator topology. Then the sequence Cp, € End(¥(H)) of orthogonal projections 


converges in the strong operator topology to the identity on F (H) as n + ov. 


Proof. For all z € # one has P,z — z as n > oo. Since F(H) C C(H), we have for all f € 
F(H) 


Cp, F(Z) = f(Pnz) > fF). 
Using the reproducing kernel property, this can be rewritten as 
(Cp, f | kz) > (Ff | kz) 


for all z € 71. Since the functions k, (z € 1) form a total subset of 7 (71), this implies weak oper- 
ator convergence which on a Hilbert space coincides with the strong operator convergence. 


Using Lemma 3.2 it is not difficult to derive the following proposition part of which can also 
be found in [9, IT]. 


Proposition 3.3. Let P,:7{( > H be an ascending sequence of orthogonal projections with n- 
dimensional range converging in the strong operator topology to the identity, i.e., Pht C Pn4iH. 
Set pr, 17H > Hy := PrH, z+> Pnz. A function f belongs to the Fock space F(H), defined as 
the RKHS with reproducing kernel k(z, w) = exp(z(z | w)), if and only if the following three 
conditions hold: 


(i) f:2— C is continuous, 
(ii) for all m €N the map f o pry, :Hm > C is analytic, and 
(ii) suPmen Joy, LF © prt, (2)? exp(—z llzI|*) dz < 00. 


In this case, this supremum equals 
2 : 2 2 
I flop = lim i | f opr (2)|" exp(—z lz") dz. 
Hm 


Let E be a set and V a space of complex-valued functions on E. A (weighted or generalized) 
composition operator is an operator T: V — V of the form 


TH) =O @SF op), 
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where 6: FE > C, Ww: E — E are given functions. If the multiplication part is trivial, i.e., ¢ = 1, 
then T is called a (classical) composition operator. 

Let E, F be non-empty sets. Let d, : E > C, Wy: E = E foreach x € F, and T, :CZ > CE, 
(Ty f(z) := bx(zZ)(f 0 Wx)(z). Then a simple induction argument yields the composition law 


(Try +++ 0 Tr; F(Z) = | [xy o Wangs 071 o Wr OS © Wry 0720 We, MZ). (20) 


k=1 


Remark 3.4. Let 0 < g < 1 and Ww: X — X be a function on a normed space (X, || - ||) with 
lv (z) — W(w)|| < g||z — w]| for all z, w € X. Then vy is called a contraction. Set 


rye WOU i 


1—q 


Using standard estimates, one shows that the set K, := {z € X | ||z|| <r} satisfies w(K,) C 
Kgr+\\wo|| C Kr for any r > ry. Let wm := wWo---ow (m-times) be the mth iterate of y. 


r 


1 
Then for any z € X andm Sno > a : we have 


El 
nq 

[YP Ol <[¥OPO-v Ol + [VO] <a" lel try <r 
since 0 € K,,, implies wy”) (0) € K,,. 


Remark 3.5. Let (X, || - ||) be a normed space, w:X — X be a contraction in the sense of 
Proposition 3.4, and @: X — C a continuous function. Let r > ry with ry as in (21), and T be 
the weighted composition operator 


T:C(Kr) > C(Kr),  (TA)(@) = O@)(F 0 W)(). 


(i) Let g € C(K;), then Tg belongs to C(K3,) for some 6 > 1. In fact, if z € Ks, and 6 < 
See then |w(z)| < gré + ||W(0)|| <r. Since Ol > 1, we may choose 6 > 1. 

(ii) Every eigenfunction of T for a non-zero eigenvalue belongs to C(X). To see this, let 
f €C(K;) be an eigenfunction of T for a non-zero eigenvalue p. Hence by iterating re- 
lation (i) n-times we get f = p-"T" f € C(K5n,) for some 6 > 1. Since X = ),.9 Kr, we 
conclude that f € C(X). 


4. A trace formula for composition operators 


Let U c Cf be an open bounded complex domain. Let A®(U) denote the space of holomor- 
phic functions on U which are continuous on the closure U of U. Clearly, A°(U) is a Banach 
space with respect to the supremum norm. 

The following theorem, due to D. Ruelle ({21], see also [11, Appendix B], [12] for the infinite- 
dimensional case) is based on a fixed point formula of Atiyah and Bott (cf. [1]). 
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Theorem 4.1. Let U c C* be an open bounded complex domain. Let ¢:U — C and y:U > U 
be holomorphic TS: with continuous extensions to U and, moreover, (U) C U. Then 
has a unique fixed point z* € U and the weighted composition operator 


T: ASU) > AM), (Th) =O@)(f oW)@) 
is nuclear of order zero with trace given by the Atiyah—Bott type fixed point formula 


$(*) 
det(l — w/(z*)) 


trace 4~(V) T= 


Lemma 4.2. Let yy :C” > C” and ¢:C” = C be entire functions, and a contraction in the 
sense of Proposition 3.4. Let r > ry with ry as in (21) and T : A*(B(O; r)) > A%®(B(O; r)) be 
the composition operator acting via 


(TH)Z) =O @So W)@). 


Let f an eigenfunction of T for a non-zero eigenvalue p. Then f is entire and there exist 
C1, C2 > 0 such that for all z € C” 


FQ] <i? sup | F(a] max |o(e" lea 


wil< 
Moreover, if A?(U) := O(U) NL? (U, dz) denotes the Bergman space, then 
trace qco(y) T = trace 42(y7) T 
for all w-invariant bounded domains U CC”. 


Proof. Let f be an eigenfunction of T for a non-zero eigenvalue p. For n € N we have 
f=p "T" f which by (20) is given as 


f)=p7 ‘Tle ob) @(fov™)@), 


where wy“ is the kth iterate of y. As in Remark 3.5(ii) one shows that f is entire, thus belongs 
to A*(U) for all bounded domains U c C’. Hence every eigenvalue of T| Ax) belongs to the 
spectrum of T| 42,7), thus by Lidskii’s trace theorem the traces coincide. 


Let z € C4 with ||z|| > ry and 
In(a*) 
ne [Ee [al i 
Ing 


One can find constants cj, c2 > 0 such that c In||z|| < 2(z) < c2In||z\| for all ||z|| > ry. Re- 
mark 3.4 implies that ||” © (z)|| <r, and hence 
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Feta ae! ] sup |f(w)| sup |o(w)|2 Fh 


<r Iwil<tlcll 


By the maximum principle we know that the supremum sup), <jjz\|@(w)| 1s attained for some 
w with ||w| = |Iz\I- 


Proposition 4.3. Let b € C”, B € Gl(m; C) with ||B|| < 1, and ¢:C” => C an entire function 
which can be estimated by |¢(z)| < cexp(a||z||) for some constants a,c > 0. Let T be the com- 
position operator given by 


(Th)@) = o(@) f (Bz + b). 


Then T : F(C”) > F(C”) is a trace class operator with 


¢((1 — B)~'b) 


trace (qm) T = trace 40 ae i 
F(c™) A®(B(0;r)) det(1 — B) 


for all BO; r) = {z €C™ | |IzI| <r} withr > Eb. 


Proof. A standard estimate shows that T is a trace class operator on F(C”). Let f € 
A®™(B(0; r)) be an eigenfunction of T corresponding to a non-zero eigenvalue p. By Lemma 4.2 
the eigenfunction f satisfies the estimate 


| #2? exp(—zllzlI?) < zl"? exp((allzl| + Ine)c2 In|lzI|) exp(—zllzII”). 


This upper bound is Lebesgue-integrable on C”, and thus f belongs to F(C”). This shows that 
every non-zero eigenvalue of T| 4~(g(0.,)) 18 an eigenvalue of T|_(c~), hence the traces coincide, 
and by Theorem 4.1 they have the stated value. 


Let T be a trace class operator on a Hilbert space H C L*(Z,dm) with reproducing ker- 
nel k. Then by general theory the trace is given by integrating the integral kernel (19) along the 
diagonal, 


tae? = f kr (z.2)dm(z) = f (Tke)dme) 
Z 


Z 


Thus Proposition 4.3 yields the non-trivial integral identity 


1 
ea as b) = FOF (Bz+b|z) go lell ge: (22) 


Let H be a separable Hilbert space and F(H) the associated Fock space. Fix a,b € H, and 
€ End(#). Consider the (possibly unbounded) composition operator 


Kapp: F(H)> FH), (Kaopf)(z) =e" fBz +b). (23) 


If 1 is finite-dimensional and ||B|| < 1, then by Proposition 4.3 the operator Ky pp is trace class, 
hence compact. Combining this with an argument from [12, IIT] yields the following proposition. 
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Proposition 4.4. Let (H, (- | -)) be a finite-dimensional Hilbert space. 


(i) Let a,b € H, B € End(H) with ||B|| < 1, and Ka4.% € End(F(H)) be the corresponding 
composition operator (23). Then (Ka,b,8)* = Kb,a,3* and Kq.p,p is selfadjoint if and only 
if B is selfadjoint and a = b. 

Gi) Jf B is positive, then Ky,4,8 is positive and trace class with 


exp(||(1 — B)~'/7 |”) 
trace Kg. p.8 = IlKp.p.BllS\(FO0) = det(1 — B) 


(iii) Let aj, bi € H, B; € End(H) with ||B;|| < 1 (i = 1,2), then 


7 (bila2) 4c 


Kay.b},B, Kan,bo, Bo = @ a, +Bja2,B2b|+b2,B2B . 


Lemma 4.5. Let (H, (- | -)) be a finite-dimensional Hilbert space, B € End(H) with ||B|| < 1, 
and a,b €H. Set 


A=VBB*, 6 =(1+~BB*) | (Ba +b), y =exp( F (lia? - 1812). 


Let K := Kapp and K := yKgp,q € End(F(H)) be the corresponding composition opera- 
tors (23). Then K = |K| = VK*K, and 


IKI _ vexp(a|i( — A)7'/* BI?) 


Proof. Using Proposition 4.4 this is a straightforward verification. 


Similarly one shows that VKK* is given by K’ := y’Kgr gra’ € End(F(H)) with 


A':=|B|=VB*B, —B':= (1+ [BI) ‘(Bt +a), y' = exo(F (Wo? =A ’)). 


Theorem 4.6. Let H be a separable Hilbert space and a,b € H. Fix B € S\(H) with ||B|| < 1, 
and consider the weighted composition operator 


K:F(H) > FA), (Kf) =e™*! FB +b). 


(i) The operator K :=|K|:= /K*K:F(H) > F(A) is given by (K f)(z) := ye™ 9) f(Az+ 
B), where 


A=VBB*, B=(1+~BB*) '(Ba+b), y =exn( F (Val? — 1). 


(ii) The operator K is trace class with 


exp(F |la||? + 3 ||. — BB*)~!/? (Ba + b)|I?) 
det(1 — |B]) 


Wlls,(F) = trace K = 
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and 


exp(t ((1 — B)~'b | a)) 
det(1 — B) 


trace kc = 


Proof. As in Lemma 4.5 one gets K = |K| = VK*K. It remains to show that the trace norm 
of K, i.e., the trace of K is finite. Let P, : 71 — H be an ascending sequence of orthogonal pro- 
jections with n-dimensional range converging to the identity in the strong operator topology. Set 
pr, 2H > Hy := PrH, 7+ Pyz. Fix m € N and consider Kin := Cpr: K Cpr, € End(F(Hin)), 
which by the composition law acts via 


(Km f)(z) = ye™ ©! Pfm PF (pr, A pre, Z + pt, B) = e7 IF") (Amz + Bm) 


with £,, = pr;, 6 and A» = pr,, Apr;,. By the Atiyah—Bott formula from Proposition 4.4(ii) we 
have 


exp([I(1 = Am)!” Bmll3y,,) —_ exp(re lL = Am)? Bll) 


trace K,, = = 
made detyy, (1 — Am) ‘ detyj(1 — Am) 


identifying A,, € End(H»,) with pry, Am pty, = PmAPm € End(H). Lemma 3.2, together with 
[3, Theorem IV5.5], shows that the pointwise convergence P,, AP, — A is in trace norm. There- 
fore the following limit exists: 


exp(zr ||(1 — A)~!/2 BI? 
lim trace Km = y per ll¢ Billa) 
m—>0o dety(1 = A) 


Thus K and K are trace class. By Lemma 3.2 and [3, Theorem IV5.5] the sequence of trace class 
operators Cp, KCp,, converges to K in trace norm, hence 


‘ exp(z ((1 — Bm) Dm | An) Hy ) 
trace = lim 
m—> 00 detz,,, (1 — Bn) 


__ exp(z ((1 — B)~'b | a)) 
a detz,(1 — B) , 


where we view B,,, a, and b,, as operator on, respectively vectors in, H. A similar approxima- 
tion argument, combined with Lemma 4.5, also yields the formula for trace K. 


As a corollary we obtain an exact formula for the Hilbert-Schmidt norm of a weighted com- 
position operator of the form Kg,p,.— which could also be obtained directly as a consequence of 
an identity on Gaussian integrals. We first consider the general situation: Let H C L?(Z, dm) be 
a Hilbert space with reproducing kernel k. Consider the composition operator 


(THh)Z) =F op), 
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where @: Z > C, Ww: Z > Z are fixed functions. Then the Hilbert-Schmidt norm of T is equal 
to 


[leorkve@.ve) dm(z). 
Z 


Corollary 4.7. Let a, b € H, B € So(H) with ||B|| < 1. Then the weighted composition operator 


K:F(H) > FH), (Kf) =e" f (Bz +d) 


is Hilbert-Schmidt with 


KI? __ exp(zr|la|l? + 2 ||(1 — BB*)~'/?(Ba + b)||*) 
I lsF) = det(1 — BB*) . 


Proof. We use that || IIs, (F(M)) = Hace KK* together with Theorem 4.6, where 


(K*K f)(z) = Tall’ er (cIBath) ¢( *2+Ba +b) 


|? < 1 and BB* € S\(H). 


with ||BB*|| = | 


5. Dynamical trace formulae for spin chains 
The following proposition allows to describe the partition function of a non-interacting sub- 
shift as the trace of an operator, which is then called a transfer operator. In the special case of a 


finite alphabet F this result is well known. 


Proposition 5.1. Let (Fv, M,0) be a subshift with vanishing interaction. Then for n > 2 the 
integral operator 


Gui: L*(F, dv) > L*(F,dv), (Gu f)(é) = i M(n, €)f(n)dv(n) 
F 


associated with the transition function M satisfies the dynamical trace formula 
Zn(0) =v" (on({§ € 2 | r"§ =5})) = trace Sty, 


Proof. The operator Gy can be seen as T in Lemma 1.7, where all the operators Sz: := 
id:C > C are trivial. Hence Gjy is Hilbert-Schmidt and the traces of its iterates are given by 
Lemma 1.7. Comparison of the formulae with (3) now proves the claim. 


Let (F, v, M, A) be a subshift, where the interaction A is of the following form: Let B € 
S,(H) for some p < 00 with Pspec(B) < 1. For € € F assume that one has ag, be € H, ge € C 
such that for E = (Ej) jen € Qui 


A(E) = qe, + > (B/~ be, | ae). (24) 
j=2 
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Here we assume absolute convergence of the series. We interpret A(&) as the sum of the potential 
term gz, and the sum of two-body interactions between the first particle and the particles at 
positions i € N.). 

Let B € S,(H) for some p < 00 with Pspec(B) < 1, then one can choose n € N large enough 
such that B” has operator norm less than one and is trace class, since the spectral radius can be 
characterized via 


= 


Pspec ( ) =max{|z| €R | z € spec( )}= lim || | 


k->0oo 


and ” € Smax(1,p/n) (HA). 
For all n € N and &™ = (&,...,&1) € F” we set 


n n—k 


(m6): =D +70 D2 (BI "be 44 | 26) (25) 
k=l j=l 
n n-1 
a(n; E®) = yl n ‘ae, oe b(n; E@) = y ae (26) 
k=1 j=0 


For n € N such that B” € S2(H) with ||B” || < 1 we define (depending on ag, be € H, and gz € C) 
a function c(n; -): F” > R via 


c(n; é™) 
_ exp(2Re (qn; €™)) + Jla(n; E™) |? +7] — B"B")*) 1B a(n; E™) + b(n; E™)) I) 
“4 det(1 — B”(B")*) ; 


(27) 


The following proposition describes the type of operators we will use to build our dynamical 
trace formula: 


Proposition 5.2. Let F #Q% be an index set, H be a Hilbert space, and B € End(H). Given 
dg, be © H, and gg € C for € € F, consider the operator Mz :C(H) — C(H) defined by 


(Me f)(z) = exp(ge + 1 (z | az)) f (be + Bz). (28) 


Fixn € N and &™ = (&,...,&1) € F”. Then 


(Mg, 0-+-0 Mg, f)(z) = exp(q(n; €™) + 2(z | a(n; €™))) f(B"z + b(n; €™)). 


Tf B” € S2(H) with ||B" || < 1, then Mz, o---0 Me, restricts to a Hilbert-Schmidt operator on 
F(H) which satisfies 


2 s 
Mz, 0-0 Mai lls,rayy = (ms &). 
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Proof. For any family {Meg | & € F} of weighted composition operators acting via (M<¢ f)(z) = 
exp(Ag (z)) f (We (z)), induction shows that 


(Mz, 0---0 Me, f)(2) =ssn( Ya © We, 01170 a) (f 0 We, 0-+- 0 We, )(2) 


k=1 


for all &,...,&) € F. In particular, if Ag(z) = ge + 2 (z | ag) and We(z) = be + Bz for some 
dz, be € H, qe € C, and B € End(H) as above, we have to consider mixed iterates of affine 
maps: Let V be a complex vector space, B: V — V a linear operator, and be € V for & € F. 
Then induction shows that we : V > V, z+> be + Bz satisfies 


(We, o+-+0 We, (2) = ‘+> fog. = Ke + b(k; (&k,.--&1)) 


for allk EN, &,...,& € F, and z € V. This implies for € = (E,,...,&) € F” that 
(Mz, 0---0 Mz, f)(z) 
n n—k 
=e aa( rhe boxe) t+ Woe) 
k=1 


= exp(q(n: &™) + (z | a(n; €)) f(B"z + O(n €)), 


which yields the first clam. Now Corollary 4.7 gives the stated Hilbert-Schmidt norm formula 
and the invariance of F(H). 


Recall the subshift (F, v, MI, A) with interaction function A from (24) and the operators Mz: 
defined via (28). The following theorem provides a dynamical trace formula for the correspond- 
ing partition function Z,(A) defined via (3). 


Theorem 5.3. Suppose there exists ng € N such that c(no; -) is v"°-integrable. Then there exists 
an index ny € N such that for all n > n, the iterates M” of the Ruelle-Mayer type transfer 
operator 


(Mf)\(o, 2) = / M(E, 0) exp(ge + (cz | ae) f E, be + Bz) dv(é) 
F 


are trace class operators M" € End(L?(F,dv) ® F(H)). Moreover, the partition function 
Zn (A) can be expressed as 


Z,(A) = det(1 - 3) trace M". 
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Proof. By Lemma 3.1 one has for H:= L’(F, dv) ® F(H) andn > no 


IMDB = fh f C62. )- Mn br MC, En) 


FFT 


x Mg, 0-0 Me IIs, (¢qy) dv" Ets --- x) dv) 


< vr) f |Me, Ops’ o Me, Isran) av" G1. wey En) 
Fr 


There exists ny € N such that for all n > n, we have B” € S,(H) and ||B”|| < 1. By Propo- 
sition 5.2 (and, possibly, by enlarging n,) the operator M” is trace class for all n > n,. By 
Lemma 1.7 the trace of M” is given by 


trace M” - (1 Méé;, sw) trace(Mz, 0---0 Me,) dv" (&,..., n) (29) 


Fr J 1 


using the convention that &)4) = &. Proposition 5.2 shows that for all choices of &” = 
(En,...,&1) € F” the trace formula from Theorem 4.6 can be applied to the operator Mz, o 
--o Meg,. It yields 


(q(n; €™) + (1 — BY) 1b; &™) | a; €™))) 
praise exp(q(n; & 7 ( Gai = E™)) | a(n; E™)) (30) 


with a(n; E™), b(n; E™), and q(n; €™) as in (25) and (26). The inner product occurring in (30) 
can be rewritten as 


((1—B") "b(n: 8) | a(n) = SO DBI nb, | ag. 


k=1 j=0 /=0 
Extending the finite sequence bz,,..., bg, € H to an n-periodic sequence, 1.e., setting bg,,,, = 
be, for allk =1,...,n and/ € No, we obtain 
i n—-1 
ang) + n((1— BY) (ni €) |anig)) =) | AGF). 
k=0 


This together with (29), (30), and (3) completes the proof. 


We note that unless B € S2(H) with ||B|| < 1, we cannot show M to be a bounded operator 
on L?(F, dv) ® F(H). 
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6. Ising type interactions 


In this section we present some explicit models known from the physics literature for which 
Theorem 5.3 actually provides dynamical trace formulae. A detailed description of these models 
can be found in [19]. Another application of Theorem 5.3 are hard rod type models, which are 
studied in [19,20]. 

We consider a subshift (F, v, Ml, A), where the interaction is of the form B A(q,-,a) with 


A,r): 2M > C, Em gf) +) r(&,&) dG - 1). (31) 
i=2 


Here r: F x F — C is called an interaction function, d € €'N a distance function, and q € 
Cpy(F) a potential. The extra parameter f € C is usually called the inverse temperature. In this 
context the partition function Z,(BA(q,r,q)) as defined in (3) coincides with the usual partition 
function for the two-body interaction with respect to (g,r,d) and periodic boundary condition 
(see [19, Corollary 1.11.3]). We will assume additional properties of the distance function and 
the interaction function. A list of examples will be given in Examples 6.1 and 6.5. 

An interaction function r is said to be of Ising type, if there exists a finite number of functions 
5;,t;: F — C such that 


M 
rE.n) = >_ si €)ti(n). 


i=l 
The minimal number M is called the rank of r. 
Example 6.1. 


(i) Ising model. Let F C C be a bounded set and r(é, 7) = &n. In E. Ising’s original model 
[6] he took F = {+1}, the so called spin- 5 model, in order to describe ferromagnetism of a 
solid, where the spins of the electrons can only take values in a set with two elements, “spin 
up” or “spin down.” 

Gi) Let F C H be a bounded subset of a finite-dimensional Hilbert space (H, (- | -)). Then any 
bilinear form 6 on 7 defines an interaction function of Ising type via r(&, 7) := B(&, 7). In 
fact, choose an orthonormal basis (e;) j=1,....4imH for 1, then 


oe 


dim dimH 
pen =a - lean) = D5 lei) Ble, n). 


i=l i=1 


Note that r has rank less or equal to dim 7. 

(iii) The (generalized) Stanley M-vector model, cf. [24]. It is a special case of (11): Take H = R” 
with r(&, n) = (€ | n) and F := {v € R™ | r(v, v) = 57} to be the (M — 1)-sphere with radius 
s > 0 equipped with the (normalized) surface measure v on F. 
The following table gives a list of physical models which can be seen as applications of Stan- 
ley’s M-vector model. Depending on the parameter M these models have special names. 
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Rank Special name System 

1 Ising model One-component fluid, binary alloy, mixture 
2 Planar model A-Transition in a Bose fluid 

3 Heisenberg model (Anti-)ferromagnetism 

M>3 M-vector model No physical system discovered yet 


This table is taken from [25, p. 488] where one can also find a lot of references to the 
underlying physics. Note that the rank 1 case gives F = {+1} and hence the spin-5 Ising 
model. 

(iv) If F is finite, then every interaction function is of Ising type, since 


rn) = > rz) 8(n, 2), 


zeF 


where 6: F x F — Cis Kronecker’s delta on F’.. In particular, the finite-state Potts model is 
of Ising type: Let F be a finite set and r(&, 7) = 6(&, 1). This model is due to R. Potts [17] 
and describes the situation where only electrons with identical spin interact. 


We remark that Ising, Potts, and Stanley have considered these models only for finite range 
interactions. 

Consider the interactions A (g,,,¢) with distance functions d belonging to subspaces Dp C e'N 
(for p € [1, co[) which are defined as follows: d = dg,y,y € D> if and only if there exist a Hilbert 
space 1 and a Schatten class operator B € S,(H) with spectral radius pspec(B) < 1 and vectors 
v, w EH such that 


d:N>C, krd(k)=(BY'v|w),,. 


Now, let d = dg.y,w € Dp and r(&, 7) = Sty 5i(&)t; (7). We rewrite the Ising type observable 
A(g,r.d) : 2m — C in such a way that we can apply Theorem 5.3. 


coo M 
A@ray&) =) + >, >) sj) Etj&)(Biv | w),, 


i=2 j=l 


= 4&1) + (Bu) tm Ei, v) | sw Ei, w)) pyar 
i=2 


where Bu :H™ => HM”, (Z1,---,ZmM) > (Bz,..., Bzy), Su: F x H> HH”, sm (&,v) = 
(s1(&)v, ..., sm(&)v), and, similarly, ty: F x H > H™, ty (&,v):= (1 (&)v, ..., tw (&)v). 


Theorem 6.2. Let (F,v,M, A(q,r,a)) be a subshift where q €Cp(F), d = dp.v,w € Dp andr € 
Cy(F x F) is an interaction function of Ising type, say r(E,n) = ee Si(E)ti(M) with s;,tj € 
Cy(F). Then there exists an index ng € N depending on B such that for all n > no the iterates 
Ms € End(L?(F, dv) ® F(H"™)) of the Ruelle-Mayer transfer operator 
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(Me f)E, 2) 
= / M0, €) exp(Bq(o) + Blz | su(o. w))) f (0, tu(o, v) + Buz) dv(o) 
F 


are of trace class and satisfy the dynamical trace formula 


M 
Zn(BA(q,r,d)) = det(1 - e) trace Mi. 


Proof. By assumption the sets {ag := sy (€, w) € H” |é € F} and {be = tu (§, w) € H™ |&e 
F} are bounded. Choose m € N large enough such that B” has operator norm less than one and 
is Hilbert-Schmidt. Proposition 5.2, applied to By, shows that the associated function c(m; -) is 
bounded, hence integrable. Thus we can apply Theorem 5.3 to M p Which proves the claim. 


Corollary 6.3 (Ising model). Let F C C be a bounded set equipped with a finite measure v 
and (F,v,M, A(g,r,a)) be a subshift, where q € Cyo(F), d = dpyw € Dp and r(&,n) = &n. 
Then there exists an index no € N depending on B such that for all n > no the iterates 
Ms € End(L?(F, dv) ® F(H)) of the Ruelle-Mayer transfer operator 


(Mpf)(&.2)= | Mio, 8) exp(Bq(a) + Bo (clu) f(o.00+ z)dv(o) 
F 


are trace class and satisfy Z,(B A(q,r,d)) = det(1 — B”) trace M*.- 


Corollary 6.4 (Potts model). Let F = {1,...,N} be a finite alphabet, the measure v on F be 
identified with its distribution vector, and (F,v,M, A(q,r,a)) be a subshift, where q:F — C, 
d =dgiv,w € Dp and r(&,n) = 6(&, n). Then there exists an index no € N depending on B such 
that for all n > ng the iterates Ms € End(L?(F, dv) ® F(H")) of the Ruelle-Mayer transfer 
operator 


(Me f(s 21, -.-5 ZN) 
N 


= >> Mk, Duy exp(Bq(k) + B(ze | w)) (ks km¥ + Bem)m=t,....N) 
k=1 


are trace class and satisfy Z,(BA(q,r,d)) = det — nyN trace M'. 


By the canonical identification L?(F, dv) ® F(H”) = F(H") the Ruelle—Mayer transfer 
operator can be rewritten as 


(Ma(fi..--. fv) Gi, «++ Zn) 
N 


=) Mik, Dux exp(Bq(k) + B (ze | w)) fe((Skmv + Bem)m=t1,....)+ 
k=1 
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Example 6.5. 


(i) Finite range. There exists po € N, the range of d, such that d(k) = 0 for all k > po. Re- 
mark 6.6 below shows that d € Dj. 

(ii) Polynomial-exponential. d: N — C, k & 4* p(k), where p € C[z] is a polynomial and 
A €C with 0 < |A| < | is the decay rate. Remark 6.7 below shows that d € D}. 

(iii) Superexponential. Let y > 0,6 > 1 and d:N— C,k + a(k) exp(—y k®), where a: N > C 
is of lower order such that limy_, 99 a(k) exp(—e€ 1k) = 0 for all €1, €2 > 0. Proposition 6.8 
below shows that d € D,. (The decay estimate can be weakened, cf. Example 6.9.) 

(iv) Suitable infinite superpositions of exponentially decaying terms: 


ee) 


d(k) =) _ ci, 


i=1 


where A € £?N (1 < p < cw) andc: N— C such that cA: N > C, n& cpdy belongs to 
€'N. Obviously, d € Dp. 

Example: Pick a holomorphic function f on the unit disk with f(0) = 0, 0 < |A| < 1, then 
d(k) = f (A*) belongs to D. 


We conclude this section with the verification of the various claims made in Example 6.5. We 
start with some obvious facts on finite-range interactions. 


Remark 6.6. For pg € Ns let 


po = ae € Mat(o, po; Z). 
0 1 


(i) Then B,, is a po-step nilpotent matrix with spectral radius Pgpec(Bpy) = 0. 

(ii) Let d: N— R be a finite range distance function, say d(k) = 0 for all k > po, A € C*, and 
w4 € C/ with entries w4(k) = A! d(k). Then d(k) = ((AB,,)*~!w? | e1) for all k EN, 
where e; = (1,0,..., 0). 


Fix an additional decay parameter A with |A| < 1. Then ||(A i || < 1 for all k € N and the 
dynamical trace formula for the Ruelle—Mayer transfer operator built from AB, holds for all 
n € N (instead just for n > po in the case A = 1). 


Remark 6.7. Let p € No and B‘) € Mat(p + 1, p + 1;R) be the unipotent (lower) triangular 
matrix with entries 


( ), , ~ | ({); J <i, 


0, otherwise. 
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Then det(1 — (AB)”) = (1 — A”)?*! for any 4 € C and induction yields 


1 
k 
= ( (r)é al 
kp! 
kP 
with 1 = (1,...,1) € Z?*+!. Consequently, for c := (co, ..., Cp) € CP+! we have 


P 
MES ik! = (AF (BO P11 | ah. 
i=0 


Thus the distance functions d(k) := Ak aa cik! belongs to Dj. 


Proposition 6.8. Let g : N > C \ {0} with D2, |fO5 I? < 00. We define By : CN > CN, 


( eQki= Ae: Then: 


(i) Bg leaves the spaces €4N invariant as 1 <q <©o. Moreover, it defines continuous opera- 


a with ||Bg|| ean eqn < SUP en | nical on these spaces. 


g 
(iii) Bg: 0?N > @7N belongs to the Schatten class Sp (€7N). Moreover, it satisfies Pspec(Bg) < 1 
as well as det(1 — B?) = 1 for all n 2 p. 


(iv) If, ford:N— C, the function v4 :N > C, ve. := g(m) d(m) belongs to €7N, then 


(ii) For all z € LN, n No, KEN, we have (Biz), = ea cen. 


1 
rari : ye el) ane 


where e; = (1,0,...,0). In particular d = dg, yee S Dp forl< p<. 
Proof. Let 1 <q < ow and ze @9N, then 


q 


< sup| ————_ 
keN 


gtk) 
gk + DY 


8)" 9 
gk+1) ne 


lien Zk+1 


This implies (i). Assertion (ii) is easily shown by induction. The ¢*N-adjoint . of Bz is given 
by 


5 5 0, i=l, 
* ON > ON, *Z).=4 ggap : 
g ( 8 )i Be iat, po: 
Therefore (( 2 (Zk = Ion Pe. which shows that 2 : is diagonal with respect to the 


standard basis. We can read off the singular numbers of B, being the square roots of the diagonal 
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entries of es By assumption they belong to 2?N. Using a telescope product argument one 


& 


shows that for all k €¢ N the quotient |—8 @ | tends to zero as n — oo. Hence we can find n € N 


g(k+n) 


such that || ell < 1 so that Pspec(Bg) < 1. With respect to the standard basis of ¢?N the operator 


g 18 an upper triangular matrix with zeros along the diagonal, hence det(1 — a) = | for all 


n > p. As aconsequence of (ii) we have 


n a) a) 
(Bee) = Fam n= gamed tm ad +m) 


for all n € No, / € N, which immediately implies that 


(Biv! | es) = (BE'w4), = ea. 


Remark 6.9. 


(i) 


(ii) 


For any nowhere-vanishing sequence s € £?N setting g: N > C, g(k):= Cahn s(1))~! 


one obtains a function g of the kind required in Proposition 6.8. In particular, s(k) = 7 raer 


and |s|: N-— C, n+ |s(n)| is the sequence of singular numbers of the corresponding 
weighted shift operator B,. Functions g : N — C satisfying the summability condition 


baa Rican < oo are, for instance, g(k) := exp(yk°) withhy >0,6> 1. 

More generally, consider the following distance function d : N > C which was studied by 
D. Mayer in [11, p. 100]: d(k) = a(k) exp(—y k®), where y>0,6>1anda:N—> Cis 
a lower order term, in the sense that limg—. 9 a(k) exp(—e, k®2) = 0 for all €1,€2 > 0. We 
claim that 


d(k) =(B,~'v* | e1) 


e2N? 


where v“(m) := a(m) exp(y((m — 1)° — m®)) defines v4 € €?N, and g:iNoC mp 
exp(y (m — 1)°) defines By € S;(€7N) with ||Bg|| <1. 

To prove the claim note first that g(1) = 1 and g satisfies the summability condition from 
Proposition 6.8: For 6 > 1 and j > 0 we have 


fats Pp a7 S6 Spay SG Sapir Sap 


Hence 


[o,e) Dp [o,e) 


_ 14)6 
eT) < ew(-vee - 0), ) 
k=1 


exp(y k?) 


k=l 


which is finite for all p > 0. Hence the corresponding weighted shift operator Bg : ’N> 
€7N is trace class. Moreover, g has operator norm bounded by exp(—y) < |. It remains 
to show that v“ € ¢*N. We proceed similar to the previous estimate (32). For 0 < €; <y, 
0 < €2 <6 — 1, by our assumptions on the lower order term a we can find a constant C > 0 
such that 
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[olen = Do exp(-y (# — & — D*)) [a 
k=1 


[ee 


< CYC exp(—yk?! + 1k?) 
k=1 


[o.@) 
< CY exp(-(y - e)ko!) <OO. 
k=1 


This proves the claim and hence shows that Proposition 6.8(iv) applies to d. 

(iti) For d € Dg for some q it would be sufficient that uv? € €7N and (32) holds for some p<@m. 
These observations allow to weaken the conditions on the lower order term. For instance, 
the sequence a might grow like k + exp(yk*!~*) for all € > 0. 
This allows to extend Mayer’s results. In particular, det(1 — B,) = 1 for almost all n together 
with Theorems 2.2 and 6.2 implies that 


on! a 
exp(inar 7 Zn) 


ae a eas 


This should be compared to interactions with finite range (Example 6.5(i)) or to vanishing 
interaction (Proposition 5.1) where a single transfer operator suffices, too. The simple form 
of the dynamical trace formula yields 


1 


RO) = a zMp) 


and 


Re 
detn, (1 — zGm) 

respectively, for the corresponding transfer operators. In all these cases we obtain a 
cancellation-free representation of zeta and a (complete) spectral interpretation of its poles. 
The zeta function for super-exponential interactions thus behaves like the zeta function as- 
sociated with a finite range interaction up to a nowhere-vanishing entire function. 

For more complicated interactions it seems plausible that the knowledge that Theorem 2.2 
combined with the numerical analysis and analytical perturbation theory (with respect to B 
and a finite number of Aj) still can be used to produce bounds for zeros. In fact, approxi- 
mation by finite rank operators helps to locate the spectrum of the transfer operators, so for 
suitable (generic) B cancellations do not occur. 
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Abstract 


We study the action of metaplectic operators on Wiener amalgam spaces, giving upper bounds for their 
norms. As an application, we obtain new fixed-time estimates in these spaces for Schrédinger equations 
with general quadratic Hamiltonians and Strichartz estimates for the Schrodinger equation with potentials 
Vix) = 41x". 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Metaplectic representation; Wiener amalgam spaces; Modulation spaces; Schrédinger equation with 
quadratic Hamiltonians 


1. Introduction 


The Wiener amalgam spaces were introduced by Feichtinger [13] in 1980 and soon they re- 
vealed to be, together with the closely related modulation spaces, the natural framework for the 
time-frequency analysis; see, e.g., [14,15,17,18] and Gréchenig’s book [21]. These spaces are 
modeled on the L? spaces but they turn out to be much more flexible, since they control the local 
regularity of a function and its decay at infinity separately. For example, the Wiener amalgam 
space W(B, L7), in which typically B = L? or B= FL?, consists of functions which locally 
have the regularity of a function in B but globally display a L4 decay. 
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In this paper we focus our attention on the action of the metaplectic representation on Wiener 
amalgam spaces. The metaplectic representation jz: Sp(d, IR) > U(L?(R®)) of the symplectic 
group Sp(d, R) (see the subsequent Section 2 and [19] for details), was first constructed by Se- 
gal and Shale [30,31] in the framework of quantum mechanics (though on the algebra level the 
first construction is due to van Hove [42]) and by Weil [43] in number theory. Since then the 
metaplectic representation has attracted the attention of many people in different fields of mathe- 
matics and physics. In particular, we highlight the applications in the framework of reproducing 
formulae and wavelet theory [8], frame theory [16], quantum mechanics [12] and PDEs [24,25]. 

Fix a test function g € C>° and 1 < p,q < oo. Then the Wiener amalgam space W(F L?, L“) 
with local component FL? and global component L’ is defined as the space of all func- 
tions/tempered distributions f such that 


If llweeee,cay = (Wf Tegllece 1g <® 
where 7).g(t) := g(t — x) and the FL? norm is defined in (6). To give a flavor of the type of 
results: 


Ifl<p<q<wandA= (4 s) € Sp(d, R), with det B 4 0, then the metaplectic operator 
(L(A) is a continuous mapping from W(FL4, L?) into W(F L?, L4), that is 


le DSF lweeee.ta < a(A, P; DIF lw, 7): 


The norm upper bound a = a@(A, p,q) is explicitly expressed in terms of the matrix A and 
the indices p,q (see Theorems 4.1 and 4.2). 
This analysis generalizes the basic result [14]: 


The Fourier transform F is a continuous mapping between W(F L4, L?) and W(F LP, L4) 
if (and only if) 1<p<q<ow. 


Indeed, the Fourier transform F is a special metaplectic operator. If we introduce the sym- 


plectic matrix 
0 Tf 
i | ; a () 


then F is (up to a phase factor) the unitary metaplectic operator corresponding to J, 
wd) = (-iPF. 


A fundamental tool to achieve these estimates is represented by the analysis of the dilation op- 
erator f(x)» f (Ax), for a real invertible d x d matrix A € GL(d, R), with bounds on its norm 
in terms of spectral invariants of A. In the framework of modulation spaces such an investigation 
was recently developed in the scalar case A = AJ by Sugimoto and Tomita [35,36] and by Bényi 
and Okoudjou [4]. In Section 3 we study this problem for a general matrix A € GL(d, R) for 
both modulation and Wiener amalgam spaces. In particular, we extend the results in [35] to the 
case of a symmetric matrix A. 
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In the second part of the paper we present some natural applications to partial differential 
equations with variable coefficients. Precisely, we study the Cauchy problem for the Schrédinger 
equation with a quadratic Hamiltonian, namely 


0 
pee + Hu=0, 
ot 
u(0, x) =uo(x), 


(2) 


where H is the Weyl quantization of a quadratic form on R¢? x R¢. The most interesting case is 
certainly the Schrddinger equation with a quadratic potential. Indeed, the solution u(t, x) to (2) 
is given by 


u(t,x) = elf Ayo, 


where the operator e’’” is a metaplectic operator, so that the estimates resulting from the previ- 
ous sections provide at once fixed-time estimates for the solution u(t, x), in terms of the initial 
datum uo. An example is provided by the harmonic oscillator H = -zA + |x|? (see, e.g., 
[19,23,29]), for which we deduce the dispersive estimate 


itH «id 
lle’ uo (Freee Ss |sin ¢| Moll weFL~,L1)- (3) 
Another Hamiltonian we take into account is H = — “ A-« |x|? (see [6]). In this case, we show 
1+ [sinh] \ 2 
tH + |sinht ) 
er" u0 1 =| — 3 |) Ill 00 1): (4) 
| lweee ,L©) ( anhe? W(FL~,L!) 


In Section 5 we shall combine these estimates with orthogonality arguments as in [9,27] to obtain 
space-time estimates: the so-called Strichartz estimates (for the classical theory in Lebesgue 
spaces, see [20,26,27,38,39,44]). For instance, the homogeneous Strichartz estimates achieved 
for the harmonic oscillator H = — aA + |x|? read 


itH 
lle 6 | aeconmai eh, ae Ilwollz2 ’ 


for every T >0,4<9,q¢ < 00,2 <1r,7 < ~, such that 2/g+d/r =d/2, and, similarly, for g, 7. 
In the endpoint case (g,r) = (4, 2d/(d — 1)), d > 1, we prove the same estimate with FL" 
replaced by the slightly larger FL’ 2) where L"? is a Lorentz space (Theorem 5.2). 

The case of the Hamiltonian H = — aA — |x|? will be detailed in Section 5.2. Finally, we 
shall compare all these estimates with the classical ones in the Lebesgue spaces (Section 5.3). 

Our analysis combines techniques from time-frequency analysis (e.g., convolution relations, 
embeddings and duality properties of Wiener amalgam and modulation spaces) with methods 
from classical harmonic analysis and PDE’s theory (interpolation results, Hélder-type inequali- 
ties, fractional integration theory). 

This study carries on the one in [9], developed for the usual Schrédinger equation (H = A). 

We record that hybrid spaces like the Wiener amalgam ones had appeared before as a technical 
tool in PDEs (see, e.g., Tao [37]). Notice that fixed-time estimates between modulation spaces in 
the case H = A were first considered in [1] and, independently, in [3,4], and they were used to 
obtain well-posedness results on such spaces [2,5]. 
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Finally we observe that, by combining the Strichartz estimates in the present paper with argu- 
ments from functional analysis as in [11], well-posedness in suitable Wiener amalgam spaces 
can also be proved for Schrédinger equations as above with an additional potential term in 
L°W(FL?’, L?), (see Remark 5.5). 


Notation. We define |x|? =x - x, for x € R@, where x - y = xy is the scalar product on R?. The 
space of smooth functions with compact support is denoted by C5° (IR¢), the Schwartz class is 
S(R), the space of tempered distributions S’(IR“). The Fourier transform is normalized to be 
f GeaF(G)=f7 (t)e~*''5 dt. Translation and modulation operators (time and frequency 
shifts) are defined, respectively, by 


T,f(Q)=f(t—x) and Mz f(t) =e" f(t). 
We have the formulas (7; f Y = M_x fe (Mz fy =T ve and MT, = e2Tixg T; Mg. The notation 
A SB means A < cB for a suitable constant c > 0, whereas A = B means clA <B<cA, 


for some c > 1. The symbol B; — B> denotes the continuous embedding of the linear space B, 
into Bp. 


2. Function spaces and preliminaries 
2.1. Lorentz spaces [33,34] 


We recall that the Lorentz space L?*4 on R¢ is defined as the space of temperate distributions 
f such that 


;. dt ve 
flog = (£ fivrrort) < 00, 


0 


when | < p <o0, | <q < ~, and 
I fllpq = supt'/? f*(t) < 00, 
t>0 


when 1 < p< Ww, gq = ©. Here, as usual, A(s) = |{|,f| > s}| denotes the distribution function 
of f and f*(t) =inf{s: A(s) < ft}. 

One has L?:41 — LP? if q, < q2, and L?’? = L?. Moreover, for 1 < p< oc and1l< 
gq < 00, L?*4 isanormed space and its norm || - || ,7.¢ is equivalent to the above quasi-norm || - lg: 

We now recall the following generalized Hardy—Littlewood—Sobolev fractional integration 
theorem (see, e.g., [32, p. 119] and [41, Theorem 2, p. 139]), which will be used in the sequel 
(the original fractional integration theorem corresponds to the model case of convolution by 
K (x) =|x|-*% e L4/*™, 0 <a <d). 


Proposition 2.1. Let 1 < p<q <ow,0<a <d, with 1/p=1/q+1-—-—a/d. Then, 


L?(R4) « L4/%-(R4) <> L7(R4). (5) 
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2.2. Wiener amalgam spaces [13—15,17,18] 


Let g € C>° be a test function that satisfies || g||;2 = 1. We will refer to g as a window function. 
For | < p< o, recall the FL? spaces, defined by 


FL? (R4) = { f € S’(R*): dhe L?(R*), h= f}; 
they are Banach spaces equipped with the norm 
fllece =llAllur, with h = f. (6) 


Let B be one of the following Banach spaces: L?, FL?, l<p<ow,L?4,l<p<w,l<q< 
oo, possibly valued in a Banach space, or also spaces obtained from these by real or complex 
interpolation. Let C be one of the following Banach spaces: L?, 1 < p<oo,or LP4,1<p< 
oo, 1 <q < MW, scalar-valued. For any given function f which is locally in B (i.e. gf € B, 
Vg EC), we set f(x) = [If Trglle- 

The Wiener amalgam space W(B,C) with local component B and global component C is 
defined as the space of all functions f locally in B such that fg ¢ C. Endowed with the norm 
Il fllw(e.c) = || fellc, W(B, C) is a Banach space. Moreover, different choices of g € C>° gen- 
erate the same space and yield equivalent norms. 

If B = FL! (the Fourier algebra), the space of admissible windows for the Wiener amalgam 
spaces W(FL!,C) can be enlarged to the so-called Feichtinger algebra W(FL!, L'). Recall 
that the Schwartz class S is dense in W(FL!, L'). 

We use the following definition of mixed Wiener amalgam norms. Given a measurable func- 
tion F of the two variables (t, x) we set 


Fw 41,192), W(FL1,L2). = | | FG, Viwerr.v2), W(L41,L92),° 


Observe that [9] 
Flees 192), wFL,L2). = VF lly wl 12), L2)* 
The following properties of Wiener amalgam spaces will be frequently used in the sequel. 


Lemma 2.1. Let B;, Cj, i= 1,2,3, be Banach spaces such that W(B;,C;) are well defined. 
Then: 


(i) (Convolution) If By * By — B3 and C, * Cz > C3, we have 
W(Bi, C1) * W(Bo, C2) > W(B3, C3). (7) 
In particular, for every | < p,q < 00, we have 
If * ullweve,za) < WF llwere,xylYullw.L)- (8) 
(ii) (Inclusions) Jf B} — Bz and C, > C2, 


W (Bi, Ci) > W(Bp, C2). 
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Moreover, the inclusion of B, into Bz need only hold “locally” and the inclusion of C 
into C2 “globally.” In particular, for 1 < pi, qi < &, i= 1, 2, we have 


pizp. and a<qn = W(L?!,L%)<> W(L??,L®). (9) 
(iii) (Complex interpolation) For 0 < @ < 1, we have 
[W (Bi, C1), W(Bo, C2) 6) = W([Bi, Bo]o,[C1, C2]po1), 
if Cy or C2 has absolutely continuous norm. 
(iv) (Duality) If B’, C’' are the topological dual spaces of the Banach spaces B, C, respectively, 
and the space of test functions C>° is dense in both B and C, then 


W(B,C)' = W(B’,C’). (10) 


Proposition 2.2. For every 1 < p <q < ©, the Fourier transform F maps W(FL‘4, LP) in 
W(FL?P, L‘) continuously. 


The proof of all these results can be found in [13—15,22]. 
The subsequent result of real interpolation is proved in [9]. 


Proposition 2.3. Given two local components Bo, B, as above, for every 1 < po, pi < &, 
0<6 <1, 1/p=(1—9)/po+6/pi, and p < q we have 


W ((Bo, Bi)o,q, L”) > (W(Bo, L”°), W(Bi, EE) ps: 
2.3. Modulation spaces [21] 


Let g € S be a non-zero window function. The short-time Fourier transform (STFT) Vz f of 
a function/tempered distribution f with respect to the window g is defined by 


VPS / e218) F (y) 9(y — z) dy, 


i.e., the Fourier transform F applied to fT_g. 
For 1 < p,q < &, the modulation space M?:7(IR”) is defined as the space of temperate 
distributions f on R” such that the norm 


fll = [Ve FCO polheg 


is finite. Among the properties of modulation spaces, we record that M7? = L*, MP'-d cy 
M242, if py < p2 and qi < q2. If p,q < oo, then (M?*4)’) = MP? 4. 
For comparison, notice that the norm in the Wiener amalgam spaces W(F L?, L7) reads 


I fleece) = [Ve FG Ieee 


The relationship between modulation and Wiener amalgam spaces is expressed by the following 
result. 
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Proposition 2.4. The Fourier transform establishes an isomorphism F :M?4 + W(FL?, L1). 


Consequently, convolution properties of modulation spaces can be translated into point-wise 
multiplication properties of Wiener amalgam spaces, as shown below. 


Proposition 2.5. For every 1 < p,q < & we have 
Il fullwFve.7a) <M lwees',c»yll4llwe,24)- 
Proof. From Proposition 2.4, the estimate to prove is equivalent to 


Lf * alles < MF llytcoll@llmes, 


but this is a special case of [7, Proposition 2.4]. 


The characterization of the M*~-norm in [35, Lemma 3.4], see also [28], can be rephrased 
in our context as follows. 


Lemma 2.2. Suppose that p € S(R®) is a real-valued function satisfying g > C on[—1/2, 1/2]4, 
for some constant C > 0, supp¢ Cc [—1, 1]¢, g(t) = d(-t) and rez g(t —k) =1 for all 
t € R¢. Then 


If ll2co X sup | (Me) * fll p>, (11) 
keZd 


for all f € M*™, where 6 = F—'g. 


To compute the M?-4-norm we shall often use the duality technique, justified by the result 
below (see [21, Proposition 11.3.4 and Theorem 11.3.6] and [35, relation (2.1)]). 


Lemma 2.3. Let y € S(R®), with ||y||2 = 1, 1 < p,q < 00. Then (M?-4)* = MP, under the 
duality 


(f,8) = (Vo f, Vos) = i Vo f(x, @)Vog(x, w) dx dé, (12) 
R2d 


for fe MP4, ge MP4 
Lemma 2.4. Assume 1 < p,q < co and f € M?*4. Then 


Iflluea= sup |(f,g)]. (13) 


sll yyp/.a’ <2 


Notice that (13) still holds true whenever p = 1 or g = 1 and f € S(R%), simply by extending 
[21, Theorem 3.2.1] to the duality s/(-,-)s. 


Finally we recall the behaviour of modulation spaces with respect to complex interpolation 
(see [14, Corollary 2.3]). 
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Proposition 2.6. Let 1 < pi, p2, 41,92 < ~&, with q2 < oo. If T is a linear operator such that, 
fori =1, 2, 


WT flr <All file Vf e MP, 
then 
Tf llues <CA; PASI fllura Vf eM?-4, 


where 1/p = (1 — @)/p1 + 6/p2, 1/q = A — @)/qi + 6/q2, 0 < 0 < I, and C is independent 
of T. 


2.4. The metaplectic representation [19] 
The symplectic group is defined by 
Sp(d, R) = {g € GL(2d,R): 'gJg= JI, 
where the symplectic matrix J is defined in (1). The metaplectic or Shale—Weil representation 
is a unitary representation of the (double cover of the) symplectic group Sp(d, R) on L?(R®). For 


elements of Sp(d, R) in special form, the metaplectic representation can be computed explicitly. 
For f € L?(R¢), we have 


H (| pe )) f(x) = (det A)7'? f(AT! 2), 


yu (|< "|) F(x) = belt (Cm) F(x), (14) 


The symplectic algebra sp(d, R) is the set of all 2d x 2d real matrices A such that e! Ae Sp(d, R) 
for allt eR. 

The following formulae for the metaplectic representation can be found in [19, Theorems 4.51 
and 4.53]. 


Proposition 2.7. Let A= (4 8) € Sp(d,R). 


(i) If det B £0 then 
pA) f (x) = i4/? (det BY"? / ge PEASE EER AEG) diy SC) 
(ii) If det A 4 0, 
yA) f(x) = (det Ay"? i gE PEA SETHICAS PEACE VIE: * « (16) 


The following hybrid formula will be also used in the sequel. 
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Proposition 2.8. If A = (4 8) € Sp(d, R), det B £0 and det A 40, then 
(A) f (x) = (—idet B)N/2e- 4 CA (gti BAY y F) (AT! y). (17) 
Proof. By (16) we can write 
WA) f(x) = (der Ay Ueernin cate ff ganibats F(g lemiEA BE) FB) ag 
_ Ci dey REAM | Pre EG HE ~ fy dé, 
where we used the formula (see [19, Theorem 2, p. 257]) 


FM (eit6 ABE) (yy = (—idet AT! B) et BAY, 


Hence, from the Fourier inversion formula we obtain (17). 
3. Dilation of modulation and Wiener amalgam spaces 


Given a function f on R¢ and Ae GL(d,R), we set fa(t) = f(At). We also consider the 
unitary operator U/4 on L?(IR¢) defined by 


Ua f (t) = |det A|!/? f (At) = |det Al! fae). (18) 


In this section we study the boundedness of this operator on modulation and Wiener amalgam 
spaces. We need the following three lemmata. 


Lemma 3.1. Let A € GL(d, R), g(t) = e77!""”, then 
4/2 =: _(A* -ly,. 7 * —l¢, 
Vppa(x, &) = (det(A*A + 1) /2 p—n(I-(A* At) IE Maa tyge So, 


Proof. By definition of the STFT, 


AY if. 2: 
Vewats8)= fe m Ay-Ay g—2mi€-y 5—1(y—x) i 
Rd 


=p lel? oe MATAT Dy YH20x-Y 6 2ni§-Y qy 
Rd 


Now, we rewrite the generalized Gaussian above using the translation and dilation operators, that 
is 


a * : : * ah ys —1/4 
e m{ATA+ T)y-yt2nx-y = et (A Att) **(det(A*A + 1)) / (Tiaeagr-txAcaxag 29) 


and use the properties FU, = Ucps)-! F, for every B € GL(d, R) and FT, = M_,F. Thereby, 
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—n(1—(A*A+1)~!)x- —1/4 
Vopa(x, &) =e MUA AtD 8 (det(A*A + D) F (Teaeagy-talcarag ire) 


=e RUA ALD xx (det(A*A + Do oe 


as desired. 


The result below generalizes [40, Lemma 1.8], recaptured in the special case A= AJ, A> 0. 
Lemma 3.2. Let 1 < p,q < 00, A€ GL(d, R) and g(t) = e~7""". Then, 
lleallmna = p—4/2P)g—4/29) det Al 1/? (det(A*A + 1)) COMP, (19) 


Proof. Since the modulation space norm is independent of the choice of the window function, 
we choose the Gaussian 9, so that ||g4|lp.9 X || VoPalle.4. Since 


eT TRU (ATAFD))x-x gy det(Z ~(A*A+ Do)? par 
Rd 


= p~4/?|\det A|~! (det(A*A + 1))'/ 


and, analogously, fia e-TUA ATES de — (det(A*A + 1))!/2g-4/2, the result immediately 
follows from Lemma 3.1. 


We record [21, Lemma 11.3.3] 
Lemma 3.3. Let f € S’(R®) and y, w, y € S(R®). Then, 


1 


aa (Vu fl* Ver l),.€) Vx, €) eR”. 


|Vo f(x, &)| < 


The results above are the ingredients for the first dilation property of modulation spaces we 
are going to present. 


Proposition 3.1. Let 1 < p,q <0o and A € GL(d,R). Then, for every f € M?-4(R¢), 
I fall S \det A|-O/P-Y/4+) (det + A*A)) "7 If llatoa- (20) 


Proof. The proof follows the guidelines of [35, Lemma 3.2]. First, by a change of variable, the 
dilation is transferred from the function f to the window ¢: 


Vo fax, §) = |det A|'Vp,_, f(Ax, (A*)'8). 


Whence, performing the change of variables Ax = u, (A*)~!é =v, 
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q/P 1/q 
I fallaree = jet al ( / ( / Yess (Ax. (A)“18) [Pa] at) 
R¢ Rd 


= [dee A | NP EE Vip fllups. 
Now, Lemma 3.3, written for w(t) = y(t) = g(t) =e7™' 2 yields the following majorization 
[Vor £8] < Mell (Vo fl * Vo, el), &).- 
Finally, Young’s Inequality and Lemma 3.2 provide the desired result: 


Il fallmea S [det Al-O/P- 9) |i, fl *|Vo, lll pa 


SIdet AJ O/P/IY Vy f lceallVo,- ll 


1/2 
filmes. 


= |det AJ O/P 1/4) (det(I + A*A)) 


Proposition 3.1 generalizes [35, Lemma 3.2], that can be recaptured by choosing the matrix 
A=AI,A>0. 


Corollary 3.2. Let 1 < p,q <0 and A € GL(d,R). Then, for every f € W(FL?, L4)(R4), 
‘= = 1/2 
I fallweeze,tay S (det Al/?—"/9-) (det + A* AY) IF wee, 14)- (21) 


Proof. It follows immediately from the relation between Wiener amalgam spaces and modula- 
tion spaces given by W(FL?, L7) = FM?*4 and by the relation (f4) = |det Al“! (f) (4x)-1 : 


In what follows we give a more precise result about the behaviour of the operator norm 
||Dallue.4—+me. in terms of A, when A is a symmetric matrix, extending the diagonal case 
A=AI, 4 > 0, treated in [35]. We shall use the set and index terminology of the paper 
above. Namely, for | < p < o, let p’ be the conjugate exponent of p (1/p + 1/p’ = 1). For 
(1/p, 1/q¢) € [0, 1] x [0, 1], we define the subsets 


I; = max(1/p,1/p’) < 1/q, T* = min(1/p, 1/p’) > 1/q, 
In =max(1/q,1/2)< 1p’, F§ = min(1/q, 1/2) > I /p’, 
Ip =max(1/q,1/2)<1/p, Hf =min(1/q, 1/2) > 1/p, 


as shown in Fig. 1. 
We introduce the indices: 


—l/p if /p, 1/q) € Tf, 
Hi(p,q)= 4 1/q-1 if 1/p,1/q)€ Ty, 
—2/p+ 1/q_ if d/p,1/q)€ Tj, 
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1/44 1/4 
1 1 
I 
ie || 
1/2 1/2 
I. I. 
2 3 i 
0 1/2 I/p 0 1/2 I/p 
O<|Al<1 |A| >1 
Fig. 1. The index sets. 
and 
=Lip if 1/p, l/qyeh, 
H2(p,q) = 4 1/q-1 if (1/p, 1/q) € h, 


—2/p+ 1/q if (/p,1/q)e bh. 
The above mentioned result by [35, Theorem 3.1] reads as follows: 


Theorem 3.3. Let 1 < p,q <o, and A=11,r4 40. 
(i) We have 


fallued SIM? | filmes, VIAL > 1, Vf e MP4 (R4). 
Conversely, if there exists a € R such that 
fallues SIAM flues, VIA > 1, Vf eM?4(R4), 


then a 2d, (p,q). 
(ii) We have 


ILfalles Sia? I filed, WO<|Al <1, Vf eM?4(R4). 
Conversely, if there exists B € R such that 
fala SIA I fllars, VO<|al<1, Vf em?4(R’), 


then B < du2(p, q). 
Here is our extension. 


Theorem 3.4. Let 1 < p,q < ~. There exists a constant C > 0 such that, for every symmetric 


matrix A € GL(d, R), with eigenvalues h1,..., 44, we have 
d 
I fallaoa < CT] (max{1, a jl})? (min{1, af)? IF laos, (22) 
j=l 


for every f € M?-4(R2). 
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Conversely, if there exist a; €1R, Bj €R such that, for every 4; 40, 
d 
I fallacra < CT] (max{ 1, 1aj1})% (min{ 1, 12j1})” flies, Vf eMP4(R4), 
j=! 


with A = diag[A1,..., Aa], then aj > u1(p,q) and B; < u2(p,q). 


Proof. The necessary conditions are an immediate consequence of the one-dimensional case, al- 
ready contained in Theorem 3.3. Indeed, it can be seen by taking f as tensor product of functions 
of one variable and by leaving free to vary just one eigenvalue, the remaining eigenvalues being 
all equal to one. 

Let us come to the first part of the theorem. It suffices to prove it in the diagonal case 
A= D= diag[\1,..., Aa]. Indeed, since A is symmetric, there exists an orthogonal matrix T 
such that A= T~! DT, and D is a diagonal matrix. On the other hand, by Proposition 3.1, we 
have || falluea SII fr-pllmea = l\(fr—-V lla and || fr—1laea S | fllmea; hence the gen- 
eral case in (22) follows from the diagonal case A = D, with f replaced by fy-1. 

From now onward, A = D = diag[Aj,..., Aq]. 

If the theorem holds true for a pair (p,q), with (1/p, 1/q) € [0, 1] x [0, 1], then it is also true 
for their dual pair (p’, q’) (with f € S if p’=1 or q’ = 1, see (13)). Indeed, 


follyea = sup |(fp,g)|=ldetD\“' sup |(f, gp) | 
llgllup.a<l llgllup.¢<1 


-1 
<|detD| WF yore = sup WS p-1 Ime 


lIgilue.g <1 


=i 


d 
S [Aj 17 Lt (max { {1, lA; ig TENE Grant tg (ye ed el aiete! 


D 
= 


j 


(max{1, ajl fee (min{ 1, a Oe nates 


ll 
aS 


~. 
Il 
un 


for the index functions jz; and j22 fulfill 


Mi(p’,g’)=—-1—p2(p.q), ap’, g’!)=—-1— 1 (p,q). (23) 


Hence it suffices to prove the estimate (22) for the case p > q. Notice that the estimate in M 1g’ 
q' > 1, are proved for Schwartz functions only, but they extend to all functions in M Lg’ q' <@, 
for S (R¢ ) is dense in M 1.q' The uncovered case (1, 00) will be verified directly at the end of the 
proof. 

From Fig. | it is clear that the estimate (22) for the points in the upper triangles follows 
by complex interpolation (Proposition 2.6) from the diagonal case p = q, and the two cases 
(p,q) = (~, 1) and (p, qg) = (2, 1), see Fig. 2. 

Case p =q.\f d = 1 the claim is true by Theorem 3.3 in dimension d = 1. We then use the 
induction method. Namely, we assume that (22) is fulfilled in dimension d — 1 and prove that 
still holds in dimension d. 
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= ° > 
0 1/2 1 1/p 0 1/2 1/p 


p2=q psq 


Fig. 2. The complex interpolation and the duality method. 
For x,€ € R?, we write x = (x’,xq), € = (&',ég), with x’,é’ e R4!, xg,é ER, 


. < 2: 2 2 
D! = diag[A,,...,Ag_1], and choose the Gaussian g(x) = e774 = eW™l lV e—tlaal! = 
gy’ (x')ga(xqg) as window function. Observe that Vy fp admits the two representations 


Ve fle! x4. 8.84) = f $001... data) Mp Too OVM Gs Toga dy 
Rd 


= Vor (CFratada)D') 
= Vo, ((Gx,e,D aa) 


where 


Frg,tarat) = Veal ', Aa-)) (a, Ga), Gyg',p' (ta) = Vo (fF D", ta)", 6’). 


By the inductive hypothesis we have 


Il fb Il e-P (Rd) = Vo fo Il L» cR22) 


1/p 
| Vor (Fea.tara) D/O", &)|? as’ ae’) dxq atu) 
R2 R2@-1) 
d-1 
< (max{1, asl?” (min{1, Raia 


. 1/p 
(J WoCFatiante’2)| dvdé) 
Red 
a= 
= (max{ 1, gee (min{1, pg hee” 


om. 
Il 
= 
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F I/p 
I oael 
(Cf ( [veal Grrerna)era gad! da atu) dx' dé ) 


R2(d-1) R2 


d 
ST] (maxf1, ayer? (min{ 1, apr” IF lige. eeys 


where in the last row we used Theorem 3.3 for d = 1. 
Case (p,q) = (2, 1). First, we prove the case (p,q) = (2, o) and then obtain the claim by 
duality as above, since S is dense in M*!. Namely, we want to show that 


d 
I fll p20 S I max{1, |Ajl})//7(min{1, |ajl}) IW fllyasx, Vf € M2. 


The arguments are similar to [35, Lemma 3.5]. We use the characterization of the M 2,0 norm 
in (11) 
I foll ye S det DI" sup || p(D - -k) f | 2 
keZd 


g(D- -0( Do -»)4| . (24) 
L 


leZA 


= |det D|7!/? sup 
keZ4 


Observe that 


2 
Jor va-) F0 


<4 |p(Dt — Het -—D FO! 


leZd leZA 
= 44) |g(Dt — bg 
IE Ax 
where 
k; 1 
= {reat — <1+—| 
hj A; | 
and 


d 
#An< CTI min{1, jal}. vkeZ4 
j=l 


(C being a constant depending on d only). Since |A ;| = max{1, |A;|} min{1, |A;|}, the expression 
on the right-hand side of (24) is dominated by 


d 
C'T J] (max{ 1, 1j)}) 1? (min{, ail} sup ||(Mn®) * f|,>- 
meZ 


Thereby the norm equivalence (11) gives the desired estimate. 
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Case (p,q) = (&, 1). We have to prove that 


d 
Ifollcos ST] max{1. sl} flere Mee, 
j=l 


This estimate immediately follows from (20), written for A = D = diag[A,,..., Ag]: 
d d 
1/2 
Il foll moot ST]. +.43)'" ST] max{, yl} A llipeo.- 
j=l 


j=l 


Case (p,q) = (1, &). We are left to prove that 


d 
I follance ST] (max{t jl})'(min{t al} "fll, Vf eM. 
j=! 


This is again the estimate (20), written for A = D = diag[Aj,..., Aq]: 


d d 
I follance S| [al [ Pax al} lve. 


j=l j=l 


Corollary 3.5. Let 1 < p,q < 00. There exists a constant C > 0 such that, for every symmetric 
matrix A € GL(d, R), with eigenvalues h1,..., Aq, we have 


a 


( ie e) ( ‘e ’) 
Il fallweer.ta <C | [(max{1, ail? (min{ 1, [aj |e Fllweee.a), 


(25) 
j=l 


for every f © W(FL?, L4)(R¢). 
Conversely, if there exist a; € IR, Bj €R such that, for every 4; 40, 


d 
Il fall W(FL?,L4) S git max{1, |A;|})*/ (min{1, [2,1})”/ If llweze.2ay, 


for every f © W(FL?, L2)(R¢), with A = diag[A}, . 


..,Aa], then aj > w1(p',q’) and Bj < 
L2(p’, q’). 


Proof. It is a mere consequence of Theorem 3.4 and the index relation (23). Namely, 


28 eee 
Il fallweve,7a) = I fallueg = |det Al || f4-1llte-4 
d d 


< C I] [aj\7! | [ (max{1, agi yy“? (min{1, ager” File 


j=l j=l 
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=CJ]] (max{1, ja;|})"°-® (min{1, fale"? fF llweene.t- 


. 


Il 
a 


J 


The necessary conditions use the same argument. 


4. Action of metaplectic operators on Wiener amalgam spaces 


In this section we study the continuity property of metaplectic operators on Wiener amalgam 
spaces, giving bounds on their norms. Here is our first result. 


Theorem 4.1. Let A= (48) € Sp(d,R), and 1 < p<q<o~. 
(i) If det B £0, then 


|e ASF lweeee.zay Sad, p. DI fllwex4,L7), (26) 
where 
aA, p,q) = |det BI!/4-!/?-3/? det + B* B)(B + iA)(B +iD)|'”. (27) 
(ii) If det A, det B 4 0, then 
|e AF lweent.re) S BAIS Iwere,t)> (28) 
with 
B(A) = |det Al-9/?|det BJ“! |det(7 + A*A)(B +iA)(A+iC)|'””. (29) 
If the matrices A or B are symmetric, Theorem 4.1 can be sharpened as follows. 
Theorem 4.2. Let A= (48) € Sp(d,R), and 1 < p<q<o~. 
(i) If det B 40, B* = B, with eigenvalues i1,..., then 
|e AF ll weezer SHA, PDI lwees.L»), (30) 
where 
a (A, p,q) = |det(B + iA)(B +iD)|'” 
Tl Guat Ve baad Gerry EN a a (31) 
j=l 
(ii) If det A, det B 4 0, and A* = A with eigenvalues v1, ..., va, then 
JES lweente) SB’ AIS were: (32) 


with 
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B'(A) = |det BJ"! |det(B +1A)(A +iC)|" 
d 
. | [ (max{1. lvl}? (min{1, lvl}. (33) 


j=l 
We now prove Theorems 4.1 and 4.2. We need the following preliminary result. 


Lemma 4.1. Let R be ad x d real symmetric matrix, and f(y) = e~™'®”’. Then, 


, 1/2 
I fllwerzt.pey = |det +iR)|/*. (34) 


Proof. We first compute the short-time Fourier transform of f, with respect to the window 
2 
g(y) =e 7), We have 


Vetastya f ceerintr re ab-¥F dy 


SR fe dy 


=e THI (det(l+iR)) Pe BER NE HayG 2), 


where we used [19, Theorem 1, p. 256]. Hence 


Mets 8)|= dete ep) 1a hI) ERNE ERO, 


and, performing the change of variables (J + R7)~!/2(é + Rx) = y, with dé = |det(J + 
R?)|!/? dy, we obtain 


1/2 


i Ve f (x, €) dé = |det +iR)|'/*(det( + R?))'/ ii eT)? dy = |det(I + iR)| (35) 


R¢ R¢ 
The last equality follows from (J +iR) = (J + R*)( —iR)7!, so that det(/ +iR)~! = det + 


R*)~! det(I — iR). Now, relation (34) is proved by taking the supremum with the respect to 
x €R@ in (35). 


Proof of Theorem 4.1. (i) We use the expression of j1(A) f in formula (15). The estimates below 
are obtained by using (in order): Proposition 2.5 with Lemma 4.1, the estimate (21), Proposi- 
tion 2.2, and, finally, Proposition 2.5 combined with Lemma 4.1 again: 


JuAF| W(FLP,L4) — det B|-'/” leere sp ear 7) (B-!x) Freseae 


<|det B|-!/? jet DB's lreseint eos 


= _arjy.R-! 
|(F ae ae “f)) g-1 lwerte,t) 


S |det B)/9-/?-"/? (det(B*B +1)" |det(1 + iDBo!)|'” 
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= —niy-B-! v 
-|F '(e moo Peers 


S|det B)/4-/?-"/? (det(B*B +1) "7 |det(Z + iDB-!) |” 


_sniy-B-! 
- |e si ae ill W(FL4,L?) 


SatA, p, DIF llwere,Le) 


with a(A, p,q) given by (27). 
(ii) In this case, we use formula (17). Then, proceeding likewise the case (i), we majorize as 
follows: 


|u(As| W(FL',L®) = det B|~'/* jereee seks « f)(A7'x)|| W(FL!,L®) 


Sideta| 2 |e 2 lworrt.r) 


—_riv-B7! v 
-|| (e Eee) *f) a lwezt.t) 


S |det B|-'/?|det Al! (det(A*A + 1))'/*|det( + iC A!) |? 


: lene * fl W(FL!,L®) 


SBAIS lweet~.1: 


where the last row is due to (8), with (A) defined in (29). 


Proof of Theorem 4.2. The proof uses the same arguments as in Theorem 4.1. Here, the estimate 
(21) is replaced by (25). Besides, the index relation (23) is applied in the final step. In details, 


Ju AS W(FL?,La) S |det B|-'/* [enone W(FL!,L™) 
= —ziy-B7! v 
; | (F '(e a aks f))p-1 lwerzr.ze) 


d 
SJ] aa '? [det tive) + iol a)|'” 
j=l 
(max{1, jae yee nial 1, beg wrestia te) 


amis 


m~. 
Il 
an 


= |det(B +iD)(B +i A)|'”” 


(max{1, alr? (min{1, rl? Flees. LP), 


amis 


om. 
Il 
aa 


that is case (i). Case (ii) indeed is not an improvement of (28) but is just (28) rephrased in terms 
of the eigenvalues of A. 
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Remark 4.3. The above theorems require the condition det B 4 0. However, in some special 
cases with det B = 0, the previous results can still be used to obtain estimates between Wiener 
amalgam spaces. For example, if A = e: ae with C = C*, then (A) f (x) = te77!* f (x) 
(see (14)), so that, for every | < p,q < 00, Proposition 2.5 and the estimate (34) give 


d 
[HAF lweene.tay S IT (14.43) "Fleer... 


where the A ;’s are the eigenvalues of C (incidentally, this estimate was already shown in [1,3,9]). 
5. Applications to the Schrédinger equation 


In this section we apply the previous results to the analysis of the Cauchy problem of 
Schrédinger equations with quadratic Hamiltonians, i.e. 


oe aa =o 
a ear ate 
u(O, x) =uo(x), 


(36) 


where Hy is the Weyl quantization of a quadratic form on the phase space R“, defined from a 
matrix A in the Lie algebra sp(d, R) of the symplectic group as follows (see [12,19]). 
Any given matrix A € sp(d, R) defines a quadratic form P_4(x, €) in R74 via the formula 


1 
PA, §) = — 5, E\AT (x, &), 


where, as usual, 7 = (a f) (notice that AZ is symmetric). Explicitly, if A = (ce af) e sp(d, R) 
then 


1 1 
Pa, 6) = 58+ BE E- Ax ae ox: (37) 


From the Weyl] quantization, the quadratic polynomial P.4 in (37) corresponds to the Wey] oper- 
ator P)(D, X) defined by 


2 d 


1 a a 
2nP4(D, N= Le ‘tom eg = Anta +5 ae ee pec 
j.k=1 


The operator H4 := 20 Pi (D, X) is called the Hamiltonian operator. 
The evolution operator for (36) is related to the metaplectic representation via the following 
key formula 
eltHa a pe); 
Consequently, Theorems 4.1 and 4.2 can be used in the study of fixed-time estimates for the 
solution u(t) = e!’ 4A ug to (36). 
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As an example, consider the matrix A = Cc ‘ ) € sp(d, R), with B = B*. Then the Hamil- 
tonian operator is H4 = —p7BV -Vand eA = G *) € Sp(d, R). 

Fix t £0. If det B £0, and B has eigenvalues 11, ..., Aq, then the expression of Beit) in 
(33) is given by 


B (ei) _ 24/*\dettB\||det(rB + a1) | = 9a/4 r(22) 1/4 
GN, he 


Consequently, the fixed-time estimate (32) is 


. d 14.1722 1/4 
Lee iene e (2) Il fllweie,L), 
jel j 


which generalizes the dispersive estimate in [9], corresponding to B = I. 
In the next two sections we present new fixed-time estimates, and also Strichartz estimates, in 
the cases of the Hamiltonian H4 = -axA +a|x|? and H4 = -aA =a [xl 


5.1. Schrédinger equation with Hamiltonian Hj, = -yA +2|x|* 


Here we consider the Cauchy problem (36) with the Hamiltonian H,4 corresponding to the 
matrix A= ( 2, a) e sp(d, R), namely Hy = — + A+s|x|?. As a consequence of the estimates 
proved in the previous section we obtain the following fixed-time estimates. 


Proposition 5.1. For 2 <r < ©, we have the fixed-time estimates 


2d(4— 


itH, op 1) 
Je 4uo|| W(FL" i’) © Isine| Moll weit’): (38) 


(cost) (sint)I ) 


Proof. The symplectic matrix e’ reveals to be e4 = ( C aAOL Geeb! 


First, using the estimate (32) we get 


it H. id —3d 
lle’ 4g | petit pey |sin t|~“|cost|~ 2° |lwoll w(#L~,L1): (39) 
On the other hand, the estimate (30), for p = 1, g = ov, reads 


—5d/2 


. H < 
lle" Auoll wen < |sine| IlMollwFL~,L))- oo 


Le) ~ 
Since min{|sin t|~@|cos t|~34/2, |sint|—5¢/2} = |sint|~7, we obtain (38) for r = 00, which is the 
dispersive estimate. 
The estimates (38) for 2 <r < oo follow by complex interpolation from the dispersive esti- 
mate and the L7—L? estimate 


Jet FI 2 =I llz2- (41) 


The Strichartz estimates for the solutions to (36) are detailed as follows. 
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Theorem 5.2. Let T > 0 and4<q,q <0, 2<1r,r < 00, such that 


- + oak, (42) 
and similarly for q,7. Then we have the homogeneous Strichartz estimates 
le 4tt6 | emaerpper in, Molle: (43) 
the dual homogeneous Strichartz estimates 
T 
feeMreras) SIF ILarrcorwettwe (44) 
0 Le 


and the retarded Strichartz estimates 


| / el SHA Fs) ds 


O<s<t 


= I Flea (o,r) WELL?) * (45) 


L4/2((0,T]) W(FL” ,L") x 
Consider then the endpoint P := (4, 2d/(d — 1)). For (q,r) = P, d > 1, we have 


le? “vol gogerryiiieiteayy, < Ilwollz2. (46) 


SWF lleqo.rpwerr2.t),: OD) 
L2 


T 
/ e SHA F(s) ds 
0 


The retarded estimates (45) still hold with (q,r) satisfying (42), q >4, r > 2, (¢,r) = P, if 
one replaces FL’ by FLi?. Similarly it holds for (q,r) = P and (q,r) 4 P as above if one 
replaces FL" by FL". It holds for both (p,r) = (p,r) = P if one replaces FL" by FL"? 
and FL" by FL*”. 


In the previous theorem the bounds may depend on T. 


Proof. The arguments are essentially the ones in [9,27]. For the convenience of the reader, we 
present the guidelines of the proof. 

Due to the property group of the evolution operator e’/“4, we can limit ourselves to the case 
T = 1. Indeed, observe that, if (43) holds for a given T > 0, it holds for any 0 < T’ < T as well, 
so that it suffices to prove (43) for T = N integer. Since 


N-1 


le *Auo| Oe A ieee = d je Ae MAn, leap eoaitneteey ’ 


the T = N case is reduced to the T = 1 case by using (43) for T = 1 and the conservation 
law (41). The other estimates can be treated analogously. Whence from now on T = 1. 
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Consider first the non-endpoint case. Set U(t) = xo. (eA, For 2 <r < ov, using rela- 
tion (38), we get 


lUO(UO)* Flacgen ty Sits EP lle ey: (48) 


By the TT* method! (see, e.g., [20, Lemma 2.1] or [32, p. 353]) the estimate (43) is equivalent 
to 


SIF 


(49) 
LIP W(FL" LL"), 


| U(t)(U(s))" F(s) ds 


LO WELL) 


The estimate above is attained by applying Minkowski’s Inequality and the Hardy—Littlewood— 
Sobolev inequality (5) to the estimate (48). The dual homogeneous estimates (44) follow 
by duality. Finally, the retarded estimates (45), with (1/g,1/r), (1/q,1/r) and (1/ow, 1/2) 
collinear, follow by complex interpolation from the three cases (g,7) = (qg,r), (q,r) = (9, 2) 
and (q,7) = (00, 2), which in turns are a consequence of (49) (with x;<;F in place of F), (44) 
(with x;<;F in place of F’) and the duality argument, respectively. 

We are left to the endpoint case: (¢,r) = (2, 2d/(d — 1)). The estimate (46) is equivalent to 
the bilinear estimate 


[feo Fo). (Uo) GO)4sdt] SFawervevl AM awerveL. 


By symmetry, it is enough to prove 
|T(F, G)| > Flew rer2,0")s Gl weLr2,L"), > (50) 
where 


T(F,G)= [ [wo Fo. (U(t))"G(t)) ds dt. 


S<t 


To this aim, T(F, G) is decomposed dyadically as T = )~ jez Pj, with 


Tj(F,G)= i (U(s))* F(s), (U()" GO) ds dt. (51) 


t—2itl<s<r—2i 
By resorting on (44) one can prove exactly as in [27, Lemma 4.1] the following estimates: 
|T)(F, G)| SFO TF weer sey |lGll awe, Le)» (52) 


: ; : d d 
for (1/a, 1/b) in a neighborhood of (1/r, 1/r), with B(a,b) =d—-—1-—7— 7. 


! This duality argument is generally established for L? spaces. Its use for Wiener amalgam spaces is similarly justified 
thanks to the duality defined by the Hélder-type inequality [9] 


[CF G),2,2| S IF llwets.14), WELL") Gly cis" 1a"), WELL) x 
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The estimate (50) is achieved by means of a real interpolation result, detailed in [27, 
Lemma 6.1], and applied to the vector-valued bilinear operator T = (Tj) jez. Here, however, 
we must observe that, if Ay = L2W(FL*, L®),., k =0,1, and 6 fulfills 1/r = (1 — @)/ 
ao + 69/a1, then 


L?W(FL™,L"), C (Ao, A1)%,2: 


The above inclusion follows by [41, Theorem 1.18.4, p. 129] (with p = po = p, = 2) and Propo- 
sition 2.3. This gives (46) and (47). 

Consider now the endpoint retarded estimates. The case (¢,7) = (q,r) = P is exactly (50). 
The case (q,7r) = P, (q,r) 4 P, can be obtained by a repeated use of Hélder’s inequality to 
interpolate from the case (g,7r) = (g,r) = P and the case (q,r) = P, (q,r) = (©, 2) (that 
is clear from (47)). Finally, the retarded estimate in the case (g,r) = P, (g,r) 4 P, follows by 
applying the arguments above to the adjoint operator G > ees (U (t))*U(s)G(t) dt, which gives 
the dual estimate. 


5.2. Schrédinger equation with Hamiltonian H 4, = — x A—2|x|? 


The Hamiltonian operator Hy = Sens |x|? corresponds to the matrix A = (7 A E 


An 
sp(d, R). In this case, 


gals ee (sinht)I 


(sinht)/ Caan) € Sp(d,R). 


Fixed-time estimates for H_, are as follows. 


Proposition 5.3. For 2 <r < 00, 


1 + |sinh?| 


dQ-7) 
itH, ! 
lle uo weer an 5 ( inh? ¢ ) Moll went )" (53) 


Proof. The estimate (32) yields the dispersive estimate 


1 + |sinh?| 


d 

2 

I|o| cop 1): (54) 
sinh? t ) WARE 


le uo werssas $( 


(Observe that (30), with p = 1, g = ov, gives a bound worse than (54).) 
The estimates (53) follow by complex interpolation between the dispersive estimate (54) and 
the conservation law (41). 


We can now establish the corresponding Strichartz estimates. 


Theorem 5.4. Let 4<qg,q <0, 2<1r,r < 00, such that 


<+-=5 (55) 
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and similarly for q,r. Then we have the homogeneous Strichartz estimates 


it 
Je Auo| W(L42,L2), WL" LY), © Moll 22» (56) 


the dual homogeneous Strichartz estimates 


—isH 
| / eA F(s)ds| SI Flywany xa,wortt ee (57) 
‘L 
and the retarded Strichartz estimates 
i(t—s)H. 
fe s) AF(s)ds < IF ll wa" 12), WELL), (58) 
W(L4/2, L?),W(FL” L") x 


s<t 
Consider then the endpoint P := (4, 2d/(d — 1)). For (q,r) = P, d > 1, we have 


lei u0 laa FL 2b < lvollz2; (59) 
7 WC L") x x 


| e HA F(s) ds 


iS Fle werer2.t).: (60) 
12 
The retarded estimates (58) still hold with (q,r) satisfying (55), q>4, r > 2, (q,r) = P, if 
one replaces FL" by FLi 2, Similarly it holds for (q,r) = P and (q,r) 4 P. as above if one 
replaces FL" by FL". It holds for both (p,r) = (p,r) = P if one replaces FL" by FL"? 
and FL" by FL". 


Proof. Let us first prove (56). By the TT* method it suffices to prove 


; oS IF ll w 242 12), WELL) (61) 
W(L49/2,L2),W(FL" ,L")x . 


| fra reas 


For 0 <a@ < 1/2, let ¢y(t) = |sinht|~% + |sinht|~?“, t € R, t 40. A direct computation shows 
that dg € W(L!/2%).0 11). Since L!*L? > L? (Young’s Inequality) and Thay: * Li > ia 
(Proposition 2.1), Lemma 2.1(i) gives the convolution relation 


IF * ball witty) SWF ll casey pese’y: (62) 


Fix now a = d(1/2 — 1/r) =2/q; then, by (53), (62) and Minkowski’s Inequality, 


| fe rarevas 


W(L4/2,L2),W(FL" ,L") x 


it-s)Ha pp : 
= {1 ©) WEL be W(L4/2, 12), 


S| [Oe pA. a a(t) || wex9/2,12), 


< I|F'|l W(L@/2)'_ L2),W(FL",L”) x" 
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This proves (61) and whence (56). The estimate (57) follows from (56) by duality. The proof 
of (58) is analogous to (45) in Theorem 5.2. 

For the endpoint case one can repeat essentially verbatim the arguments in the proof of Theo- 
rem 5.2, upon setting U(t) = e’’4. To avoid repetitions, we omit the details (see also the proof 
of [9, Theorem 1.2]). 


Remark 5.5. As an application of the previous Strichartz estimates for the operators H = 
- x A +:|x|? we can study the well-posedness in L* for the following Cauchy problem: 


eer ieee té€[0,T]=I7, x ER, (63) 
u(0, x) = uo(x), 
for the class of potentials 
” ; 1 d 
VeL*(I7;W(FL?,L?) ), —+—<1,l<a<o,d<p<o. (64) 
a p 


Namely, we have the following result. 


Theorem 5.6. Let V satisfy (64). Then, for all (q,r) such that 2/q+d/r=d/2,q>4,r>2, 
the Cauchy problem (63) has a unique solution 


(i) weCUr; LR) ONLI? (Ur; W(FL", L’)), ifd =1; 
(i) w € CU; L2(R%) 9 L492 (Ip; W(FL", L")) 9 L2Up; W(F L244 2, 24/G-Dy), if 
d>l. 


The proof is omitted, since it goes through exactly in the same manner as that detailed in [10, 
Theorem 6.1], for the case H = A. Indeed, it relies entirely on the Strichartz estimates proved 
above. 


5.3. Comparison with the classical estimates in Lebesgue spaces 


Here we compare the above estimates with the classical ones between Lebesgue spaces. For 
the convenience of the reader we recall the following very general result by Keel and Tao [27, 
Theorem 1.2]. 

Given o > 0, we say that an exponent pair (q,1r) is sharp o-admissible if 1/q + o0/r =0/2, 
q>2r>2, (9.7.0) # (2,00, D. 


Theorem 5.7. Let (X,S, 1) be a o-finite measured space, and U:R — B(L?(X,S, )) be a 
weakly measurable map satisfying, for some o > 0, 


lVOFfl Sif. teR, 


and 


|UOUO* SF | po Slt-s7 fll, ts ER. 
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Then for every sharp o -admissible pairs (q,r), (q,f), one has 


|UOF bien, Sif llaz, 


/ 
qd rl? 
L; Lt 


| U(s)* F(s) ds 


SllFl 
L2 


| / U(t)U(s)* F(s) ds 


S<t 


SUF lla. 
LiL 


First we fix the attention to the case of the Hamiltonian Hy = — A + s|x|?. One has the 
following explicit formula for e!”4ug = pu(e"’A)ug in (15): 


. q 2 iD ‘i 3 
eA yy = i4/? (sin aes / e Fi (cott)(\x| +ly| VP BEOCOSee 1 OER Gi) dy. 
Hereby it follows immediately the dispersive estimate 
evo || 0 < sine] [all 1. (65) 


Notice that (3) (i.e. (38) with r = oo) represents an improvement of (65) for every fixed t 4 0, 
since L' < W(FL™,L!) and W(FL!, L©) ~ L®. However, as might be expected, the 
bound on the norm in (3) becomes worse than that in (65) as t > ka, k € Z. 

As a consequence of (65), Theorem 5.7 with U(t) = elt Ha Xto,1j(¢) and o = d/2, and the 
group property of the operator e!’“A4 (as in the proof of Theorem 5.2 above) one deduces, for 
example, the homogeneous Strichartz estimate 


je *4u0| L4((0, TL" aS IIuollz2- (66) 
for every pair (q,r) satisfying 2/q + d/r =d/2, q >2, r > 2, (g,1r,d) F (2, 0, 2). These 
estimates were also obtained recently in [29] by different methods. 

Hence, one sees that (43) predicts, for the solution to (36), a better local spatial regularity than 
(66), but just after averaging on [0, 7] by the L4/* norm, which is smaller than the L? norm. 
We now consider the case of the Hamiltonian H4 = — - A—an |x|’. 
The dispersive estimate here reads 
eA v0] pooqeay < sinh!“ [Iuoll zie: (67) 
This estimate follows immediately from the explicit expression of e!”4ug = w(e!)uo in (15): 


el AA, = gah 1 foe OEE aie) dy. 


The corresponding Strichartz estimates between the Lebesgue spaces read 


Je uo pare S lleollz2. (68) 
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for gq >2,r > 2, with 2/q + d/r=d/2, (q,r,d) F (2, w, 2). These estimates are the issues of 
Theorem 5.7 with U(t) = e"'“4, and the dispersive estimate (67) (indeed, |sinht|~@/? < |t|~4/7). 
These estimates are to be compared with (53) (with r = oo) and (56), respectively. 

One can do the same remarks as in the previous case. In addition here one should observe that 
(56) displays a better time decay at infinity than the classical one (L? instead of L"), for a norm, 
Ilu(t, Ilr pry» Which is even bigger than L". Notice however that our range of exponents is 
restricted to g > 4. 
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Abstract 


We present a new approach to study the symmetry of minimizers for a large class of nonlocal variational 
problems. This approach which generalizes the Reflection method is based on the existence of some integral 
identities. We study the identities that lead to symmetry results, the functionals that can be considered and 
the function spaces that can be used. Then we use our method to prove the symmetry of minimizers for a 
class of variational problems involving the fractional powers of Laplacian, for the generalized Choquard 
functional and for the standing waves of the Davey—Stewartson equation. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Symmetry of minimizers; Nonlocal functional; Minimization under constraints; Fractional powers of 
Laplacian; Choquard functional; Davey—Stewartson equation 


1. Introduction 


Many important partial differential equations arising in physics are Euler-Lagrange equations 
of variational problems. Among the solutions of these equations those that correspond to a min- 
imum of the associated functional (e.g. the “energy’’) subject to some constraint are of particular 
interest. For example in many situations the set of such solutions is orbitally stable (see [9]). 
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In this paper we address the general question of whether, or not, the fact that the underlying 
problem has some symmetries is reflected on the minimizers. Namely if a problem is invariant 
under the action of a group of transformations, is it true that the corresponding minimizers are 
also invariant under the action of this group (or, perhaps, a subgroup of it)? As it is shown in [14], 
this may not be the case. 

A classical approach to radial symmetry of minimizers is Schwarz symmetrization (or spher- 
ical decreasing rearrangement, see [16]). For a nonnegative function u € H '(RY) its sym- 
metrization u* is a radially-decreasing function from R% into R which has the property that 
meas({x € RY | u(x) > A} = meas({x € RN | u*(x) > A} for any A > 0. It is well known that u* 
satisfies (among others) the following properties: 


[ivwcoPar< [[vunPas and 
RN RY 


[rerco)ar= [ ruo)ax, (1.1) 


RY RY 


where F is, say, a smooth function from R into itself such that F(u) € L' (RY) (see [16]). As a 
simple application of symmetrization, consider the problem of minimizing 


Bu) =5 f [vuayPax+ f Fuco)as 


RY RY 


subject to the constraint 


i G(u(x)) dx=k, 


RN 


where F, G € C!(R, R) have the property that F(u), G(u) € L'(R”) whenever u € H'!(RY). 
If u € H'(RY) isa nonnegative minimizer, then it follows from (1.1) that u* also satisfies the 
constraint and E(u*) < E(u); therefore, u* is also a minimizer. To show that u = u* except 
for translation is a more delicate question and this follows from a result in [6] and the Unique 
Continuation Principle. 

In the case of vector-valued minimizers uv: R' —> R*, symmetrization can also be used pro- 
vided that each component of the minimizer is nonnegative, the function F :R* — R satisfies 
a cooperative condition F\, x iS 0 for i ~ j and the constraint is of the form JRw Gi(uy) + 
G2(u2) +---+ Gx(ug) dx = constant. Notice that the function defining the constraint must have 
a special form because we want the value of the constraint to be preserved by symmetrization. 

Another tool to prove radial symmetry of minimizers is the result by Gidas, Ni and Niren- 
berg [11] about the radial symmetry of positive solutions of the semilinear elliptic equation 


—Au+ f(u) =0. 


In the case of systems, an extension of that result has been proved in [7,25] assuming a cooper- 
ative condition for the nonlinearity. In [11] as well as in its generalizations the nonlinearities are 
also allowed to depend on the space variable in a radial and monotonic way. 
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As we can see, in the vector case, besides the need to know in advance that the components 
of the minimizer are positive, both methods described above require the nonlinearity to satisfy a 
cooperative condition and the function defining the constraint to have a special form. To avoid 
these two restrictions, the Reflection method has been developed in [18,19]. We now briefly 
describe this method. 

Consider the problem of minimizing 


Bu.) =5 f (uel +|voeo))ax+ f Flue, veo) ax 


RY RY 


subject to 


/ G(u(x), v(x)) dx =A 40. 


RYN 


To show that any minimizer (uv, v) is symmetric with respect to x; (except possibly for a transla- 
tion), we first make a translation in the x; variable in such a way that 


a 
| Ge, ve) a= i G(u(x), v(x) dx = =. (1.2) 


2 
{x1 <O} {x1 >O} 
Next, setting x = (x1, x’), where x’ € RY—!, we define the functions u; and w2 by 


u(x), x’) if x; <0, 


d 
u(—x1,x') ifx;20 


u(x) =u1 (x1, x) = | 
_ Jur, x’) ifx <0, 
Waa) = eae if x; >0. 
In a similar way we define v; and v2. According to (1.2), the pairs (u,, vy) and (wv, v2) also 
satisfy the constraint (i.e. they are admissible). Moreover, a change of variables shows that 


E(u, v1) + E(u2, v2) = 2E(u, v). (1.3) 


Thus (uw 1, vy) and (u2, v2) are also minimizers. This shows that there exist minimizers which are 
symmetric with respect to x1. In fact, by using the Euler-Lagrange equations and the Unique 
Continuation Principle we can show that necessarily (uw, v1) = (u, v) = (v2, v2). Clearly, this 
implies that any minimizer (u, v) is symmetric with respect to the first variable. Replacing the 
x-direction by any other direction in RY and repeating the same argument, we can show that 
(u, v) is radially symmetric except for translation (details will be given later). Notice that to use 
this argument there is no need to know the sign of components of the minimizers. 

The main point of this paper is to extend the Reflection method to a class of nonlocal func- 
tionals. To be more specific, consider the problem of minimizing 


Eu) = f mel@ePas+ f Fanax (1.4) 


RY RY 
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subject to the constraint 


Qu) = f Gwdx=140, (1.5) 


RN 
Defining W(u) = Jpn m(é)|a(é) |" dé and uy, uz as above, instead of (1.3) we have 
E(u) + E(u2) — 2E(u) = Wu) + W(u2) — 2Wv). 
Therefore, to show that uw; and u2 are also minimizers we need to know that 
W(u1) + Wt2) —2W(u) < 0. (1.6) 


The key to the method developed here is to show that inequality (1.6) holds true (see Theo- 
rem 2.7). In this article we will use this extended Reflection method to prove the symmetry of all 
minimizers of the following functionals: 


e the Hamiltonian of a coupled system between a multidimensional Korteweg—de Vries equa- 
tion and a Benjamin—Ono equation. Here minimizers correspond to solitary waves; 

e the generalized Choquard functional. In this case the minimizers give rise to standing waves 
for the generalized Hartree equation; 

e the Hamiltonian of the generalized Davey—Stewartson equation. Here again, minimizers cor- 
respond to standing waves. 


The existence of minimizers for these problems can be proved by using the concentration— 
compactness method [17] or the alternative method presented in [20] and will not be discussed 
here. 

Notice that the symmetrization approach, in general, does not apply to the problems above. 
Indeed, in the first two examples, symmetrization cannot be used to prove the existence of a 
radially symmetric minimizer under the general assumptions on the nonlinearities made in this 
paper. Furthermore, with the tools available at the present time, it is not clear how to prove the 
radial symmetry of all minimizers, even in the cases where symmetrization can be used to prove 
the existence of a radially symmetric minimizer. Finally, in the last example, symmetrization 
cannot be used because one term of the Hamiltonian of the Davey—Stewartson equation is a 
singular integral operator whose kernel changes sign. 

This paper is organized as follows: in the next section we present some integral identities 
for functionals of the form W(u) = JSRy m(é)|a(é )/? dé . These identities are first proved for 
functions u € C?° and are crucial for our approach to symmetry. It will also appear clearly what 
kind of symbols m(&) we may consider. In Section 3 we search for appropriate function spaces 
on which our method can be applied. It will be proved that we may work on H*(R%) or on 
HS (RY) if —5 <s< 3. We will extend the integral identities obtained in Section 2 to these 
function spaces. In Section 4 we apply our results to the concrete problems presented above. We 
end this article with some open problems. 


O. Lopes, M. Maris / Journal of Functional Analysis 254 (2008) 535-592 539 


2. Some identities 


In what follows, x = (x1,x2,...,Xn) = (41, x’) denotes a point of RY, x’ = (x7,..., xn) € 


R\-! €=(&,,...,éy) = (&, &) € R™ with & = (&,...,€y) € RY~!. We denote the 
Fourier transform either by ~ or by F. 
The aim of this section is to prove an identity for some functionals of the type 


w= f mele) ag (2.1) 
RY 


which play a very important role in proving symmetries. 
Consider a function u € CS° (R”). We define the reflected functions u; and u2 as follows: 


u(x1, x’) if x; <0, 


d 
u(—x1,x’) ifx; >0 on 


moH=wGi,. j= 


u(—x1,x’) if x; <0, 


u(xy,x’) if xy > 0. (2.2) 


u2(x) = | 
We also define 
1 / / 1 / / 
sa= sux )+u(—x1,x")) and f(x) = (uC s FSUaMee, A238) 
Clearly, f, g € Coo (R’), g is even and f is odd with respect to x; and u = f + g. Let 


_ J f@x,x)=-f) ifx <0, 
PO te, ie (2.4) 


Then f, is even with respect to x1,u; =g— f, anduz=gt fy. 
We want to study the quantity W(u;) + W(u2) — 2W(u), where W is given by (2.1). Later 


in Theorem 2.7 we specify the class of multipliers under consideration but, at this early stage, 
besides integrability conditions, we assume that 


m(é) isreal and m(—&,&’) =m(E1.&’). (2.5) 
It is easy to see that 
a(-81,8) =F. 8') and f(-&,é) =—f&,&). (2.6) 
Therefore 
W (ui) + W(u2) — 2W(u) 


= / m(é1,8')([@) — fe)? + (BE) + KO)|? — 2/2) + FE)|’) dé 


RN 
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= / m(E1,&')(2| fa(E)| — 2| fF E)|” — 4Re(BE)F(E))) dé 
RN 


=2 / m(E1,€)(| AE) — |F@)|") dé =2W(f) — 2W(f) (2.7) 


RN 


because TRv m(&1, &’) Re(@(é) f(E)) d& = 0 in view of (2.5) and (2.6). 
It is obvious that 


FEED = i / eB —i28" PO x dx! dxy 


R RY-1 
Cc 
=a / (e715 — eB) eFX"5" Fy, x") dx! dx} 
0 RN-1 
CO 
= —2i / sin(xy Je © f (x1, x") dx! dxy 
0 RN-1 
and similarly 
(oe) 
Rene=2f fi coseeisve* for.x)de' de, 
0 RAV-1 


We denote by Fy_, the partial Fourier transform in the last N — | variables, that is 


Fu_1f 1, é') = / eS" Fee, x’) dx’. 


R\-1! 


Since f € C&° (R’) we may use Fubini’s theorem to get 
[FEED = FEE FEE) 


a4 ff sinc si singnsn Fv Nr. 8 FNa PO EA dy. 
0 0 
In the same way, 
Fee)? =4 ff coscrgircos(n 6 Fn N18 FN=ADO EA dy. 
0 0 


Consequently, 
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Wf) — Wf) 


=4[ més ‘ 


RN 


x (Fy—1f 1, € (Fn—1 fn, €) dx dy; dé 


[I cos(x £1) cos(y1 £1) — sin(x1£1) sin(y11)] 
0 


=4 f me, eof foo (x1 + yE1)(Fn-1 G1, EV(Fy-1 On, &)dxidyi dé. (2.8) 
RN 
For an arbitrary (but fixed) &’ € RY~!, we define ge(t) = (F_1f)(t, &’). Since f € 


CX (RY), it is clear that gg € CS°(R). If supp(f) C Baw (0, R), then supp(ge’) C [—R, R]. 
For z € C, we define 


lee) 
he’(Z) =f forge cen (y1) dx; dyy. (2.9) 


ie) 
0 


Oo 


Since ¢¢/ is bounded and has compact support, hg’ is well defined and is an holomorphic function 
on C. For any z € R we have 


oo 
he (z) 1(z) =f [epee dx, dy, =hg(—z) and 


ee) 
0 


Oo 


1 CO CC 
Re(her(2)) = 5 (he) + he) =f i cos((x1 + yz) oe or OD ax dy). 
0 0 


From (2.7) and (2.8) we get 


W(u1) + W(u2) — 2W(u) = 2W(f,) — 2W(f) = 8 / [me 8 he G0 der a8’ (2.10) 
RN-1 —co 


Some properties of the function hz’ are given in the next lemma. To simplify the notation, we 
shall write h instead of he. 


Lemma 2.1. For any fixed &', the function h = hg, given by (2.9) has the following properties: 


(i) h is bounded in the upper half-plane {z € C | Im(z) > O}. 
(ii) There exists a constant C > 0 (depending on f and &') such that for any z 4 0 with Im(z) > 0 
we have: 


Cc 


Mol< sy and |W'@|< 


C 


ach (2.11) 
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Proof. (i) If b > 0 and x > 0 then |e’“*—>*| < 1 and we have 


|n(a + ib)| = 


ioe) 
/ el FIDE CAYO G1) per (91) dx dy, 
0 


2 oo 2, 
: (j flee |-levcolae) <( flewolar) 
0 


0 


(ii) It is clear that 


n= f oper (x1) dx - / eGe(yi)dy1 = Mi (2)W2(z), (2.12) 
0 0 


where ¥%(z) and W%(z) are defined in an obvious way. Notice that g¢(0) = (Fn_-1 f) (0, & \y=0 
because f (0, x’) =0 (recall that f is odd with respect to x,). Moreover, for any k € N, 


dk jute OF e ak f 
— (er = 7 / forews, / 
Fev iz ae x')dx = (Fu war )es ) 


RV-1 


is a C® function of t, uniformly bounded for (t, €’) € R x R‘—! Integrating by parts, we get: 


cat el @1,(t) dt 


1 ? 1 7, 
to footie wnat 
0 


It is clear that an analogous estimate is true for Y%(z) and the first inequality in (2.11) holds. 


va ub 
Vi(z) = / egy (dt = ee) 
0 


itz 


“Gave 


Similarly one can prove that IW, < oy for 7 = 1,2 and Re(z) > 0. Since h'(z) = 
Wi (z)¥2(z) + Mi (z)W5(z), the second estimate in (2.11) follows. 


Remark 2.2. In general, ar i f (0, x’) does not vanish identically; hence Fy_, f (0, &’) 4 0 for 
some &’, i.e. there exists €’ such that 9,0) # 0. For such &’, the functions Y% and ¥% do not 


decay faster than and the estimate (2.11) is optimal. 

Remark 2.3. Note that for any t € R we have (it) = | f° e~*!" ger (x1) dx1|? € [0, 00). Sup- 
pose that for any fixed &’ € RY—!, m(€, &’) admits an holomorphic extension z+ m(z, &’) 
to the upper half-plane {z € C | Im(z) > 0}, with possibly some singularities on the imag- 
inary axis {it | t € [0,00)}. If |m(z,é’)| increases more slowly than |z|* as |z| — oo, then 
ye. m(&1, €')h(&,) d&, should depend only on the values of h on the singular set of m(-, &’). 
This simple idea will enable us to prove the identities that will be crucial in symmetry problems. 
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In order to clarify what kind of symbols may be considered, we start with some auxiliary 
technical results about holomorphic functions in a half-plane and their boundary values. 
Given a function a € L?(R), 1 < p < ~, we recall that its Hilbert transform is defined by 


a(x — y) 


dy or equivalently Halk ) = —isgn(€)a@(€). 
y 


1 
(Hoa)(x) = lim / 
é>0 7 
{lyl>e} 


It is well known that H is a bounded linear mapping from L?(R) into L?(R) (see, e.g., [23, 
Chapter II], or [24, inequality (2.11), p. 188]). 

In the next two lemmas we collect some classical facts that will be very useful in the sequel. 
Proofs can be found in [24, Chapters I, I, VI] or in [23]. 


Lemma 2.4. Consider a € L?(R), 1 < p < ~, and let B = Ha. For x > Oand y € R define 


lf 7 
ss as / Seecpaat= f Pon naiat and 


1 (oe) _ Cc 
b(x,y) == ip ae pnoar=- | Oly —t, x)a(t) dt, 


where P(s,k) = +e and Q(s,k) = 4 TRE are the Poisson kernel, respectively the conju- 
gate Poisson kernel. 


Then we have: 


Gi) bx, y)=—- fos P(y -t,x)B(t) dt foranyx >OandteR. 

(ii) |la(x, -)IlLpaay < Wle@llzeae, OQ, d\lzeay < WBlleeqy and |la(x,-) — allLp~a) > 9, 
|b(x, +) + BllzpqRy) > O as x > 0. Moreover, a(x, y) > a(y) for any y in the Lebesgue 
set of a (hence almost everywhere) and b(x, y) —~ —B(y) for any y in the Lebesgue set 
of B. 

(iii) The functions a and b are harmonic in {(x, y) € R* | x > 0} and r(z) =r(x + iy) := 
a(x, y) + ib(x, y) is holomorphic in {z € C | Re(z) > O}. 

(iv) There exists a constant A > 0 such that 


and |D(x, y)| < 
XP XP 


la(x, y)| 


A D 
< Veellze foranyx >OandyeR, (2.13) 


Allallz? 
T 


and for any 6 > 0 we have 


a(x,y)=0 and lim b(x, y) =0. 


lim 
\(x,y)| 00, x26 I(x, y)| > 00, x36 


Lemma 2.5. Let ju be a finite Borel measure on R. For x > 0 and y € R define 


1 , x rs 
ae / sep nom f Pon odue and 
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CO 


1 _ oo 
bw, y= = / ee auy=— | OW —t.x)duco), 


where P(s,k) and Q(s,k) are the Poisson kernel, respectively the conjugate Poisson kernel. 
Then: 


(i) The functions a and b are harmonic in {(x, y) € R? |x > O} and r(z) =r(x + iy) i= 
a(x, y) + ib(x, y) is holomorphic in the right half-plane {z € C | Re(z) > O}. 
(ii) For any x > 0 and any p, 1 < p < 0, we have 
1 
Ja@,) roca) < —T lel, (2.14) 
MIX 


where q is the conjugate exponent of p and ||1|| is the total variation of ju. Furthermore, 


tim, face. yordy = f doyan0) (2.15) 
R R 


for any function $ which is continuous on R and tends to zero at oo. 
(iii) For any x > 0 we have b(x,-) = —Ha(x,-) and |b(x, y)| < sr llull. Moreover, for any 
p € (1, 00) there exists A, > 0 such that 


_ pol 
P 


oo. zoey <Apx Ill. 


(iv) For any 5 > 0 we have limy(x,y)|+00, x35 4%, Y) = 0 and limy(x,y)|-+ 00, x5 D(X, y) = 0. 

(v) Suppose in addition that (S) = (—S) and w(S MN [—e, €]) = 0 for any Borel measurable 
set §. Then a and b are well defined, bounded and holomorphic in the strip {(x, y) € R? | 
=3 <y< ae the function r(x +iy) =a(x, y) +ib(x, y) is holomorphic in that strip and 
r(0) =0. 


After this preparation, we come back to the study of the integral te m(é1, €)he(&1) d& which 
appears in the right-hand side of (2.10). 


Lemma 2.6. Suppose that for a given &' € RN—! the symbol m(,, &') can be written as 


Fs re / / 1 1 
m(E1,&') = Aol) + AED [Er] + A2(EDE? + aft | pppoe 


1 1 1 1 
+ — as te 0 +8? f a due. 0-+ 84 | a dueat0 |. 
+f ee Mer o(t) + &} P4P [er 1(t) + &} P42 [er 2(t) 
R R R 
(2.16) 


where: 


(a) Ao(&"), Ai), Ar) ER, 


O. Lopes, M. Maris / Journal of Functional Analysis 254 (2008) 535-592 545 


(b) ag € L?(R) for some p € (1, 00) and ag: is an even function, 

(c) fer; are finite Borel measures on R such that jug’; (S) = [e/,; (—S) for any Borel measurable 
set SCR, i=0,1,2. Moreover, there exists n > 0 such that j1g',9(S) = 0 for any Borel 
measurable set S C [—n, n]. 


Let h = hg: be given by (2.9). Then we have the identity: 


; i m(E1,&)h(E1) dé =A, (E') i th(it) dt + / Pag (t)h(it) dt + / 2) dye. 00 
—oo 0 0 0 
= f ncindne y+ f PaGD due. 200. (2.17) 
0 0 


Proof. For z= x + iy € C with Re(z) > 0 we define 


1 x i y-t 
= (t) dt (t) dt d 
ie 7 | zeqcpe a ence ane m 
R R 


1 x i y-t 
; = d rit d "it fe i =0, 1,2. 
Di(Z) -/=—= [er i (t) ~{a-—5 Mer i(t) orl 
R R 


It follows from Lemmas 2.4 and 2.5 that r and p; are well defined and holomorphic in the right 
half-plane {z € C | Re(z) > 0}. Moreover, assumption (c) and Lemma 2.5(v) imply that po admits 
an holomorphic extension to the domain {z € C | Re(z) > 0 or |Im(z)| < 3}, and po(0) = 0. 


Consequently, 7°" 0 j is holomorphic in this domain and is bounded in a neighbourhood of zero. 


Finally, we define 


me(z) = Ao(&") + A1(E)z + A2(E’)z? + 2°r(z) + pe Z +zpi(z) +2 paz). (2.18) 


It is obvious that me’ is wel defined and holomorphic in the right half-plane. Since ag and 


[gj are “even” and tt> >> z 77 is odd, for any §; > 0 we have Im(m_’(&1)) = 0 and 


meg (§1) = Re(me(E1)) = m(E1, €’). 
For €, R > 0, consider the closed continuous path y,,r composed by the following pieces: 


Vie, R(t) =F, tele,e+ R], 
Y2,.,.n0@)=e+Re, 0€[0, 5], 
¥3,eR(0)=E+i(R—t), ft €[0, R]. 
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The function z +> me(z)h(z) being holomorphic in the right half-plane we have 
Syn p me! (Z)h(z) dz = O, that is 


R 


[mene rnenae + ; mg (z)h(z) dz + i} me (z)h(z) dz = 0. (2.19) 


é Y2,e,R Y3,e,R 


mes (Z) 


a 0; hence, 


It follows from (2.18), Lemmas 2.4(iv) and 2.5(iv) that limy;|-. 00, Re(z)>¢ 


j id 
lim r_-+ 90 Seen = 0 uniformly with respect to @ € [0, pale On the other hand, from 
Lemma 2.1(ii), we have |h(e + Re!’)| < er and then |(e + Re!?)3h(e + Re!?) -iRel?| < 


ae < fe < 2C for any R > 2e. We infer that limr_,o he mer (z)h(z) dz =0. 
From (2.13), (2.14) and the boundedness of pols) near O it follows that |m(&, €’)| < C for 
0 < & <1 and |m(é, €’)| < C|é|~® for large €; and some C, 6 > 0. Since h is continuous and 


AE < rao the integral />° m(&1, &’)h(&1) dé converges absolutely. 
Clearly we have Ly ne Me (zZ)h(z)dz = —i fins mer(e + ty)h(e + iy) dy. Passing to the limit 


as R — oo in (2.19) we infer that ie mer(e +iy)h(e + iy) dy converges and 


/ m(E1,&)h() dé =i i rig e+ het yay. (2.20) 
€ 0 


Since m(&1, &’) is real and symmetric with respect to &; and h(—&,) = h(é,), we have 


Ee [o,@) 


[men ennenas = f me. em de, 


—oo € 


and then, taking (2.20) into account, we get 


[mene rnenae + f mei.e nen de ==2 [ tm(mere +iyyhte +iy)) dy: (2.21) 
—0o E 0 
hence 
[men ernenasi =—21im f imme (e+ iyyn(e+ iy) dy. (2.22) 
—0o 0 


Since h(iy) € R for y € [0, oo), using Lemma 2.1 and the Dominated Convergence Theorem we 
find 
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tim f Im[(Ao(&’) + A1(&’)(€ + iy) + A2(E)(e + iy)”)h(e + iy)] dy 
0 


= Ave) f yhtiyyay. (2.23) 
0 


It is easy to see that |(e + iy)*h(e + iy) — (iy)*h(iy)| < Cyemin(, 2) for y € (0,00), £E 
{0, 1,2, 3} and « € [0, 1]. Hence there exists Cz > 0 such that 


|e + iy)h + iy) — AD) | 10,00) < C2 (2.24) 
for any ¢ € [0, 1], @ € {0, 1, 2,3} and qg € [1, cw]. This implies that 


ee) 


Im((e + iy)Ph(e + iy)r(e +iy)) dy — i Im((iy)*A(iy)r(e + iy)) dy 


< ([Re(re +) Ip» + [im(re +79) 20) 


< (leer + | Hoe |lzr)Coe +0 ase 0. 


(¢ +iy)°h(e +iy) — (iysh(iy) | LP’ (0,00) 


On the other hand, by Lemma 2.4(ii) we obtain 


lim if Im[(iy)?h(iy)r(e + iy) ] dy = — lim / y*h(iy) Re[r(e + iy)] dy 
0 0 


00 
=— i: y°h(iy)ag/(y) dy. 
0 
Therefore we have 
oo 00 
lim Im[(e + iy)Ph(e tiy)r(e +iy)| dy =— / y’A(iy)agr(y) dy. (2.25) 
0 0 


Let x € CS°(R, R,) be such that supp(x) C [—F, f] and x = 1 on [—, 2]. Since the func- 


tion ze PO®) jz) is uniformly continuous on [—1, 1] x [—4, 4] we have 


e>0 E+ 


lim | Im | re ate tiny) Jay = pi m( A” ncyyx(o9) dy 
0 


oe | SPO nlisyx(o) dy =0. (2.26) 


0 
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By Lemma 2.1 we infer that there exists C3 > 0 such that |h(e+iy)—hA(iy)| < eC3 mind, a ) 
for any y € (0, 00) and ¢ € [0, 1]. It is easy to see that 


(“ ie) sal x0) <Cye min( <, i) 


E+ 1y ly 


for any y € (0, oo) and some C4 > 0. Consequently there exists C5 > 0 such that 


| (“= +iy) aa x0) 


<Cse 
E+ ly ly Bae 


LP(0,0o) 


for any p €[1, oo]. Using the Cauchy—Schwarz inequality and Lemma 2.5(ii) and (iii), we get 


r h(etiy) h(i 
J merin( eae) alt x(y)) dy 
0 


e-+iy iy 
. h(e+iy) _ hfiy) 
< | pole +7-) ( 1x0) 
| | L2(R) ée+ly iy ( ) L?(0,00) 
< Coe? —>0 ase>0. (2.27) 


We also have by (2.15) and assumption (c), 


lim In| pote +1991 - x0)| dy 
0 


se as (pote +i) “(1 = x0n)ay 


ee) 


h Th i 
--| Ge 26) Vine f = ane.0(9) (2.28) 
0 0 


y 


From (2.26)-(2.28) we get 


f hy) 


lim h(e+ i»| dy=— ar dte',0(y). (2.29) 


E> 


[o,e) 
a é+iy) 
Im| ———_—— 
ée+ly 


Similarly we find 


CO 


tim f im((e+ iy) pre +iyyh(e +iy) dy= [ yhiy) dues) and (2.30) 
0 0 
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[o,e) [o,e) 


lim Im((e + iy)? p2(e + iy)h(e + iy)) dy = — / yA(iy) dug 2(y). (2.31) 
0 


Since me/(z) is given by (2.18), replacing (2.23), (2.25), (2.29)-(2.31) into (2.22) we obtain the 
conclusion of Lemma 2.6. 


Now we are ready to state and prove the main result of this section. 


Theorem 2.7. Suppose that for any &' € RN—!, m(€\, &’) satisfies the assumptions of Lemma 2.6. 
Forue Co (R) define uy, u2, f, g and W as in (2.1)-(2.4). Then we have the identity: 


2 


= (Wow) + W(u2) —2W(w)) 


lore) ioe) 2 
=- i Ave) ft iti 51 aé| dt ae! 
RN-1 0 0 +8} 
lee) oo 9 
+f [Peo] f Fe.e5 dei) dea 
RA-1 0 0 
a os & 2 
+f fof Fees TB dee.o ae 
R\-1 0 0 
co |) 0O 9 
- t / Ge 555 = 5 dé) dug (0) dé! 
RY-! 0 0 +83 
ioe) lee) 2 
+ | f FEEDS 51 ati] dye z(t) dé’. (2.32) 
RY-1 0 0 +5] 


Proof. Since Fy_1f € S(RY), the integral Be e"(Fy_1 f)(x1, €") dx, is well defined for 
all t > 0 and é’ € R‘—!. Using Plancherel’s theorem we get 


CO 


i eM (Fy fOr, & dx = (Fuh 6.8), 6 O x10,00))) aay 


0 
= 2a)" Fi (Fn fC, €')), Fue" 10,00) p2qzy- 2-33) 


Moreover, we have 


[o,e) 
1 ; ee) 
File p00 00)09) Gi) = f PEM dey = — eit] 
( 00) J t+iégy eG ~ Por eet 


550 O. Lopes, M. Maris / Journal of Functional Analysis 254 (2008) 535-592 


and then, using (2.33) and the oddness of f with respect to &) we get: 


lore) 2: oo 2 
as 1 
hg (it) = fem Franene an = (20)? [ Fee) eas 
0 —00 
oo 2 
=sa|/ 7 ( —— an )ag 
One hie = IE 
0 
il; . 
= 3 cee a 5 dé (2.34) 
wd + &? 


Identity (2.32) is a simple consequence of (2.10), (2.17) and (2.34) and Theorem 2.7 is 
proved. 


Remark 2.8. It is worth to note that we can prove an identity analogous to (2.32) whenever 
we work with a symbol m(&) = m(&, &’) symmetric with respect to €; and such that for any 
gle Re} m(-,&") admits an holomorphic extension me'(z) to the domain {z € C | Re(z) > 0, 
Im(z) > 0} having the following properties: 


P1. lim,_, ¢,, Im(z)>0 me! (Z) = me, ’ &’). 
met (Z) 0 
po 
P3. lim,_.9 qe me(€ + it)he (€ + it) dt exists (and depends on &’ and the values taken by he 
on the imaginary axis). 


P2. For any ¢ > 0, lim)z| 00, Re(z) de 


Note that assumption P1 implies that m(-, €’) admits an holomorphic extension to the whole 
right half-plane. Indeed, it follows from Schwarz’ reflection principle [8, p. 75] that the function 


: me(z) if Im(z) > 0, 
me | me if Im(z) <0 


is holomorphic in {z € C | Re(z) > O}. 


Assumption P2 is needed in the proof of Lemma 2.6 to show that 


lim i) Mme (z)her(z) dz =0 
R>oo 


Y2,e,R 


(where 72,¢,r(@) =e+ Re'®,0 €[0, ai): We recall that |g’ (z)| behaves like AG as |z| > oo (see 
Lemma 2.1 and Remark 2.2). This assumption could be replaced by a weaker one that guarantees 
at least that 


lim / me (z)he(z)dz=0 for some sequence Ry — oo. 
noo iv 


Y2,e,Rn 
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In Theorem 2.7 assumption P3 is satisfied because of the special form of m(-, &’) (see (2.16)). 

Conversely, suppose that a function m(z) has the properties PI1-P3 above. Let m be the 
holomorphic extension of m to the right half-plane and define g(z) = ae . Clearly, g is an 
holomorphic function in the right half-plane and lim)z|-. 0, Re(z)>¢ 9 (Z) = 0 Re: any € > 0. Thus 
for any x > € we have the Poisson representation formulae 


oo 
x—€E 


mJ (x—8)?+(t-y)? 


q(x +iy)= Re(q(¢ + it)) dt 


ee yy Re(q(¢ + it)) dt (2.35) 
and 
| | =e ee 
qe +iy)=— Ete 
i , xX—-—€ : 
JS Get Im(q(¢ + it)) dt. (2.36) 


Multiplying (2.35) (respectively (2.36)) by (x +7 ys we find the expression of m(x + iy) in 
terms of Re(g(eé + it)) (respectively in terms of Im(q(¢ + if))). If Re(g(e + it)) > a(t) as 
é — 0 and if it is possible to pass to the limit as e — 0 in (2.35) we obtain, at least formally, 


gf fait) 
m(Ei) = §q(1) = FAP 


However, as it will be seen later in applications, the function g may be singular at the origin. In 
this case it is not possible to pass to the limit as ¢ > 0 in (2.35) or in (2.36) in order to express 
the function g (hence the function m) in terms of its “boundary values” on the imaginary axis. 
For this reason we have introduced “lower order terms” in the expression of m¢’(z) in (2.16). 

It is now clear that Theorem 2.7 can be generalized. For example, if the expression (2.16) of 
m(&1, &") contains other terms 


3 
Soi f ov p(t) dt 
= 1 a EK , 
© 0 yg te 


where ag, € L?*(R) for some px € (1,00), ag’, are even functions and a’ 9 vanishes in a 
neighborhood of zero, then we have to add terms 


(n) r ; 

(04 

pie 50 + Be.s(0)—tap.0)— Py x00] fF B18) ert] dre! 
RY-! 0 0 
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in the right-hand side of (2.32), where Bg; and Bg 3 are Hilbert transforms of az’ and az’ 3, 
respectively. 

We give now some examples illustrating several situations that may be encountered in appli- 
cations. Throughout u € Coo (R”) and we keep the notation introduced in (2.1)—(2.4). 


Example 2.9. If the symbol m is of the form m(&,, &’) = A1(&’)|&1|, then Theorem 2.7 gives 


ee) 2 
§1 
ven+Won)—aven=—T5 fave fi | Fes eer ti) aeae'. 237) 
RN-1 0 
This kind of symbol appears in problems involving operators of the type ~ P( & Pee i ), 


where H is the Hilbert transform with respect to the x; variable and P is a pseudo-differential 
operator in the last N — 1 variables. 


Example 2.10. (1) Consider the symbol m(é) = ae appearing in Choquard’s problem. It can be 
written as 


1 i 1 
= dpe o(t), 
& + |&//? ad tr 


m(&1, 8) = 


where [le/,9 = 5 (Se + dj"|) and dq is the Dirac measure with support {a}. From Theorem 2.7 
we get the identity 


oo 2 
Won) +Won)-2Ww =" fo [fe (61, €)—>— dé) dé’. (2.38) 
my, Bd ae 


The same identity could be obtained by observing that the function m¢/(z) = ae is mero- 
morphic in C and has exactly one pole in the upper half-plane, namely i|&’|. Using Residue’s 
Theorem it is not hard to see that 


CO 


i, mer (z)her(z) dz = 207i Res(merhe’, i|€'|), 


—oo 


and integrating this identity over RV ~! hs get (2.38). 


(ii) Consider the symbol m(&) = | ee = Papa corresponding to the operator (—A + 


ay}, It is obvious that 


1 1 
me = = | arpa dueo®. 
R 


where jL¢/,9 = 5 (0_ fire am 8 fePpa) From Theorem 2.7 we get the identity 
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Wu) + WUu2) — 2W(u) = [feos Fae dé’. 
0 


Hee saey 


8 i 1 
(2.39) 


The same identity could be obtained by applying Residue’s Theorem to the meromorphic func- 


: 1 
tion Z bk Dyeeraz te’ (@)- 
(iii) More generally, consider a symbol of the form m(&1, &’) = z cE) 


. It can be written as 
p+r2(é") 


1 1 
m(é.8) = — i app iieo 
R 


where le,9 = 5c(&')(6_;(@) + 6,(¢’)). Using Theorem 2.7 we obtain the identity 


ie) 2 
8 au .. ' 
Wut) + W(u2) — 2W(u) = — 7 J re [fe (61,6 >——5 déi| dé’. (2.40) 
J, J re re 
2k 
In particular, for the symbol m(&1, &") = Pye Daa? j =2,..., N (corresponding to the operator 
S| S 
Ik x (— A +a’)~!)), we get 
8 Et a &1 ‘ 
Wenn) + We) — 2) = | | Fe dé,| de! 
Ds. Ap le bas . a+ |éP+8? 
(2.41) 
2 
(iv) The symbol m(&,, €’) = eae can be expressed as 
& 1 
mee = f diy. 
etl 
where jz’) = 16_ peaya a 8 fepPaa) From Theorem 2.7 we find the identity 
8 i & : 
W(u1) + Wtu2) — 2W(u) = —— / y ler +a? [fe Gise ne d&\| dé". 
md J +(e P +8; 
(2.42) 


Notice that the right-hand side in (2.42) is nonpositive, while in (2.41) it is nonnegative. 
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(v) The symbol m(&, &’) = 


be written as 


& ; at eee 
Fae Dae (corresponding to the operator ax (—A+a‘*)~*) can 


ieee 1 
mene r= f a radueald, 
R 


ae bad sats 
where jg". = 5 6_ pera k 8 hepra” By Theorem 2.7 we have the identity 


§1 


eer | 


8 3 oe 
W(u1) + Wn) —2Ww) = = / (ig? 4+2)2| | Flee? 


RN-1 


(2.43) 
Obviously all the identities in (2.40)-(2.43) could be obtained by using the Residue Theorem. 


Example 2.11. Consider the symbol m() = |£|*°, corresponding to the operator (— A)’. 

The complex logarithm log(z) = In|z| + i arg(z) is well defined and holomorphic on C \ 
(—o00, 0]. For z € Qgr := C \ {it | t € (—o0, —|é’|] U []&”|, 00)}, we have 27 + |é’|? ¢ (—00, 0]; 
hence we may define 

mg: (z) = 8 8 +18"?) al Jig! “Pe is arg(z?-+|&' |? ). 
The function m¢ is holomorphic in §2¢/ and |me¢/(z)| = |z7 + |é’[?|° for any z € Q¢r. It is easy to 
see that, for &’ 4 0, 


aed 22 oe r 72k 
me(Z) = |é’ | 7 1 + s—— le” 2 + Cy jE"Pe ; (2.44) 
k=2 


where Cc = ss) G— kt) and the series converges in the open ball Bc (0, |&’|). 


For s < 3 and &’ 4 0, the function z t> ee is holomorphic in (2; \ {O}, tends to zero 


as |z| — oo and has a third order pole at the origin. Consider the function rg: (z) = A (me (z) — 
\é’|5 _ s|&/|25-2z), According to (2.44), rg: is a holomorphic function in 92¢. If s < 3, we have 
re'(z) — 0 as |z| > oo. Consequently, the Poisson representation formula (2.35) holds for rg. 
Since r¢g/(Z) = re’ (z), the function ¢ +> Re(r¢:(€ + it)) is even and we have, in particular, 


me (E1) = [6/775 + s1&/ [25-72 + EF rer (E1) 


gj —€ 


=yaGasy eee) 


= [E75 + sé")? 72 + ge? i 
Ta (&1 


It is clear that for any t € (—|&’|, |&’|) we have lime_,9 Re(re/(€ + it)) = Re(re/(it)) = 0. 
For any ¢ > |&’| we have lime jo me (e + if) = (t? — |&"|?)°eS* and limeyo Re(re/(e + if) = 


2 2s 
sin(sz) & = ee 
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On the other hand, it is straightforward to check that for —1 <5 <3 , there exists ps € (1, oo) 
and C; ¢ > 0 such that 


I|rer(e a i-)| Lps(R) <Cs,g" for any € € (0 BY. (2.46) 


It follows from (2.46) and [24, Theorem 2.5, p. 50] that there exists kz € L?s(R) such that 
Re(rg/ (x +iy)) = - +e os Payne (t) dt. Moreover, from [24, Theorem 2.1, p. 47] we have 
lime) o Re(re(€ + ye = k(t) for almost every t € R and |/Re(re'(€ + i-)) — ker||L»s > 0 as 
é — 0. In view of the pointwise convergence, we infer that kg:(—t) = kg’ (t) a.e. and 


ift € (—18'1, |é"), 
@ =e I2)$ a.e. on R. 


Ker t= 
oY) if |t| > |é"L, 


sin(sz 
Now it is clear that the symbol m(&,, &’) = (&? + |é’|?)* can be written as 
m(E1, 8") = [6% + sl6/76? + Ere Er) 


= Je" + siete? 4 BL ee sky (0) at. (2.47) 


3 
Thus we may apply Theorem 2.7 to get, for any u € CS° (R¥) ands € (-1, 5) 


W(u,) + W(u2) — 2W(u) 


lore) log) 2 

16 
<5 ff Pho} f Foner se asl aray 

RY-1 0 0 

ee) 2 

16si 

= —|¢'?) 7, BE) dé] dee’. 2.48) 
ae 0 


Similarly, if we consider the symbol m(é) = (|&|? +.a7)* we get the identity 
Wu) + WW2) — 2W(u) 


= Se i} fe — |e"? ~ a)’ 


RN ie +a 


3. Symmetry and function spaces 


2 
dtdé’. (2.49) 


F&.€) 


aa dé 


For any u € Coo (RY) we define uw; and wz as in (2.2) and we put Tju = uy, Tou = uz. Clearly, 
T; and T> are linear continuous mappings from Co° (R’) toc " (R”). In this section we consider 
the following intimately related problems. 
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Problem 1. Determine significant subspaces X C D/(R™) such that 7; and 7) can be extended 
to linear continuous mappings from V to V. (Or, equivalently, find subspaces ¥ such that u € V 
implies Tju, Tou € X andutr> Tiu, ut> Tou are continuous for the V topology.) 


Problem 2. If 4 is a subspace as above, how the identities proved in the previous section can be 
extended to 1? 


The answer to these questions is of great importance in symmetry problems. For instance, 
suppose that a function space V has the two properties described above and that the solutions of 
the variational problem 


minimize E(u) = f mele? as+ f Fanax 


RY RY 


under the constraint / G(u)dx =X40 (3.1) 


RN 


belong to ¥. As before, the symbol m(&) = m(é,, &’) is assumed to be symmetric with respect 
to &,. Defining W(w) := Jpn m(é)|a(é) |? dé, we suppose also that an identity of type (2.32) 
holds for W(u) and it can be extended to V in such a way that 


W(Tiu) + W(Thu) — 2W(u) <0 whenever Tju ~u, Thu xu. 


(We will see later that most of the symbols in Examples 2.9-2.11 have this property.) Then, we 
claim that after a translation in the x; direction, any solution of (3.1) is symmetric with respect 
to x;. Indeed, let u be a minimizer. After a translation in the x; direction, we may assume that 


Xr 
/ G(u(x)) dx = / G(u(x)) dx = 5 
{x1 <0} {x1 >0} 

Denoting u; = T,u, u2 = Tru, this implies 
[ Gtaco)ar=2 / G(u(x))dx =A and [ee2c) dx =2 / G(u(x)) dx =A; 
RY {x1 <0} RN {x1 >0} 
consequently u; and uz (which belong to 1) also satisfy the constraint. It is obvious that 

/ F(u1(x)) dx + / F (u2(x)) dx = aI F(u(x)) dx. 

RN RN RY 
Suppose by contradiction that u is not symmetric with respect to x;. Then we get 

E(u.) + E(u2) — 2E(u) = Wu) + W(u2) — 2W(u) < 0,7 


and this implies that either E(u;) < E(u) or E(u2) < E(u). Therefore u cannot be a minimizer 
and this proves the claim. 
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Given the motivation above, we will study the behavior of 7, and 7, from H* (RY ) to 
H°(RY), respectively from H*’(R%) to H’ (RY), where 


(RY) = {ues (R") [Te Lh(RY) and f (1+ PY |aeD[Pae <oo}, 


RN 


#(R") =|wes'(R") | @e Li,,(R™) and [ge imerPas <oo}, 
RN 


It happens that 7; and 7> are not well defined from H* (RY) to HS(RY) (respectively from 
HS (R*) to H8(RY)) if s > 3 orifs<— 5. as it can be seen in the following example. 


Example 3.1. (i) Define g:R— R, EO =xe Pl. An easy Computanon suoys that G(é) = 


ane CaF? hence g € H*(R) for any s < 5 > and ge HS (R) for any s € (-3, 3). It is clear that 


(T1p)(x) = —|x|e—!! and Tig) = ant. Consequently, T;g € H*(R) for s < 3 (respec- 
tively Tig € HS (R) for—5 <s< 3), but T;¢ ¢ H*(R) and T\g ¢ HS (R) for s > ae 
In dimension N > 2 it =fices to take W(x) = p(x1)91(42,..., xn), Where gy € CS° (RY Hy. 


to see that T; and an are not well defined from H* (RY ) to H*® (RY ) (respectively from HS (RY ) 


to H°(RN)) if }<s <3. 


(ii) If s < 0, ihe igaae of H°(R%) or H ‘(RY ) are not necessarily measurable functions. In 
this case we extend 7; and T) to H*(R") or H’(R") by duality. For u, g € Co° (R") we have 


(Tu. e)s.s= f Teeeyas = / U(x)p(x) dx + / u(—x1, x')p(x) dx 
RN 


{x1 <0} {x1 >0} 


= / u(x)p(x) dx + i w(xi,x/\o(—a.x")dx =(u, THe)p> p> 
{x1 <O} {x1 <O} 


where (T; “—)(X) = Xt, <0} (91, x!) + Y(—x1, x')). Hence, for u € H*® (R”) with s <0 we 
should define T,u by 


(Tyu, ©) HS ,H-s = (u, TiO) we ys 


for any test function g € Coo (R”). However, the operator T; does not map H K(RY) into 
H* (RY) ifk > , (as it can be easily seen by taking the function n(x) = e—'*! in one dimension, 
respectively n(x1)1(x2,...,xN), where n1 € Co° (RY-!) in dimension N > 2). This shows that 
we cannot define 7; and 7) on H° (RY) and on H°(R) if s < —5. 


Our next goal is to prove that the operators T; and T2 are well defined and continuous 
from H°(R") to H°(R™) (respectively from H*(R) to H*(R%)) if —5 <s < 3. It is ob- 
vious that 7; and T> are well defined and continuous from L2(R%) to L2(R%). It is well 
known that H'(R’) = W!?(RY) = {g € L?(RY) | se € L?(R%), i =1,...,.N} and that 
T,, T2: W'2(R") > W!2(R") are well defined and continuous. Using iuiemsslaube theory we 
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conclude that 7, and T> are well defined and continuous from H* (RY ) to H* (RY yifO<s<l. 
However, ib DOLan OH Bives no information if either s < 0 or s > 1. Our next result deals with 
any value of s in (—5 403). 


Theorem 3.2. The operators T; and T) are well defined and continuous from H S(R’) to H’ (RY) 
and from H°(R™) to H° (RN) for any s € (-4, 3). 


Proof. We will prove that there exists C; > 0 such that for any u € Co° (R™) we have 
|Ziullas <Csllullas, respectively ||Tjull ys <Csllullgs, i=1,2, (3.2) 


and then the theorem will follow by density. 
Therefore, suppose u € Co° (R’). By (2.48) and (2.49) we have 


2 2 2 
I Ti), + Za), — 2llell2;, 


= 5 2 
a all | i Ce): / FO. 8a pe Gtdhin 393) 
respectively 
I Tiull3ys + lI Zouell 3s — 2llaelZp 
: ae! fe =i | Fe.25 a eed, (3.4) 
0 


Jie PHI 


If N = 1 we use the convention R° = {0} and the measure of {O} is 1. 


We begin by proving that 7; and 7) are bounded from H°(R) to H°(R), -5 <s< 3. For 
N = 1, the integral in the right-hand side of (3.3) can be formally written as 
CO CO CO 
2s 7 Fre) Fi 
t dé dndt. 3.5 
ae ae Py pl Ol@ Edn (3.5) 
00 0 
Our strategy is as follows: first we compute explicitly the integral 
[o,@) [o,@) 
nén= [Ps sara tn [Pa dt. 36) 
i 1? 4 & ae P+E Pop 
0 0 


Observe that J, (&,) > 0 if & > 0, n > 0. Then we will prove that for any s € (—4, 3) and any 
yg. € L?(0, 00) we have 


<C(S)Pll220,00) * IW Il20,00): 


/ E-'n Ig(&, nolE) wn) dé dn 
0 
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This will be done in Lemma 3.3. Thereafter it will be clear that for any f € H’ (R) we have 
[o.@) 
0 


=[ [ or'nenle Fo |’ Fp| a& an 
0 0 


1,(&, n)|FE)| - | Fan| dé dn 


<CO| IF fl pps <COlf pease (3.7) 


This justifies the use of Fubini’s Theorem in evaluating (3.5) and proves that the right-hand side 
of (3.3) is less than C1 (s)|| Fs R)’ where Cj (s) is a constant depending only on s. Thus we infer 
that there exists C, > 0 such that Til Fs cry < Cs lll zs ay and I| 7204] sc) < Cs lull es ay for 
any u € Co°(R). Consequently, T; and T can be extended as continuous linear mappings form 
H®(R) to H°(R), —5 <s< 3, as claimed. 

To carry out the first step of this strategy, we come back to /J;(€,7) given by (3.6). Since 
the complex logarithm can be defined analytically on C \ {it | t € (—0«, 0]}, we may define the 
holomorphic function z +> 27° := e75!08@) = |z|?5e7/5 a8) on C \ {it | t € (—oo, O]}. With this 
FGIED is meromorphic on C \ {it | t € (—oo, O)}. If #7,k 
has two simple poles, namely i€ and in; if § = 7 it has a double pole at i. For 0 < e < min(é, 7), 
and R > max(&, 7), consider the closed path B:,r composed by the following pieces: 


definition the function k(z) = 


Bier (t) =1, Pel-R, =e); 
foe(0) =e"), 6 €[0, x], 
f3,c,.r(t) =¢, teél[e, R], 
Ba,r(0) = Re'®, 6 €[0,z]. 


If € £n, using the Residue Theorem we get 


é 2s 2s 


1) 
EQ? 2) | n@2— 


/ k(z) dz = 2mil[Res(k, i&) + Res(k, in)] = nei 
Be,R 


| (3.8) 


Since s > -5 we have lim,_,9 Spo. k(z) dz = 0. We have also limr_.o oe k(z) dz = 0 because 


S< 3. Passing to the limit as ¢ — 0 in (3.8) and then passing to the limit as R — oo in the 
resulting equation, we get 


0 lee) 


J t@dz+ [ k@dz=ne 


—oo 0 


be gee _ ce 
n2 = &2 


> 
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that is 


ioe) 
2s 2s—1 2s—1 
2isn t cops THN 
gah ad / dt = mes" 2 
( ) (t2 ay &2)(12 Bl n?) n2 _ &2 
0 


For s 4 5 we obtain 


[oe 
125 2s—1 _ ,,2s—1 
/ qe OS : (3.9) 
(t? + €2)(t2 +?) 2cos(sa)  n2?—€&? 
0 
For 5s = 5 we compute directly 
(oe) CO 
/ t Pree 1 / t t jc. NS (3.10) 
(t? 4 &2)(12 + 72) = 12 = 2 p24 2 p24 12 = 12 = 2 : ® 
0 0 
Hence 
am Enh a Ps) I 
vf a f = d 
s(§,) POG a) 1 SA 5: an 
_ &n(Inn — Ing) 
BG M=—— ao (3.11) 
This gives 
ESpl-s — gl-sys 1 
—s ef ‘ = if = 
g 1 5 (& n) 2cos(sz) 12 _ £2 ls # 2 
and 
~by-$ =e ty ns 
E-2n 16, =§ Ui] yee? | 


An interesting property of these functions is given by the next lemma. 


l-s l-s ps 

ae T ifss > respectively Ki, n= EIN? ee For 
any Ss € (-$, 3) there exists a constant C(s) (depending only on s) such that for any 9, w € 
L7(0, 00) we have 


Lemma 3.3. Let K;(&,7) = én 


/ / vE)Ke(E, nyvr(n) dé dn] < C(llgllz2@.c0)l'¥ llz20,00) 
0 0 
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Proof. Using polar coordinates we write € = r cos(9), 7 =rsin(@), where r = /€2 + 7? and 
6 = arctan F It is easy to see that K,(&, 7) = 1h (0), where 


(sin@)' (cos @)!~* — (cos@)5(sin@)!~5 1 
Ls(0) = ifs ~-, 
86) cos2 6 — sin? @ 7 2 
and 
L106) —Hntan? ___ (sin) 3(cos6)? 
= sin cos . 
5 (1 — tan? 6) cos? 6 


By achange of variables we get 


C9 


[o-e) Iw 
[le@x.e.mucmlasan= ff |occosoyycr sin@)| dr|Ls(0)| dd. 
0 0 0 


Using the Cauchy—Schwarz inequality we have 


lPllz2(0,00) Il ¥ llz2(0,00) 


[o,e) 
i |e cosA)w(r sin8)| dr < | pC-cos 4) 120,50) || 46 sin || p2¢0.00) = 


/cosé@ - sind 
Consequently, 
CO CO 7 
[ fle@x.e.nven|aé dn <teti20cIlh2000 | eo-ams (3.12) 
ee J/cos@ - sind 


The lemma will be proved if we show that the last integral in (3.12) is finite. If s A we have 


x x 
(a — w= | (sin6)* # (6086) #* = (cos) 3 (sin) 2-* dé 
cos6 - sin cos2 6 — sin? 6 
0 0 
-| (tan6)°~? —(tan@)2-*| 1 
= 1 — tan? 6 cos? 6 
0 
p-2 = 13-5 
= | omer lee (3.13) 
0 
Using |’ H6spital’s rule it is easy to see that saa a = I é>henee. the function 
th ee is bounded near 1. Since s — 5 € (-1, 1), the last integral in (3.13) converges. 
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Ifs= 5 we have 


Iny 
yea 


lee) 
oe |L1()| ee / —Intand@ 1 a= [ F (3.14) 
/cos@ - sing 1—tan2@| cos29. y . 
0 


my y 
-1 
pletes the proof oe nae 3.3. 


Note that limy—15 1 = =5 and this implies that the last integral in (3.14) converges. This com- 


In view of (3.3), (3. 5), (3.7), (3. 11) and poe 3.3, it follows that 7; and 7> are well defined 
and continuous from H° (R) to HS (R) for —5 <s< 3. 

Next we prove that 7; and 7) are Sontinuers from H*(R) to H*(R). We estimate the integral 
in the right-hand side of (3.4) for N = 1. If s € [0, 3) we have by (3.5)-(3.7) 


lee) le) 2 [ove] [e-) 2 
g S 7 
UG ai) | fF MOz pa a<fr [fo dé| dt 
1 0 0 0 
< COS) F IF. < COIS Fs. (3.15) 


Ifse (-5, 0), using the change of variable t = Vt? — 1 and (3.9) we get 


—1)§ rs t 
dt= : d 
| eee ’ y (r7+14+87)(r?7 +1497?) St241 : 


CO 


rs 
< dt 
| (piece lear) 
0 


= _ I 
= ee = on u (3.16) 
Consequently, 
00 oo 2 
fey [feaine dt 
1 0 


~ lam) 2 s én 
sal Fool ft ) perp ten 


1 


ame —_ ; awl 25-1 
<a | [lFel-lFan|-en‘ oe . Cages 
0 0 


— &2 
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CO wo 

fan 
eee 

0 0 


gy +82)" (+n 
mE (1 48)3(1 4 ?)3 


)|Fe)]- (1412)? |Fap 


dé dn. 
It is elementary to prove that for any €, 7 > 0, € #7 we have 


gy $87)" teil — 889! 
m—§ (1 482)3(14+92)2 a — 


Coming back to (3.17) and using Lemma 3.3 we obtain 


oe) 
fe-y 
1 


ee) 


2, 
fi Fea nat 


0 


mC(s) 
~~ 2cos(sz) 


<C'(s)IF lis. 


7. = Ks, n). 


|O4 1?) Flie.00) 
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(3.17) 


(3.18) 


(3.19) 


From (3.4) and (3.15) if s € [0, 3), respectively from (3.4) and (3.19) ifs € (-$, 0), we infer 


that 7; and T> can be extended as linear continuous operators from H*(R) to H* (R). 


Now we prove Theorem 3.2 in the case N > 2. 
If s € [0, 3), arguing as in (3.5)—(3.7) and using Lemma 3.3 we have 


oo ) 2 

fe-ery ff ere 

lé"| 0 
oe <0) 2 
<| 12 Ex ea eweeti 
0 0 

Taaew -|F(m.€)| ny (Ep ony Ls Er, m1) dé dm 

0 0 


< COSI FCEDMF2¢0,00) < CO) / (62 +18") [FEL €9 |? a8. 


—oo 


(3.20) 


If s € (—4, 0), using the change of variable t = \/t? — |é’|?, arguing as in the proof of (3.16), 


then taking (3.9) into account we obtain 


lé’/?)° co 
—- = d 
[ecaere ’ J (+E PETA +E +n) Sr? 418/72 : 


564 O. Lopes, M. Maris / Journal of Functional Analysis 254 (2008) 535-592 


rs 


d 
(He Ptepe* S16)? np) : 


2s—1 2s—1 
- (é/P +E) = — (8? +f) 2 
2cos(sz) nt —&? 


We also have 


2 1/2) 251 2 1)2y 254 
fim 2 +16?) F — Gi +e) 2 
—& (E? + [E12)2 (n? + |é/12)2 


< Ks(&1,1) 


(this inequality is analogous to (3.18)). Arguing as in (3.17), using the two previous inequalities 
and Lemma 3.3 we get 


(oe) [o-e) 2 
fe-iery jf ee 
\é’| 0 
mC(s) i ix 
< Zeosten) \6"l +1-17)? FC Cel aes 
< C'(s) / (67 +1217) |F1. £9) dé. (3.21) 


Integrating (3.20), respectively (3.21), over R~! we infer that the integral in the right-hand 
side of (3.3) is less than C’(s)|| ||, , This proves that 7; and 7> can be extended by continuity 
from H°(R™) to H°(RY) for s € (—5, 3). 

In a similar way we show that T; and 7T> can be extended by continuity from H* (RY) to 
H*(RY) for s € (— 5 3). Theorem 3.2 is now proved. 


For a measurable function u defined on R”, we define its antisymmetric part in the x; di- 
rection by Au(x1, x)= 5(u(x1, x’) — u(—x1, x’)). If u is a tempered distribution, we define Au 
by (Au, ¢)s5.5 = (u, Ad)s’.s for any ¢ € S. Obviously, Au is odd with respect to x; (for dis- 
tributions, this means that (Au, @(—x1, x')) s,s = —(Au, ¢) s’,s). It is clear from the definition 
that A defines a linear continuous map from H* (RY) to H5(RY) (respectively from HS (RY) 
to H® (RY )) for any s. Moreover, for any tempered distribution uw, the distribution F (Au) is odd 
with respect to x1. 

It follows from the proof of Theorem 3.2 that for any s € (—4, 3), the following complex 
bilinear forms are continuous: 


BN.s: H*(R) x H*(R) > C, 
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By s(u, v) = / fewer) [ Awe.e95 ope 
RN-1 "| 0 
x | Ron amare! 


0 
By,s: H’ (RY) x H*(RY) > C, 


By.s(u,v) = i fe 2a) f me.) ae dé 


Je P41 0 


x | om.) OnE ay gg amare 
0 


Moreover, from (3.3) and (3.4) we have the identities 


16sin(sz) 

Til Fe qaNy ny I Toul ysqqny ~ 2llell dys agmy = aie am (Au, Au), (3.22) 
16sin(sz) ~ 

Ziel ays cgey + Dae ys gary — 2M gps gay = ——a— Bw, (Au, Au) (3.23) 


for any u € Coo (RN ). From Theorem 3.2, the continuity of By,, and of By.s and the density 
of C& (RY) in H°(RY) and in H’(R”) we infer that we have the following. 


Corollary 3.4. Let s € (— 5, 3). The identity (3.22) holds for any u € H’ (R“) and (3.23) holds 
for any u € H’ (RN). 


Our next aim is to show that the quadratic forms By,; and B 'N,s define norms in some spaces 
of odd functions. We start with the following proposition. 


Lemma 3.5. Assume that g:R— C is a measurable function, g(—t) = —g(t) a.e. and 


e either g € L?(R) for some p € (1, 00), 
© or (k* +.&7)28(E) € L?(R) for some k € Rand s € (—4, 3). 


Suppose that the set 


a=fr> ol fo apse = | 


0 


has a limit point xo > 0. 
Then g = 0 almost everywhere on R. 
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Proof. We may suppose without loss of generality that g is real (otherwise we carry out the 
proof for its real and imaginary parts). 

First we deal with the simpler case g € L?(R) for some p, | < p < oo. We define the Poisson 
integrals for g, 


CO 


1 x 
y= t)dt and 
a(x, y) ~f sep 
—oo 


ip. = 
b(x, y) == ip Tao pat (3.24) 


It follows from Lemma 2.4 (iii) that the functions a and b are well defined and harmonic in the 
right half-plane and r(x + iy) := a(x, y) +ib(«, y) is holomorphic in {z € C | Re(z) > 0}. Since 
g is odd, we have a(x, 0) = 0 for any x > 0. If x € A, we have also b(x, 0) = 0. Consequently, 
r(x) =0 for any x € A. But r is holomorphic and A has a limit point xo > 0, thus necessarily 
r =0. By Lemma 2.4(11) we know that a(x, y) > g(y) as x > 0 for almost every y, hence g = 0 
a.e.on R. 

Suppose that (k? + | - 2)2¢ € L?(R) for some k AOandse€ (-4, 3). We may assume that 
k=1. If s € [0, 3), then obviously g € L?(R) and the conclusion of the lemma follows from 
the above considerations. If s € (-4, 0), then for ay x > 0 and y € R the functions ¢,,)(t) = 


(1 +12)72 aoc? and x,y (t) = (1+ 1?)72 Ge belong to L?(R). We may write 


[o,e) [o,e) 


| eee tt= f exo +P Fear 


and 


CO 


[a= J ves 142) g(yat. 


Using the Cauchy—Schwarz inequality, we ee that the functions a and b in (3.24) are well defined 
in the right half-plane (in particular, iy a 2 g(&) dé exists for any x > 0). Clearly the function 
r(x +iy) := a(x, y) +ib(x, y) is holomorphic and, as above we have r(x) = 0 for x € A. Since 
A has a limit point xo > 0, we infer that r = 0. Next, we have lim, )9 a(x, y) = g(y) whenever 
y is a Lebesgue point of g (the proof of this fact follows from standard arguments and it is quite 
similar to the proof of [24, Theorem 1.25, p. 15]; for brevity, we omit it). This obviously implies 
g=Oa.e., as desired. 

Now let us consider the case k = 0. If | - |g € L?(R) ands € (4, 5)s we may repeat almost 
word by word the proof above (we have only to replace the fmenons Gx,y and Wy y by tt 

os Fane? respectively by th t~* Pancmryyee 

If|-|'ge L?(R) ands € [5. 3), the integrals defining a and b in (3.24) do not necessarily 
converge. In this case we define 
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ee) 


1 Axyt 
a= fe g(t)dt and 
0 


P+ IL? + +07) 


p a4 / ee Sy) 
WAN Ff GPG =e Oe 


g(t)dt. (3.25) 


Notice that if g € Li..(R) is odd and 8 € L!({1, 00)), then a = a; and b = dy. It is obvi- 

A4xyt 
[x?-+(y—1)7 Ie? +0941) ] 
and w(t) = t-$ 2+" =) _ helong to L2((0, 00)) and this implies that a, and b, are 
I BO- 9 IR +O+7] e P l 1 
well defined. It is straightforward that r)(x + iy) :=a\(x, y) + ib1 (x, y) is holomorphic in the 
right half-plane. Obviously aj(x, 0) = 0 for any x > 0 and bi (x, 0) = 2 ie a28lt) dt =0 for 
x € A. Consequently r = 0 on A. Since A has a limit point x9 > 0, we infer that r = 0 in the 
right half-plane. Let y > 0 be a Lebesgue point of g. Since 


ous that for fixed x > 0, ye Randse (5, 3), the functions g(t) = t~* 


lee) 
4xyt 
/ as dt = 2arctan y 

[x2 + (y —2)7][x? + (y +1)?] x 
0 


proceeding as in the previous cases, one can show that |a; (x, y) 2 (arctan ~ Jg(y)| > 0 as 
x — 0, hence lim, 0 a1(x, y) = g(y). Consequently we have lim, |9 a1 (x, y) = g(y) for almost 
every y and the lemma is proved. 


We set 


i oag(R”) = {f € H*(R") | f is odd with respect to x} = {f ¢ H*(R”) | f=Af}, 


Ai oaa(R™) = { f € H°(RY) | f is odd with respect to x} = { f ¢ H*(R”) | f =Af}, 


where, as before, Af is the antisymmetric part of f in the x; direction. For f € H L odd (R”) we 
1 ~ ~ 1 
define Ns(f) = (Bu,s(f, f))? and for f € Hj jgg(R™) we define Ns(f) = (By,s(f, f))2- 


Theorem 3.6. N, is a norm on Hy cag R™), continuous with respect to the usual H*® norm, and 


Ng is anorm on HS oad R™), continuous with respect to the H® norm. 
Endowed with these norms, 1 L odd (RY) and H L odd (RY) are pre-Hilbert spaces. 


Proof. It is clear that By.s and By,s are complex-symmetric bilinear forms on H* (RY ) (re- 
spectively on HS(R%)) and that By s(f, ff) 20 and By s(f, f) 2 0 for any f (thus, in 
particular, N; and Ns; are well defined). Suppose, for instance, that f € Hy sack ) and 
By.s(f, f) =. This implies that for almost every &’ € RY~! we have f(—-, €’) = —f(-.€) 
ae., (+187)? fC, 8) € L2(R) and 
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CO 


i (? —|e/P - 1)" | Fe.25 “a dé\\d 
P41 0 : 
For such &’ we must have 
[fe (61.8 53 = 5 d& =0 for almost every t € (\/ |&’|? + 1, 00) 
0 


and using Lemma 3.5 we infer that ae &’) =0a.e. on R, so Sa + IE"12)5| FE, £')|? dé; =0 
Consequently 


If lla. = i [leh +e) Fe.e 9) aes ae’ =0 
RV-IR 


i.e. f =0 ae. The proof is the same for f € HS(R"). Finally, the continuity of Ny and N, with 
respect to the usual norms follows from Theorem 3.2 and Corollary 3.4. 


4. Applications 


In this section we illustrate how the results in Sections 2 and 3 can be used to prove the 
symmetry of minimizers in some concrete examples. 


4.1. Problems involving fractional powers of the Laplace operator 


Theorem 4.1. Let s € (0, 1) and assume that F,G:R— R are such that ute F(u) and ut> 
G(u) map HS (RY) (or H’(R%)) into L'(R). Suppose that either: 
Case A. u € H°(RY) and u is a solution of the minimization problem 


minimize E(u) = f er imePas+ f Fue) dx 
RY RY 


under the constraint I(u) = / G(u(x)) dx =rA40, or 


RN 
Case B. u € H* (RY) and u is a solution of the minimization problem 
minimize E(u) := fo +|é?)° |@@)|? dé + i F (u(x) dx 
RY RY 


under the constraint I(u) = / G(u(x)) dx =A 40. 


RY 


Then, after a translation in RN, u is radially symmetric. 
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Proof. Let us prove first that u is symmetric with respect to x,. Making a translation in te 
x, direction if necessary, we may assume that Son <0) G(u(x))dx = Jexy>0) G(u(x)) dx = 7 
Let uy; = Tju and uz = Thu. It follows from Theorem 3.2 that uy,u2 € HS (RY) in case A, 
respectively u,,u2 € H* (R”) in case B. It is obvious that we have Jan G(u,(x))dx = 
2 Sees<0) G(u(x)) dx = 2 and Jpn G(u2(x)) dx = 2 See>0} G(u(x))dx =A; hence uw, and u2 
also satisfy the constraint. From (3.22) and (3.23) we have 


16 
E(uj) + E(u2) —2E(u) = — 88157) 72¢ 41) incase A, respectively 
m2 
16si ~ 
E(ui) + Elz) — 2B) = sO Gm) in case B, 
a 


where, as before, Au(x,, x’) = 5(u(x1, x’) — u(—x1, x’)) is the antisymmetric part of u in the 
x, direction. If Au 4 0, then Theorem 3.6 implies N?(Au) > 0 (respectively N2 (Au) > 0) and 
we infer that E(u,) + E(u2) — 2E(u) < 0, contradicting the fact that u is a minimizer. Thus 
necessarily Au = 0 and this means that uv is symmetric with respect to x1. 

Arguing similarly with the remaining variables x2,...,x,, we find a new origin O’ such 
that wu is symmetric with respect to any of the variables x1, ..., xj; in particular, u(—x) = u(x) 
a.e. on R. Now let J7 be any hyperplane containing the new origin O’ and let [74 and [7_ 
be the halfspaces determined by /7. Since the transformation x + —x maps /T_ into IT;, we 
see that a G(u(x)) dx = Jn, G(u(x)) dx = 7 Arguing as above we conclude that u must be 
symmetric with respect to [7. This implies that u is radially symmetric with respect to the new 
origin O’. 


An application of Theorem 4.1 concerns the solitary waves to the generalized Benjamin—Ono 
equation 


A; +@AAx — B(-A)2 Ar =0, (x,y) ER’, reR, 


where a, 6 > 0. Solitary waves are solutions of the form A(t, x, y) = u(x — ct, y). After a scale 
change, a solitary wave u(x, y) satisfies the equation 


u+(—A)2u=u2 inR?. 
The existence of solitary waves was proved in [21] by minimizing the functional 
vas f\cartuPar+ frar= {isiieee ag+ f was 
2 2(27)? 
R2 R2 R? 


under the constraint J(u) = 5 Se u?> dx = constant. It has been shown in [21] that any solu- 
tion u, of the above problem also minimizes 


E(v):= af I A)#o| Pax — 5 f v8 dx 
R2 


under the constraint Q(v) = O(u,), where O(v) = 5 Ie |u|? dx. 
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It follows directly from Theorem 4.1 that, except for translation, any minimizer of these prob- 
lems is radially symmetric. 

Next we apply our method to a variational problem involving two unknown functions (the 
vector case). Consider the functionals 


Bu») = 5 f (arial? +1veP)dx + f Fe, wax 
RY RY 


where 0 < s < 1, and 
Qu.= f Gu.»dx, 
RN 


We make the following assumptions: 


Al. F,G:R? > R are C? functions satisfying F (0, 0) = 4; F(0, 0) = 82 F (0, 0) = 0, G(0, 0) = 
01G(0, 0) = 02G(0, 0) = 0 and the growth conditions 


|a;F(u,v)| <C(lulP-*+ lvl!) and |aG(u,v)| <C(\ulP-! + |v/4-') if |@, v)| > 1, 


and2<q < 7%. 


where i € {1, 2}, C is a positive constant, 2 < p < v3 


2N 
N-2s 


A2. If (u, v) € H’ (RY) x H!(R) and (u, v) ¥ (0, 0), then either 3; G(u, v) £0 or 42G(u, v) 
0 (a manifold condition). 


Theorem 4.2. Under assumptions Al and A2, any minimizer (u,v) € H’(R) x H'(R¥) of 
E(u, v) subject to the constraint Q(u, v) =’ 4 0 is radially symmetric (except for translation). 


Proof. First we prove that after a translation, (u, v) is symmetric with respect to x1. In fact, after 
possibly a translation in the x; direction we may assume that 


[Ga nar= i Glu,v)dx =" (4.1) 


{x1 <0} {x1 >0} 


We put uj = Tu, uz = Tou, vy = Tiv and v2 = T2v. By Theorem 3.2, the pairs (uj, v1) and 
(u2, v2) belong to H* (R”) x H!(RY) and in view of (4.1) they also satisfy the constraint 
Q(u1, v1) = Q(u2, v2) = A. Moreover, defining W(g) = SRN |E|?°|O(E) |? dé and using (3.22) 
we see that 


1° <d 
E(ur, v1) + E (a, v2) — 2E (u,v) = 5 ow 
1 8sin(szr) 
7 (Qn)N 2 By,s(Au, Au) < 0. 


(W(w1) + W(u2) — 2W(u)) 


We conclude that (uv 1, v1) and (u2, v2) are also minimizers and we must have By 5(Au, Au) = 0. 
Theorem 3.6 implies that Au = 0, that is wu is symmetric with respect to x1, i.e. u = uy = U2. 
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Since (u, v) and (u1, v1) = (u, v1) are minimizers, they satisfy the Euler-Lagrange equations 


(—A)*u + 01 Fu, v) + a@0;G(u, v) = 0, (4.2) 
—Av+ dF (u,v) + ad2.G(u, v) = 0, . 
respectively 
ae (43) 
—Av, + oF (u, v1) + Bd2GUu, v1) = 0. 


From (4.2), Al, the elliptic regularity for the Laplacian and its fractional powers and the usual 
boot-strap argument we get u € H 25 (RY) L™ (RY) and v € H7(RY)NL® (RY). Of course that 
the same conclusion holds for (uw, v). Notice that the L? elliptic regularity for fractional powers 


(1+1é|?) 


of the Laplacian and for 1 < p < oo follows from the fact that the multiplier m(é) = Tle 


satisfies the estimate |D%m(&)| < ae and from the theorem of Mihlin—Hormander. 


We recall the following well-known result. 


Unique Continuation Principle. Assume that ® € H?(R% , R"”) solves the linear system 
—-A®+ A(x) P(x) =0  inR™, (4.4) 


where A(x) isan m x m matrix whose elements belong to L® (RY). If ® = 0 in some open set 
o CRN, then} =0inR®. 


A proof for the Unique Continuation Principle is given in [13, Chapter VIII] in the scalar case 
and in the appendix of [18] in the vector case. Notice that the Unique Continuation Principle 
is essentially a local result. Although it is stated for functions  € H?(R%), it is also valid for 
functions ® « W*P(R”) with p > 2 because We? (RY) Cc HR. (R”). This observation will be 
useful later. 

Now let us come back to the proof of Theorem 4.2. 

If (uj, v1) = (0,0), since G(0O,0) = 0 we have A = O(u1, v1) = 0, a contradiction. Thus 
(u,, v1) 4 (0, 0) and it follows from A2 that there exists (x, x’) € (—oo, 0) x R‘—! such that 
01G(u1, v1) (x1, x’) £0 or 2G (uy, v1) (X41, x’) £0. Since v = v; for x; < 0, we infer from (4.2) 
and (4.3) that w = 6. Moreover, using the regularity of u, v, v; we get 02 F (u, v) — 02F (u, v1) = 
b(x)(v(x) — vy(x)) and 42G(u, v) — 02G(u, v1) = c(x)(v(x) — v1 (x)) where b,c € L© (RY). 
Let w(x) = v(x) — v1 (x). Using the second components of (4.2) and (4.3) and the fact that 
a = B, we see that w satisfies the linear equation —Aw(x) + a(x)w(x) = 0 in R, where 
a=b+ac€L®(RY). Since w vanishes on a half-space, by the Unique Continuation Prin- 
ciple we conclude that w vanishes everywhere, and this implies v = v; in R%. Thus we have 
shown that (u, v) is symmetric with respect to x1. 

Repeating this argument with the variables x2,...,x,, we find a new origin O’ such that 
(u,v) is symmetric with respect to x1,...,xy. Then as in the proof of Theorem 4.1 we show 
that (u,v) is symmetric with respect to any hyperplane J7 containing O’, consequently (u, v) is 
radially symmetric with respect to the new origin O’. 


Remark 4.3. Symmetrization inequalities for functions in the space H'/*(R) have been proved 
in [3]. Therefore if s = 5. the function F in Theorem 4.2 satisfies the cooperative condition 
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ay ,F (lu, v) <0 (see [5]), G has a special form and it is known in advance that the components u, 
v of the minimizer are nonnegative, then using symmetrization one can conclude that there exists 
a radially symmetric minimizer. 


Remark 4.4. In the case F (u, v) =u? + v7, G(u, v) = u7v, by using symmetrization and Riesz’ 
inequality it has been proved in [3] that there exists a radially symmetric minimizer. The fact that 
F and G are homogeneous plays a crucial role in their proof. 


As an example of application for Theorem 4.2, we consider the Hamiltonian system 


Ou 0 
at Oxy 
dv 0 
— = —(-A oF (u, ; 
a 7am v+ 02F (u, v)) 


((—A)?u + a1 F(u, v)), 
(4.5) 


The generalized multidimensional Benjamin—Ono equation 


au 8 
> = ay (anu + g(w)) (4.6) 


with g(u) =u? and the generalized multidimensional Korteweg-de Vries equation 


du 0 
op = gag AP + FO) (4.7) 


have been considered in [21] and in [4], respectively; in these papers, references giving the phys- 
ical motivation for the above equations can also be found. System (4.5) can be considered a 
Hamiltonian coupling between (4.6) and (4.7). 

Formally, the system (4.5) has the following conserved quantities: 


1 
Bu.) =5 f (ay uf +ivePax+ f Pu,was and 


RY RY 


Olu, v) = 5 [ (e+e) ax. 


RY 


If we minimize E(u, v) subject to the constraint Q(u, v) = A, where A > 0, then according to [9] 


the set S, containing the elements of H 3 (RY )x H TRY ) where the minimum is achieved is 
invariant and orbitally stable with respect to (4.5). Since any element (¢, ) € S) satisfies the 
Euler-Lagrange system 


(—A)'*6 + FO, W) + co =0, 
—Ay+ HF (¢,v)+cw =), 
we see that (¢, yr) gives rise to a travelling wave solution of (4.5) of the form (u(t, x), v(t, x)) = 


(P(x, — ct, x’), W(x, — ct, x’)), x’ € RN~!. As a consequence of Theorem 4.2, the elements 
(¢@, wv) obtained in this way are radially symmetric (after a translation). 
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4.2. Minimizers of the generalized Choquard functional 


In this paragraph we consider the problem of minimizing the generalized Choquard functional 


Bi | Ih oe («@) 2 OW sF(u(y))dxay+ f H(uco)as (4.8) 


RN 


subject to the constraint Q(u) = tun G(u(x)) dx = constant 4 0. 
It is worth to note that the complex version of E, 


E(u) =~ af Ie ax ff mi Jmol’); Ss zF Fi (|w(y)|") dx dy 


RY RY 


+ / Hi (|u(x)|”) dx 
RN 


is the Hamiltonian for the generalized Hartree equation 


2 
iu; + Au +4( rey) Fi (|u|?) (u(x) — 2H (lu) |?)uee) = 0, (4.9) 


and O(u) = JTRw |u?(x)| dx is a conserved quantity for this evolution equation. The critical points 
of E+ oO give rise to standing waves for (4.9). As far as minimization is concerned, using an 
argument of T. Cazenave and P.-L. Lions (see the proof of Theorem II.1 in [9, p. 555]), we may 
restrict ourselves to the real functionals E(u) and Q(u). 

In the case N = 3, F(u) = G(u) =u? and H(u) = 0, the problem of minimizing E(u) sub- 
ject to Q(u) = has been studied in [15], where the existence, the radial symmetry and the 
uniqueness of the minimizer have been proved. The symmetry was proved by using a sharp in- 
equality for spherical rearrangements. This can still be used in our case if we know that the 
minimizer is nonnegative and if we assume that F is increasing on [0, 00) (because the equal- 
ity F(u*) = (F(u))* is needed). Using the results in Sections 2 and 3, we will show the radial 
symmetry of minimizers in dimension N > 3 under more general assumptions on F,, G and H. 

We begin by studying some properties of the nonlocal term appearing in (4.8). 


Lemma 4.5. Let N > 3 and let F:R — R be a function of class C? satisfying F (0) = F'(0) =0 
and 


|F’@)|<Clal? for |x| >1 


where C > 0 is a constant and o < ah . Then the singular integral operator 


ea Savoy 
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and the functional 


M(g) = f fre (9) 2 a 5 F (p(y) dx dy 


RY RN 
have the following properties: 


(i) J is aia ka. LP (RY) to LY(R®) if 1 < p <q <coand 7 = 5 _ i. 
(ii) If 1 < py < % < px < ©, then I is continuous from LP! (RN) M LP2(RN) to L®(RN) 
CR’). 
(iii) If1<ry < . <1 <2andg€L"(RX)NL”(R4), then 


N 


An 2 


T(g)(€) = re) iE 


7 — GE) in S'(RY). 
(iv) M is well defined and differentiable on H'(R™) and 


F 
w'wo=2[ (f S&P ay) ewen)oodae. 
RY RN 


(v) Foranyue€ H! (RY) we have 


1 
QN-29 FEN — 1) 


1 ,—_ 
mw) =en [ alFOeP as, where cy = 
RY 


Proof. (i) follows directly from Theorem 1 in [23, pp. 119-120]. 
(ii) We write Mie as a(x) + ay(x), where aj (x) = Te Xlxl> and a2(x) = WNP XIIx<)- 


Then we have /(g) = a; * 2 + a2 * gy. It is obvious that ay € L4(R™) for qe (qs. oo] and 
a2 € L1(RY) for q € [I, NE x5). Let p' and p’, be the conjugate exponents of p; and pz. Then 


pi > ts and p, < wo so that ay € L?!(R%) and ay € L?2(R). We infer that I(g) is con- 
tinuous and by Young’s inequality we get 


[7@) p00 < lawl, om ellen + llazl, os ° lellzee- 


(iv) First we consider the bilinear form 


Po, w= feo ae —_*_ FG) dxdy. 


RY RY 
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Notice that P is well defined and continuous on Lw3 (RN ) x LY (RY ). Indeed, it follows 
2N 2N 
from (i) that J is well defined and continuous from L +2 (RY ) to LN-2 (RY ) and we have 


|P(9, vl= J eoveraier|s 


[7@|, 24, WWI, 28, <Awtloll, ay, lL, 20, 


Without loss of generality we may assume that o > x. From the assumptions on F we have 
|F(u)| < Clu|? if jul <1 and |F(u)| < Clu|!*? if el > 1. It is well known that H'(R”) 
is continuously embedded in L? (R") for pe[2, WS) and then it is standard (see, e.g. [26, 
Appendix AJ) that u +» F(u) is continuously differentiable from H '(R’) to LI(R) for 


q € [max(1, us) wots |: In particular, u + F(u) is continuously differentiable from 
2. 
H'(RY) to L¥72(R) (because a <wo< ow SHray) Since M(u) = P(F(u), F(u)), 
(iv) follows. 
(iii) and (v). Let K (x) = bee Then K € S’(R”) and it follows from Theorem 4.1 in [24, 


N 
p. 160] or from Lemma 1 in [23, p. 117] that K (€) = aoa . ae From Lemma | in [23, p. 117] 
y= 


we have 


RY 


1 ee I i 
Pe.W= ax | Teed eae =en f eee 4 (4.10) 
RN 


whenever gy,  € S(R”). We claim that (4.10) holds for any g, w¥ € L" (RY) L’2(R%) with 
1 <ri < gs <r <2. This assertion implies both (iii) and (v). 
Now let us prove the claim. Since (4.10) holds on S x S, the bilinear form P is continuous 
2. 2, 2. 
on L¥#2 (RN) x L¥#2 (RY) and L"\ (RY) L’2(R") is continuously embedded into L 2 (RN), 
all we have to do is to show that the bilinear form 


i 
Pre= / _peOw@dg 
RY 


is continuous on (L"! (RY) 9 L(R%)) x (L" (RY) 9 L’2(RY)); then the claim follows by den- 
sity of S in L" (RX) N L”(R%),. 

Let an f be the one wanna of r}, r2 and let ae q2 be such that 4, r+ a —= 7 re- 
spectively 4 - + z= z- Let bi (§) = I Xel<1 and b2(€) = I Xtlel>1)- We have Be qi < N and 


q2 > N,so that by € pi (RY) and by € L®(R"). Since the Fourier transform maps continuously 
L" (RY) into L"1 (RY) and L’2(R%) into L’2(R”), we have: 


Pio wls / Bree eas] + | f 
(lEl<} {lé|>1} 


[1G p> «WoW z2 + Nb2@ll 2 Wlb2Wliz2 
[ilo NU WL, + Mall 00 NAIL, HPL 


EimOr Ode 


IN IN 
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< CN ri r2)(lollznIvlien + Nollie Ive). 


This proves the continuity of P; and our claim. Thus the proof of Lemma 4.5 is complete. 


Theorem 4.6. Let N > 3 and let F,G, H:R— R be C? functions satisfying the following as- 
sumptions: 


(a) F(O) = F’(0) =0 and there exist o < sch and C > 0 such that 


|F’u)| <Clul? if |u| > 1. 
(b) There exist 0, € [1, x) and C, > 0 such that 
|G'(u)| < Cul"! and | H’(u)| <Cy\ul"' foranyueR. 


Moreover, if 0, <2 then we assume that 0, > max (AW=20 He) 4 1). 
(c) For any € > 0, G40 on (—e, 0) and on (0, €). 


Then any minimizer u € H'(R") of the functional E given by (4.8) subject to the constraint 
Q(u) = 40 is radially symmetric (after a translation in RN ). 


Proof. First of all, notice that the functionals E and Q are well defined and of class C 1 
on H!(RY). Let u € H'(R%) be a minimizer. We will show that, except for translation, u is 
symmetric with respect to x;. The same proof is valid for any other direction in R% and the 
radial symmetry of u follows as in the proof of Theorem 4.1. 

After a translation in the x; direction we may suppose that 


| Guo) ax= / Gwe) ax = * 


{x1 <0} {x1 >0} 


As before, we define u; = Tu and uz = T)u. We know that u1,u2 € H'(R"). In view of as- 
sumption (a), it is obvious that F(u) € L'(R%) and we have T,(F(u)) = F(u1), To(F(u)) = 
F(u2), Q(u,) = Oz) =X. Defining W(g) = JRw eplPEr! 46, from Lemma 4.5(v) we get 


E(u) + E(uz) — 2E(u) = —[M(u) + M(u2) — 2M(u) | 
=-—cy[W(Ti(F(u))) + W(22(F))) —2W(F))]. (4.11) 


Recall that by (2.38) we have for any g € Co° (RY), 


os 2 
[Foe ae dé’. (4.12) 


8 1 
W(T\¢) + W(Ihe) —2W(g) = — / TTL 24 £2 
1 ! lle + & 


_—~éte 


RA- 


To show that this identity also holds for F(uw) we need the following lemma. 
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Lemma 4.7. Let N > 3 and let rj, ro be such that 1 <r, < ss <r2 <2. The bilinear form 


f1 
R@, w= ; d ; 5 anid 
(y.W) / nif 86) ee #2 é1- [Fmt ni dé’ 


RV-! 
is continuous on (L" (RY) A L"2(R%)) x (L" (RY) NL (RY)). 


Proof. Consider y, v € L"! (RY) L (RY). Then G, W € L" (RY) NL? (RN), where ri and r, 
are the conjugate exponents of r; and r2. Using Hoélder’s inequality and the change of variable 


&; =r|&’|, we get for & 40 andi = 1, 2, 


eee 7 

; d 3 dd 
(fies. a) i cea s] 
=| (fata ‘)' (ire. ‘as’ 


CO 


‘ é 
; d 
[6 gree til< 


1 
l=rj rt 
= C,|6"| 7 (fire.e yi a) (4.13) 
0 
A similar estimate holds for y. Let g; be the conjugate exponent of e. ie. gi = mere Us- 
ing (4.13), Hélder’s inequality and the estimate oll < Aj|lellz we have 
1 (oe) 
— | o@1.6)—>— dé - [Fn dn, dé’ 
I5"| | 6 ane FRoe 7 
Ban-100,1) 0 
ioe) + 1 
2 ! ry ~ NIT] 4 i 4 / 
<Cj Ea [BE €')"" dé fides "dm ) dé 
Ban-10,1) 0 
1 + 
2 ae r "1 
ccf ett as / flow.) dear 
Ban-1(0.1) Ban-1(0.1) 0 
+ 
1 
: ( / iene’ |" ima) 
Bav-1(0,1) 0 
q, (2—3r)) 
(4.14) 


Zt 
1 
< cha / Ie) 7 ae’) llellen Wvllen 


Bani 0,1) 
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and 
Co 
[ afreoreee [i g)) dm ds! 
Teeny: 1; 1° 15 dn 
5" lf"? + &? Fein 
(é>0 0 
les) als ate 
2—-2r9 , ri rh 
2 eran a ry |"2 7 2 ae! 
< Cy || 2 |O(E1, &')|'? d& fivon, Edn) dé 
(é1>]} 0 
1 oo 
2) ! a1 0-372) / n r : 
< c3/ / Ie) a)" ~— ? dé dé! 
(1é>13 {l&|>1} 0 
0° a 
sa ni yp \E2, 
x |v (m1, &') |"? dm dé 
{(é">1} 0 
242 ; 92 2—3rg) 3r) e 
<CzAX / le) 2 dé’) |lgllze Wile. (4.15) 
{11>} 
2N qi 2-3r1) 
Since 1 <r, < Wea <12< 2, a direct computation shows that ie v1.1) |&’| ™ dé’ and 
RV-1 00, 


q2(2—3r9) 
Suers ny |&’| 2 dé’ are finite. From (4.14) and (4.15) we have 


Re. w)| < K(lellen Ivllen + le llz Welle) 


and Lemma 4.7 is proved. 


Let r; and rz be as in Lemma 4.7. Since the maps gb 7\g and gb 7T¢ are obviously 
continuous from L"!(R%) mM L”2(R) ue itself and we have shown in the proof of Lemma 4.5 


that the bilinear form P;(¢, w) = trv a Ee O(E) ve) (€) dé is continuous on this space, it follows that 


the left-hand side of (4.12) is continuous on L"! (RY) M L’2(RY). By Lemma 4.7, the right-hand 
side of (4.12) also defines a continuous functional on L"! (R“) M L’2(R%). Since (4.12) is valid 
for any g € C&°(R"), by density we infer that (4.12) holds for any g € L" (RY) L'2(RY). 
Recall that u € H!(RY) and by the Sobolev embedding and assumption (a) we have F(u) € 
L4(RY) for any q € [max(1, 72>), mEpuest hence (4.12) is valid for F (uw). 

Since u is a minimizer, we must have E(u) + E(u2) — 2E(u) > 0. From (4.11) and (4.12) 
we infer that necessarily 


baa 


RN-! 


Ej} 


—_———_d dé'=0. (4.16) 
ep+e | % 


[x A(F(u))) E18") 
0 


Contrary to our previous examples, (4.16) does not imply directly AF (u) = 0. To see this, 
consider a function yy € C&°(0, 00) such that supp(—) C [1, 00), w #0 and f>° nev dt =0. 
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(Such a function exists: for example, take two nonnegative functions Wo, Wi € Co°(1, co) 
with disjoint supports and put Ww, = (1 — t)Wo — ty. There is some t € (0,1) such that 
ee Tvs (t)dt = 0.) Extend y to an odd function defined on R. Take a € C°(R‘~!) such 
that a #0 and supp(w) C RY~! \ B(O, 1) and put f(é1, €) = aE) a 
(hence f € a t #0 and f is odd with respect to the first variable. However, we have 
dee: Fé, &’) 31 __, dé, = 0 for any £’ 4 0 and consequently 


ec 


R-! 


lg Fae 


§1 


2: 
—_——_d dé' =0. 
eps | 


fELE) 


= 


To show that u is symmetric with respect to x;, we argue as follows: since u and u; minimize 
E under the constraint Q = i, these functions satisfy the Euler-Lagrange equations E’(u) + 
a Q'(u) = 0, respectively E’(u,) + BQ’(u,) =0 for some constants a and £, that is 


—Au —21(F(u))F’(u) + H’(u) +aG'(u) =0 inR, (4.17) 
—Au; —21(F(u1)) F(a) + A’ (u1) + BG) =0 in R™. (4.18) 


We will show in the next lemma that uw and uw; are smooth functions. Then we prove that 
I(F(u))(x) = I(F(u1))(x) in the half-space {x; < 0}. Together with assumption (c), this implies 
that a = B in (4.17)-(4.18). Then we will be able to apply the Unique Continuation Principle to 
prove that u = u. 


Lemma 4.8. Let u ¢ H'(R™) be a solution of (4.17), where F,G, H € C?(R) satisfy the as- 
sumptions (a) and (b) in Theorem 4.6. Then u € Ww>P(R) for any p € [2, «). In particular, 
u € C?(R®) and D%u are continuous and bounded on RN if a € NN, |a| < 2. 


Proof. The proof relies on a classical boot-strap argument. We show first that u € L©(R). By 
the Sobolev embedding we have u € L7(RY) for q € [2, Wl. We will improve this estimate by 
an inductive argument to get the desired conclusion. 

We consider only the case N > 4, the proor. in the case N = 3 being similar. Assume that 
u € L4(RY) for any q € [2,6], where B > <5. It is clear that G’(u), H'(u) € L4(RY) for 


qé [max(1, 2 ai =), al and F(u) € L4(R%) ag qé ark el. We distinguish two cases: 

Case A. If i > © then /(F(u)) € L4(RY) for any g € (x5, 00]. We have F’(w) x{\u\<1} € 
L4(RY) for q € [2,00], hence I(F(u)) F’(u) xXquj<1y € LY(RY) for q € (l,o0] if N = 4, 
respectively for g € [l,co] if N >5 and F'(u)x,\uj>1; € L4(R") for q € ll, 2, hence 
I(F(u))F'(u) X\u\>1) € L1(R%) ifg €[l, By, Consequently /(F(u)) F’(u) € L4(R") for qe 
d, By if N = 4, respectively for g € [1, By if N > 5. Notice that 6 > W5 and the sec- 
ond part of assumption _ See ES o . Using Eq. (4.17) we infer that Au € L4(R) for 
q € [max(1, ae min(£, 2 aL q#lif N= = 4. Let q3 = min(& By Notice that q3 < 6 be- 


cause 0, > 1 and Au € L® i ). If q3 > 4 > 2, then ue Lt (RY ), hence u € W723 (RY) 
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and by the Sobolev embedding we get u € LR): If ga = x. then u € w2 (RY), con- 
sequently u € L4(R™) ao any qg € [2, oo) and repeating the above proof with 6B > 6 we find 


he LO(R” Ie q3 < =, then necessarily q3 = & (recall that Bs i a >4 because we are 


in Case A). By the Sebaley embedding we get u ‘ LAR), Sige ir = z= 9 2 


g NB N°’ 
thus i = ay ! = < -Die-a-4 <0 by (b). Repeating the previous arguments 


with B replaced by 6;, we find that athe: u € L™(R®) or u € L’2(R), where £2 > B; and 


bb i < Gig Dw =e , and so on. After a finite number of steps we get u € L& (RY ). 


Case B. If i < <4, we may suppose that i < <4. By Lemma 4.5(i), [(F (u)) € L¢(RY) for 
q € (x5, (ae x) 1]. As in Case A we get I(F(u)) F’(u) € L1(RY) for g €[1, (2 = 
+), q #1 if N =4. By (a), (b) and the fact that 6 > 7%, we have (Hee a) 13 oe 
Since G’(u), H’(u) € L42(R) for qeé [max(1, 2 ai +), FI, using (4.17) we get Au € L4 (RY) for 
g € [max(1, =), gal, q #1 if N =4, where q4 = min(£, (4 — <)7!). If a4 > 4 then, as 
above, we obtain u € L®(R”). Otherwise by the Sobolev embedding we find u € LPR), 
where h = thus 4 fi < max( Dw as se 4) <0. Then we restart the 
process with ; instead of 6. Continuing in this way, after a finite number of steps we obtain 
we LOTR"). 


We have proved that u € L7(R™) for any g € [2,00]. Thus F(u) € L'(RY) N L~(RY), 
I(F(u)) € L9(RY) for q € (gis. x], Fu) € L?(RY) A L® (RY), hence I(F(u)) F’(u) € 
L?(R‘) A L© (RY). Clearly G’(u), H’(u) € L4(R®) for q € [max(1, or oo]. Using (4.17) we 
have Au € L?(RY)N L®(RY), thus u € W?(R) for any p € [2, oo). In particular, fu are 


continuous and bounded on R". Differentiating (4.17) with respect to x; we get 
0 0 0 
—A( =) -21( F’ w= ) Fw - 21(Fw) Fw 
Ox; Ox; Ox; 


+o" Meal" uo “=0 inRY, 


Xj 


It ples that —A( au ) € L?>(RY) N L©(R%). Since obviously 2+ € L?(RY) N L© (RY), we 
get fe / € W~? (RY), which implies u € W*?(R) for any p € [2, on 


It follows from Lemma 4.8 that F(w) € C?(R) and F(u) € W*? (RY) for p € [1, oo]. Using 
Lemma 4.5(i) and (ii), it is easy to check that J(F(u)) € C?(R¥) and I(F(u)) € W7? (RY) for 
pe (qs. oo]. In particular, 7(F'(u)) € S'(R) and Lemma 4.5(iii) implies FU (F(w)))(€) = 


Pt ia N 
dy gr F (u)(&), where dy = eae Setting U = I(F(u)) we have —AU = dy Fu). 


Next we show that 4 a (0, eye = ter! (PU)O. x’) = 0 for any x’ € RY—!. From (4.16) 
we infer that [5° FeaiPonyven 


ie Fu)(&1.€) 


e a PP+e dé, = 0 for almost every &’ ¢ R‘~!, that is 


le” ee +ee dé; =Oa.e. &’ € RY, or equivalently 
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/ &\F(1(F(u))) (1, €) dé =0 for almost every &’ ¢ RN!. (4.19) 


fe I(F@)) a F( a I(F(u))) are in L'(R%), by the Fourier inversion theorem (4.19) is 
ne to Ta I(F(u))(0, x’) = : as desired. 


Since we do not know whether = I (F(u)) € L!(R) and FGa I(F(u))) € L' (RY), we ar- 


n2x2 
ete 
2, 


gue as follows: we take an arbitrary test function wW € S (R‘—!) and we put @, (x1) = Work 
2 


Pee 
Clearly, g, (x1) =n¢1(nx1), ||@n Ili) = 1and@,(&|) =e %?.Onone hand, we have, by using 
Lebesgue’s Dominated Convergence Theorem, 


a 
sim, f oncrve| 2 1(Fen) [osi.eas 
RN 
* y 0 Yi I / 
= lim [ eoowe] 1 rw) |Z’) anax 
n—>oo XxX] n 


RY 


a 
= / v5 U(F@))©, x!) dx’. (4.20) 


RV-1 
On the other hand, we have 
/ a / 
/ on ar yvx | (Fo) fon, xd 
RY 


: / 
= (= U(Fw)), Qn (x1) W(x ) , 


0 
a 
Pal S'S 


aL. idyé. —~ 
-aor | EZ F(uy()e- nae &') dé, dé’. (4.21) 


RY 


Since F(u) € L*(R%), for almost every &’ ¢ RY~! we have F(u\(-, €’) € L?(R). For any 
such &’, arguing as in (4.13) we get 


ai6) 


dé < 
i +(e? 


_# & 
em. preys 


C —~ 
ey 0a) dé, < \é e/|3 |FOCE |: 
NZ 
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where C does not depend on &’. Moreover, the Cauchy—Schwarz inequality gives 


C 2 Sees 
/ owe NFO. <C(_f wer a!) [FOL aq) <2. 
RAV-1 


RV-1 


By the Dominated Convergence Theorem, we have for almost any &’ ¢ R‘~! 
[| SAF e. eye at > | RAF HE..8 dG = 0 a5 ow. 
a oi +18" 2 Sut el 


Thus we may use Fubini’s theorem, then the Dominated Convergence Theorem on R'~! to 
obtain 


§y 


Dig 2 yey db de 


o> aes ae 
= _¢l _ $! oF / in® dé, dé! 
a v( | ee (u)(1, Je & dé 


> / wv (—&’) -0d&’=0 asn— oo. (4.22) 


RAN-1 


From (4.20)-(4.22) we infer that Spn-t ve) (FW), x') dx’ = 0. Since y € S(R‘—!) 
was arbitrary, we have a (Fw), -) =0 in S’(R4~!), hence i UF), x’) = 0 for 
any x’ € RY~! because maa (F(u))) is a continuous function. 

We know that F(u1) is symmetric with respect to x; and a simple change of variables shows 
that the function U; := IJ(F(u1)) is also symmetric with respect to x1. Clearly U; also be- 
longs to C?(R") and satisfies -AU; = —A(U(F(u1))) = dy F(u)). By symmetry we have 
8U1 (9, x’) = 0 for any x’ € RN—!. Since uj (x1, x’) = u(x1, x’) if x; < 0, we have proved that 


ox 
the functions U and Uj are both solutions of the problem 


—AW =dy Flu) in {(x1, x’) ER | x) <0}, 
N 
2( RN 2.p(RN 
WeEC (R )aw P(R ) IUD Grae? (4.23) 
aw 
ye x')=0 for any xe RNT!, 


It is not hard to see that the solution of (4.23) is unique. Consequently, U (x, x’) = Uj (x1, x’) if 
x1 <0. From (4.17) and (4.18) it is obvious that (u, U) and (u;, U;) solve the systems 

—Au —2U F'(u)+ H'(u)+aG'(u)=0, . on 

: R 4.24 
ee iy ey) 
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respectively 


—Au, — 20, F'(uy) + A'(u1) + BG") = 9, pn 
eon inR”. (4.25) 
We cannot have u = 0 in the half-space {x; < 0} because this would imply 4 = Q(u) = 
Q(u,) = 0. Since u is continuous, necessarily u((—oo, 0) x RY~!) = u1((—o, 0) x RN~!) 
contains an interval of the form (—e,0) or (0, ¢) for some ¢ > 0. Now assumption (c), (4.24), 
(4.25) and the fact that (wv, U) = (uy, U1) on (—o0, 0) x RN! imply that aw = 6 in (4.24)-(4.25). 
As a consequence, we see that (u — u,, U — U;) solves a linear system whose coefficients belong 
to L©(RY). Since (u, U) = (u;, U)) for x; < 0 and (u, U), (uy, U;) € W~? (RN, R*) if p > 2 
and p > as , by using the Unique Continuation Principle we infer that u = u; (and U = U;) 
in RY, tine: is uv is Symmetric with respect to x1. 

Similarly we show that uw is symmetric with respect to any other hyperplane J7 which has 
the property that si 7. GUu(x))dx = J, re G(u(x)) dx, where [7_ and JT, are the two half-spaces 
determined by /7. As in the proof of Theorem 4.1 it follows that after a translation, u is radially 
symmetric. The proof of Theorem 4.6 is complete. 


4.3. Standing waves for the Davey—Stewartson equation 
We consider the Davey—Stewartson system 


iu; + Au= f(|ul?)u —uvx,, 


in R’, (4.26) 
Av= (ae 


which can be written as 
iu; =—Au + f (lul?)u + R7(lul?)u, (4.27) 


where R is the Riesz transform defined by Rig = He (€). Let Fy (t) = tr f(t) dt. It is easy to 
check that 


Bu) => fivuPar+ = f ri(wP)ax—5 f |Ri(\uP)/?ax 
R R3 R3 


is a Hamiltonian for (4.27) and O(u) = = SR: |u(x) \7 dx is aconserved quantity for the same equa- 
tion. The standing waves for (4.27) are precisely the critical points of E+ oO. As in the previous 
example, when we minimize E (u) subject to O(u) = = constant, we may restrict ourselves to real 


functions w and to the real version of E , 
1 4 1 9 12 
Ew) = 5 |Vulo dx + Flu)dx — 7 |Ri(u7)|" dx. 
R3 R3 R3 


We will consider a more general functional than O, namely Q(u) = Sr: G(u) dx. If 
G(u) =u’, in order to guarantee the boundedness from below of the functional F on the set 
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of functions satisfying Q(u) = A, the function F(u) is required to behave as alu|” for u large, 
with a > 0 and y > 4. In the case F(u) = a|u|”, the Cauchy problem for the evolution equa- 
tion (4.27) has been analysed in [12]. The global existence of solutions was proved in the case 
a> 0 and y > 4, while in the case y = 4 the global existence was proved if a is sufficiently 
large. 

Still in the case of pure power F(u) = a|u|”, with a > 0 and y > 4, the existence of min- 
imizers of E subject to the constraint Q(u) = i |u|? dx = can be proved by using the 
Concentration—Compactness Principle (see [17]) if 4 is large enough (this assumption is needed 
to prevent vanishing). 

In [10] the existence of ground states related to the problem (4.26) has been studied. However, 
our method cannot be used to prove the symmetry of these ground states because the nonlocal 
term appears in the constraint. 

It is well known that R; is a linear continuous map from L?(R3) to L?(R3) for 1 < p< 
(see [23]). If u* € L?(R°), then Rj (wu) € L?(R?) and by Plancherel’s theorem we get 


R dx= dé= w2(E)|-d 4.28 
xc *y/° ca | ie )(E)| a an Ea (| as. (4.28) 


R3 
We have the following symmetry result. 
Theorem 4.9. Let u € H'(R*) be a solution of the minimization problem 
ee 1 2 1 2\ |2 
minimize EW=; |[Vu|“ dx + PUjdx—7 |Ri(u )| dx 
R3 R3 R3 


subjectto Q(u)= / G(u(x)) dx =rA40 


R3 
under the following assumptions: 


(a) F,G:R— Rare C? functions, F (0) = F'(0) = 0, G(0) = G’(0) = 0 and there exist C > 0, 
o <5 such that 


[Fw] <Clul? and |G'W|<Clul? for |u| > 1 
(b) For any ¢ > 0, G' #0 0n (—e, 0) and on (0, €). 


Then, after a translation, u is radially symmetric in the variables (x2, x3) (i.e. u is axially 
symmetric). 


Proof. Making a translation in the x2 direction if necessary, we may assume that 


[ Guo) ax= i G (wo) dx =F. 


{x2 <0} {x2>0} 
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As before, we define uw; and u2 by 


u(x1, —X2,x3) if x2 <0, 
u(x], X2, X3) if x2 > 0. 


u(x], X2, x3) if x2 < 0, 


é UQAX1, X2,X3) = 
u(x, —x2,%3) if x2 >0, 2(41, ¥2» ¥3) 


into a.a9) = | 


It is obvious that Q(u;) = Q(u2) = X. Moreover, using (4.28) we get 


E(u) + Ea) — 2E(u) = sae? dé + {geltor dé 


4 om | 


7 af ae u2(é)| as]. (4.29) 


Recall that by (2.40) and (2.41) we have the equality 


& 7 2 & — 2 Ee a 2 
[ pltoo a+ | 2 \Fe@) ae—-2[ Fle) dé 
RN RN RN 


_8 / er lip 
1 \&"| 
RA-1 0) 


for any g € C&° (R”), where Jj €{2,..., N}. It is obvious that the left-hand side of (4.30) de- 
fines a continuous functional on L?(R%). By the next lemma, it follows that the right-hand 
side of (4.30) also defines a continuous functional on L?(R). Then the density of Co° (R’) 
in L?(R”) implies that (4.30) holds for any g € L7(RY). 


2 


51 dé! (4.30) 


Agi, a ep 7p 


dé 


Lemma 4.10. Let j € {2,..., N}. The bilinear form 


51 | Fem / 
S@w= : d ; dnid 
19, W) / ui 9 Rep eR fh vans) > ar sal aoe § 


RA-! 
is continuous on L?(R%) x L?(R%). 
Proof. As in (4.13) we have 


ioe) 1 


[reer S| gel cK «U( fioe.erPan) 
} £2 4 [g7/2 ie? 


where K = ( A ies as dt) 2, Consequently 
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g2 a 5 o 3 
Is. < x? f Zale. a (fiFen.e9%4m) dé! 
RY-1 0 0 
<K? / (fie. #9/°4e) (five. e9¢4m) dé! 
RV-1 ‘0 0 


1 


<( i [lee 2%) ana) ( [ [lfen.s9Pan ae’ 


R’-! 0 R’-! 0 


< Kill llWizey)- 


Since u*, ut, u5 € L?(R°) (recall that H!(R) c L?(R3)  L°(R)), by exchanging the roles 
of x; and x2 and using (4.29) and (4.30) we find 


E(u,) + E(u2) — 2E(u) 


, - | Et [xe Bs oy Oe | eae (4.31) 
4 Qn)3 mJ [2 + 22 J E24 &2 4 &2 


where Arg = 5(g(x1, x2,.x3) — P(%1, —X2, x3). 
Since u is a minimizer, we must have E(u;) + E(u2) — 2E(u) = 0, consequently the integral 
in the right-hand side of (4.31) must be zero, which is equivalent to 


ee) 


[Ae e.8 


0 


&2 2 
——.— din =0 ae. (&, &) € R’. (4.32) 
EP + es +8 
In particular, wu; and u2 are also minimizers. However, as in the previous example, (4.32) is not 
sufficient to prove that A2(u*) = 0. In order to accomplish this task, we will use the Euler— 
Lagrange equation of u: since u minimizes FE under the constraint Q(u) = 4, there exists a 
constant a such that E’(u) + wa Q’(u) = 0, that is 


—Au+ F'(u) + Ri(u?)u+aG'(u) =0. (4.33) 


Lemma 4.11. /f F and G satisfy assumption (a) in Theorem 4.9 and u € H'(R°) is a solution 
of (4.33), then u € W>?(R°) for any p € [2, 00). In particular, u € C?(R?). 


Since R, and Rt are linear continuous mappings from L? (R*) to L?(R*) for 1 < p <0, the 
proof of Lemma 4.11 is standard, so we omit it. 

Let 1(¢)(x) = fps ed dy. Using Lemma 4.5 it is easy to see that J (w7) € W-? (R°) for any 
p € (3, 00] and J (uw?) is a C? function. Moreover, we have 


ny 1 ———_— 
F(Ri(w’))@) = - 4 () = — 7,811 (w)@), 
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where d3 = ~~, thus Riu?) = = re oe (u’). Equation (4.33) can be written as 
2 
—Au+ F'(u) + + 55a lw))u + eG) =0. (4.34) 
xy 


Arguing exactly as in the proof of Theorem 4.6, (4.32) implies that io UI (u2)) (x1, 0, x3) = 0 for 
any (x1, 3) € R?. 
Since uw, is also a minimizer, it satisfies the Euler-Lagrange equation 


/ 1 ae 2 / 
— Au + F’(u1) + ——5 (I (uj) ur + BG’ (ui) = 0. (4.35) 
a3 ax; 


The conclusion of Lemma 4.11 is obviously valid for u;. Since ae is symmetric with respect 
to x2, I (ut) is also symmetric with respect to x2 and, consequently, =2 Ia (I (u7)) 1, 0, x3) = 0 for 


any (x1,x3) € R?. We set U = I(u”) and U; = I(u7). Recall that w(x), x2, x3) = ui (X41, X2, X3) 
if x2 < 0; thus U and Uj are both solutions of 


—AW =u? in R x (—co, 0) x R, 
2(p3 2, 3 
WeC*(R))NW~?(R°)  for3 < p<oo (4.36) 
aw 
— (x1, 0,x3) =0 for any (x1, x3) € R’. 
0X2 


It is not hard to see that the solution of (4.36) is unique. Hence we must have [ (u?) =I (ut) in 
R x (—oo, 0] x R. In the same way we obtain I(u?) = 1(u3) in R x [0, 00) x R. 

Now we focus our attention on u;. Making a translation in the x3 direction if necessary, we 
may assume that Sux<0) G(u,(x)) dx = Sus>0) G(u)(x)) dx = 4. We define 


uy(x1,x2,x3) = if x3 < 0, 


W(X], X2,X%3) = sf 
AE) eee if x3 2 0, 


uy (X1,x2,—x3) if x3 <0, 


w(x1,X2,x3) = : 
221,25 %3) lene if x3 20. 


It is obvious that Q(w,) = Q(w2) = X. Proceeding as above, we find the identity 


E(w) + E(w2) — 2E(u1) 


im ad Te ao 


where A39 = 5(p(x1, x2,X3) — 9(X1, x2, —x3)). Since uw, is a minimizer, it follows from (4.37) 
that w; and w2 are also minimizers of EF under the constraint Q = 4; hence w, and wz sat- 
isfy the conclusion of Lemma 4.11 and J(w}), /(w2) € C?(R*) N W*?(R?) for p € (3, ow]. 
Moreover, the integral in the right-hand side of (4.37) must be zero. As previously, this gives 


2 


§3 
, a dé, d&, (4.37 
[sie 1) &, ar +248 §3| d&\d&2, (4.37) 
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gel up(a, x2,0) = 0 for any (%1, x2) € R’. Proceeding as above, we find I (ut) = I(w7) in 
R? x (—00, 0] and J (ut) = 1(w5) in R? x [0, 00). 

Now let us consider the function wy. It is clear that w) (x1, —x2, —x3) = w1 (x1, —x2, x3) = 
W1(X1, X2, x3), i.e. w, is symmetric with respect to x2 and with respect to x3. Consider a plane JT 
in R? containing the line {(x;, 0,0) | x; € R} and let /7, and IT_ be the two half-spaces deter- 
mined by J7. Since (x1, x2, x3) (x1, —x2, —x3) maps [7+ onto [T_, using the symmetry of w 
we get Jn, G(wi(x))dx = fy, G(wi(x))dx = 7 Let s77 denote the symmetry in R? with re- 
spect to IT. We define 


wi(sq(x)) ifx el, 


we w(x) ifx € IT, 
rnaH= w(x) if x € TT,. 


wi(sy(x)) if x € TT, and no =| 


Repeating the above arguments we obtain an integral identity analogous to (4.31) and (4.37) 
which implies that r; and r2 also minimize E subject to the constraint Q = A. Furthermore, 
using the fact that the integral in the right-hand side of this identity must vanish we find 


a 
5, {wie x2,X3)=0 whenever (x1, x2, x3) € 7, (4.38) 
n 


where n is the unit normal to /7. Passing to cylindrical coordinates we write 


(wi) (1, x2,X3) = I(wi) (1, rcosé,rsin@) = ®(x1,7r, 6), 


where r = , px + re Since I(w7) is a C* function and (4.38) is valid for any plane JT con- 
taining {(x1, 0,0) | x1 € R}, (4.38) is equivalent to ue = 0, that is does not depend on @, i.e. 
T(w7)(x1, x2,%3) = Bi (xq, < + #2) for some function ® 1. In other words, we have proved 
that J (wi) is radially symmetric in the variables (x2,x3). In the same way we show that 
1(w5)(x1, x2,X3) = Do(x},, lee + a) for some function 2. Since I (ut) is continuous on R3, 
I (u;) = 1(w7) in the half-space {x3 < 0} and J (u7) = 1 (w3) in the half-space {x3 > 0}, we have 
necessarily ; = ®2, and then J (ut) is radially symmetric in the variables (x2, x3). 

Similarly, there exists k € R such that tes xy G(u2(a)) dx = Soa>w G(u2(x))dx = $. (We 
have fixed the origin in such a way that Secs <0) G(u,(x))dx = Sus>0y G(u,(x))dx = & and 


nothing guarantees a priori that k = 0.) Arguing as above, we infer that / (u3) is radially sym- 
metric with respect to the variables (x2,x3 — k). Thus we have proved that there exist con- 


tinuous functions 7, y defined on R x [0, 0) such that T(ut)(x1, x2,xX3) = n(xq1, a + x3) 


and 1 (u3)(x1,x2,%3) = v(x, \/x3 + (43 —k)?). Since 1 (u7)(x1, 0, x3) = Tu?) (x1, 0, x3) = 
1(u3)(x1, 0, x3), we get n(x1, |x3|) = y (11, |x3 — k|) for any x1, x3 € R. In particular, if k > 0, 
for t > 0 we have n(x1,t + 2k) = y(x1,t +k) = n(x, ¢); that is, for any fixed x;, the func- 
tion n(x1, -) is periodic of period 2k. On the other hand, we have I (uj), 1(u3) € W*P(RY) for 
p € G, wl, thus I (ut) and I(u3) tend to zero at infinity, hence n(x;,t) > 0 and y(x1,t) ~ 0 
as x +t? — oo. We infer that either k = 0, or 7 = 0 in R x [0, 00). In both cases we get n = y 
on R x [0, 00) and J (u7) = 1 (u3) in R*. Thus we have I (wu?) = I (ut) = I (u5) on R®, and I (u*) 
is radially symmetric with respect to (x2, x3). 
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Since Q(u) = Q(u;) = 4 40, we cannot have u = 0 in the half-space {x2 < 0}. Assump- 
tion (b) implies that there exists (x1, x2, x3) € R?, x2 <0 such that G’(u(x1, x2, x3)) 4 0. Since 
u =u, on (x2 < O} and I(u*) = Fup) on R?, from (4.34) and (4.35) we infer that a = B. 


Let a(x) = F ax jz w)(x) = A a 


function on R?. The functions u ad u, both satisfy the equation —Aw + F’(w) + a(x)w + 
aG’(w) = 0 in R? and using the Unique Continuation Principle again we conclude that u = u 
in R’, i.e. u is symmetric with respect to x2. 

In the same way we prove that u is symmetric with respect to x3 (after possibly a translation). 
Proceeding as in the proof of Theorem 4.1 we can show that u is symmetric with respect to any 
plane containing the line {(x;, 0, 0) | x1 € R}, consequently u is radially symmetric with respect 
to (x2, x3) variables. 


SU (ut))(x). We know that a is a continuous and bounded 


Remark 4.12. (i) We have stated and proved Theorem 4.9 in dimension N = 3 only for sim- 
plicity. Replacing the term fp; |Ri(u”)|?(x) dx in E(u) by [gw |Ri(H(u))|? (x) dx and making 
suitable assumptions on the function H, this result admits a straightforward generalization to RN , 
N 233. 

(ii) We do not know whether the minimizers in Theorem 4.9 are symmetric or not with respect 
to x;. Recall that by (2.42) we have 


J apiteor ak: 51 ee) dé —2 I ise)? dé 


= $f wlf 


a 


le 


a) dt 


“ag! 4.39 
e+e"? : ve 


for any gy € C>° (RY). Clearly, the left-hand side of (4.39) is continuous on L?(R%). Proceeding 
as in Lemma 4.10, it is easy to see that the right-hand side of (4.39) also defines a continuous 
functional on L*(R” ). Consequently, (4.39) holds for any g € L?(R). Using (4.28) and (4.39) 


we have 
2: 7 &y . 
E(Tw) + E(Dau) -2EW) = =a [ ef A(H(u)) \6en d&\| d&. (4.40) 
RY 


The right-hand side in this integral identity is always nonnegative and (4.40) does not imply the 
symmetry of minimizers with respect to x1. 

(iii) Let us change the sign of the nonlocal term appearing in Theorem 4.9, i.e. let us consider 
the minimization problem 


ia AS 1 » 1 2 |2 
minimize E,@)= 5 [Vul|~ dx + FUjdx+ 7 |Ri(u )| dx 


R3 R3 R3 


under the constraint Q(u):= i G(u(a)) dx=k. (4.41) 


R3 
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The minimizers of this problem (when they exist) give rise to standing waves for Eq. (4.27) 
where the sign of the nonlocal term RF (\u |*)w has been reversed. Clearly, the integral identities 
that we have do not imply the symmetry of solutions of (4.41) with respect to x2 and x3. 

The symmetry of minimizers of (4.41) with respect to x; is also an open problem. As above, 
in this case we have the identity 


2 
(W?)@) a5 db dé d&3. (4.42) 


2 1 
E, (Tu) + Ex(Tou) — 2E,(u) = x (203 i IS" if 


Ifuisa nn MIZEL, the right-hand side of (4.42) must vanish. As in the proof of Theorem 4.9, 
this implies 54 ax! (u7)(0, x2, x3) = 0 for any (x2, x3) € R*. Repeating the argument already used 


in Theorem 4. 9 we get [(u*) = I((T,u)7) on {x; < 0} and I(u*) = I((Tou)7) on {x; > O}. 
Moreover, if A ~ 0 then wu and u; := Tu satisfy the same Euler-Lagrange equation, namely 


2 
—Aw + F'(w) — FT a3(I(u?))w +aG'w) =0. (4.43) 
1 


Equivalently, defining U = I(u?) and U; = I (uj), we see that (u, U) and (u,, U;) are both 
solutions to the system 


1 aw 

—Aw-+ F’(w) —- ——~w+aG'(w) =0, 

me dx axt oe (4.44) 
—-AW=w”. 

Moreover, (u, U) = (uy, Uj) on {x, < 0} and u, wu, satisfy the conclusion of Lemma 4.11. We 

. not know whether this information together with the boundary condition ie 0, X2,%3) = 


ot 1 (0, x2, x3) = 0 imply that vu =u. 


Remark 4.13. If N = 3, the nonlocal term in Theorem 4.9 can be written as 


1 1 a? a 
——* Ony J [eel d&= Bay? [efor ))owrwes 
R3 R3 


eee a H)oPaddx=—F ff wooK (= ywydedy. 


R3 R3 


2 2 
2x7 x7 — a 


2 
where K (x) = 2 5 ( i )= . Since this kernel changes sign, spherical rearrangements 
am (x? $x24x2)3 
in the variables (x2, x3) combined with Riesz’ inequality cannot be used to prove the symmetry 


of minimizers. 
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5. Some open problems 


We close this paper speaking about several problems for which the methods described above 
(including ours) seem to fail. 

First, let us come back to the two minimization problems considered in Theorem 4.1. As 
before, if u is a minimizer of any of these problems, we may assume that Sexy <0) G(u)dx = 


Senso) G(u)dx and we set u, = Tju and uz = Thu. Assume that s € (1, 3). Then the identi- 
ties (3.22) and (3.23) are still valid (see Corollary 3.4) and we get 


16 sin(sz) 


E(uj) + E(u2) — 2E(u) = — 5 N?(Au) >0_ inCase A, 
4 


respectively 


16 sin(sz) 
oe 


E(uj) + E(u2) — 2E(u) = N?(Au) >0_ in Case B. 


It is easy to see that these integral identities work in the wrong direction. Are the minimizers still 
radially symmetric for s € (1, 3)? 
Another problem is to study the symmetry of minimizers of 


[pro axay+ [ ruco) ax 


1 2: 
E(u) = 5 |Vu|~ + 
R3 R3xR3 R3 


subject to the constraint 


[eooar=a>0. 


R3 


In the particular case F (uw) = —C|u|®/°, this problem arises in connection with the Schrédinger- 
Poisson—Slater system [22]. Due to the repulsive effect of the nonlocal term, Riesz’ inequality as 
well as the Reflection method work in the wrong direction. 

The last problem concerns the symmetry of minimizers of 


+00 +90 
E(u) = [e+ ee) ax-y / le||@(e)|° dé, 


where y > 0, subject to the constraint pe u(x) dx =A > 0. These two functionals are con- 
served quantities for the Benjamin equation (see [1,2]). Symmetrization and reflection cannot be 
used due to the sign of the nonlocal term. Oscillating travelling waves for this equation have been 
found numerically; perhaps this is an indication that the minimizers of the problem above may 
change the sign. 
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Abstract 
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equation, to the case of a manifold M with strictly positive Ricci curvature. This gives a new way to prove 
classical Sobolev inequalities on M. Moreover, this enables to improve non-critical Sobolev inequalities as 
well. As an application, we study the rate of convergence of the solutions of the Porous Media equation to 
the equilibrium. 
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1. Introduction 


In this paper, we derive inequalities from a family of nonlinear partial differential equations 
on a general n-dimensional compact manifold M whose Ricci curvature is bounded below by a 
positive constant o. The cases of nonnegative curvature and of strictly negative curvature have 
already been discussed in [7,8]. In this work we will follow the lines of [7,8] by differentiating 
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functions called Entropy and Information linked to a nonlinear partial differential equation of the 
form: 


a 
5 he) =Ao(u)(t,x), t>20,xeM. 


Here o is a nondecreasing function mapping R+ onto R. In this paper we use power functions 
o(x) =x®%, with 1— 1/n <a@ <1, but analog results can still be obtained for more general o. 
These equations are analogous to the Porous Media equations studied in [7,8]. So let d be a 
real number greater than n and consider the case o (x) = x!~!/4. Denote by jz the normalized 
Riemannian measure on M. We define the Information as 


I(t)= / u(t, x)|V(d — Du(t,x) 4)? dy. 
M 


Following [7,8] we will prove that 


-I'(t)> Ko f ua.n 2M, (1) 
M 


where K depends on n, d and p. The key to get the inequality is the use the curvature—dimension 
criterion in M (see [1,3-6]): denote by A the Laplace—Beltrami operator on M, I'(f, g) = 
V f - Vg the carré du champ operator and 1>(f, g) = (AI'(f, g) — Cf, Ag) — (AF, g))/2 
the iterated carré du champ operator (see Section 2 for more details). Then for any smooth func- 
tion g: 


1 
P(g, g) > el (g,g)+ —(Ag)’. (2) 


In [7] an integrated version of (2) has been established, and it will be useful here again. Although 
the paper deals with the Laplace—Beltrami operator of M, we could replace M by a space X 
equipped with an operator L satisfying the condition CD(p,n) (X does not need to have any 
dimension). In this case we would define the operators: 


(f.g)=(L(f-3)-f-Lg—g-Lf)/2 and 
In(f,g) =(LI'(f,g) — (f, Lg) — V'(g, Lf))/2, 


and still assume (2) where A is replaced by L. We shall also assume that L is a differential 
operator in the sense that for all functions ¢, w: 


P(Of), vo) =0Nwi@r(hs) and Lo fP=b(MLFA+o' NIMES, 


and that an integration by part formula holds for L with respect to a given measure jz on X (here 
the Riemannian measure). Basic examples of such operators on the real line are the following 
one. Let a be a (smooth) function and Lf = f” +a- f’. Then under certain differential conditions 
on a (see Section 2), L satisfies (2). A basic example is 


Lf (x) = f" (x) + @— I) tan(x) f(x), 
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which satisfies (2) with p =n — 1, just like the Laplace—Beltrami operator of the n-dimensional 
sphere. See [4] for more details. More generally, if X is a manifold of dimension m, the operator 
L=A+VA-Y satisfies (2) if and only ifn > m and 


(n — m)[Ricci — Hessh — pg] > Vh @ Wh. 


A basic study of (1) implies the classical family of Sobolev inequalities on M, and this pa- 
per gives in fact a new way of proving them. However a more precise study of (1) leads to an 
improvement of the inequality in the case when d > n, that is when we are below the critical 
Sobolev exponent. This improvement was already known for the logarithmic Sobolev inequal- 
ity (see [1,3]), which corresponds to the (limit) case when d = oo. Indeed we get the following 
inequality for any smooth positive /: 


wy fae) 2/4] = wily £14 dul 
wy f du) 2/4 


’ 


[flva-pr-MtPdu> 
M 


where yf is not affine (the affine case corresponds to the classical Sobolev inequality). The ex- 
pression of y can be found in Theorem | below. An application of those inequalities is the study 
of the convergence to the equilibrium of the solution to the former PDE. This is the statement of 
Theorem 2 (see Section 8). 


Theorem 1. Let n > 2 be an integer and M be a compact connected n-dimensional Riemannian 
manifold with Ricci curvature bounded below by a positive constant p. Denote by kz its normal- 
ized Riemannian measure. The following inequality holds ford € R, d >n,d >3,a=1/2—1/d 
and f, a smooth function mapping M onto R*: 


cnaoo)-o(f olf) frre 


where dx W(x, y) = (x, y), K(n,d) = p(d —2)/(40 — 1/n)), T= f f dp, and 


x4/A(d-2)) soe n d—-—n 


Note that Theorem | provides a weaker inequality which looks like the Entropy—Logarithmic 
energy inequality already known for the case d = 00: 


Take the notations of Theorem 1. Then: 


([1)*- Je <san(s4t fiver) 


where Ky = L(n, d)d/(4(d — 2) K(n, d)(f Ce ree and Ka = KK (n, d) (See Corollary 2). 


In the last section we give extensions to our result by studying some modified Porous Media 
equation. 
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2. Notations 


Let n > 2 and M be an n-dimensional compact and connected Riemannian manifold whose 
Ricci curvature is bounded below by a positive constant p (this hypothesis implies the com- 
pactness of M). Note - the scalar product on M, V the gradient operator, A the classical 
Laplace—Beltrami operator. Then define the following operators respectively called carré du 
champs operator and iterated carré du champs operator: 


VAL rif,.gh=Vf-Ve, 
In(f, g) = (ATC, 8) — Cf, Ag) — (AF, 8))/2. 


Moreover we will note [n(f, f) = In(f) and '(f, f) = I'(f). We know from the Bochner— 
Lichnerowicz formula (classical in Riemannian geometry) that for any smooth é: 


1 
Tr() > pr) + —(A8)’, (3) 
which we will call curvature—dimension criterion. See [1,3—6] for more information on this cri- 
terion. The proofs made in this paper are still valid if we replace A by an operator L and M by 


a space X, which does not need to have any dimension. Three main assumptions are needed: 


(1) L satisfies the last curvature—dimension criterion which goes as follows. Define [> and I” by 


r(f,g)=(LUf-8)— f -Le—g-Lf)/2, 
n(f,g=(LP(f9) - TF Lg) — Fg, Lf))/2. 


Then one must assume that 
1 
Tr(E, 8) > pl, §) + — (LE). 


(2) On (X, L), an integration by parts formula holds with respect to a given measure jz (in the 
last case jz is the Riemannian measure); in other words, for functions f, g: 


i; apeii= / Pf, e) dp. 
x 


(3) L should be a differential operator in the sense of the introduction. Some basic examples 
of such operators for X = R or an interval in R are the operators L where Lf = f” + af, 
a being a function satisfying: 


(4) 
Indeed in this case 


if.g=f's and Y(f,g)=f"g"+a'f's’, 
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and In(f, f) — p'(f, f) — (Lf)*/n equals 
f'?—1/n) + f’2(a — a? /n — p) + Qa/n) f' f". 


This polynomial in f’ and f” is nonnegative for any f if and only if its discriminant is non- 
positive, which is condition (4). Therefore if a(x) = tan(x./o/(n — 1))./o(n — 1) then L satis- 
fies the curvature—dimension criterion. Note also that those operators give models for the cases 
p <Oand p = 0 which we do not discuss here. For more explanations see [4]. To avoid dealing 
with questions on the existence of solutions to the considered PDEs, we shall make the proof only 
for the Laplace—Beltrami operator of a manifold M (in this case the dimension of the operator A 
coincide with the dimension of the space M unlike above). 

Let d >n, d > 2, be a real number and consider the following PDE with smooth positive 
initial data f: 


0 
(BE) 5 (hex) = Aue, xy t>0,xeM. 


Since M is compact one can find e > 0 such that f > e. Then consider the following PDE starting 
from f —e: 


dv 
(F) x) =Ao-(u(t,x)), 120, xe M, 


where o¢(x) = (x + e)!—!/4 — ¢!-!/4 Since o/(0) > 0, standard parabolic results show that a 
smooth nonnegative solution v to (F) exists for t > 0. Remark that u = v+ € is a smooth solution 
to (E) and remains greater than ¢. This proves the existence of a smooth solution to (E). We can 
give examples of such solutions on models manifolds: the fundamental solutions to (E) for d =n, 
that is the one that start from a Dirac delta distribution, are explicit: this happens for R”, for the 
sphere and for the hyperbolic space. Of course those solutions are smooth only for tf > 0, but 
they are smooth for any time if you consider f = fg > 0 as initial condition. For instance on the 
sphere S, of dimension n, denoting (,) the Euclidean scalar product, 


je ate sh((n — 1)t) “ 
al (aa == 5) 


is the solution to the porous media equation (E) with critical exponent d = n, starting from the 
Dirac delta mass in xq € S,. More generally, on a space X equipped with an operator satisfying 
the above conditions, if one can find a function T whose generalized hessian is —T g, that is, 


(é, (7, é)) — F(T, P(é))/2=-Tré), 


and whose minimum is —1 with argmin(7) = xo, then the solution has the same form with 
—(x, x0) replaced by (x, T(xo)). For the solutions on R” (called Barenblatt solutions) we refer 
to [10] and for the hyperbolic we refer to [8]. 
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Let us finally define the Entropy E(t) and Information I(t) of the solution u as follows: 


Bx) = f w(t.) dn, 
M 


I(t)= i u(t, x) ((d — lu(t,x)~'/4) du. 


M 


Unlike what usually happens in Entropy—Energy inequalities (for instance: logarithmic- 
Sobolev inequalities), where the left-hand side is the “Entropy” and the right-hand side is the 
derivative of the Entropy, called information, here there will not be such a differential relation 
between both sides of the inequalities that will be proved. Thus we denote the Entropy £2 in- 
stead of E: E(t) AC £1 (t), C € R. In the rest of the paper we shall write for simplicity u or 
u;, in place of u(t, x) (u; is not a derivative) and & will stand for —(d — Lu-'/4, When writing 
integrals, we shall write sometimes [ H or /[, vw # instead of f udp. 


3. Integrated curvature—dimension criterion 
As a special case of an inequality stated in [7] and which follows from (3), we have the 


Lemma 3.1. Let w, H be functions of the real variable, wy being bijective, increasing and 
u:M — Rx be smooth. Let G(x) = 2x7’ (x), x >0and&=wi(u). Then 


/ Gu) Py) > / —— Gp) 


3 d (GU) n+2 
+G2() “=F Gua) P(E. Fe) 


d* (Glu) d (GwHu) 2 2 
+] Gels) a(n) -emae")r@ 


with the natural convention that for any function K, 4 (K (u)) = cee 


This inequality is obtained by applying formula (3) to H(&) instead of € and then doing 
integrations by parts. 


4. Differentiation of I (¢) and minoration of —I’(t) 


In the following we differentiate the Information function /(t). Note (x) = —(d — ie 4, 


Recall that u; is the solution of equation (E) so that for any function K (t, x) 


3 
[ xen=- [ure xe), 
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Therefore we have: 
(i= [eure + ul (E, w'(u)d;u)) dw 
= / dul (E) — 2W/(u)('(u, €) + uAE)| du 
-I'(t)= i} ul (E,—P'() — 2y' (wu dé). (5) 
Let us first consider the term uy’ (u) A€. Note that —1/d = (xw'(x))'w'(x)7!. Therefore 


P(é, up’ w)Aé) =up'(w) PE, A&) — AE T(E) /d 
=u’ w|5 arié)- Pté)| - Ag I(é)/d. 


Firstly, the integration by parts formula implies 
/ wy WAT (§)du=— / rwy'(w), P)) du 
=-(1- 1/d) f ur(e.r®) dp. (6) 
Secondly, 


-fuassre@du=[ rur®)du= furere@)an+ fr@rewdu 


=fure.rejdus f oreran ) 
Finally, after collecting terms (6) and (7) there remains: 
= f 2ur (Guy was)an= few wre rdu 
+0-3/ fur. r@)du-5f Torerdu @) 
Thanks to (5) this leads to 
-I'(t)= / [241 = t/a r3¢@) — 5 r(é,r@é))- — Hulda (9) 


Now apply Section 3 to w(x) = —(d - 1x l/4 and to our solution at time ¢, u = u;. Then if 
G(x) =2(1 — 1/d)x!~"/4, for any function H 


-10> f "cwere+ | srg.re)+ f ore. (10) 
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where 
_ 3 d ( G(u) n+2 y 
= 5(S) a ae 
_ (GW) d (Gu)H(u) a 
= (=) 2=( = ) G(u)H (u) er ba 


Now the idea is to choose H such that S$; = 0. A direct computation shows that we shall take 


AG@j)=31-—* (- :): 
(n+2)Gtu)\n ad 


This leads to Sp = C(n, d)u!*+!/4 where 


— n/n — 1/d) n 
cin) = (4 RTE 1/a)). (11) 


Since d >n, C(n,d) > 0, with equality only if d =n. We finally get the following minoration 
of —I'(t): 


i 1d 


—I'(t) >2 
(t) eT San 


wire du+ Cond) f wre) dy. (12) 


This relation is the key to prove the inequalities of this paper. First abord, we will derive from 
(12) the classical Sobolev inequality by saying that C(n, d) > 0 and then we will enhance by 
taking into account all terms of the right-hand side. 


5. The classical Sobolev inequality 


In this section we give an alternative way to prove Sobolev inequalities. Those inequalities are 
already known on manifolds with Ricci curvature bounded from below by a positive constant. 
A good reference is [2,9]. Usually the inequality is obtained by compacity argument, and the con- 
stant may not be optimal. Then a discussion on extremal solutions to the inequality gives the best 
constant. Our method however gives the best known constant directly, without discussion, and 
proves that it is a consequence of hypothesis about curvature and dimension on the operator A. 
We should also mention that there are other ways to prove that these Sobolev inequalities exist, 
using curvature—dimension assumptions only. One is explained in [3]: first, the author proves a 
stronger form of the logarithmic-Sobolev inequality, called “weak Sobolev inequality,” and man- 
ages to establish a Sobolev inequality, however, the constant might not be optimal. Then again 
a clever discussion implies that the constant can be chosen the same as in classical Riemannian 
theory. However in this paper we prove the inequality with the best known constant “directly” by 
associating to an inequality a partial differential equation. 


Lemma 5.1. Let for0 <i <2: 


E(t) = [ ue,9- du. 


M 
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Then the following differential inequality holds for t > 0: 
—E}(t) > AES(), (13) 


where the constant A depends on d, n and p as follows: 


_ @-)0=1/d) 
~ PG 1/nd—-2 


Proof. First let us calculate E\ (t). Recall that wu is the solution to (E). Since M is compact the 
integrations by parts are valid and 


B= fa-1yay tui = fa 1/d)Au!-V/4y-V/4 
= -fa —1/d)P (ul /4,u-'/*) dy. 


Recall that € = —(d — 1)u7'/¢. Then 


1 
Ei()= 5 fre. (14) 
In the same way we show that 
By) = 2 utd ne), (15) 


Replace f ul (€) and Af wa yer (€) in formula (12) by their expressions given in formulae (14) 
and (15) and estimate from below the term with C(nd) by 0. This gives the proposition. 


Corollary 1. For « = 1/2 — 1/d we have the classical Sobolev inequality: 


(/ A) -fPesKaa” five 


where K(n, d) is defined in Theorem |. Letting d > n gives the Sobolev inequality with critical 
exponent. 


2 
’ 


Proof. First let us study the behavior of u(t, -) as t > oo. First note that by Hélder inequality 
E\(t)< ne ¢ and recall that Ep = f f does not depend on t. Hence EF; is bounded and there- 
fore there exists a diverging sequence f, such that lima E 1 (tk) = 0 (we leave it to the reader). 


From formula (14), if wa = 1/2 — 1/d, this implies that 


lim fF (u(t.)®) dn =0. 
Co 
M 


602 J. Demange / Journal of Functional Analysis 254 (2008) 593-611 


which from the classical Poincaré inequality on M implies that 


2 
Him [| ( fw.) = "| du=0. 
M 


Once again the sequence f u(t, -)% is bounded and therefore, up to a subsequence, we can sup- 
pose that it has a limit /”. Thus, up to a subsequence, u(t,, -) converges to / a.e. Now thanks to 
the form of the PDE (E) we also know that max u(t,, -) < max f. Hence the convergence also 
holds in any L?, p > 0. Hence, for p = 1 we see that / = { f (y is normalized). 

Lemma 5.1 ensures that the function 


m(t) = Ej (t) + AEy(t) 


is non-increasing. Hence a posteriori m(0) > limsup,, m(t,). AS we saw limgo E} (t,) = 0, and 
limo E2(t,) = Cf f)'-?/4 (since u(t,, -) > 1 in L'~/4), Therefore 


a{{ f s|"-f | < E\(0). (16) 


Note that from formula (14), 


F 4(d — 1)? ; 
£0) = | rr ). 


This proves the proposition. 


Note that we can specify the rate at which the solution converges to f f. A consequence of 
Lemma 5.1 shows that if M = 2o0(1 — 1/d)/(. — 1/n), then 


—1'(t) > Mmax(f)'/47(1), 
which implies an exponential decay of J (t), and more precisely, thanks to formula (14), 
/ |Vu(t, alk < / |v f|? exp(—M max(f)~!/4"). 
This result can however be slightly enhanced: see Section 8. 


6. Differential relation between entropy and information 


In this section we prove a differential relation between E2(t) and E,(t) (or [(¢)) which 
improves Lemma 5.1 and proves Theorem 1. Let us begin with a lemma which is a direct conse- 
quence of Cauchy—Schwarz inequality. 


J. Demange / Journal of Functional Analysis 254 (2008) 593-611 603 


Lemma 6.1. For any smooth €: M > Randu:M > Rx, u £0, we have 


furre dus Sul E)du fy ul V4) du 
Ty V4 dp fy udp 


M 
Proof. Note 6 = 1/2 + 1/(2d). Just develop the numerator D of the right-hand side in M x M 


and use Cauchy—Schwarz inequality: 


ps i i; u(x)! u(y) PEO) (E)(9) duelx) d(y) 


MxM 


= i ik [ue(x)®ue(y)!-8 PE)(x)] [u(y)®u(a)! “4-8 PE) )] dpa) dy) 


MxM 


1/2 1/2 
< fureran( fuan) ([us4au) 
M M M 


Now Lemma 6.1 and inequality (12) bring about the following. 


Proposition 6.1. Let for0 <i <3 


B= f uty! ay, 


M 


Then the following differential inequality holds for t > 0: 


—E{(t) > AE,(t) + poe. OLO (17) 
fee ee VEO ES)’ 
where the constants A and B depend on d, n and p as follows: 
d—1)(1—1/d d(d—1 
fj ees and B=C(n,d) ( ) 


ET Taa—2) =D 


and C(n, a) is defined by formula (11). 


Proof. Replace [ u!+!/d -(&)? dy of formula (12) by the minoration given by Lemma 6.1 and 
then replace ce ul (€) and cf a as (€) by their expressions given in formula (14) and (15). 
This gives the proposition. 


7. Integration of the differential inequality 


First note that Ey does not depend on ¢ since (£) is a mass-preserving equation. Then since 
u(0,x) = f(x), Eo = J, mu J du. In this section we integrate a weaker version of inequality (17). 
Indeed, the presence of £3(t) and FE; (tf) lead us to use the following Holder majorations: 


d-3 


E\(t)< JEoEx(t) and E3(t) < Ex(t)™. 
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Therefore inequality (17) becomes: 


B 3d-8 
—E{(t) 2 AE,(t) + pai (t)E,(t)Eg(t) %, (18) 
0 


and can be put into the following form. 


Proposition 7.1. 


d 
a (E) (t)(E2(t)) + Av (En(t))) <0, 


where wf is a primitive of @ and 


B 4-2) 7 
p(x) =exp| ey 2 
Ey d 


Proof. Remark that inequality (18) reads as follows: 


b'(E2(t)) 
b(E2(t)) | 


d d 
0> EY (1)p(E2(t)) + Ej () 7 9(E20) ae ATW (E20). 


OF E(H+ AES) + EV OES) 


This is exactly the result mentioned in the proposition. 


We now are able to prove Theorem | stated in the introduction. 


Proof. Recall from the proof of Corollary 1, that there is a subsequence ¢ diverging such u (tz, -) 
converges to] = { f a.e. and in any L?, p > 0. 
Proposition 7.1 ensures that the function 


m(t) = Ey (t)b(E2(t)) + AW (E2(0)) 


is non-increasing. Hence a posteriori m(0) > limsup,, m(t). AS we saw limgo EF (t,) = 0, and 
limgo Er(ty) = (f f)!~7/4 (since u(t, -) > 1 in L'~?/4). Therefore 


UTA) 


Note that from formula (14), 


, 4(d — 1)? » 


Now if we recall the definitions of ¢ in Proposition 7.1 and of C(n, d) in formula (11), then we 
get exactly the inequality of Theorem 1. 
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We will now formulate a weaker inequality. This is an Entropy—Logarithmic energy inequality 
which looks like the one obtained in [1,3]. In fact, letting d + oo gives that inequality (since 
it makes use of the heat equation). These inequalities imply the classical non-critical Sobolev 
inequality (which we proved by our method in Section 5) by simple use of inequality log(1+ x) < 
x, x > 0. Other classical proofs can be found for instance in [9], they do not however consider 
the improved form using log function. Here it appears as a weaker form of Theorem 1. 


Corollary 2. Take the notations of Theorem 1. Then 


(J) J ain( em fee) 


where Ky = L(n, d)d/(4(d —2)K(n, dy(f bia ac) and ke = KK (n,d). Moreover we have the 
classical Sobolev inequality: 


([.)- Jer <nmar fer 


Letting d — n gives the Sobolev inequality with critical exponent. 


Proof. The second inequality comes from the first one using inequality log(1 + x) < x. For the 
first one, observe that if x <u < y and 6 =d/(4(d — 2)), then 


uP — xP > ByP-lw — x). 


Now choose x = f f?% and y= (f f)*%. Then 


y 

: — 

Pay fee Sire —¥4)) de> Kilexp(r' ~ 9-0. 
x 0 


Use this inequality and Theorem | to get the first inequality of Corollary 2. 


8. Application to the convergence of the solution 


As was shown in the last sections there is a sequence ft, such that u(f,,-) converges to { f 
a.e. as k — oo. However we can be more precise. What is well known that the logarithmic- 
Sobolev inequalities give informations on the decay of the solutions to heat equations towards 
equilibrium. In this section, we give estimates on the convergence of the solutions of porous 
media equations, using the improved Gagliardo—Nirenberg—Sobolev inequalities of this paper 
instead. The strategy is similar to Section 5 however. Will give an explicit bound on the H!- 
norm of u(t,-)~ which is more precise than the one given in Section 5. This is easily obtained 
thanks to formula (17). Note that the functional inequality itself will not give information on the 
behaviour of the norm of gradients of the solution but only on Hélder norms (the function S in 
the following). However, the method used in this paper provides such an information, due to the 
computation of E4(t). 
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Keep notations of Theorem | and note / = / f '~2/d Tet u(t, -) be the smooth solution of the 
Porous Media equation (E) starting from f > 0 smooth, and note a = 1/2 — 1/d. Let for t > 0, 
S(t, -) be the nonnegative function, 


S@,)= (/ fp) we, 420 f sy (we.o- fr), 


K = 2p(d — 1)/(d?(1 — 1/n) max f'/“) 


Let 


and 


L(t) =[1-¥'(WO — ZO) exp—Kr)Je™". 


Let A =2p =e and C(n, d) > 0 be given by formula (11) and 


D(n, d) = C(n, d)(d — 1)?/(d — 2)’. 


A’ = Amax(f)7!/4, I = |v fo 
We have the following estimates for both Hélder norms and H! norms. 
Theorem 2. 
i) Fort >0 
IS@. lay SEO" ™. 


(ii) Moreover, for t > 0 we have 


al2 Ale 4" 
vu, "P< es, (20) 
A+ D(n,d)I(1 — e74") 


(iii) Finally we have the following estimates: 


log|| S(t, - d—1 —I/d 
anda giS@, dizi <2 p( ) (/ +) . (21) 
t—>00 t d?(1—1/n) 
log|| Vu (t, -)|I2 1—1/d ae 
iiag ee oO eg te fs (22) 
t>00 t 1-—1/n 


Proof. First remark that a simple convexity argument implies that S(t, -) > 0. Let us apply The- 
orem | to u(t, -). Note / = Ee and Z(t) = W(l) — w(E2(t)). Therefore 


,d(d — 2)? 


1G nT Mead 


Z(t) < o(E2(t))K(n, d)~ 


_9)2 
< #(Ea(0)) Kn dy! FE man ff ul, 
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since u(t, -) < max f. By (15) 
Z(t) < @(Ex(t)) K~' ES (0), 
where K = 2e(d — 1)/(d?(1 — 1/n) max f!/¢). In other words, 
KZ(t) < -Z'(t). 
This yields that Z(t) exp( Kt) is a non-increasing function of t. Thus 
Z(t) < Z(0) exp(— Kt). 


Rewriting this in a different form leads to 


i, S(t,+) =1 = Ex(t) <1! (WO — ZO) exp(-K). 
With the notations, the right-hand side equals L(t) exp(— Kt). Then obviously 


vO — W(E2(0)) 
ol) 
Moreover, a simple convexity argument shows that L(t) </ — E2(0). 


For the last part of the theorem, by (17), the estimation u(t, -) < max f and Hdlder inequality 
we get 


lim L(t) = 
t- ce 


I(t)” 


—I'(t) > A'T(t) + Cn, d) max (fr maya 


This autonomous differential inequation is equivalent to 


= (tos IO) ))s A’ 
di\ =| A+ Cm, dymax(fy-/41(9 |} 8’ 


which leads to formula (20) of the theorem, since 


10)= > oP five u(t, |? 


This proves (i) and (ii). (iii) is a direct consequence of (i) and (ii). For instance (i) gives that 


log|| S(t, - d—-1 
finaap giS@, dizian <-2 pC ) 
1-00 t d?(1—1/n) 


(max f)7!/¢, 


The semi-group property of the solution, which tells that u(t +s, -);>0 is the solution starting 
from u(s, -) at tf = 0 implies that f can be replaced by u(s, -): 


log|| S(t, - d—-1 
<p || SC Mav 5 p( ) 


l —1/d 
pares t ~  “d2(1—1/n) , 


(max u(s, )) 
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The same argument can be derived from (ii). So it is clear that (iii) is obtained as soon as 
limy,_,o9 Max u(s, +) = g f. This is done in Lemma 8.1. 


We shall note that the exponential decay of S(f, -) implies the exponential decay of ||u(t, -) — 
l) I since the Taylor formula and the inequality min u(t, -) < max f imply: 


S(t, x) >a(1/2 + 1/d)/2(u(t, x) — 1)? max( fy "2-1/4. 


Note also that we can have precise estimates only if we include the term max /f in the formulae 
(i) and (ii). However, this is not convenient, since this quantity is not conserved along the path, 
unlike the quantity f Ff which appears in (21) and (22) of (iii). In this sense (iii) gives a candidate 
to be the precise rate of decay of the solution: we suspect that in (i) and (ii), the rate of decay of 
(iii) is still valid, even if this implies modifying the function in front of the exponential. However 
we are not able to prove it yet. 


Lemma 8.1. With the notations of Theorem 1 
lim max{u(t, )} — / fd. 
100 
M 


Proof. This proof is just an adaptation of the work made in [3] by D. Bakry: here we deal with 
the semi-group given by the Porous Media equation, which of course is nonlinear, whereas in [3], 
the author studies the convergence towards equilibrium for linear semi-groups. However, there is 
no big difficulty in proving Lemma 8.1. Let m(t) and p(t) be two functions and f be the smooth 
strictly positive starting function of u(t, -). The idea is to differentiate 


Ut) =e" llurlla@: 
As in [4, Théoréme 3.3], we have that 
GT AG) pny? ‘ pW) 
U'(t) = —— | Epay(ur) — | Epa (us) +m) J up) ), 
PO fun OE BONE 
where for any function g, and real number p, 


Ep(e)= fg? loge? du ([ eran) log f eau, 
M 


M M 
En(g)=— f agi ngr 
M 
Of course, the generator of the semi-group is Ag!~!/” 
equality 


instead of Ag. Therefore, using the in- 


Vg.p Ep(g) 2 (maxg)/"(1 — 1/n) / P(g,g?"')du, 
M 
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and reasoning as in [3, Théoréme 3.3], we see that U(r) is non-increasing as soon as 


p(t)*(1—1 
ee cos = p(t) and m(p(t))(max f)~'/"(1— 1/n)=m'(n), 


and a logarithmic-Sobolev inequality with constants c(p) and m(p) holds for given functions c 
and m and p lying in an interval [a, b]: 


E,(g) <c(p) (Ee) +m(p) [ «?an). 
M 


Thus, Théoréme 3.3 of [3] is true with a change of time v = (max fyi —I/n): 
Jute x v9], <e" lf lla. 
with 
b b 
= / as and m= [rw du. 
Uu u 
a 
As a result, the subsequent propositions of [3] still hold up to the correct change of time. Hence 


limsup fusllos < f fn. 
[> ~ 
M 


On the other hand, it is obvious that ||w;||oo > fur = f f. The lemma then follows. 


Note that by adapting the argument of [3] to our semi-group as in the proof of the previous 
lemma, we can get the uniform convergence towards equilibrium, and give precise estimates. 


9. Another Sobolev inequality 


In this section we will not detail the proof, since we use the same arguments as in the previous 
sections and in [7]. We present a Sobolev inequality, still valid under positive curvature, that 
generalizes the one of the n-dimensional sphere S”. The idea is to consider the modified Porous 
Media equation, as in [7]: 


du = div{uV(—(n — 1)u'/" + T)}, 


starting from a smooth function f. Here T > 0 is a given function (we will give the assumptions 
later). Once again the idea is to differentiate the energy function: 


I(t)= i uj (-— Du" +7) du. 
M 


The calculus is similar to the one of the previous sections, except that we must consider the terms 
in which T appears. So if € = —(n — 1)u7!/" + T, and S = — — T we get that 
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j n—1 1-1/n n+1 
=I'(t) =2— ] up" Py(&) du +2—— | u, HessT (VE, Vé)dut R, 
n n 
M 


where 


2 nN ijn 2 
R=—= fu Hessé(3VE — 2VT, VE) i rs, Ss du. 
n n— 
M 


Now we must use the general curvature—dimension inequality of [7] to give a minoration of the 
term with I. This leads to 


=1'() 22 f wHess T(E, V6) +20 f ul"), 


The reader sees that if we have conditions on T such as 


Hess T > (-4r+a)e. aeéR, 
Wee 


then if T= —(n — 1)v7!/", 


_I'(t)> fur(s Que — #) du= / iu( —208 a e) du 
uz (x) 


-5f( i | -20(—(n — 1)s7/" + T(x) 


M ‘v(x) 


af —_(-« —1)s7Vn 4 ro) | i) du(x). 


Now we integrate the last inequality between 0 and oo, assuming that v has the same integral 
as f (and hence limgy u(t; -) = v(-)). This leads to the theorem below. 


Theorem 3. Let n > 2 and M be an n-dimensional Riemannian manifold, with a curvature 
bounded below by a positive constant p, a metric g, and equipped with a function T > 0 satisfy- 
ing: 
p 
Hess T > ee wee g, aeR. 
AS 


Put T =(n—1)v~"/". Then for any smooth positive function f such that | f =f v, we have 


E(f) <I(f), where 


np= f £r(-0- If /" +T) du, 
M 
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v(x) 
E(n)= | [ [-22-e- nel +709) 
M ‘f(x) 
+2 (m= s+ ren) as d(x). 


On the sphere, the reader can verify that this gives the optimal Sobolev inequality with T 
being any first eigenvalue of the Laplacian (modulo a constant). Indeed, in this case, the terms in 
which T appears in J and E cancel each other. 


10. Conclusion 


This paper, together with [7,8], concludes the study of Sobolev inequalities in manifolds M 
with Ricci curvatures bounded from below and eventually equipped with special functions as in 
[7,8], with the help of the porous media equation: 


a 
= = Au” + div(uVT), 


where | — 1/dim(M) <a < 1 and T is a special function. Now since Sobolev inequalities can 
be derived on R” through mass-transportation techniques (see [11]), we can wonder if this is 
the case on manifolds such as the sphere or the hyperbolic space, or more general Riemannian 
structures. 
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Abstract 


In 1960 Pukanszky introduced an invariant associating to every masa in a separable I, factor a non- 
empty subset of N U {oo}. This invariant examines the multiplicity structure of the von Neumann algebra 
generated by the left-right action of the masa. In this paper it is shown that any non-empty subset of NU {oo} 
arises as the Pukanszky invariant of some masa in a separable McDuff II, factor containing a masa with 
Pukanszky invariant {1}. In particular the hyperfinite II; factor and all separable McDuff II; factors with a 
Cartan masa satisfy this hypothesis. In a general separable McDuff II, factor we show that every subset of 
N U {00} containing 00 is obtained as a Pukanszky invariant of some masa. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Pukanszky invariant; Masa; McDuff factor; I, factor 


1. Introduction 


In [12] Pukanszky introduced an invariant for a maximal abelian self-adjoint subalgebra 
(masa) inside a separable II, factor, which he used to exhibit a countable infinite family of sin- 
gular masas in the hyperfinite II; factor no pair of which are conjugate by an automorphism. 
The invariant associates a non-empty subset of N U {oo} to each masa A in a separable II, fac- 
tor N as follows. Let A be the abelian von Neumann subalgebra of (L?(N )) generated by A 
and J AJ, where J denotes the canonical involution operator on L*(N). The orthogonal projec- 
tion e4 from L?(N) onto L?(A) lies in A and the algebra A’(1 — e,) is type I so decomposes as 
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Fig. 1. Symbolic description of the multiplicity structure of A,. 


a direct sum of type I,,-algebras. The Pukanszky invariant of A is the set of those n € N U {oo} 
appearing in this decomposition and is denoted Puk(A). See also [13, Section 2]. 

There has been recent interest in the range of values of the Pukanszky invariant in various 
II, factors. Nesheyev and Stgrmer used ergodic constructions to show that any set containing | 
arises as a Pukanszky invariant of a masa in the hyperfinite II, factor [7, Corollary 3.3]. Sinclair 
and Smith produced further subsets using group theoretic properties in [13] and with Dykema 
in [4], which also examines free group factors. In the other direction Dykema has shown that 
sup Puk(A) = oo, whenever A is a masa in a free group factor [3]. 

In this paper we show that every non-empty subset of N U {oo} arises as the Pukanszky in- 
variant of a masa in the hyperfinite I]; factor by means of an approximation argument. More 
generally we obtain the same result in any separable McDuff I]; factor containing a simple 
masa, that is one with Pukanszky invariant {1} (Corollary 6.2). These factors are the first for 
which the range of the Pukanszky invariant has been fully determined. Without assuming the 
presence of a simple masa we are able to show that every separable McDuff II; factor contains 
a masa with Pukanszky invariant {oo} and hence we obtain every subset of N U {oo} containing 
oo as a Pukanszky invariant of some masa in these factors (Theorem 6.7). In particular, there are 
uncountably many singular masas in any separable McDuff factor, no pair of which is conjugate 
by an automorphism of the factor. 

Section 4 contains a construction for producing masas in McDuff II; factors. Given a McDuff 
II, factor No we shall repeatedly tensor on copies of the hyperfinite II; factor—this gives us 
a chain (Ns) 9 of II; factors whose direct limit N is isomorphic to No. We shall produce a 
masa A in N by giving an approximating sequence of masas A, in each Ny such that As C As41 
and defining A = (U2) As)”. This idea has its origin in [16] working in the hyperfinite IT, 
factor arising as the infinite tensor produce of finite matrix algebras, although using finite matrix 
algebras can only yield masas with Pukanszky invariant {1}, [17, Theorem 4.1]. 

In the remainder of the introduction we outline the construction of a masa with Pukanszky 
invariant {2, 3}. Initially we shall produce a masa A; in N such that the multiplicity structure 
of A; (the algebra generated by the left-right action of A, on L?(Nj)) is represented by Fig. 1. 
By this we mean that e is a projection of trace 1/2 in A and that AjeJeJ and Ave Jer are 
both type I, while AjeJetJ and Aie+ JeJ are type Ly. 

At the second stage we subdivide e and e+ to obtain four projections in Az and arrange 
for the multiplicity structure of Az to be represented by the left diagram in Fig. 2. We then 
cut each of these projections in half again and ensure that the multiplicity structure of A3 is 
represented by the second diagram in Fig. 2, where 1’s appear down the diagonal. It is important 
to do this in such a way that a limiting argument can be used to obtain the multiplicity structure 
of A=(AU JAJ)". If this is done successfully, then the multiplicity structure of A will be 
represented by Fig. 3, where the diagonal line has multiplicity 1. If we further ensure that the 
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Fig. 2. The multiplicity structures of A and A3. 


Fig. 3. The multiplicity structure of A. 
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Fig. 4. Mixed Pukdnszky invariant structure of the masas D;, Dy, D3, D4. 


projections used to cut down the masas A; in this construction generate A, then the diagonal line 
in Fig. 3 corresponds to the projection e4 with range L?(A) and this is the projection explicitly 
removed in the definition of Puk(A). The resulting masa A will then have Pukanszky invariant 
{2, 3} as required. 

To get from Fig. | to the left diagram in Fig. 2 in a compatible way, we ‘tensor on’ the diagram 
in Fig. 4. This is done by producing masas D;, D2, D3, D4 in the hyperfinite I], factor R such 
that (D; U JD;,JY is type I; unless 7, j is the unordered pair {1,2} or {3,4}. In these cases 
(D; U JD; J) is type I5. Given projections e1, e2, e3, e4 in A; with e = e; + e2 and et =e3+e4 
and tr(e;) = 1/4 for each i we shall define Az in N27 = Ni ® R by 


4 
Ar = @ Ate ® D;. 


i=1 


In this way Az has the required multiplicity structure. 

In Sections 2 and 3 we develop the concept of mixed Pukanszky invariants of pairs of masas 
to handle the families (D;), which we will repeatedly adjoin. The main result is Theorem 3.5, 
which ensures that the family D;, D2, D3, D4 above, and other families in this style can indeed be 
found. In Section 4 we give the details of the inductive construction and in Section 5 we compute 
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the Pukanszky invariant of the resulting masa. We end in Section 6 by collecting together the 
main results. 


2. Mixed Pukanszky invariants 


In this paper all II; factors will be separable. In this way we only need one infinite cardinal 
denoted oo. We shall write Noo for the set N U {oo} henceforth. 


Definition 2.1. Given a type I von Neumann algebra M we shall write Type(M) for the set of 
those m € Noo such that M has a non-zero component of type In. 


Given a II, factor N, write tr for the unique faithful trace on N with tr(1) = 1. For x € N, 
let ||x||2 = tr(x*x)!/*, a pre-Hilbert space norm on N. The completion of N in this norm is de- 
noted L?(N). Define a conjugate linear isometry J from L7(N) into itself by extending x +> x* 
by continuity from NV. 


Definition 2.2. Given two masas A and B ina II, factor N define the mixed Pukdnszky invariant 
of A and B to be the set Type((A U JBJ)’), where the commutant is taken in B(L?(N)). We 
denote this set Puk(A, B) or Puky (A, B) when it is necessary. Note that Puk(A, A) = Puk(A) U 
{1} for any masa A, the extra | arising as the Jones projection e, is not removed in the definition 
of Puk(A, A). 


It is immediate that Puk(A, B) is a conjugacy invariant of a pair of masas (A, B) in a I, 
factor, i.e. that if 9 is an automorphism of N we have Puk(A, B) = Puk(@(A), 0(B)). If we 
only apply @ to one masa in the pair then we may get different mixed invariants. For an inner 
automorphism this is not the case. 


Proposition 2.3. Let A and B be masas in a I, factor N. For any unitaries u,v € N we have 
Puk(uAu*, vBv*) = Puk(A, B). 
Proof. Consider the automorphism 0 = Ad(uJvJ) of B(L*(N)), which has @(A) = uAu* and 


O(JBJ) = JvBvu* J. Therefore (A U JBJ)’ and (uAu* U J(vBvu*)J)’ are isomorphic, so have 
the same type decomposition. 


The Pukanszky invariant is well behaved with respect to tensor products [13, Lemma 2.1]. So 
too is the mixed Pukanszky invariant. Given E, F C No write FE: F ={mn|me E,neé F}, 
where by convention noo = oon = oo for any n E Noo. 


Lemma 2.4. Let (Nj)iez be a countable family of finite factors. Suppose that we have masas 
A; and B; in N; for eachi € I. Let N be the finite factor obtained as the von Neumann tensor 
product of the N; with respect to the product trace and let A and B be the tensor products of the 
A; and Bj, respectively. Then A and B are masas in N. When I is finite, 


Puky(A, B) =| | Pukw, (Ai, Bi). 


iel 
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If I is infinite, and each Puky, (Aj, Bi) = {ni} for some nj € Noo, then Puky (A, B) = {n}, where 
n= IL, nj, when all but finitely many n; = 1, and n = ©, otherwise. 


Proof. That A and B are masas follows from Tomita’s commutation theorem, see [6, Theorem 
11.2.16]. Suppose first that J is finite. For each i € J, let (Pi.n)neN,, be the decomposition of the 
identity projection into projections in (Aj U JB; J)" C B(L?(N;)) such that (A; U JB; J)' Din is 
type I, for each n € Ngo (some of these projections may be zero). Then given any family (7;); 
in Noo, Pp = Wjez Pin; is a central projection in (AU J BJ)’ and (AU J BJ)'p is type Im where 
m=T[]j<, ni. All these projections are mutually orthogonal with sum 1. Therefore Puky (A, B) 
consists of those m such that p 4 0 and this occurs if and only if all the corresponding pj,n; 
appearing in the tensor product are non-zero. These are precisely the m in | ];.; Pukw, (Aj, Bi). 
Suppose J is infinite and each Puky, (Aj, Bj) = {n;}, for some nj € Noo. Let Aj = (Aj U 
JB, J)’ C B(L?(N;)) and A‘, the commutant of A; in B(L?(N;)). Let A= (AU JBJ)" in 
(L?(N)) and A’ the commutant of A in this algebra. The Tomita commutation theorem gives 


A = ® Ave (L?(N;)) = B(L?(N)). 


Since each A; ~ A; ® M,,;, where M,, is the nj x nj matrices (or B(H) for some separable 
infinite-dimensional Hilbert space when n; = oo). Thus 


Pies (4) ® (@™.,) ~ ASM, 


so A’ is homogeneous of type I,,. 


Given two masas A and B ina II, factor N we can form the algebra M2(N) of 2 x 2 matrices 
over N. We can construct a masa in M7(N) 


(3 p)={(5 p)lee4re at. 


which we denote A 6 B—the direct sum of A and B. In [13] it is noted that if B is a unitary 
conjugate of A, then the Pukanszky invariant of A @ B can be determined from that of A (and 
hence B). Indeed we have 


Puk(A @ wAu*) = Puk(A) U {1}, 


whenever u is a unitary in N. The initial motivation for the introduction of the mixed Pukanszky 
invariant was to aid in the study of the Pukanszky invariant of these direct sums since 


Puk(A © B) = Puk(A) U Puk(B) U Puk(A, B), 


whenever A and B are masas in a II; factor N. As we shall subsequently see, the Pukanszky 
invariant behaves badly with respect to the direct sum construction. In the next section we shall 
give Cartan masas A and B in the hyperfinite II, factor such that Puk(A @ B) = {1, n} for any 
n € Noo, and given non-empty sets E, F, G C Ngo we shall construct, in Theorem 6.4, masas A 
and B in the hyperfinite II, factor such that Puk(A) = FE, Puk(B) = F and Puk(A, B) =G. 
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Hence it is not possible to make a more general statement about the Pukanszky invariant of a 
direct sum than 


Puk(A ® B) D Puk(A) U Puk(B). 
3. Mixed invariants of Cartan masas in R 


In this section we shall construct large families of Cartan masas in the hyperfinite II; factor, 
each masa will have Pukanszky invariant {1} by virtue of being Cartan [11, Section 3]. Our 
objective will be to control the mixed Pukanszky invariant of any two elements from the family. 
We start by constructing a family of three Cartan masas in the hyperfinite II; factor and then use 
Lemma 2.4 to produce the desired result. 


Lemma 3.1. For each n € Noo there exists Cartan masas A, B,C in the hyperfinite Il, factor 
such that Puk(A, B) = {n} while Puk(A, C) = Puk(B, C) = {1}. 


We shall first establish Lemma 3.1 when n is finite. The lemma is immediate for n = 1, take 
A = B =C to be any Cartan masa in the hyperfinite II, factor. Let n > 2 be a fixed integer 
until further notice. Since any two Cartan masas in the hyperfinite II; factor are conjugate by 
an automorphism [2], we shall fix a Cartan masa A arising as the diagonals in an infinite tensor 
product and then construct B = 6(A) and C = ¢(A) by exhibiting appropriate automorphisms 6 
and @ of R. Let M denote the n x n matrices and Do denote the diagonal n x n matrices, a masa 
in M. Write (e:)"=4 for the minimal projections of Do so e; has | in the (i,7)th entry and 0, 
elsewhere. Let 


0 0 0 
ae Se 0 
w= . : . 
Oe ea Pe a Fi 
I, 20: ~jee (Ge 70 


a unitary in M, which, in its action by conjugation, cyclically permutes the minimal projections 
of Do. That is we; w* = e;—; with the subtraction taken mod n. The abelian algebra generated by 
w is amasa D, in M, which is orthogonal to Do [10, Section 3]. Write ( cae for the minimal 
projections of D,. Define 


n-1 
v=) w' @ fi (1) 
i=0 


aunitary in Dj) ®D; CM@M. 

We shall produce A, B and C in the hyperfinite II, factor R realised as (@2, M)”. Let 
A =(@& Do)”. For each r consider the unitary u, = 1°°—) @ v, which lies in M®°T) CR. 
All of these unitaries commute (as they lie in the masa (7, D1)” in R) and satisfy wu” = 1. We 
are able to define automorphisms 


6= lim Ad(u,u2...uy), p= lim Ad(u,u3us ...U2-41) 
roo ro 
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of R with the limit taken pointwise in ||.||2. Convergence follows, since for x ¢ M®” we 
have usxu* = x whenever s > r and such x are ||.||2-dense in R. In this way @ and @ define 
*-isomorphisms of R into R. As 0” = I and @” = I (since the u,s commute and each u? = 1), 
we see that 0 and ¢ are onto and so automorphisms of R. Define Cartan masas B = 6(A) and 
C = @(A) in R. The calculations of Puk(A, C) and Puk(B, C) are straightforward. 


Lemma 3.2. With the notation above, we have Puk(A, C) = Puk(B, C) = {1}. 
Proof. We re-bracket the infinite tensor product defining R as 
R=(MQ@M)8(M@M)®B.--- 


so that R is the infinite tensor product of copies of M @ M. Since u2,+, lies in 1°77 @ (M @ 
M) we see that @ factorises as TA Ad(v) with respect to this decomposition. Lemma 2.4 
then tells us that Puk(A, C) is the set product of infinitely many copies of Pukyg@y(Do ® Do, 
v(Do ® Do)v*). Since Dp ® Do and v(Do ® Do)v* are masas in Mp ® Mo a simple dimension 
check ensures that Puky@y(Do ® Do, v(Do ® Do)v*) = {1} and hence Puk(A, C) = {1}. 

Observe that Puk(B, C) = Puk(@(A), @(A)) = Puk(@—!@(A), A). As all the u, commute, we 
have 


@ '00= lim Ad(uzu4...ur,) 
r>oo 
with pointwise ||.||2 convergence. This time we re-bracket the tensor product defining R as 
R=M®(M@M)®(MOM)®@---, 


and since u2, = 127"-! @vE1@1%2"—) @(M @ M), we obtain Puk(B, C) = {1} in the same 
way. 


The key tool in establishing that Puk(A, B) = {n} is the following calculation, which we shall 
use to produce n equivalent abelian projections for the commutant of the left-right action. 


Lemma 3.3. Use the notation preceding Lemma 3.2. Forr =0,1,...,n — 1 let &, denote f, 
taken in the first copy of M in the tensor product making up R, thought of as a vector in L?(R). 
For any m > 0, 11, 12,---5 Jims Js J2>-++> Jm =9,1,...,n — Landr,s =0,1,...,n — 1 we have 


(i, @ 7° ® Cin Er O (Cj, ® s @ Chm) Es) 12(R) = San Or, (2) 


Proof. We proceed by induction. When m = 0, (2) reduces to (&,, &;) = dp gn | which follows 
as (&,, €;) = tr(f; f,*) and ( tes are the minimal projections of a masa in the n x n matrices. 

For m > 0 observe that 0(¢;, @--- @ €;,,) =u1...Um(ej, @--- ® Cy easy: With the 
subtraction in the subscript taken mod n, we have 


n—-1 
Um (ej, ® eis ® en, = ej ® ue ® Cim-l ® (Se ® ‘) 
k=0 


from (1) and we;,,w* = e;,,-1. Therefore 


S. White / Journal of Functional Analysis 254 (2008) 612-631 619 
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n—-1 
= (« ® on ® Cin EU oe mci( ® oe @ C jn 1 @ yey @ fa) phe it) 


k=0 


n—-1 
=0( Ole Bi Bein) fr «m1 (Cj, @ +++ @ Cj 1 @ Cj KU yy «UT Lg) ® n) 
k=0 


n—l 
— (a @-++@ej,) fru ...Um—1 («1 @---@e;,_, ® eit) if) 
k=0 


=n"'tr((e;, ®-+- @ ein) f-O(e;, ® ++ @ ej,_, ® VD f*) (3) 


as the f; in the third line is the only object appearing in the (m + 1)-tensor position and tr is a 
product trace. This produces the factor n—! =tr( Sx). We obtain (3) as €;, @--- @e;,,_, @ 1 lies 
in M2"—) s0 O(ej, @ +++ @ €jn_; @ 1) =U... Um—1(Cj, @ +++ @ Cjy,_, ® Lu*_,...ur. 

Now 0(f;) = f, for all r (since each vu», commutes with f,) and @ is trace preserving. In this 
way we obtain 


((€;, @ +++ ® Cin EO (ej, @ +++ @ € jn), Es) 
=n 'tr(O7! (€;, @ ++ ei, ) fej, @-+ @ej,_, @ VF*). 


We now apply the same argument again giving us 


((€i, +++ ® Cin )ErO (Cj, @ +++ @ Cj), Es) 
=n tr(O"(€;, @ ++ @ei,_, @ fre, @-+- @ej,_, ® VF) 
=n te((ej, @ +++ @ Cin 1) fr9 (Cj, ® +++ ® jn) FP) 
=n *((e;, @ +++ @ €in_ )ErO (Ej, @ +++ @ jy, 1), Es). 


The lemma now follows by induction. 


We can now complete the proof of Lemma 3.1. 


Proof of Lemma 3.1. We continue to let n > 2 be a fixed integer and let A and B be the masas 
introduced before Lemma 3.2. Let C be the abelian algebra (A U JBJ)” in (L?(R)). We con- 
tinue to write &- for f, (in the first tensor position) thought of as a vector in L?(R). For each r, 
let P, be the orthogonal projection in B(L*(R)) onto Cé,, an abelian projection in C’. 

Since elements (€;, ®---@j,,) frO(€j, @---@e;,,), where m > Oandij,...,im, jis ---s jm = 
0,1,...,2 — 1, have dense linear span in Ce. Lemma 3.3 implies that P, is orthogonal to P, 
when r 4 5. Furthermore, for each m, the elements 


(Ci, @--- @ i,) frO(ej, @ ++ @ej,_, @V) 


620 S. White / Journal of Functional Analysis 254 (2008) 612-631 


indexed by ij,...,im, ji,---,Jm—1, =9,1,...,n — 1 are nem pairwise orthogonal non-zero 
elements of M®”, the n™ xn’ matrices. Therefore, M®” is contained in the range of Po + 
P, +---+ P,—1 for each m so that ae, P,=1. 

It remains to show that all the P, are equivalent in C’, from which it follows that C’ is homo- 
geneous of type I,,. Given r 4 s we must define a partial isometry v,,, € C’ with v;.5 vp saPs 
and vu; ,v;,s = P,. Lemma 3.3 allows us to define v;,; by extending the map &, +> & by (A, B)- 
modularity. More precisely define linear maps 


vl) : Span(D>” f-6(D>”")) > Span(D>” f,0(De”")) 
by extending 
vw? (ei, @ +++ @ in) frO (Cj, +++ @ Cjn)) = (Ci, @ +++ @ Cin.) fs (Cj, @ +++ @ Cn) 


by linearity. Lemma 3.3 shows that these maps preserve ||.||2 and that pint D extends vl, Let 


vy,s be the closure of the union of the yf 


's- This is patently a partial isometry in C’ with do- 
main projection P, and range projection P,. Hence Puk(A, B) = {n} and combining this with 
Lemma 3.2 establishes Lemma 3.1 when n is finite. 

When the n of Lemma 3.1 is 00 we take a tensor product. More precisely find Cartan masas 
Ao, Bo, Co in the hyperfinite II; factor Rg such that Puk(Ag, Bo) = {2} and Puk(Ao, Co) = 
Puk(Bo, Co) = {1}. Now form the hyperfinite II; factor R by taking the infinite tensor product 
of copies of Ro. The Cartan masas A, B and C in R obtained from the infinite tensor prod- 
uct of copies of Ag, Bp and Co have Puk(A, B) = {oo}, and Puk(A, C) = Puk(B, C) = {1} by 
Lemma 2.4. 


Remark 3.4. By fixing a Cartan masa D in a II; factor N we could consider the map 6 t> 
Puk(D, @(D)), which (by Proposition 2.3) induces a map on Out NV. This map is not necessarily 
constant on outer conjugacy classes, as the automorphisms @ and ¢ of the hyperfinite I, factor 
above have outer order and obstruction to lifting | so are outer conjugate by [1]. 


Let us now give the main result of this section. 


Theorem 3.5. Let I be a countable set and let A be a symmetric matrix over Noo indexed by I, 
with A;; = 1 for alli € I. There exist Cartan masas (Dj)je1 in the hyperfinite 1 factor such 
that Puk(D;, Dj) = {Ai,;} for alli, j <I. 


Proof. Let J and A be as in the statement of Theorem 3.5. For each unordered pair {i, j} of dis- 
tinct elements of 7, use Lemma 3.1 to find Cartan masas (pi } )rez in the copy of the hyperfinite 
Il, factor denoted RJ} such that 


fj} nls — [Anat tos} =f i, 
Puk(Dr »Ds ane otherwise. 


This is achieved by taking pe? =A, DPe = B and pe) =C forr 4i,r ~ j where A, B,C 
are the masas resulting from taking n = Aj;,; in Lemma 3.1. Now form the copy of the hyperfinite 


S. White / Journal of Functional Analysis 254 (2008) 612-631 621 


Il, factor R = Qi, ROI and masas D, = @x De? for r € J. Lemma 2.4 ensures these 
masas have 


Puk(D;, Dj) = {Ai,;} 


for alli, j € /. 


We can immediately deduce the existence of masas with certain Pukanszky invariants. The 
subsets below where first found in [7] using ergodic methods. 


Corollary 3.6. Let E be a finite subset of No with 1 € E. Then there exists a masa in the 
hyperfinite 11, factor whose Pukdnszky invariant is E. 


Proof. If we work in the n x n matrices M,(R) over the hyperfinite II; factor, and form the 
direct sum A= D; ® D2 ®--- @ D, of n Cartan masas, then 


Puk(A) = {1} U|_] Puk(Dj, Dj). 


i<j 


The corollary then follows from Theorem 3.5 by choosing a large but finite 7 and appropriate 
values of A;,; depending on the set E. 


All the pairs of Cartan masas we have produced have had a singleton for their mixed Pukan- 
szky invariant. What are the possible values of Puk(A, B) when A and B are Cartan masas in 
a II, factor? 


4. The main construction 


In this section we give a construction of masas in McDuff II, factors, which we use to establish 
the main results of the paper in Section 6. We need to introduce a not insubstantial amount of 
notation. Let No be a fixed separable McDuff II, factor and for each r € N, let R“ be a copy 
of the hyperfinite II, factor. Let N, = No @ R @--- ® R™ so that with the inclusion map 
Xt xX @ Lpo+y we can regard N, as a von Neumann subalgebra of N41. We let N be the direct 
limit of this chain, so that 


love) dd 
N= (% 5@x”) 
rel 


acting on L?(No) ® (scehaeet L?(R). The II, factor N is isomorphic to No and we shall regard 
all the N;- as subalgebras of NV. 

Whenever we have a masa D inside a I, factor, we are able to use the isomorphism between D 
and L°°[0, 1] to choose families of projections e” (D) in D form éN andi=(i1,...,im) € 
{0, 1}””, which satisfy: 


(1) For each m the 2” projections e” (D) are pairwise orthogonal and each projection has 
trace 27”; 
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(2) For each m and i = (ij, ...,im) € {0, 1}” we have 


ef (D) = PD) + t(D), 


iv0O ivl 


where i VO= (i1,...,im,0) andi V1=(j,...,im, 1); 
(3) The projections e!”(D) generate D. 


In the procedure that follows we shall assume that masas come with these projections when 
needed. 

For m € N andr > 0, let I(r, m) denote the set of all i = Gi, ...,i) where i0-9) = 
(i, ae — jo Oh: dined if) ) € {0, 1}""*5 is a sequence of zeros and ones oF length m + s. In this 
way the last sequence, i”), has length m and each earlier sequence is one element longer than 
the following sequence. We have restriction maps from J (r,m) to I(r — 1,m + 1) obtained by 
forgetting about the last sequence i”). Note that i~)) has length m + 1 so that this restriction 
does lie in J(r — 1,m-+ 1). We can also restrict by shortening the length of all the sequences. In 
full generality we have restriction maps from /(r,m) into I(s,/) whenever s <r and] <<m+ 
r—s.Giveni €I(r,m) andk € I(s,1) (fors <r andl <m+r-—s) write i > k if the restriction 
of i to [(s,1) is precisely k. When i € I(r, m) for some r, we write i|; for the restriction of i 
to I(s, 1) for s <r. We take i|_; = j|_ 1 as a convention for all i, 7 € I(r, m). 

The inputs to our construction are a masa Ag in No and values Ay = = a E Noo for all r = 
0,1,2,... andi, j € 7(r, 1) with i ¥~ j and i|,_; = j|,_1. We regard these as fixed henceforth. 


Fori el (0, m), define f, (Oum) = ex) (Ao). Suppose inductively that we have produced masas 


As C Ns for each s < r and that, for each m €N, projections ( foe I(s,m) iN As have been 
specified such that: 


(i) Foreachm € N ands <r, the | (s,m)| projections orn ier ean) are pairwise orthogonal 
and each has trace |I(m, s)|~!; 


(ii) For each m € N, s <r andi € I(s,m) we have 


(s,m) __ (s,m+1), 
fs De. gr 


JEl(s,m+1) 


j2i 


(iii) For any s<t <r andi e€J/(s,m+t-—s) we have 


(s,m+t—s) __ (t,m) 
fi =) ff", 


jel (t,m) 
jzi 


noting that in this statement we regard the f-”"+'—*) as lying inside N;; 
(iv) For each s < r the projections oa ) |meéEN, i € I(s,m)} generate As. 


Note that conditions (iii) and (iv) ensure that A, C A;. 
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To define A;+1, use Theorem 3.5 to produce Cartan masas (DO): e764) in R°+) such 
that when i 4 j we have 


Puk(DI'+), D°+?) = (AMI) let = jlr-1, (4) 
d {1} otherwise. 
Let A;+1 be given by 
Ars = QB re Q pe (5) 
iel(r,1) 


a masa in N, @ RU+) = N,+1, which has A; C A;+1. To complete the inductive construction 
we must define 7 ie: fori € 1(r +1, m) ina manner which satisfies conditions (i)—(iv) above. 
Given m € N andi € I(r + 1, m), let i’ be the restriction of i to I(r, m + 1) and recall that i|, is 
the restriction of i to I(r, 1). Now define 


1 1 1 
jai ,m) = fs" »m+ @ PRR Oo ), (6) 


Since Ae oes )) this does define a projection in A,+;. That the fe satisfy the 
required conditions is poutine: We give the details as Lemma 4.1 below for completeness. 


Lemma 4.1. The projections Go) er defined in (6) satisfy the conditions (i)—(iv) 
above. 


Proof. For m € N fixed, the projections ( ieee 1(r+1,m) are pairwise orthogonal and have 
trace |J(r + 1,m)|~! as the projections ( - ame I(r,m+1) ate pairwise orthogonal with trace 
[T(r,m+ Hj? and the projections Ce (DEF) eyo, are also pairwise orthogonal and each 
have trace 2~””. In this way the projections for A,+ 1 satisfy condition (i). 


For condition (ii), fix i ¢ I(r + 1,m) for some m € N and let i’ be as in the definition 
(r+1,m) 
of f; . Now 


(r+1,m) (r,m+1) (m) (r+1) 
Fs fi Bey (Dy, ’) 
(r,m4+2) (m+1) (r+) (m+1) (r+)) 
Ds fy @ (ernyo(Pii,) + ejervy1 (Pi, ) 
jel (r,m4+2) 
j'>i' 


+1,m+1 
ne lead 


Jel(r+i,m+l) 
j>i 


from condition (ii) for the for and the second condition in the definition of the el” (D). 
This is precisely condition (ii). 
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We only need to check condition (iii) when f =r + 1, so take s << r,meéEN andi € I(s,m+ 
r+1-—s). By the inductive version of (iii) we have 


(symtr+l—s) _ (r,m+1) 
f = eee 


Jel (r,m+1) 
j2i 


For each j € I(r,m-+ 1) with j >i we have 


(r,m+1) (r,m+1) (m) (r+1) 
fj @ lroty = le @ se eer (Dj, ) 
f+) €f0, yr 


= ye es ely 


kel(r+1,m) 
k>j 


where j|, is the restriction of j to I(r, 1). Therefore, 


pa a LS ~ fe DEN 


kel(r+1,m) 
k>i 


which is condition (iii). 
For j € I(r, 1), the projections i indexed by k € I(r,m) with k > j generate the 
cut-down A; fj (“)) Hence the projections f, ee ,forie T(r +1,m) with i > j generate 


l 
A id YD pe, In this way we see that the projections a ™ forie I(r + 1, m) generate 
ae which 1s condition (iv). 


This completes the inductive stage of the construction. We have masas A; in N, for each r 
such that A; @ lav+y C Ar+41. We shall regard all these masas as subalgebras of the infinite 
tensor product II; factor N, where they are no longer maximal abelian. Define A = (Ur6 A;)", 
an abelian subalgebra of R. For r > 0 we have 


ALN N=A, @ RID BROS... 


so that for x ¢ N, C N we have Ea;nn(x) = E4,(x), where Ey denotes the unique trace- 
preserving conditional expectation onto the von Neumann subalgebra M. As A, CAC ANN C 
Al..N we obtain E4(x) = Eyiqy (x) for any x € haar N,. These x are weakly dense in N so 
A=A'NN isa masa in N, see [9, Lemma 2.1]. 


5. The Pukanszky invariant of A 


Our objective here is to compute the Pukanszky invariant of the masas of Section 4 in terms 
of the masa Ao and the specified values A Following the usual convention, we shall write A 
for the algebra (A U JAJ)", an abelian subalgebra of B(L(N)). 
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Lemma 5.1. Let A be a masa produced by means of the construction described in Section 4. 
Then 


lee) 
Puk(Ay=() LJ Type(A A? sj). 
r=0 i,jel(r,1) 
i#j 


ilp-1=J|r-1 


Proof. Fix s >0,m €N andi € I(s,m). Let r =s +m — 1, so that condition (iii) gives 


(s,m) (r, 1) 
Ge Dear 


Condition (iv) shows that the projections rai for m € N andi € I(s, m), generate As. Hence 
every As is contained in the abelian von Neumann algebra generated by all the gn fori e€ 
I(r, 1) and r > 0, so these projections generate A = (°°, As)”. 

Writing B, for the abelian von Neumann subalgebra of N generated by the projections 
CR ienGains Lemma 2.1 of [9] shows us that 


lim |Eprny (x) — Eq(x)|, =0 
roo 


for all x € N, where Ey denotes the trace-preserving conditional expectation onto the von Neu- 


mann subalgebra M of N. It is well known that Egray = Dera Fekee spas! in this case, 
so 


_ 4 (r, 1) (r,1) 
eas lim, APIA, 
iel(r,1) 


with strong-operator convergence. Hence 


[o,e) 
tov) Peds 


r=0 i,jel(r,1) 
iAj 
ilr-1=Jlr-1 
so the only contributions to the Pukanszky invariant of A come from the central cutdowns 
1 1 sk Sie tt ope : . 
APO Df? FT for r > 0, i, § € 10, 1) with i A j and i|p—1 = jl. 


For s > 0, write A; for the abelian von Neumann algebra (As U JAs J)” C (L?(N,)). For 
the rest of this section we shall denote operators in (L?(N;)) with a superscript (S) Since 


(L?(N,41)) = B(L?(Ns)) @ B(L?(R&T?)) 


we have T“) @ I,2(p0+n) € B(L?(N,41)) for all T® € B(L*(N,)). We shall write TS+) for 
this operator, and 


T=T® Tr2(R6+) ® 172(Ro+2) ++: 
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for this extension of 7“) to L?(N ). We refer to these operators as the canonical extensions 
of T®). For T®) € As, we have T“+) € As.) and T € A, since Ay C As+1 C A. Let p, denote 
the orthogonal projection from L?(N) onto L?(N;). 


Proposition 5.2. Let s > 0 and T“) € B(L?(N,)). Then T € A\, if and only if the extension T 
lies in A’. Also psA' ps = Ay. 


Proof. Let T € B(L?(N)) lie in A’. For each s and x € Ay, we have DsXPs = XPs = PsX 
and psJxJps = JxJps = psJxJ. Then psTps commutes with both x and JxJ and hence 
lies in A’. This gives psA’ps C Aj and shows that if T is the canonical extension of some 
T) € B(L?(N,)), then T® € A’. 

For the converse, consider T“) € Aj, and take x € As+1 so that 


iy 
x= ys age @y; 


icI(s,1) 


for some x; € As and y; € prey by the inductive definition of As+; in Eq. (5). Then Tot) 
commutes with x since T°) commutes with each x; f i) . Similarly T°+) commutes with JxJ, 
so TS+) € Ayal . Proceeding by induction, we see that 7“) € A’. for all r > s. Hence, the 
canonical aetencion T commutes with x and JxJ for all x € Ur25 Ar and these elements are 
weakly dense in A, so T € A’. For T”) € B(L?(N,)) the canonical extension T has p,T ps = 
T®), so Al C psA'ps. 


Our objective is to determine the type decomposition of the A’ fod ag Dy appearing in 
Lemma 5.1. For r > 0 and i € I(r, 1), the inductive definition (6) ensures that 


1 1 : 4 
ge =e (Ao) ® e" (D ) Ort @e\)(Dy ) 


ilo 
recalling that i|, is the restriction of i to J(s, 1). 
Lemma 5.3. Let r > 0 and i,j € I(r,1) have i # j and il|p—-, = jlp—1. Let Q € 
Apes, (Ao) Je, (Ao) J be a non-zero projection such that Avg is homogeneous of 
type Im for some m € Noo. Then, writing Q for the canonical extension of Q) to L?(N), 


rc) (7,1) : 
A'f; Jf; JQ is homogeneous of type TA: 


Proof. Fix m € Noo and Q ¥ 0 as in the statement of the lemma. Observe that 


Ari fl? = AO fo & DET 


= = Agel, (Ao) & Dre (D;?) Q---® Dy) Ae () (pi )® Dem 


ilo GM 1S) 


so that 
1 1 1 0 1 1 ”" f 1 
aap” thee yor )_ = Ag o' ») Q (oy U ID}? J) en (D\o) Je fy (Dio) 


8-8 (DY Usp? J) e(De )JeQ (Di ,)1 (DEP UID DN", 


ilp-1 ilp— 
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using i|; = j|s for s =0,...,7 — 1. We are also abusing notation by writing J for the modular 
conjugation operator regardless of the space on which it operates. Taking commutants gives 


1 1 1 
ree ee yyorr ) 


= 4,0 & (DP UIDIP Ie, (DY) Je, (DB) J 


ilo 


@---B(DiP YIDP Ie (Dip, Jevn (Diy 


ilr ilp-1 


Fo (py? Usps). 


For s <r, each (Di U IDS re is maximal abelian in B(L?(R)) since DY is a 


Cartan masa so has Pukanweky invariant {1}. The masas pe where defined in (4) so that 
(pet U IDO IN is homogeneous of type TA We learn that Aap ager ror is 


homogeneous of type I,,", where m’ = mA;"}. 


Find a family of pairwise orthogonal projections (Oe pSpens with sum Q°+ and 
rl rag v ee DQery, The canonical extensions 


(Qq)o<q<m’ to L?(N) form a family of pairwise orthogonal projections in A’Q (by Proposi- 
tion 5.2) with sum Q. These projections are equivalent in A’Q as if Vt" is a partial isometry 
in ALOO+) with VOTD yOtd® — Q, and VetD* yor) = Q,’, then Proposition 5.2 ensures 
that the canonical extension V lies in WV. It is immediate that VV* = Q, and V*V = Q,. We 
shall show that these projections are abelian projections in A’. It will then follow that A’Q is 
homogeneous of type I), 

For s >r+landk, beTg, 1) with k >i and/ > j, we have 


which are equivalent abelian projections in A’ 


Aik D_ =A, fe 1) ® per 
so that 
Aner ange 2) gst) x A Ferrer? Oo ® (Det) U IDET A) 
Again we take commutants to obtain 
AGO UO Ne Sa GPT wer ume. 


Since i ~ j it is not possible for k|,_1 to equal /|;_1, so (4) shows us that oom U IDO, 
is abelian. Therefore, if ow food. (some gq = 1,...,m’) is an abelian projection in A‘, 
then eas? ee 1 ppl "J is abelian in A’ 
and satisfy 


sti: The projections age! Fens are central 


1 sl 1 1 
IAT = OIF. 
k,lel(s,1) 
k>i 
Ij 


By induction and summing over all k >i and/ > j, we learn that coe q ee <q<m' form a family 
of equivalent abelian projections in A’Q“) with sum s for every s >r +1. 
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For s >r +1 and each q, the algebras A’ Q\ = = psA'Q, Ps are abelian. Since the projec- 
tions p, tend strongly to the identity, we see that each A’ Q,, is abelian too. 


We can now describe the Pukanszky invariant of the masas in Section 4. 


Theorem 5.4. Let A be a masa in a separable McDuff WW, factor produced via the construction 
of Section 4. That is we are given a masa Ag C No and values AY = A E No for r > 0, 
i,j €1(r, 1) withi SF j and i|,-1 = j|r—-1. Then 


(oe) 
Puk(Ay=(J JAY} Type(Agetios (Ao) Seg, (Ao) J). (7) 
r=0 i,jel(r,1) 
iAj 
ilr-1=Jlr-1 


Proof. For r > 0, i, 7 € I(r, 1) with i $j and i|,_, = j|,—1, it follows from Lemma 5.3 that 


Type(A fer? If)" J) = As} - Type(Agevo, ? (Ao) U Jeo,’ (Ao) J). 


The theorem then follows from Lemma 5.1. 


6. Main results 

We start by applying Theorem 5.4 when Puk(Ao) is a singleton. 
Theorem 6.1. For n € N, suppose that No is a separable McDuff I, factor containing a masa 
with Pukdnszky invariant {n}. For every non-empty set E C Noo, there exists a masa A in No 


with Puk(A) = {n} + E. 


Proof. Let Ao be a masa in No with Puk(A) = {n} and choose the values A= Ay forr >0 
and i, j € T(r, 1) withi *$ j and i|,_1 = j|,—1 so that 


B=(A 7 PS tge tei Fgaba = ha} 


The resulting masa A in N = No produced by the main construction has Pukanszky invariant 
{n} - E by Theorem 5.4. 


Since Cartan masas have Pukanszky invariant {1}, we obtain the following corollary immedi- 
ately. 


Corollary 6.2. Let N be a McDuff Il, factor containing a simple masa, for example a Cartan 
masa. Every non-empty subset of Noo arises as the Pukdnszky invariant of a masa in N. 


A little more care enables us to address the question of the range of the Pukanszky invariant 
on singular masas in the hyperfinite II, factor and other McDuff I; factors containing a simple 
singular masa. Pukanszky’s original work [12] exhibits a simple singular masa in the hyperfinite 
II, factor. 
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Corollary 6.3. Let N be a separable McDuff factor containing a simple singular masa, such as 
the hyperfinite I, factor. Given any non-empty E C No there is a singular masa A in N with 
Puk(A) = E. 


Proof. If 1 ¢ E, a masa in N with Pukanszky invariant E is automatically singular by [11, 
Remark 3.4]. We have already produced these masas in Corollary 6.2. The hypothesis ensures 
us a simple singular masa in N. For the remaining case of some E # {1} with | € E, let A; be 
a singular masa in N with Puky,(A;) = {1} and A> be a singular masa in the hyperfinite IT, 
factor R with Puky(A2) = E \ {1}. Then A = A; ® A? is a masa in N ® R= WN. Lemma 2.1 of 
[13] ensures that 


Puk(A) = {1} U (E \ {1})U1- (E\ (1) =E. 


The singularity of A is Corollary 2.4 of [15]. O 
Next we justify the claims made at the end of Section 2. 


Theorem 6.4. Let E, F, GC Noo be non-empty. Then there exist masas B and C in the hyperfi- 
nite I, factor with Puk(B) = E, Puk(C) = F and Puk(B, C) = G. 


Proof. Let Rg be a copy of the hyperfinite II; factor and Ag a Cartan masa in Ro. An element k 
of 1 (0, 1) is of the form (k) where kK is a 1-tuple—either 0 or 1. Write 0 and 1 for these two 
elements and let e9 = i and e) = i so that eg and e; are orthogonal projections in A with 
tr(eo) = tr(e,) = 1/2. Choose the AC = Av} such that: 

E={AP |r>1,ije10,),iFii1= Ji, 7 20}, 
F={AM|r>Lijgei@DiFdia=il-1i7 21), 
G={ 


={AM |r>0, i, fe1G,D,i#iil-1 = fli 20, ) 


WV 
des 


={A? |r20, i, feIGDiFKira Hsieh i 


W 


0}. 


For r,s =0, 1, let O,,5 = (1 — ea)e,JesJ a projection in A. Now Lemmas 5.3 and 5.1 ensure 
that A’ Qo. has a non-zero I,, cutdown if and only if m € E, A’Q,,; has a non-zero I,, cutdown 
if and only if m € F, A’(Qo,1 + Q1,0) has a non-zero I,, cutdown if and only if m € G. 

We now regard A as a direct sum. Consider the copy of the hyperfinite II, factor S = eg Reg so 
that choosing a partial isometry v € R with v*v = eg and vu* = e, gives rise to an isomorphism 
between R and M2(S)—the 2 x 2 matrices over S. Define masas in S by B = Aep and C = 
v*(Ae )v. The discussion above ensures that Puk(B) = E, Puk(C) = F and Puk(B,C)=G. 
Note that Puk(B, C) is independent of v by Proposition 2.3. 


Remark 6.5. If E C Noo contains at least two elements then we can modify the construction 
in Section 4 to produce uncountably many pairwise non-conjugate masas in the hyperfinite IT, 
factor R each with Pukanszky invariant E. The idea is to control the supremum of the trace of a 
projection in the masa A such that Puk,r,.(Ae) = {n} for some fixed n € E. For each t € (0, 1), 
we can produce masas A in R and a projection e € A with tr(e) = + such that (with the intuitive 
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n 


Fig. 5. The multiplicity structure of A. 


diagrams of the introduction) the multiplicity structure of A is represented by Fig. 5, with 1 down 
the diagonal and EF \ {n} occurring in the unmarked areas. All these masas must be pairwise non- 
conjugate. 

No modifications are required to obtain any diadic rational for t, we follow Theorem 6.4 to 
control the multiplicity structure of A. For general t we can approximate the required structure 
using diadic rationals, leaving the area we are unable to handle at each stage with multiplicity 1 
so it can be adjusted at a subsequent stage. 


Remark 6.6. For a masa A in a property [-factor N, the property that A contains non-trivial 
centralising sequences for N has been used to distinguish between non-conjugate masas, see for 
example [5,7,14]. We can easily adjust the construction of Section 4 to ensure that all the masas 
produced have this property. Suppose that we identify each R with R” @ R” and we replace 
the masas Dye? in R” by Dee ® E” where E” is a fixed Cartan masa in R”. By Lemma 2.4 
this does not alter the mixed Pukanszky invariants of the family, so the Pukanszky invariant of 
the masa resulting from the construction remains unchanged. This masa now contains non-trivial 
centralising sequences for N. By way of contrast, the examples in [4,13] arise from inclusions 
H CG of aan abelian group inside a discrete I.C.C. group G with gHg~!N H = {1} for all 
g €G\H. The resulting masa £(H) cannot contain non-trivial centralising sequences for the 
II, factor £(G), [10]. 


Very recently Ozawa and Popa have shown that not every McDuff II; factor contains a Cartan 
masa. Indeed in [8] they show that there are no Cartan masas in LF 2 ® R. It is not known whether 
every McDuff factor must contain a simple masa (one with Pukanszky invariant {1}) or a masa 
whose Pukanszky invariant is a finite subset of N. We can however obtain subsets containing oo 
as Pukanszky invariants of masas in a general separable McDuff I, factor. 


Theorem 6.7. Let N be a separable McDuff I, factor. For every set E C Noo with oo € E there 
is a singular masa B in N with Puk(B) = E. 


Proof. Taking all the Ae = 00, gives us a masa A in N with Puk(A) = {oo} by Theorem 5.4 
(regardless of the masa Ag). Now use the isomorphism N = N @ R, where R is the hyperfinite 
II, factor. Let B = A ® Aj, where A, is a singular masa in R with Pukr(A,) = E. Lemma 2.1 
of [13] gives 


Puk(B) = {oo} UEU {oo} E=E. 
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In particular every separable McDuff II; factor contains uncountably many pairwise non- 


conjugate singular masas. 
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Abstract 


It is proved that every subspace of James Tree space (JT) with non-separable dual contains an isomorph 
of James Tree complemented in JT. This yields that every complemented subspace of JT with non-separable 
dual is isomorphic to JT. A new JT like space denoted as TF is defined. It is shown that every subspace of 
James Function space (JF) with non-separable dual contains an isomorph of TF. The later yields that every 
subspace of JF with non-separable dual contains isomorphs of cg and £p for 2 < p < oo. The analogues of 
the above results for bounded linear operators are also proved. 
© 2007 Elsevier Inc. All rights reserved. 
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1. Introduction 


The aim of the present work is to study the structure of the subspaces with non-separable 
dual, as well as conservation properties of operators for the two fundamental examples of sep- 
arable Banach spaces not containing £; with non-separable dual. Both examples appeared in 
the 70s and actually established the aforementioned class. The first one is the well known and 
extensively studied James Tree space (JT) invented by R.C. James [8]. The second, due to J. Lin- 
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denstrauss [10] is a function space so-called James Function space (JF). J. Lindenstrauss defined 
JF as the completion of L;[0, 1] endowed with an appropriate norm. He also pointed out that 
the Voltera operator defines an isometric embedding of JF into the space V2 of the functions 
with square (quadratic) bounded variation. At the beginning of 80s S.V. Kisliakov [9] observed 
that the Voltera image of JF coincides with the subspace Vy of the square absolutely contin- 
uous functions. He also used this intrinsic representation to provide easier proofs of the basic 
properties of JF. 

Throughout the paper we shall consider the representation of JF as ve. Notice that the sub- 
spaces of JT and vy have quite divergent structure. Indeed as is well known JT is £2 saturated. 
On the other hand, vy , rather unexpectedly, contains co. Furthermore unpublished results of 
H.P. Rosenthal, G. Schechtman and also G.D. Berg, E. Odell yield that vy contains all €, for 
2 < p < oo. These results show that ve is not isomorphic to a subspace of JT. On the other side, 
S. Buechler and E. Odell [5] have shown that JT is not isomorphic to a subspace of ae Related 
to the subspaces of JT and we we prove the following. We start with the results concerning the 
subspaces of JT. 


Theorem 1. Every subspace X of JT with non-separable dual contains an isomorph of JT com- 
plemented in JT. 


The above yields the following. 


Corollary 2. Every complemented subspace of JT with non-separable dual is isomorphic to JT. 
In particular JT is primary. 


The primary property of JT has been proved by A.D. Andrew [1]. He derived that from a 
result concerning operators in B(JT). More precisely he has proved that for every T € BVT) 
either T or J — T preserves a copy of JT with its image complemented in JT. We extend this in 
the following manner. 


Theorem 3. Let T € BUT) with T*[JT*] non-separable. Then there exists a subspace X of JT 
isomorphic to JT such that T|x is an isomorphism and T[X] is complemented in JT. 


The reader would compare the above to the classical H.P. Rosenthal’s theorem concerning 
operators with domain C((0, 1]) [13]. 

In order to describe the structure of the subspaces with non-separable dual of vy we introduce 
a new Tree-like space denoted as TF. The space TF is the completion of cog(P) under the norm 
|x ||7r = sup( sh (wee x(a))?)!/* where the supremum is taken over all “non-separated” 
(ns) families of disjoint finite segments of D. This space has non-separable dual and does not 
contain £;. Also the bases (€y)yep of TF and JT share similar properties. Namely for every 
pairwise incomparable sequence (a), of D, the sequence (ég,,), 18 equivalent to £2 basis and 
for every chain (a), the sequence (€y,)n generates James quasi-reflexive space. On the other 
hand, TF contains isomorphic copies of the “stopping time” space S? and hence it contains co 
and ¢, for 2 < p < co. The embedding of S? into TF follows from deep and intricate argu- 
ments included in the aforementioned work of Buechler and Odell and the embedding of €p, 
2 < p < ov into S? is due to Rosenthal and Schechtman. Let us point out that the corresponding 
of Theorem 1, Corollary 2 and Theorem 3, remain valid for the space TF. In particular TF is 
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primary and also does not contain isomorphs of JT. Our main goal is to establish that TF is the 
fundamental prototype for the subspaces of vy with non-separable dual. Namely the following 
holds. 


Theorem 4. Let X be a subspace of vy with non-separable dual. Then TF is isomorphic to a 
subspace of X. In particular X contains isomorphs of co and ty for 2 < p < ©. 


As consequence we obtain Buechler and Odell’s unpublished result namely that JT is not 
isomorphic to a subspace of Vy . Moreover every reflexive saturated subspace of vy has separable 
dual. As is shown in [4] every non-reflexive subspace of ve contains either co or /2. It is not 
known if every reflexive subspace of vy contains some /, for 2 < p < oo. A positive answer to 
this problem would led to the conclusion that every subspace X of Vy with non-separable dual 
is comparable with the arbitrary infinite dimensional subspace Y of Ve 

We also prove a similar to Theorem 3 for the space Ve stated as follows. 


Theorem 5. Let T € BV) with T*[(Vy)*] non-separable. Then there exists a subspace X of 
vy isomorphic to TF such that T|x is an isomorphism. 


Our approach in proving Theorem | for JT and Theorem 4 for Ve is based on the understand- 
ing of the structure of X** for X as in their statements. It is worth mentioning that the main 
advantage of the consideration of JF as vy is the complete understanding of JF** which nat- 
urally coincides with the space V2 and moreover the w*-topology on bounded subsets of V2 is 
the pointwise one. The proof of the above results relies on the following theorem concerning the 
structure of V2. 


Theorem 6. The space V» is the direct topological sum of the subspaces V3° and Ve ; 


In the above statement V;° denotes the subspace of V2 consisting of all right continuous 
functions and Ve the subspace generated by the set {x;: t € (0, 1)}, where x; is the characteristic 
function of {t}. The later is isomorphic to £2 (0, 1) under the natural correspondence. Let us recall 
that JT** ~ JT ® €2({0, 1N ). Among the differences of JF and JT is that JF is not complemented 
in its second dual. The same property also holds for the space TF’. Concerning the subspaces of 
vy with non-separable dual we prove the following. 


Proposition 7. Let X be a subspace of vy with non-separable dual. Then X** M1 ve is isomorphic 
to €(c). 


The above proposition is based on Theorem 6 and on the following recent structural result 
({3], see also [2]) which is a key ingredient for our proof. 


Theorem 8. Let X be a separable Banach space not containing €, with non-separable dual. 
Then there exists an \-unconditional family (xt*)zer in By* of size of the continuum which is 
w*-discrete and accumulating to zero. 
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It is notable that it does not seem easy to show that X** M vi + {0} without the use of The- 
orem 8. The proof of Theorem 4 lifts data from the space X** M ve into X itself by defining a 
family (fo)vepD equivalent to the standard Schauder basis of TF. Note also that in this process 
the topology of [0, 1] plays a key role. 

The paper is organized into eight sections. Section 2 is devoted to the proof of Theorem 6 
and Proposition 7. In Section 3 we study the key concept of tree families of functions. Their 
definition goes as follows. 


Definition 9. For every a € D, let fy be a function in Vy » Ua, Ja) be a pair of closed intervals in 
[0, 1]. The family F = (fo, Wa, Ja))wep will be called a tree family of functions if the following 
are satisfied. 


(1) supgep Il fall yo < +00. 
(2) For every a € D, Ja © Tex, Tung UIyany S a6 
(3) For every a € D, falyz, = 1 and supp fo CS ie 


Here by D we denote the dyadic tree, for a € D and « € {0, 1} by ae we denote the im- 
mediate successors of a in D, and Jers de denote the interiors of the corresponding intervals. 
In Section 3 we shall present an extension of the above definition, concerning tree families of 
functions with coefficients. 


Definition 10. A tree family F = (fa, Ua, Ju) wed Will be called increasing if for every a € D, 
Tyag < Iga, Ge. maxI,.9 < minJ,~,), decreasing if for every a € D, Iy~9 > I,-, and 
monotone if it is either increasing or decreasing. 


Increasing tree families of functions have been used by S. Buechler and E. Odell [5]. 
The following theorem, proved in Section 3, connects monotone tree families with the stan- 
dard basis of the space TF. 


Theorem 11. Every monotone tree family of functions (fx, a; Ju)eeD in ee is equivalent, 
under the natural correspondence, to the standard basis (€u) wep of TF. 


Beyond this result tree families have a decisive presence in the proof of Theorems 4 and 5. In 
Section 4 we state and prove some auxiliary results concerning condensation points of uncount- 
able subsets of R™ and an approximation lemma for elements of ve . The simplest form of this 
result is the following. 


Lemma 12 (Approximation lemma). Let ¢ > 0, Ig be an open interval of (0, 1), to € Ip and (gn)n 
be a sequence in vy w*-converging to Xi). Then there exists a triplet (f,1, J) where f € vy 
and I, J are intervals in (0, 1) and such that to € J oe ee i CICh,O0O< f <1, supp f Cc I, 
J ={t € [0,1]: f@ = 1}, f is piecewise linear and || f || vo = /2. Moreover there exists a finite 
convex combination h of (gn)n such that || f — h|| yo <& 
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In Section 5 we present the proof of Theorem 5. It is based on the aforementioned approxi- 
mation lemma and the following. 


Lemma 13. Let TE Ve > vy be a bounded linear operator such that the dual operator 
y bt (vey* > (Vey has non-separable range. Then the set A = {t € (0, 1): T** (x1) € “ \ {O}} 
is uncountable. 


Sections 6 and 7 are devoted to the proof of Theorem 4. Its proof, compared to the one of 
Theorem 5 is more involved. To handle this case we introduce the concept of a forest of tree 
families which is a countable collection of tree families with a precise relation between them. 
In Section 4 we prove that the diagonal family of functions, corresponding to a forest of tree 
families, is equivalent to TF basis. In Section 5, for a given X with non-separable dual, we 
establish the existence of a forest of tree families such that the diagonal family of functions is 
almost contained in X, yielding the proof of Theorem 4. 

The final section is devoted to the proofs of Theorem 1, Corollary 2 and Theorem 3. We follow 
the same scheme (i.e. tree families, forests of tree families) as in the proofs of Theorems 4 and 5. 
We also discuss the analogous results for the space TF. 

We close this section by recalling some notation and definitions mainly concerning the dyadic 
tree D, that is the set of all finite sequences a in {0, 1} included the empty sequence denoted 
by ©. The length |a| of a € D, is defined to be 0 if a = @ while if a € {0, 1}”,n EN, |a| =n. 
The initial segment partial ordering on D will be denoted by E and we will writea C 6 ifaC Bp 
and a ~ 6B. By a L B we mean that a, 6 are C-incomparable (that is neither a EC 6 nor BC a@). 
If A, B are subsets of D then we write A L B if for alla € A and forall Be Bia LB. 

A subset Z of D is called a segment if (Z, C) is linearly ordered by CE and moreover for every 
aCytC8, y is contained in Z provided that a, 6 belong to Z. For a segment Z of D, by minZ 
we denote the C-least element of Z. If Z is finite then max Z denotes the C-greatest element of Z. 
Notice that for two segments 71, Z2 of D, Z; 1 Z> if and only if minZ, L min7Z). 

A segment 7 is called initial if the empty sequence @ belongs to Z. For any a € D, let 
T(a)={y €D: y Ca}. Then clearly Z(q@) is an initial segment of D. For a, B € D, the infimum 
of {a, 8} is defined by a A B = max(Z(a) NZ(B)). 

The lexicographical ordering of D, denoted by <jex is defined as follows. For every a, B € D, 
@ <jex 6 if eithera C BP ora L B, 5-0C a and 6~1C B where 6 =a A B. Also we write 
@ <jex B if & <jex 6 and a ¥ B. The lexicographical ordering is a total ordering of D. 

The set D takes the form of a sequence (@)y,cn where n < m if either |a,| < |a@| or |an| = 
|@m| and ap <jex @m. This ordering of D (which identifies D with N) will be called the natural 
ordering of D. 

Let us point out that the lexicographical ordering <jex restricted on the incomparable pairs 
(a, 8) of D is actually induced by the corresponding one of {0, 1} when the later is naturally 
identified with the Cantor set in [0, 1]. Thus <jex is a linear but not a well ordering of D. Let us 
also note that other authors use the term “lexicographical ordering” to denote what we call the 
natural ordering. 

For a set J C R the interior of J will be denoted by I and the boundary of J by d/. For two 
closed and disjoint intervals 7, J of [0, 1] we will write J < J if max] <minJ. 

Finally the symbol | - | is also used to denote the cardinality |A| of a set A and the length |/| 
of an interval J in R. 
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2. The space V2 


In this section we provide a decomposition of the space V2 and we use it for studying the 
structure of the uncountable w*-discrete and accumulating to zero subsets of V2. We start by 
recalling the definitions of V2, vy and JF from [9] and [10]. 


2.1. Definition and basic properties 


Let f :[0, 1] > Rand for every P = {to <--- <tp} C[0, I] letag(f, P) = (eo GGa)= 
f(t))?)'/*. Then V2 = {f :[0, 1] > R: f() =0 and || fly. < 00} where || f lly, = supa2(f, P) 
and the supremum is taken over all finite subsets P of [0,1]. The space Vy is the sub- 
space of V> consisting of all f € V> satisfying that lim,_,9sup{a2(f,P): 6(P) < e} =0 
where 5(P) = maxo<i<p-1 |fi+1 — ti]. The completion of L;[0, 1] under the norm || f||j7 = 
sup(y | ( f & fd p)?)!/ 2 where the supremum is taken over all finite families {J ie of dis- 
joint intervals in [0, 1], is the space JF. Notice that vy is isometric to JF via the Voltera 
operator V(f)(t) = ris f(x) du. It is also well known (see [9]) that Way = V> and in addi- 
tion the weak* and the pointwise topology coincide on bounded subsets of V2. Moreover (see 
[4]) every f € C[0,1]M V2 is a difference of bounded semicontinuous functions defined on 
K= (Biyoys: w*). This actually yields that for every f € C[0, 1] M V2 and every bounded se- 
quence (fy)n in Ve weak*-converging to f there exists a convex block sequence (gn) of (fn)n 
equivalent to the summing basis of co (see [7]). 

We pass now to present some properties related to the points of discontinuity of the functions 
of V2. We shall need the following notation. 


Notation 1. For every f € V2, by D(f) we denote the set of all points of discontinuity of f. For 

all ¢ € [0, 1] let f(¢*) = lim,_,,+ f(s) and f(t—) =lim,_,,- f(s), where by convention we set 

f(O~) = f O) and f(1*) = f(A). 

Fact 14. For every f € V2 the following hold. 

(i) For every t € (0, 1], f(t~) = lim,_, ;- f(s) and f (t*) = limy_,;+ f (s) exist. Hence D(f) is 
at most countable. 

Gi) Drepepy IFO -— FOP? <IFIG, 29d Mien FO — FMP < IF, 

2.2. The decomposition of the space V2 


Let us define 


Vy =C[0, 1]9 vo, Vy°= Vs +({xteu: O<t< 1}) and vi = (xe O0<t< 1}), 


where x; is the characteristic function of {ft} and x;,1] is the characteristic function of [t, 1]. The 
following properties of the above spaces are easily shown. 


(1) Vy is a closed subspace of V2. 
(2) Every g € V5 is right continuous. 
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(3) The space vi is isomorphic to £2(0, 1). In particular every H € vi is of the form H = 
Yea AtXr Where A is a countable subset of (0, 1) and Y,c4|Arl? < AIP, <4 Drea lel? 


(4) The space ({X[+,1]: 0 < t < 1}) is isometric to J(0, 1], where J(0, 1] is the James space on 
the interval (0, 1]. 


The main result of this subsection is the following. 
Theorem 15. The space V2 is the topological direct sum of V3° and Ve , namely Vz = V3° ® Ve : 
The proof of Theorem 15 is based on a series of lemmas stated below. 


Lemma 16. For every f € V2 there exist r € V2 and H € vs such that f =r + H, r is right 
continuous and ||H||v, < 2|| f ll v>- 


Proof. Let f € V2 and let D(f) be the set of all points of discontinuity of f. We set H = 
reap fO — f(t*))x; and r = f — H. By Fact 14(ii) and (3) above we have that IAI, < 


All f Iv, Also Fact 14(4) easily yields that r is right continuous. 


Lemma 17. For every right continuous r € V2 and every finite subset F of D(r) there exist a 
right continuous g € V2 andh € ({Xj4,1;: O<t < 1}) such thatr = g +h, D(g) = D(r)~ F and 


Dred) BO — 8G)? = Dien r lO —re-)?. 


Proof. Let r € V2 be right continuous. We set h = rer 1 (t) —r(t~))x[r,1) and g =r—h. Then 
h and so g are right continuous functions on [0, 1]. It is easily checked that D(g) = D(r) \ F 
and that for allt €[0,1]\ F,g@—-—gt )=r@a®)—-r@). 


Lemma 18. For every g € V2, every t € (0, 1] and every ¢ > 0 there exists 0 < 6 <t such that 
sup{a2(g, P): P finite subset of [t — 6,t)}<e. 


Proof. Suppose that for some g € V2, t € (0, 1] and ¢ > O the conclusion fails. This yields 
that there exist a strictly decreasing sequence (4,)7°, of positive real numbers and a sequence 
(Px)eo, Of finite subsets of [0,1] such that for all k > 1, a2(g, Px) > € and Py C [t — dk, t — 
6x+1). But then for every n > 1, llslly, > re. a5(g, Px) > ne2, which is impossible since 
few. 


Lemma 19. Let g € V2 be right continuous such that the set D(g) of the points of discontinuity of 
g is infinite. Then for every € > 0 there exists  € Vy such that ||¢ — gly, < 64 VreD(g) g(t) — 


g(t)P +e. 


Proof. Let D(g) = {tr}Po be an enumeration of D(g). We set go = ¢ and Jp = ©. By induction 
on n > | we will construct a sequence (gn)po4 of functions in V2 and a sequence Un)re, of 
closed intervals in [0, 1] such that for all n > 1 the following are satisfied. 


(Pl) te er Tk. 
(P2) Either J, = 7,-; and gy, = gy_-1, or 1, M pice, Kk) =@ and @ ¥$ {t € [0,1]: g,() # 


Aver: 
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(P3) D(gn) © (thi, tn42,-.-}- 
(PA) [Ign — 8n-illy, < 16g) — gG)P +2/2"*?. 


Assume that the above construction has been carried out. By induction on m > 1 and using (P2), 
we have that || gx44m — selly, < Ay htm Il(gn — 8n—Wlyy> for all k > 0, and so by (P4) we get 


n=k+1 
that 
k+m ktm 
ee 
llgetem — sella, <64 D> [en — a(t) + YD €/2” ei 
n=k+1 n=k+1 


for all k > 0 and all m > 1. By Fact 14 and (1) we get that (g,,), is a Cauchy sequence in V2. Let 


|-lloo 


@ = limp gn. Since || gn — dlloo < [gn — lv. we have that g, ——> ¢ and so by (P3), we see 
that @ is continuous. Moreover setting k = 0 in (1) and taking limits the conclusion of the lemma 
follows. 

Let us pass now to the construction. Assume that for some n > 1, go,..., 8n-1 ca 
Io, ..-,; In—1 have been defined so that go = g, Jp = © and (P1)-(P4) are satisfied. If t, € eis. 9 Ak 
then we set J, = In—1 and gy = gn—1 and so (P1)-(P4) trivially hold. Otherwise by Lemma 18 
and Fact 14, we may select 5, > 0 such that the following hold. 


(a) [tn — bn. ta] N (Ooo 0 Kk) = 
(b) For every finite subset P of th —8n, tn), 02(g, P) < Ve/2"*3. 
(c) g is continuous at t, — dn and |g(t) — g(tn)| < 2|g(tr) — g(t, )I, for all t € [t) — bn, tn). 


We set In = [tn — 5n, tr]. We define g, :[0, 1] > R to be linear on J, and equal to g,_; on J \ i 
It is easy to see that J, and g, satisfy (P1)-(P3). To verify (P4) choose a subset P = {so < 
- < Sp} of [0, 1]. Since gy(t) — gn—1(t) = O for every t ¢ (t, — dn, th), in order to estimate 
02(8n — 8n—1, P) we may assume that so = ft, — dn, and Sp = ty. Since gy), is a linear function, 
by (c) above we obtain that 


p-l 
S- |en(si+t) — gals)? <4|e(n) — @(te)|°. @) 


i=0 
Moreover by (b) and (c) we get that 


pol 
S-|eGsi41) — s(si)| < sas t 18 (tn 1)— (tu)? < sas t 4am) —8 g(t, ) 
i=0 


(3) 


| 2 


Since gn—1|1, = 8l1,,02(8n — Sn—1, P) = 02(8n — g, P) and so by (2) and (3) we have that 


p-l p-l 
02(8n — 8-1 P) <2 |8nlsi41) — Sad)| +2 D- |e Gia) — g6si)|” 
i=0 i=0 


<16|e(tn) — g (te) |? + 0/2", 


and so (P4) is satisfied. The proof of the lemma is complete. 
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As we have already mentioned for every r € V2 if r € V3“ then r is right continuous. The next 
lemma states that the converse is also true. 


Lemma 20. Let r € V2 be right continuous. Then r € V5°. 
Proof. We distinguish two cases. 


Case 1. The set D(r) is finite. Then by Lemma 17 for F = D(r) there exist h €< {xpr1]: t € 
(0, 1]} > and g € V5 such thatr = g +h. Hencer € V;°. 


Case 2. The set D(r) is infinite. Then by Fact 14, ene Ir(t) — r(t~)|? < oo. Therefore for 
every € > 0 there exists a finite F C D(r), such that EDO Ir(t) — r(t~)[? < ¢/128. By 
Lemma 17 there exists h € ({xjr,11: ¢ € (0, 1]}) such that g =r — A is a right continuous function 
in Vo and Yyenigy le(t) — gt? = Diepnve Ir) — r@-)/*. Finally by Lemma 19 there 
exists @ € V5 such that ||g— lly, < 64 ieDU) |g(t) — g(t~)|? +e/2. Hence ||r — (@ +h) |] Y= 
lg — lly. < € andsor € Vy + ({xtr,1: t € (0, 1]}) = V5°. 


Proof of Theorem 15. First notice that V>°M Ve = {0}. Moreover by Lemma 16 and Lemma 20 
for every f € V2 there exist H € Ve with ||H lly, <2\| filly, and r € V5° such that f=r-+ H. 
Hence V2 = V;° ® Ve. 

We close by showing that V;° is not isomorphic to the direct sum of V; and 


({xp,13: O<t< 1}). 


Proposition 21. The sum Vy + ({Xtr,1): 0 < t < 1}) is not closed in Vp. 


Proof. It is clear that Vy N ({x{:,1: 0 < t < 1}) = {0}. So it suffices to show that the distance of 
the unit spheres of ~ and ({x[+,1]: 0 <t < 1}) is zero. Let e > 0 andn 2 1 be such that a <€&. 


Choose 0 < ty <--- <t, <1 and set f= ye 12x [t;,1]- Let 6 > 0 be such that t; — 6 > 0 and 
for every 1 <i<n—1, [tf —6,t)] N[ti41 — 54, ti41] = S. Now define g:[0, 1] > R as follows. 


(1) sO=f@itr¢ Ui (i — 4, ti). 
(2) For every 1 <i <n —1 and every ¢ € [t; — 46, 4;] g@) = fi) + Ait — ), where A; = 


(fi) — FG — 5))/8. 


Clearly g is COnUIOUS, It is easy to check that || f|lv, = |lgllv. = 1 and that ||g — flv, < 
iat ge) = ae <e. 


Remark 1. (a) Notice that the function g above belongs to vo Therefore by the same proof we 
obtain that the sum Vy + ({x[r1]: 0 <t < 1}) is also not closed in V3. 

(b) Let us also note that the natural embedding of Ve. into V2 is not complemented. This fol- 
lows from the fact that co is isomorphic to a subspace of vy and the observation that the canonical 
embedding of any separable Banach space X containing co into X** is not complemented. 
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2.3. On subspaces of Vy with non-separable dual 


In this subsection we show that for every subspace X of Vy with non-separable dual, the space 
xO Ve is isomorphic to (0, 1). 


Lemma 22. Let G be a bounded and uncountable subset of Vz such that the constant zero function 
is the unique w*-accumulation point of G. Then the set G \ ve is at most countable. 


Proof. Let G = {G;: t € T} be an enumeration of G where T is an uncountable set. By The- 
orem 15, for every t € T there exist g; € V5° and H; € Vi such that G; = g; + H,. Hence 
G\ Vi = {Gr: t € To}, where Ty = {t € T: gr £0}. 

Suppose that 7p is uncountable and for every t € 7 choose t, € (0, 1] such that G,(t,) £0. 
Our assumption for the family G yields that for every ¢t € [0,1] and every ¢ > 0 the set 
{t € T: |G_(t)| > ¢} is finite and so the set {t € T: G,(t) 4 0} is at most countable. Hence 
we may suppose that for all t € 7p, G;(1) =0. As 1 ¢ supp H for all H € Ve, we have that for 
every T € Ty, O= G_,(1) = gr (1) and soz, € (0, 1). 

Using the right continuity of g; and standard cardinality arguments, we conclude that there 
exist a closed interval [a, b] with 0 <a <b < 1, a positive real number ¢ > 0 and an uncountable 
subset I of 7p, such that for every t € [a,b] and every t € T), |g7(t)| > €. Now let A be 
an infinite countable subset of 7;. Since the support of each H, is at most countable we can 
choose fo € [a, b] LJ supp H,. But then |G_(to)| = |gz(to)| > € for all t € A which is a 
contradiction. Therefore the set Jp is countable and the proof is complete. 


Proposition 23. Let X be a subspace of vy with non-separable dual. Then there exists a nor- 
malized family H © ve 1 X** equivalent to the standard basis of £2(0, 1). Therefore X** N vi 
is isomorphic to €2(c). 


Proof. We have that X is a separable Banach space with non-separable dual and ¢; does not 
embed in X. Hence by Theorem 8 the unit ball of X** contains an 1-unconditional family G 
of size of the continuum such that 0 € V2 is the unique w*-accumulation point of G. We set 
H={G/||Glly.: GEGn vi }. Then 1 is a normalized unconditional family in ve n X** and 
by Lemma 22 we get that |71| = c. Since Ve is isomorphic to £2(0, 1), 71 is equivalent to the 
standard basis of £(0, 1) and so X** 1M vi is isomorphic to €3(c). 


3. Tree families and the space TF 


In this section we define tree families of functions with coefficients and we introduce the space 
TF. The relation of the later space with tree families is also investigated. 


3.1. Tree families of functions with coefficients 


In this subsection we introduce the concept of the tree family of functions with coefficients in 
vy extending Definition 9 in the introduction. 


Definition 24. For every a € D, let fq be a function in Ve, (la, Ja) be a pair of closed intervals 
in [0, 1] and A, be a real number. 
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The family F = (fa, Ua, Ja), Aa)aeD Will be called a tree family of functions with coeffi- 
cients if the following are satisfied. 


(TF1) supgep ll fall yo < +00. 

(TF2) For every a € D, Jy © re Tung Vly & he and [yng ON Ign) = S- 

(TF3) For everya €D, fy|j, = 1 and supp fo © Tes 

(TF4) Ag #0 and |A,~, —Aal < |Aw|/27!#!+?, for all w € D and every ¢ € {0, 1}. 


By (TF4) it can be easily shown that for every a C B, 


lAg| [Ac| Ag 
> <|Aq|<2|Ag| and |Ag—Agl < F2al+i < F2al* (4) 
Also by (TF2) we have that for every a, 8B € D, 
aCB & IpohySly and alp & yNlg=2@. (5) 


A tree family F = (fa, Ua, Ja); AwWaeD Will be called (a) increasing if for every a € D, 
max Iy-9 < min Iy~1, (b) decreasing if for every a € D, max Iy~; < min Jy~o and (c) monotone 
if it is either increasing or decreasing. It is clear that every tree family can be reordered so as to 
become a monotone tree family. Moreover note that if F is increasing (respectively decreasing) 
then for every a | B, @ <jex B if and only if max Jy < min J/g (respectively max Jg < min Jy) in 
[0, 1]. It is also convenient to use the following notation for monotone tree families. We will say 
that a tree family is 0-monotone if it is increasing and 1-monotone if it is decreasing. Similarly 
for a pair (x, y) of real numbers we will write x <g y if x < y andx <; yify <x. 

In the case Ay = 1, for all a € D the tree family of functions will be denoted simply by 
F = (fa, da; Ja))wep and the above definition coincides with Definition 9. In the sequel tree 
families of functions with coefficients will be also called tree families letting the triplet 7 = 
(fu, da; Ju), Aw)weD to give the precise meaning. 


3.2. The space TF 


In this subsection we will define the space 7F as the completion of coo(P) under a certain 
norm. First let us make the following definition. 


Definition 25. Let Z, Z;,Z2 be non-empty finite segments of D. Let a = minZ, 6 = maxZ, 
a, =minZ, and a2 = minZ2. We say that Z separates Z; and Z> if the following are satisfied. 


(i) B Lay, B L a2 and either a1 <jex B <jex @2 OF @2 <Jex B <Jex 1. 
Gi) aL ay Aap. 


A family S of finite segments of D will be called a (ns)-family if for every Z,Z),Z2 in S, Z 
does not separate Z; and Z>. 
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Let (€w) wep be the algebraic basis of coo(D). For any segment Z of D, define I* : cog(D) > R 
by Z*(x) = ever Ma, for every x = ryep Hala € Coo(D). Then 


k 1/2 
lene = wn( oar09y' 


i=1 


where the supremum is taken over all finite (ns)-families {Z; Ve , consisting of finite and pairwise 
disjoint segments of D. 

Observe that for every finite subset S of D, the family S = {{a@}: a € S} is a (ns)-family of 
pairwise disjoint segments of D. Hence for every (e)ved € coo(P), 


1/2 
( » 12) < a Mala 
aeD 


(6) 


aeD TF 


Let S be a (ns)-family of finite segments of D and S’ be a family of segments such that for every 
T’ € S’ there is J € S with Z’ C T. Then it is easily shown that S’ is also a (ns)-family. So we 
have the following. 


(1) The set {ey}yep, under the natural ordering of D, is a bimonotone Schauder basis for TF. 
(2) For every (ns)-family {ies of pairwise disjoint finite segments of D and every x = 
wen Mala € coo(D), 


k 


» 


i=1 


ye Mala 


aeT; 


(7) 


2 
TF 


2 
< 
TF 


> Lala 
aeD 


Moreover let s :D — D be the mirror map defined as follows. For any a € D, if a = © then 
s(@) = @ and if a € {0, 1}” for some n > 1, then s(q@) is the unique element of D such that 
s(a) € {0, 1}” and s(a@)(i) = 1 if and only if a(@i) = 0, for all 1 <i <n. Notice that for every 
(ns)-family S, the family s(S) = {s(Z): Z € S} is also a (ns)-family. This easily yields that 


bs Us(a)@a Sy Lala 


aeD aeD 


(8) 


TF 


TF 


for every (Ha)aeD € coo(D). 


Remark 2. Let ¢:D — D be an one to one and onto map which preserves E, that is a C £ if 
and only if d(@) EC ¢(B). It is obvious that ¢ preserves disjoint families of segments and thus 
any such ¢ induces an isometry of the space JT onto itself. In the case of TF this is not in general 
true, since the arbitrary such a @ does not preserve the (ns)-property of disjoint families. As we 
have already mentioned for ¢ the identity or the mirror map, the later property remains valid and 
thus both induce isometries of TF. This observation will be used in the sequel. 


The following theorem shows that the space TF shares with the classical James Tree space 
similar properties. 
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Theorem 26. 


(1) For any infinite antichain (an), of D the sequence (éq,,)n is equivalent to the usual basis 
of £2. 

(2) For any infinite chain (atn)°°_, of D the sequence (€q,)n is equivalent to the basis of the 
James quasi-reflexive space. 

(3) The space TF does not contain an isomorphic copy of € and the dual of TF is non-separable. 


Parts (1) and (2) of the above theorem are easily obtained by the definition of the norm of TF. 
The last part can be shown as the corresponding statement in JT (the fact that TF does not contain 
a copy of £; is also a consequence of Theorem 30 below). 

The structure of TF is richer than that of JT. This is described in Corollary 29. We start 
by recalling that the stopping time space S? is the completion of coo(D) under the norm 
Ix lls2 = supe ye 4 x(a)’)!/ ? where the supremum is taken over all antichains A of D. Re- 


lated to the space S* we have the following unpublished result which is due to H. Rosenthal and 
G. Schechtman. 


Theorem 27. The space S” contains isomorphs of co and € pfor2<p<om. 

A proof of the corresponding result for S!, ic. S! contains co and ty for 1 < p<, is 
included in N. Dew’s PhD thesis [6]. Also S. Buechler and E. Odell in [5] ve shown that every 
subspace of vy generated by an increasing tree family (fa, Ua, Ja))wep, contains co. A slight 
modification of their delicate method yields the following. 

Theorem 28. The space S* embeds into TF. 

By Theorems 27 and 28 we obtain the following. 

Corollary 29. The space TF contains isomorphs of co and ty for 2 < p < ov. 


3.3. The embedding of TF in sey 


Theorem 30. Let F = (fa, Ua, Ja)aep be a monotone tree family. Set M = supyep Il fall yo 


and C = (25M? +48M +32)!/?. Then for every n > 0 and every sequence of scalars (Ma) lal<ns 
we have that 


+ Mala 


la|<n 


<| >> La foe 


lja|<n 


>= Lala 


lo|<n 


(9) 


1 TF 


vy 
The following is an immediate consequence of the above theorem. 

Corollary 31. The space vy contains a copy of TF. 
Notice that it suffices to prove Theorem 30 only in the case of an ee tree family. Indeed 


let F’ = (f2, Ui, J) aep be a decreasing tree family. Set fo = See Ty Ia) and Jy = J5(a) 
where s is the mirror map on D defined in the preceding subsection. Then Fa = (fa, da; Ja)aeD 
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is an increasing tree family. Moreover for every n > O and every sequence of scalars (Wa )Ja|<n> 
we have that 


> beet 


|a|<n 


al DONEC 


lja|<n 


= Maa) Jel 


ja|<n 


(10) 


vo Vy 


Suppose now that Theorem 30 holds for every increasing tree family. Then by (9) and (10) we 
have that 


a ted 


ja|<n 


<| Xo mol 


jal|<n 


Gl, | 


ja|<n 


ws 
and using (8) the result follows. 


Fix for the sequel an increasing tree family F = (fy, Ua, Ja)eveD, an integer n > 0 anda 
sequence of scalars (Ue) \a|<n- Theorem 30 will follow by Lemmas 32 and 33 stated below. 


Lemma 32. || pares HMeeallTF < || ialee Mea fall yo- 


Proof. Let Jy = [J5,/%] and Jg = [mg,m{]. By the definition of the tree family, for every 
a, B © D and for every ¢ € {0, 1} we have that 


(a) ful?) €{0, 1} and fol?) =1eaC B. 
(b) fu(m’) € {0, 1} and fy(m’)=1e aC B. 


Let f = ash La fy and f = awn Mala: 

Let S = {Z|,...,Z%} be a (ns)-family of pairwise disjoint finite segments of D such that 
lf llz-= Di (Z*(f))?. Setting o; = minZ; and 8; = max Z;, by (a) and (b) above we get that 
for any ¢ € {0, 1} and any 1 <i <k, 


Tify= Yo ba =f (mb) — fi). (11) 


a;Cal Bp; 
For each 1 <i <k we will associate an ¢; € {0, 1} as follows. Let 


[k]j ={7 €(1,...,k}: Bi Loy, Bj <iex aj and a; C a;} 


and 

[kp ={fe{l,...,k}: Bj Lay, aj <jex Bj and a; Ca;}. 
Since the family S is a (ns)-family, we have that for any 1 <i <k and any « € {0, 1}, if [k]7 4 @ 
then [k];~ © — @. Now we set ¢; = 1 — « if [k ]; °#~ and ¢ er t= — [k]} = &. Let also /' 


be the interval of [0, 1] with endpoints ae and as Since a; C 6;, by (5) we have that lx < mb 


and mi" <I" and so if e; = 0 then I! = [Jp' ,mb '] while if ¢; = 1 then J’ = [m* ; rat Notice 
that in both cases J! C Tq; 


7 
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Claim 1. For everyi, j €{1,...,k} withi#Aj, 'ON =o 


Given the above claim and by sues we may assume that for any l<i<j<k, 
max J’ < minJ/. So setting P = {to <--- < toi} = Ui_, {min 7‘, max 7! }, we have that for 
everyO0<i<k—-1l, pols [tai , foi+1]. 

Therefore by (11) we have that 


k-1 1/2 
rd 2 
fllre =} 90 (f i40) — f (2) | <an(f,P) < If lyo. (12) 
i=0 
So it remains to prove the claim. To this end let i ~ j in {1,..., k}. We distinguish the following 


cases. 
Case 1. a; | a;. Then as rc I,, and Tic Taj the result follows by (5). 


Case 2. a;, a; are comparable. Then without loss of generality we may suppose that a; C aj. 
We have the following subcases. 


Subcase 2.1. 6;,a; are also comparable. Then as the segments Z; are pairwise disjoint and 
a; Ca;, we must have B; FC a;. 

Hence either eee Ca; or By 1Ca;. If 8-0 C a; then by (5) we have that Ly < mb! < 
ho ct °c m® < th and 1) Ig-~o =" : J) ie; =O then I! =F, nif! and rin 
Fi cpt mB yop °F | =o. Ife; = 1 then 1? = [m™, 1%] and again 101) C fm 1%] 0 
Tae id = ©. The case B-~1 C a; is similarly treated. 


Subcase 2.2. 6; | w;. Then either Bj <jex @j OF Wj <jex 6;. Suppose that B; <jex a; and let 6 = 
Bi Aaj. Then d~0€ f;,6~ 1 Ga; and j € [k]}. Hence e; = 0 and oa = li : mI. Since the tree 
family is increasing we have that poe i and so by (5), ii < mb! < ae. , ea ie < pt and 
1 Cs~, =[08 1,021). Therefore 1/0 1) € [Iy' ale a tle lie 1] = @. The case a; <tex Bi 
is similar. 

By the above the proof of the claim as well as of Lemma 32 is complete. 


Lemma 33. || Djgj<n Hafall yp < (25M? + 48M + 32)" I] Dgicn Haealzr. 


Proof. Fix for the following a finite subset P = {to <--- < tp} of Ig. For every 0 <i < p, set 
ZT; ={ae€D: |a| <n and tj € Iy}. It is clear that Z; is a non-empty initial segment of D and let 
6; = maxZ;. Notice that for every a « D, if a C 6; then fy(t;) = 1 andifa €7Zj, fa(t;) =0. 

Let f = Viaj<n Ho fo and f= Vial<n Hea. Then by the above we have that f(t) = 
Yial<n Ha falti) = Does, Ha falti) = Ef + (fp,() — Desf), for every 0 <i < p, and so 
setting r; = fg, (t;) — 1 we get that 


fia) — f@) = (TA — TSA) + (i416, A) — ies, (A). (13) 
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Let Qo = {i € {0,..., p— 1}: Bi = Bi41} and Q1 ={0,..., p— 1} \ Qo. Then 


p-l 
YilfGaw-f@P= [few -f@?+ VS lfaaw-Ff@/?. a4 
i=0 icQo i€Q\ 


Claim 2. i209, |f G40 — f(a)? < M?- If lize 


Proof. Indeed if 6; = Bj41 = then Z; = Zj+1 and so by (13) we have that | f(ti41) — f(ti)| = 
| fa (titi) — fo (tiles (f). Therefore 


YS lfGa-f@= >> YS [faan- Fal? 


i¢Qo la|<n {ie Qo: Bi=a} 
ae 2 AND 
<0 YO) faltin) - fats) (eA) 
ja|<n i=0 
< YP Wfallio (ee) < MPF lie 
lal<n 


and the proof of the claim is complete. 


We continue by giving an upper estimation for paren lf (tiz1) — f (t:)|?. By (13) we have 
that 


d lfGan — FQ? <2 ° (GA -TA/) + vies, Anes AP). 05) 
ieQ\ ieQ) 


Claim 3. Vic9, (G4, — FA? < 4ll flip 


Proof. ee set Zj 41 = TZ; \ Zi41 and Zj41,; = Zj4 


every i € Q), Zj ;41 and Z;+1 ; are segments of D and that Z;*, poe =Th1j ; 


(a -DYA?P <2 eo (Gia Ay +2 2 Bay’. (16) 
icQ) ieQ) ieQ, 


1 \Zj. It is easy to see that for 


ok 
— Fit Hence 


Notice that the family S| = {Z;,;41: i € Qi} consists of pairwise disjoint segments. Indeed 
assume that there exist i, j € Q; with i < j and a € D such that a € Zj,i41 NZ; j41. Then 
a € Z; 1 Z; which means that 7;,t; € Jy. AS t < tj41 < tj; we obtain that t;,; € Ig and so 
a €Tj41. But then a ¢ JZ; \ Zj+1 = Zj,i41, which is a contradiction. 

We proceed by showing that S; is a (ns)-family. So let i, j,k € Q), aj = minZ; j+1, 
a; =minZ;, j41 and a, = minZ, 441. Since Zj,;41 = Z; \ Zi41 we have that max7Z;,;41 = 
max Z; = £;. Suppose that Z;,;+1 separates Z; j41 and Z;4+1. Then without loss of generality 
we may assume that aj <jex Bj <lex ax. Since the tree family F = (fa, Ua, Ja))weD is increas- 
ing we have that max Ly, / < min/s, < max /g, < min Jy,. Hence tj < tj < tj41 <% in [0, 1] and 
since tj, th € Toy; “Aaps WE “conclude that ¢;, ti41 € Toy; ‘Aa, Lhis means that a; A ax € Z; VZj+1 and 
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so aj Aag E B; A B41. Now since Jj 341 =Z; \ Zi NZi+1) = {a € Tj: Bi A Bi41 C a} we have 
that a; A a, C a; a contradiction. 

By similar arguments it is shown that the family So = {Zj+1,;: i € Qi} is also a (ns)-family of 
pairwise disjoint finite segments of D. So 


YS GinAy <hr and SY (ThA) < Fie. (17) 
icQ ieQi 


By (16) and (17) the proof of Claim 3 is complete. 
Claim 4. <9, |ri+1e%,,,(f) — rie, PP < 120 + M)* I fllie- 


Proof. Notice that 


S- |risies,,, A — ies PP <2 ries AP +2 - [rinses A 8) 
ieQ) ieQ) ieQ, 


For every a € D set Of = {i € Q;: B; =a}. It is clear that 


ies AP < YO Yo [ries AP < at Myr YS deg, A. 


ieQ) |ja|<nicQ% lja|<nieQ* 
1 1 


Observe that for every a € D, i € Of if and only if t; € Jy \ Uy-g U Iy-1) and moreover 
Ta \ dyrgU Igy) = LUUBE, where 7, 12, I3 are pairwise disjoint intervals. So if i, j € ON 
and i < j we have that there exist €1, €2 € {1, 2,3} such that ¢; € I; and tj € I’. Notice that 
€1 # €2. Indeed otherwise t;+41 € Tx! and so Bi41 =a = B;, whichis acontradiction since i € Q). 


Hence for every a € D with |a| <n, |Qf| <3 and so 


Sree Al? <3 +My? Sek A? < 30+ MY? Il fle. 


ieQ) lal<n 


By similar arguments we get that De) rise. (AP? <3 + M)? (| f llFe- Substituting in 
(18) the proof of Claim 4 is complete. 


By (14), (15) and the above claims we obtain that 


p-l 
So | fiat) — £)|? < 25M? + 48M + 32)II flr. 
i=0 


Since the above holds for every finite subset P = {f9 < --- < tp} of Ig and f(t) = 0 for all 


te [0,1]\ Ig, we conclude that I fllye < Cll filter and the proof of the lemma is complete. 
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3.4. Some upper TF estimates 


In this subsection we will present some upper TF estimates for monotone tree families with a 
non-constant sequence (Aq)gepD which will be used in the next section. 


Lemma 34. Let (Aq)avep be a family of scalars satisfying (TF4) of Definition 24. Then for every 
sequence of scalars (ta)yeD and every finite segment T of D we have that |v yet Mahal < 
Alo + Il Veer Hala llr. 


Proof. Let 6 = maxZ. Then 


So Hote Yale 28) + Do mad 


aeL acl acl 
1/2 1/2 
<(Dimal) (Xe - 290) + lrg 
acl acl 


Let x = yer Hae and notice that {) vez [Mal*}!/? = (yer (e% (x))7}! and | Dyer Hal = 
|Z*(x)|. Since the families {{a}: a € Z} and {Z} are obviously (ns)-families of pairwise disjoint 


segments of D we have that ||x||7r is an upper bound for | °,-7 Mal and {)° ez Ie l?}/2. 


Moreover by (4), (eyez |Aa — Ag )!/2 < /2|Ag| and the conclusion follows. 


Yt, 


aeL 


Lemma 35. Let (fa, da, Ja); Aw) weD be a monotone tree family. Then for every n € N and every 
sequence of scalars ([Lw)a<n we have that 


> Haha Jay 


lja|<n 


<4C|hg| 


a Mala 


ja|<n 


TF 


Proof. By Theorem 30, || )))q) <n Hara fallyo < Cll iai<n Haraeallrr. Let F be a (ns)-family 


of pairwise disjoint segments of D such that || ae Madgeallte = ote F | yet Maral 2y1/2 
and so by Lemma 34 and (7), 


bade fal <AChel| » 


la|<n TeF 


2 y1/2 
| <LAClAgl 


>» Lala 


aeL 


a Mala 


lo|<n 


TF 


For the next lemma we need some notation already used in the proof of Theorem 30. For 
convenience we reproduce it here. 

Let (fa, Ua, Ja), Aa)weD be a monotone tree family, P = {fo < --- < tp} be a finite subset 
of [0, 1] and n > 0. For 0 <i < p=, let Z; = {a: |a| <n and ¢; € Jy} and forO <i < p—1, let 
Fii+1 = Li \Fi41 and Zi41,; =Zi+1 \ Zi. Finally M = supgep Il fall yo- 


Lemma 36. Under the above notation the following hold. 


(1) Forall0 <i < p, |\Yover, Hara fa (ti)! <2lAgl(M + 3)|| Poet, Halal zr- 
a 
(2) Pa Dees ae bedtatG|? = < 16|Ag| 2(M? + 3)|| Diwlkn fies 


650 D. Apatsidis et al. / Journal of Functional Analysis 254 (2008) 632-674 


3) ep | Deets, Hoda faltizil? < 16lAeP?(M? + 3)Il Djeicn Haeall 7p. 


Proof. (1) LetO <i < p—1 and let 6; = max7Z;. Then | er Mara falti)| < eer Model + 
|A.pl1ee6/lI fp, (ti) — 1]. Itis clear that | fg, (t;)— 1] <M+1, [16,1 < ll Deer; Meealire and by (4), 
lAg| < 2ldal. 

Hence |p, ll /II fo: (ti) — 1 < 2iAo|(M + 1)- || Duet, Maeallrr. Finally by Lemma 34, 
I ewer, Haral < 4/Aa1 + lover, Maewll7r and the result follows. 

(2) For0 <i < p—1 let Bj = max7Z;, Q; = {i € {0,..., p—1}: Bj F Bi+1}. It is easy to see 
that QO; = {i € {0,..., p — 1}: Zii41 AO} and B; = maxZ;,;+1. Hence 


p-1 2 2 
Se > Mode fo (ti) =¥ ee Hora fo (ti) 
i=0 ae; 41 ieQ) weT; i+) 
2 
2 
03 > + aa.re PC f(t —1)?). (19) 
i€¢Q) weT;j 41 ieQ\ 
By Lemma 34, 
2 
| DE Hoke <6iaa!*( yo Hale : (20) 
i€Q) aeTj i414 i€Qy eT; i+1 IF 


As we have already shown (see the proof of Theorem 30) the family {Zj,;41: i € Q1} is a (ns)- 
family of pairwise disjoint segments of D. Hence using (7), 


ys a Mala <| >. Lala (21) 
i€Qy weTj 44 TE lal<n TE 
Moreover it is easy to see that 
S- ep ae,l?(f 6:2) — 1)” < 8)Agl?(M?+1)] > Wace (22) 
TF 


ieQ\ la|<n 


Substituting (20)-(22) in (19) the conclusion follows. 
(3) The proof is identical to the above. 


4. Approximation lemmas 


In the first subsection we present some auxiliary results concerning condensation points of 
uncountable subsets of RN. To illustrate the reason of introducing the concept and proving the 
results let us point out the following. Assume that S is an uncountable subset of R? such that for 
each (t, s) 4 (t’, s’) in S we have that t 4 t’, s #5’. Then it is easy to see that there exist two tree 
families a)veD, (Ja)vep of intervals such that for every a € D, Ug xX Jy) OS is uncountable. 
However it does not seem obvious that the two families can be chosen in a monotone manner. 
The aim of this subsection is to provide tools for selecting monotone tree families. 
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In the second subsection we state and prove a lemma permitting us to lift information from 
vs into subspaces of Vy: This also a key ingredient for constructing tree families. 


4.1. On condensation points of uncountable subsets of RN 


Notation 2. Let V be an open subset of R and let x9 € V. We set V0 = {x € V: x < xo} and 
VO) = {x EV: x > xo}. Let now x = py E€ (0, 1)N and let V = Tas V; be a basic open 
nbd of x. Given k > 1 and 0 = (Oi € {0, 1%, we define the 0-part of V with respect to x to 


;.9j : 
be the set V9) — Te Vv," D x joey V;. By convention for the empty sequence @, we 
set V2.9 — y, | 


Definition 37. Let S C RN, k > 0 and 0 € (0, 1k. A point x € RN will be called (0, k)- 
condensation point of S if for every basic open nbd V of x in RN, V9") - § is uncountable. 

An uncountable subset S of RN will be called (6, k)-almost condensed if all but countably 
many points of S are (0, k)-condensation points of S. In particular S$ will be called hereditarily 
(0, k)-almost condensed if every uncountable subset S’ of S is (0, k)-almost condensed. 


Notice that for k = 0 and 6 = @ a point x € RN is (@, 0)-condensation point of S C RN 
if and only if x is a condensation point of S. Hence every uncountable § ¢ RN is hereditarily 
(@, 0)-almost condensed. 


Lemma 38. Let So be an uncountable subset of RN, ko > 0, A € {0, 1}£ and suppose that So 
is hereditarily (89, ky)-almost condensed. Then for all k > ko there exist S © Sg uncountable 
and 6 € {0, 1}* with 6) € @ such that S is hereditarily (6, k)-almost condensed. In particular for 
every k > 0 there exist S C So and 0 € {0, 1k such that S is hereditarily (0, k)-almost condensed. 


Proof. Assume on the contrary that there exists k > ko such that for every uncountable S C So 
and every 6 € {0, 1}* with 6) C9, S is not hereditarily (0, k)-almost condensed. Let 6), ..., Ag be 
an enumeration of the set {@ € {0, 1}*: @) 6}. By our assumption Sp is not hereditarily (01, k)- 
almost condensed. Hence there exists an uncountable subset So C So which is not (61, k)-almost 
condensed, namely the set S; = {x € So: X is not (01, k)-condensation point of So} is uncount- 
able. Observe that every x of S; is not (6), k)-condensation point of S;. Continuing in the same 
way we construct a decreasing sequence Sp D> S; > --- > Sg of uncountable subsets of So such 
that for every x € S; and every | <i <d, x is not (6;, k)-condensation point of S;. 

Let S = Sg. Since S C S;, every point of S is not (6;,k)-condensation point of S for all 
1 <i <d. Therefore for every x € S and for every 1 <i <d there exists an open nbd V; of 
x € RN such that A a MS is countable. Let V = ‘ae , Vi. Then V is an open nbd of x. Notice 


that V%%-4o) — (ie VFM) Ges Vee? and so V‘-%-40) 4 § is countable. Thus every 
x € S is not (6, ko)-condensation point of S, a contradiction since S is an uncountable subset of 
So and So is hereditarily (09, ko)-almost condensed. 


4.2. Approximations of the elements of va 


Lemma 39. Let (gn )n be a sequence in ve w*-converging to a function H = y~*~_, AjXt; in Ve 
Let ng € N and let {A;: 1 < j <no} be a family of disjoint open intervals of [0, 1] with tj € Aj, 
foralll<j<no. 
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Then for every € > 0 there exist a finite convex combination h of (8n)n, a family (fi}jey of 


Junctions of Wes and a family {(J;, Jin of pairs of closed intervals of [0,1] such that the 
following are satisfied. , 


(i) age Os <no, tj € Jj C Jj cl; CI,CA, 05 Ff, <L supp fj C1j, Jj ={te 
[0, 1]: ‘eo fj is piecewise iu ie Ifillye = v2 


(ii) | oe Aj fj —Allyo <@ + 2CZ jong AgP)?. 


Proof. Let ¢ > 0. Since vy contains no copy of £1, by [12] there exist a sequence (g/,)n in vy 
such that g/, > De jen Aj Xt; and IIgnllyo <a bare rey llyo SDAP i [aj [2)1/2. 

Let 6 > 0 be such that {(¢; — 6,t; + Sey is a family of pairwise disjoint open intervals in 
(0, 1) with (@¢; — 6,t; +4) € Aj. 

For each | < j < no we define a sequence of trapezoid functions (f(n,j))neNn as follows 


0 ifx ¢(t; —4,t;+ 41, 
1 if x € [tj — 587.0) + sar), 


Fin, jy) = 4 ant ; 
(tj) +2 ifxelt)—F.t)- sol, 


a 


(jx) +2 ifxe[pt+ sot + Fl. 


Since on bounded subsets of V2 the pointwise and the weak*-topology coincide, it is clear that 
eer Aj fini) aren Aj Xt; . Hence 


Yo Ai fin.) — Bn + 8, > 0 
i<no 


and therefore there exist a convex combination Dori rnQ) j<no Ai Soi) — 8x + 8p) = 
DV i<ny *i Qonei a fini) — Vai 8a + Vai Tn8, Such that 


m m m 
oo Aj (Eom) - es + yong, <6. (23) 
i<no n=1 n=1 n=1 ve 
We set h = )o_1 Mn Sn and for 1 < j < no, let Jj =[t; — patti + grat L=([tj- Sth t a a 


and fj = ae infin, j). It is Say checked that h, (ei od and {(J;, Ji)¥in satisfy the con- 
clusion of the fn: 


5. Operators on vy preserving a copy of TF 
The aim of this section is to prove the following theorem. 
Theorem 40. Let T: Vy > vy be a bounded linear operator such that the dual operator 


d bis ive > (Vy)* has non-separable range. Then there exists a subspace Y of vy isomor- 
phic to TF such that the restriction of T on Y is an isomorphism. 
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In the following we fix an operator T : Ve => vy such that TVs )*] is non-separable. 
Lemma 41. The set A = {t € (0, 1): T**(x;) € vd \ {0}} is uncountable. 


Proof. By Theorem 3.2 of [4] there exists a bounded onto linear map Q: (Vy)* — 1([(0, 1]) 
with Ker Q separable. So, since T* has non-separable range we obtain that the same holds for 
QoT*: (Vy)* — 15([0, 1]). Therefore denoting by (e7);<[0,1] the bi-orthogonal functionals of 
the usual basis of /2({0, 1]), we have that the set 


B= {t € [0, 1]: there exists x* € (Vy)" such that es (OT*(x*)) x o} 
is uncountable. 


The above yields that for every t <¢ B, T** Q*(e*) £0. Since {e*};cg is weakly discrete set 
accumulating to zero we conclude that there exists uncountable B’ C B such that the sets 


{o*(er): te B'}, [T*O* (eX): te BY} 


are uncountable weakly discrete and contained in vi (Lemma 22). In particular Tv 19 vi 


is non-separable. Since {x;: t € (0, 1)} generates ve the result follows. 


Remark 3. It is easy to see that by passing if necessary to a further uncountable subset of A 
we may assume that the supports of T**(x;), t € A, are pairwise disjoint. This is due to the fact 
that the constant function zero is the unique weak* (and so pointwise) accumulation point of the 
family {T**(Xr)}rea- 


Lemma 42. Let (€4)yep be a sequence of positive real numbers. Then there exist two monotone 
tree families F = (fu, as Ja) raaeD, F’ = (fh, Uh. J.) aep and a family of functions 
(TwaeD in vy with the following properties. 


(P1) For every a €D, ||T (Aw fa) — (fi + 1a) || < &o- 
(P2) For every a, B € D, if I, = [Ig , 1%] and Jy = [mp , m9] then rg (lg) =rp({) = rp(mo) = 
rg(mg) = 0. 


Granting Lemma 42, we proceed to the proof of Theorem 40 as follows. 
Proof of Theorem 40. Let gy =u fu, a € D. We claim that (ga)eep and (T (ga))yep are both 


equivalent to the basis (e€y)yep of the space TF. Indeed by Lemma 35 there exists C > 0 such 
that for every n € N and every sequence of scalars (a) \a|<n; 


Yo Hagel) <4Claol| >> Hela (24) 
lal<n vy lal<n TF 
On the other hand, 
1 
Ta Ye Bal ae). Sake (25) 
la|<n Vy la|<n 2) 
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By (P1) of Lemma 42 for a family (€y)q with eueD Eq sufficiently small, we have that 


Lal (ga) 


|a|<n 


S> pal fy + ra) 


la|<n 


(26) 


< 
yo 


0 
2 Vy 


By the proof of Lemma 32, there exists a finite subset P of U,ep {lj . 11, mg,m{} such that 


> Hale <en( a bahar). (27) 
TF 


|a|<n |a|<n 


Then by (P2) of Lemma 42, we obtain that 


pa ye pal fe +re).P) =an( De baler?) (28) 


% lal<n lal<n 


S> pal fy +a) 


lo|<n 


By all the above the result follows. 


It remains to prove Lemma 42. We recall that a tree family is 0-monotone if it is increasing and 
1-monotone if it is decreasing. Similarly for a pair (x, y) of real numbers we will write x <g y if 
x<yandx <j yify<x. 


Proof of Lemma 42. By Lemma 41 and Remark 3, there exists an uncountable set A C (0, 1) 
such that the following are satisfied. 


(a) For every t € A, there exists a (finite or infinite) initial segment F; of N such that T**(x,;) = 
Lijer, MiXst, € VE \ {0}. 

(b) The supports of T**(x;), S; = {si: J €F;},t € A, are pairwise disjoint. 

(c) There exists 6 > 0 such that A > 6, forallt eA. 


We set A; = 1/, t € A and we observe that T** (A; x1) = Xs, + ier j>2 Mi Xst where s; = s} 
Pea sj 


and ni = w/w for all j > 2, 7 € Fy. For every t € A we set x; = (t, 8;, A, 0,0,...) and let 
S = {x;: t € A}. By Lemma 38 and by passing, if necessary, to a further uncountable subset of A, 
we may suppose that there exists @ = (0(1), 0(2)) € {0, 1} such that S is hereditarily (6, 2)- 
almost condensed. By recursion we construct a 9(1)-monotone tree family (fv, (la, Ja), AwweD> 
a @(2)-monotone tree family (f/, 1), Jo) wep and a family (re)yep of functions of vy such that 
for every a € D the following are satisfied. 


sgn(Aq) sgn(Aq) 
Vig = (1 ~ 9 2hal+2 re (1 + Plate? ha 


then the set SO (Se x Ju x V,,,) is uncountable. 
(ii) For every B € D with |B| < ||, {03,1,,m}, mp} O suppra = 2. 


(i) If 
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(iii) For every 6 € D with |B| = |a@|, supprg M supp fp =. 
(iv) [|T Aa fa) — (fy + radllv. < €a- 


Let us point out that conditions (ii) and (iii) yield property (P2) of the lemma. Suppose that 
for some n > 0, the construction has been carried out up to all a € D with |a| <n. The initial 
inductive step, namely n = 0, is similar, and in fact simpler, to the general one and so we omit 
it. By condition (i) we have that for all @ with |a| =n and ¢ € {0, 1}, we can choose t,~, such 
that 2 ee I x Jy x V,, and Xt, be a (6, 2)-condensation point of 5. Moreover Xt ny? 
are selected such that ty~9 <#(1) fy~1 ands; <a(2) 8t,.,- We also choose no € N such that 


t t 3 
| iste: jer 7X, tgllv> < 20) saw; jeF; lay |)? < €g/2, for every 6 with |B] =n + 1. By 


Sj 
condition (b) above, we have that S;, 1 S; gf =O for B = B’ and so we can select eat ecu 


x 
Se M1 


open intervals A(j,g), j =1,. no, [B| =n+ 1 with s'? € AG.p), Aca) V{I2, , m2, mi} =o 
and for every a with |a| <n and every ¢ € {0, 1}, Lome Cc Jy . For every a with |a| <n and 
é € {0, 1}, we choose pairwise disjoint open intervals A,~, © Ja with ty~, € Ay-,. 

For every 6 with |6|=n-+ 1 we consider a sequence ( fe )n of trapezoid functions (see the 
proof of Lemma 39), converging pointwise to x,;, and supp ff. Cc Ag. We set gh = T(t, fe ) 


and we observe that (gf )n converges pointwise to T** (Ar, X1,). By Lemma 39, for ¢ = €g/2 
there exist a finite convex combination fg of cf? Yn Fp Uh, J), with supp fpS Cc is Jn = = 
{t € [0, 1]: 1: fg = 1}, and f;! JJ €fi,. - N0}7 Fig such that 


no 
oe s a7 


J=2,j€F 


< Ep. 


1%) 


Setting 4g = Ar, and rp = eg je ue i; it is easily checked that the proof of the inductive 
step is complete. a 


Remark 4. It is worth pointing out that the proof of Theorem 40 is considerably simpler than 
the proof of Theorem 4 which we shall present in the next two sections. This is due to the 
presence of the operator 7. Indeed it is proved that there exists a tree family with coefficients 
F = (fas da; Ja), AwweD such that (Aw falacD, (T (Aw fu) aep are both equivalent to the basis 
(Ce )veD of TF. Note that for (Ag fa)veD we are able to establish only that is dominated by the 
basis of TF (see Lemma 35). On the other hand, for the family (T (Aq fa)) wep it is proved that 
dominates the basis (e€y)yep of TF. The remaining inequalities are derived from the previous 
ones with the use of the operator T. 


6. Forests of tree families 


In this section we will introduce the notion of the forest of tree families. Roughly speaking a 
forest is an infinite sequence of tree families connected in a precise manner. 


6.1. The definition of the forest of tree families 


Let (En)P 9 be a sequence of non-empty finite intervals of N, with min Zp = | and 
min Ey74+1 = max E, + 1 and let Z = {(f, j)€ Dx N: j € Ejgi} = Ure (0, 1‘ x Ex). 
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For every (6, j) € Z set Tig, ;) = {(@, j): a € D and 6B Ca} and define 


|a| 
T= U Tp,j) = ED aw: Je 
(B,jJeZ n=0 


Definition 43. Let (E,)°° , Z and T be as above. 
For every (8, j) € Z let 


Fo.) = (fei Nei» Iai) Mei) (a, eT.) 
be a tree family (where we naturally identify Z(g_;) with D through the map: T(g,;) > (B~a@, j) > 
aeéeD). 

The family F= (Fp. iy)(B,peZ = (fia, j) i (a,j): Ja, j))s Ka. j))(a, {JET will be called a forest 
of tree families (determined by the sequence (E,,),), if the following conditions are satisfied. 


(FI) sup{ll fe, lly: @, 7) € T} < +00. 

(F2) For every n > 0 and (a, j1) A (@2, jo) inT with joy| = |a2| =n, Mey, j,) A Men, jo) = S- 

(F3) For every n > 1, every (8,k) € Z with |B| =n and every (a, 7) € T with |a| <n —1, 
either [(g,4) Ia, j) = @ or [p.k) S La, j) \ 0a, j)- 

(F4) For every n > 1, every (y,k) € T with |y| =n and every P = {t9 <---<tp} C14), 


p-1 1 
2 
ys (Sifaneo — flap (ti+0)| S ae ee 


(a, jyeT, lal<n \ i=0 


(F5) For every a € D, A@,1) = 1. 
(F6) For every n > | and every 6 € D with |B| =n, ° 
(F7) For every n > 3, 


jeE, Mp.’ < 1/2". 


min{|Ag, pl: [B] =n —2, j € En-2} > 2max{|acg yl: Bl =n, j € En}. 
6.2. The tree (T, x) 
On the set TJ we define the following strict partial ordering 


(a1, fi) < (2, jo) if May, jr) S Ties) 


and we write (@1, j1) = (@2, j2) if either (a1, j1) = (a2, jz) or (1, j1) < (@2, j2). 
Using (F2) and (F3) of Definition 43 it is easy to show the following properties of (J, =). 


(T1) For every (6, j) € Z, the partially ordered set (Z(g, ;), <) is naturally ordered isomorphic 
to (Dg, ©) where Dg = {a € D: B Ca}. That is (6, j) < (a, J) X (@2, Jj) if and only if 
BO Ca. 

(T2) (a, j1), (@2, j2) € J are incomparable if and only if Tie, j1) Lao, jn) = D- 

(T3) Let (Bi, j1), (B2, j2) € Z, (21, fi) © Tpy, j,)> (2, jz) © Ty, j») and suppose that (a, j1) < 
(a2, j2). Then the following hold. 
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(i) Ji € En); D) (= En, and n, <n». 
(ii) |or1| < lag. 
(iii) (1, ji) < (Ba, jz) X (@2, J). 


The above properties yield that for every (a, j) € 7 the set of all its predecessors is finite 
and linearly ordered by =. Therefore (7, =) is a tree. It is also easy to see that J has at most 
countably many roots and every element of 7 has at least two and at most countably many 
immediate successors. 

An interesting feature of the tree 7 is the structure of its finite segments which is described 
by the following fact. 


Fact 44. Let T be a finite non-empty segment of T and let {(B1, ji) ~ --- ~< (61, jy} be the 
<-increasing enumeration of the set {(B, j) € Z: TN Tg, j) 4 O}. For each 1 <k <1, we set 
TI =TN T Bg, jx)» Then the following are satisfied. 


(Q) T=Uy_m™. 

(2) Ifl > 2 then for all2 <k <1, I“ is an initial segment of Tip, j,), that is (Bx, je) = minI™. 

(3) For 1 <k <llet prp(I™) = {ae D: (a, jx) € Z} be the projection of © on D. Then 
the family {prp (I): 1<k <1} consists of pairwise disjoint segments of D. In particular 
| max prp(Z)| <|minprp(Z“*)|, forall 1 <k <1. 


By the above fact we have that every finite segment Z of J admits a decomposition into a 
finite number of segments Z"!,..., Z” of the trees Tp, ;) for (B, j) € Z. The ordered sequence 
(ZM,...,Z) will be called the analysis of Z. Moreover we will call Z vertical if I Tg, j) 
for some unique (6, 7) € Z and diagonal otherwise. 


6.3. Forests of monotone tree families and the space TF 


Given a forest F = (Fg, j)) (8, jez = (fa.j), Mia. j); Sa. jy) Aaa, eT Of tree families, 
for every a € D, let Gy = Dic, E, i) (a,j): The family (Ga)aeD will be called the diag- 
onal family of functions corresponding to the forest F. We are now ready to state the main result 
of this section. 


Theorem 45. Let F = (Fg, jy)(p,jyez = Saf) Maj Jay) A@,j (a, peT be a forest of tree 
families and let (Gqu)yep be the diagonal family of functions corresponding to F. Suppose also 
that for every (B, j) € Z the tree family F(g,;) is monotone. Then for every n > 0 and for every 
sequence of scalars (La) \a\<n We have that 


ye Lala a HaGe 


lo|<n lo|<n 


< 
TF 


6 
vy 


> Lala 


|a|<n 


TF 


where C = 32(Ao + 1)'/2(M? + 9)!/, M = sup{ll fapllyo: @ J) € T} and Ag = 
View Awal- 


The proof of Theorem 45 follows by Lemma 46 and Proposition 47 stated below which verify 
the lower and the upper 7F estimates for the family (Ga)wcp. 
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Lemma 46. Under the assumptions of Theorem 45, for every n > 0 and every sequence of scalars 
(Ha)lal<n we have that 


< 
TF 


> Mala 


|a|<n 


> HaGa 


|a|<n 


0 
Vy 


Proof. Let n > 0 and (ta)\a\<n be a sequence of scalars. By (F5) of Definition 43, F(g,1) 
is a monotone tree family of the form Fig.1) = (f(a.1), Tiat); J@1))aeD- By the proof of 
Lemma 32, we have that there exists P C U,-p(0l(a, ;) U 9 Jia, j)) such that 


PS Mala 


lo|<n 


<ea( s baht?) (29) 
TF 


|a|<n 


By conditions (F2) and (F3) of the definition of the forest of tree families, we conclude that 
for every t € P and every (a,j) € J with j > 1, f(a, j)(t) = 0. Hence for all a € D and 
allte P, Ga(t) = DieUlely E, Ka, j) fla, j) (1) — fa, (). So for all t € P, are Ma Get) = 


Val<n Ha S(a,1)(¢) which gives that 


val > ba fest P ) = a0 > HaGe.?). (30) 
lal<n la|<n 
By (29) and (30), we immediately have 


> Mala <( >» HaGe; P) < 


la|<n lal<n 


ys HaGa 


|a|<n 


(31) 


TF vy) 
We pass now to the upper 7F estimate. 


Proposition 47. For every n > 0 and every sequence of scalars (ia) \a\<n> 


ye MaGa > Lala 


a|<n a<n 
Sa ba 


<32(Ao + 1)"?(M? +.9)'? 
vy 


TF 


For the proof of Proposition 47 we fix for the following a non-negative integer n > 0, a se- 
quence of scalars (Wa) j\o|<n and a finite subset P = {to <--- < tp} of [0, 1]. 

For every 0<i<p—1 let TZ; ={(a,j) eT: la| <n andt; € T(q,j)}- It is clear that Z; 
is an initial segment of JT = (7, ~). Since fi, j)(ti) = 0 for all (a, j) ¢ Z;, we have that 
aka MaGa(t)) = ape. Maka, j) (a,j) (ti) and so by simple calculations we get that 


pol 2 
03( > HaGa.?P) =) >) MaGaltit1)-— D> HaGalt) 
lal<n i=0'|a|<n lal<n 


< 3(S(-) + So + S(4)) (32) 
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where 
p-l 2 
Si) = > ~~ Mada, j) fa,j) G+) 
i=0' (@, eTi4i\Li 
pol 2 
5o= 2 De Mak(a,j)(fo.i) (t+) — fe, t))} » 
i=0 (a, eZiNZi+1 
p-l 2 
Say) = SS Hadk(a, j) fw, j) (ti) 
i=0! (a, fyeZj\Zi+1 
Lemma 48. Under the above notations 
<8(Ao + 1)(M7 +1) > Haea 
TF 


jal|<n 
Proof. For every (y,k) € T with |y| <x, let us set 

Qy,k) = {i € {0,..., p— 1}: max(Z; NZj41) = (y, k)} 
2 


and S(y.4) = ~~ | = Mada, j) (fia, tit.) — fa, j)(t)) 


i€Q(y ky (DX ,K) 


Notice that 
n 
Som se SGeey (33) 
1=0 IYI! keg En 


Let (y,k) € T, with |y| <n. If y = © then for every k € Eg we have that 


2 
Sie. =lHelwwl SY) |fenti+) - font! <lMol ww? M 
i€Qo,k) 


and so 


Yo 8,6 < lea? AoM?. (34) 
keEEo 


If |y| =/ with }</<nandke (es —o Em, then by the definition of Q(,,x) for every i € Qy,4), 
{ti, ti+1} S Iqy,4). Hence by property (F4) of Definition 43, 


YY YS Menten - fen)? <=——— (35) 
21 
(a, ))<(7,4) i€ Qik) 2: Uh oEm| 
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Therefore 
2 
Sik) <2 > x Maka, j)( fa, titi) — S@,j)(t)) 
1€QG,4) (0, /)<(7K) 
2 
+ py PAG rl? > | fo. (tz) — fon (t)| 


i€Qyy,k) 
2 
<2: > ( .S HHal*ta.nP)( oS fe.pltirn ~ fo.n@l) 
16 Qk) (/)<(y,k) (a, j)<(y,k) 
+ 2lwyPAgol fos lly 
2 
<2/ > Ma a.pP)( ~ ye Vie.p(ts))— fe.) 
(a, j)<(y,k) (a, j)<(v,k) i€Qy,k) 
+ 2| by lg ay? M7 


1 
<2 » Jaa?) a — + Dt Pla PMP 
(a, )<(7,k) 271 Uno Em| 


<2A2,»( > a) 


22. 1 E Y (yk) 
lja|<n ‘| m=0 | 


where Avy,~) = max{|A(q,j)|: (a, J) ~ (vy, kf. 
Hence for every y € D with |y| =/ and1 </ <n, 


1 
Sa.) <2, yz DE Hal? +2M7 wy? DT ql. (36) 
kel, 9 Em lo|<n kelp Em 


By (4) we have that |A(q, j)| < 2|A,g, ;)|, for every (8, 7) € Z and every (a, j) € Tg, ;). There- 
fore by Fact 44 and property (F6) of Definition 43, we easily obtain that A?, ,, <4(Ao + 1) and 


(yk) S 
kU -g Em OW) > <4(Ao + 1). So for every 1 <1 <n, 


> Dd Sew < 8(40+ (5 Y> [Mel? + M? \- My). (37) 


IVI=l keto Em la|<n ly|=l 


By (34) and (37), we conclude that 


YE LY Sy <8o+o( Y to? +MY ay?) 


'=0 lvl=l kel) Em le|<n lyl<a 
2 

<8(Ao+1)(M?+1)] D0 Hae 
lal<n pa 


and the proof of the lemma is complete. 
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Next we provide upper 7F estimates for the quantities S(_) and S(+). 
Lemma 49. max{S(_), S(4)} < 160(Ao + 1)(M? + 9)| pare ee pe 


Proof. By symmetry it suffices to show the above for S(+). We set Zj,i41 = Zj \ Zi41 and let 
OW = {i €{0,..., p— \}: Zj,i41 4 S}. By Fact 44, for every i € OQ) there exists J; > 1 such 
that Zjj41 = eam Ts where coe 1<k <];} is the analysis of Z;,;_1 into vertical seg- 


ments of (J, <). We also set O® = {i € QO"): J; > 1}. Then 


1 2 
Si) < AS) + Sy): (2) 
where 
2 
Soe DL taken faint) 
ieQ) (@jeZ,?,, 
and 


2 


pA 
Say) = » > Hada, j) fa, j) ti) 


i (2) F l k 
ie @. DU po Te 


Claim 5. 51, < 16(Ao + I)(M* + 3)I| Diaicn Halalll Fp: 
Proof. For every (8, j) € Z we set Ox =fie QW: ae S Tp, j)}- Then 
2 


So= % DO] DD eden fenth) (39) 


BDZ iQ”. (a jyeT?,, 


where Z, = {(B, j) € Z: |B| <n and j € Ejg}}. 
Fix a (B, j) € Z, and for 0 <i < p, set 1° =T; Tp; and for 0<i < p—1, let 
(Bj) _ 7(B.3) \ 7B.J) 
ote ae ee re 
It is easy to see that for every i € O 
2 


DD > Haden fa.) = s > HaA(a,j) fa, j) (ti) 


al) (1) OW) 7B.) 
1€Qeg ) NET; ie Qeg jy NEL 


Q) 7B.) 


(sj) Ziti =T, and therefore 


2 
(40) 


Since for every 0 <i < p, it is clear that goes ={(@, jf) € Tg j: ti € Na,j} and Fig, j) = 
(fia, j) Ma, j)> S(a,j)) Ka, a. eT, ) is a monotone tree family, we can apply Lemma 36(ii) 
and so 


2 
< 16|A(g,j)/"(M* + 3) 


> Mala 


|o|<n 


(41) 


2 
i 3 Maka, j) fa, j) (ti) 


‘ 1 F ei 
1cQ ) @DET SZ) 


TF 
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By (39)-(41) we get that 


Sty <16( os Pus pl*)(M2+3)| Dd Mata 


(B, j/)€ Zn ja|<n 


2 
(42) 


TF 


Finally by (F6), VB DeZn Aw, jl? < Ao + | and the result follows. 


: ; 2 (2,1) _ 4 (p)I2 
Claim 6. Let i ¢ QO and let Say =| a peUinl®., HMad(a, j) fa, j)ti)|". Then 


2 


SS Lala 


lo|<n 


lj 
Qi) : ; 
Say < 3 lA Be. je Jw 3) 7 


k=2 


where (B2, j2) < +++ < (Bi, ji;) is the ~-increasing sequence in Z with che Cc T (Be. ik) for all 
2<k <j. 


Proof. It is clear that 


2 
3 (43) 


For every 2 << k <1; set Tee = 7; Tg, j,) and notice that Sia = shone Hence for every 
2<k<ii, 


lj 
(2,i) 
Sa <(¥] > Marea, j) fa, j) ti) 


= ‘ k 
B= a, eT 


. (44) 


> borer tean(|=| > Hada, j) Sa, j) ti) 


. k . eS 
(@, ez? , (a, j)eZ\** Jk) 


Since pe = {(@, jx) € Tip, i,): ti € Ua, j,)} and F(g,,j,) is a monotone tree family, 
Lemma 36(i) yields that 


<2, inl +3)| Se Been 


| » Maka, j) fa, j) ti) 


(a, jyeT Pk prp (Zhe) TF 
<2.) (M+ 3] DS roea (45) 
aeD TF 
where prp (Z\"*'!) = {aw €D: (a, jx) € Z}. Hence by (43)-(45) we obtain that 
li 4 2 
SE) S4U YO Geiol |) +37] YE Hele (46) 
ae la|<n i 
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For each 2 << k </; let nx be the unique positive integer with j, € En,. By property (T3) 
of the tree (J, <), we have that (nk) jy is a Strictly increasing sequence. We set Fo = {k € 
{2,..., dj}: mg is even} and F; = {k € {2,...,d;}: ng is odd}. For ¢ € {0, 1}, if F, A @ letk, = 
min F,. If Fo 4 @ then by condition (F7), doer IAB.) | < ee ry IA Big ity) //2*, where my, = 


(nk — Nky)/2. Hence Vike Fo lA(Br. ix) | & 214 (Bo sity): Similarly if F) 4 2, ker, IA(Br. ix) | 
2|A(Bx, .jx,)|- Therefore in the general case 


iF 2 2 2 
~ reas] < 2( ys; Pui!) a3 2( > Pui!) 
k=2 ke Fo 


keF, 


2 pe : 2 
B(IACBiy fig)! + IA Be, vie?) S 8D) Be. jay? (47) 


Substituting (47) in (46) the proof of the claim is complete. 


Claim 7. $2, < 64(M? +.9)Il Djaicp Hala llZp- 


Proof. For each i ¢ Q®), let F; = {(B, j) € Z: Ti,i41 Tg, 7) 4S}. By Claim 6 we have that 


> Mala 


ja|<n 


(48) 


Sty = DE Sy < 32 +3?( oe oe aol?) 


ieQ) ie Q®) (B, j)ExFi 


where ,F; = F; \ {min F;}. It is easy to see (using similar arguments as those in the proof of 
Theorem 30), that Zj,;41Z;,;41 = 9, for all i, j ¢ Q© with i ¥ j. Since .F; C Zj,i41 for all 
i € OQ), we have that ,. F; Nx. Fj = © for every i, j € Q°) with i ¢ j. Moreover Uiego ee 
{(B, j) € Z: 1 < |B| <n}. Therefore by (F6), 


n n 
1 
SSS Penh <> > Rear <Dig Ss! 


1€Q2 (B,j)ExFi k= |Bl=k je Ex k=1 
and so by (48) we get that 
2 2 
Sty <32(M +3) > Lule 7 < 64(M? +9) > Male 3 (49) 


|a|<n |a|<n 


and the proof of Claim 7 is complete. 


By (38), Claim 5 and Claim 7 the proof of Lemma 49 is also complete. 


Proof of Proposition 47. It follows easily by (32), Lemma 48 and Lemma 49. 
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7. The embedding of TF into subspaces of Vs 
This section is devoted to the proof of the following. 
Theorem 50. Every subspace of vy with non-separable dual contains an isomorph of TF. 


The above theorem extends Corollary 31 and moreover yields that every subspace of TF with 
non-separable dual contains a copy of TF. 

In order to prove Theorem 50 we will show that for every 5 > 0 and every subspace X of ee 
with non-separable dual there exists a forest F of monotone tree families such that the diagonal 
family of functions corresponding to F is 6-almost contained in X. If this has been achieved then 
the result will follow by Theorem 45. 


Lemma 51. Let X be a subspace of vy with non-separable dual. Then there exists a con- 
stant Mo > 0 such that for every 5 > 0 there exist a sequence (En)p° 9 of successive intervals 
of N, a forest F = (fa, j), Ta,j)s Jaf): Ma, j)) (a, eT Of monotone tree families determined by 
(En)po.9 and a family (ha) wep of elements of X, satisfying the following properties. 


(L) Djez nl? < Mg and for every (a, j) €T, Il fanllys = V2. 
(2) ued IIGa — ha llve <6, where (Ga)weD is the diagonal family of functions corresponding 
to F. 


Proof. By Proposition 23 and arguing as in the proof of Theorem 40 (see also Remark 3) we 
obtain an uncountable bounded family Hp = {H;: t € Ty} C X** Ve weakly accumulating to 
zero such that 


(a) for every t #17’ in Ty, supp H; N supp AH, = ©. 
(b) For every t € 70, there exists ¢ € (0, 1) in the support of H; with H;(t) = 1. 


Moreover by taking sums of the form }°°° 
we may also assume that 


pailor ! Hy, with H, € Ho for alln EN, if it is necessary, 


(c) For every t € To, supp H is infinite. 


Let Mo > 0 be such that || H;|| vy, < Mo and for every t € To, let t; = Ca 1 & (0, 1) be an enu- 
meration of the support of H, such that H,(t/) = 1. Hence for each t € hy, A, =r ~1A5 pat 
where 4} = 1. For every t € To define x; = (Aj, t7,45,65,...) € RN and set Sp = {xr: T € Th). 
Notice thie for every t € To, (KX, (2 De , is the enimeniton of the support of H;. 

Let 0 < 6 < 1. By recursion on n > 0 and for a € D with |a| =n we will construct the 
following. 


(C1) A sequence of uncountable subsets (Ty)y<ep with Tg C Tp and such that for all a e D, 
Ty-~0 U Ta~1 © Ty and Ty-~9 9 Ty~1 = ©. 

(C2) A strictly increasing sequence (k;,)° 9 of positive integers. 

(C3) A family (@y)eep in D with @ € {0, 1p2her and such that 6, £ 6, for every a CB in D. 
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(C4) A forest F = (fia,j), Taj Sap) A@j(a,jeT Of tree families determined by (En )p 
where Ep = {1,..., ko} and FE, = {k,_1 + 1,...,k,} forn > 1. 
(C5) A family (hg)yep of functions in X, 


such that the following are satisfied. 


(P1) For every a € D, the set Sy = {x;: tT € Ty} is hereditarily (Oy, 2kjq|)-almost condensed. 
(P2) For every a ¢ D and every j = 1,..., kjqy, let 


sgn(A(a, j)) sgn(A(a, j)) 
Vie.) = (1 — Saaz Jed (1+ ae Jae) 


and let 
Kal lee) 
Vy = [[]M%es x J(a,j)) x I] R. 
j=l J=Ka\t+l 
Then Sy € Vy. 


(P3) The tree family Fp, j) = (fia, j) (a,j); Ja, j))s ha, j)) plo» is 0g (2j)-monotone, for all 
Be Dandall j € E\g). 

(P4) For every (a, j) €T, II fa jllye = ,/2 and there exists Ta € Ty, such that A(q, j) = ae for 
all j=1,..., kg). 

(P5) For every a € D, if Gy = eal a,j) fia,j) then ||Ga — hallyo < 6/27lelrl, 


Notice that by (P5) and (P4), 


D IGa = hallyo <8 
aceD 


and 


2 Te |2 2 2 
Yo Pw.nP = do [57 < Asal, < MG. 
jcEo JEEo 


The initial step (G.e. n = 0) of the construction goes as follows. Since for all t € To, 
a, Ag? < Aclly, < Mo there exist an integer kg > 1 and an uncountable 7; C Ty such 
that for all t € T}, Seen Ag? < 57/2°. Set So = {xr: tT € T)}. Let ta € Ty be such that x, isa 

. . aa T; . 
condensation point of Sj. Then Hr, = 072 rie X,t2 and supp H;,, = (tj: J €N} C(O, 1). For 
every 1 < j < ko we pick pairwise disjoint open interval A(g, ;) in (0, 1) such that t° € Ag, j)- 
Let (gn)n be a sequence in X weak*-converging to H,,. Applying Lemma 39 for no = ko, 
H = H,,, Aj = Avw,j), |< j < ko, and e = 6/27 we obtain a convex combination h = hg 
of (gn)n, and for 1 < j < ko, functions f; = fie, j) in ye and pairs of intervals (Uj, Jj) = 
(a,j), Jia, j)) satisfying () and (ii) of the lemma. We set Aig, j) = ae for all j =1,...,ko. 


Notice that A(g9,1) = 1, II fie.jllye = J/2, for all 1 <j <ko and ||Gg — hallyo < 6/2. 
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Let Ty’ = {t € Tp: Xr € Vo} and Sg = {x;: t € Ty}. Since x,, € Va, Ty and Sj are un- 
countable and so by Lemma 38 there exists an uncountable subset Tg of Ty and 0g € {0, 1}2ho 
such that Sg = {x;: t € Tg} is hereditarily (0g, 2ko)-almost condensed. The initial step of the 
construction is complete. 

Suppose that the construction has been carried out up to some n > 0. Consider the sets Ty, 
|| =n. It is easy to see that there exist an integer k,41 > k, and uncountable subsets TC Ty 
such that for all w with |a| = 7 the following are satisfied. 


(i) sis: [Ag I? < a aa 
(ii) Ifn +1 > 3, 


min{|Ag, pl: [B]=2—1, j € Eni} > 2max{|A5|: TET, f >kn4i}. 


Let S), = {x;: t € T)}, |a| =n. Since by our inductive assumption Sy is hereditarily (6,, 2k,)- 
almost condensed and S’, C Sy © Vy we may choose t,.9 and t,~; in Tj such that for all a with 
|a| =n the following hold. 


(iii) Xr)» Xr,., are (Oy, 2kn)-condensation points of S/,. 


(iv) For all j =1,..., kn, 0/7? <a t;""1. 


Moreover using the fact that the family {H,: t € T,} weakly accumulates to zero we may also 
assume that for every 6 with |6| =n-+ 1, 


(v) fais Kn <k <kn41} 9 (Ola, j) VU OS(a, jy) = D, for all ja| <n andall 1 <j <kjq. 


Since Xr, © Va» using (v) above we can choose pairwise disjoint open intervals Ag, ;), for 
all |B| =n + | and all 1 <j <kn4+1 such that the following are satisfied. 


(vi) For every |a| =n, ¢ € {0,1}, 1 <j <knai, i: * € Aare, j) S Ty pe 
(vii) For every IB| =nt+1,kn<k <kysi,1< j< < kn and |a| <n, either Acg 4) 1 Ia, j) = 
ot Agi SMe, \ a,j): 


We may also assume that the length of each Aig 4), |B] =n +1, 1<k < ky41, is small enough 
to ensure that 


(viii) For every P = {to <-++<tp} CAGE, 


1 
» (Fi p(t) — fan Gi+| ‘\< S 722i 1 


{(a, j): lal<n, I< j<kja}} 


Now for each 6 with |6| =n + 1, we choose a sequence (8 )n in X weak*-converging to Ary. 

Applying Lemma 39 for no = ky41, H = ee Aj =Ag,j, 1< 7 <knpi,ande= 6/2242) we 
obtain a convex combination h = hg of (gf )n, functions f; = f(g, j) in vy , and pairs of intervals 
Uj, Jj) = 6, ;). 4g, )) satisfying the following. 
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(ix) For every B with |B] =n+ Land 1< j <kn4i,t;” € Jig. S Mp.) S Aw, Supp Sip.) S 
Je. Jey ={t ell: fie pO = a os a is piecewise linear and || f(g, jllye = /2. 

(x) For every 6 with |B] =n +1 and 1 <j < ky41, setting Ag j) = ae and Gg = 
oar ¢B, j) fle, j)» We have that A(g 1) = o = | and ||Gg — hgllyo < ae 


For all |a| =7 and ¢ € {0, 1}, we set 


Ts F =e ET): x, € Va} and Stas = {xe TE iene 

Since tT,., € T’ ~,> by condition (iii) above, the sets iM ~, and Ss. ., are uncountable. By 
Lemma 38 there exist an uncountable subset T,~, © ie and 6,,~, € {0, 1}7"+! with 6, Cy, 
such that the set S,., = {X;: tT € T,.,} is a hereditarily (6,~,, 2k,+1)-almost condensed subset 
of Vang: 

It is easily verified that conditions (i) and (ii) above yield properties (F6) and (F7) of the 
definition of the forest of tree families (Definition 43). Since J(g,;) © Avg, ;) and the intervals 
Avg, j) are pairwise disjoint we have that for every (61, j1) 4 (62, j2) with |Bi| = |B2;=n+1 
and 1< fi, jo < kati, 16), A) 1 Mp, jn) = 9, which gives (F2). Also conditions (vii) and (viii) 
remain true for [(g, ;) in place of A,g, ;) and so we obtain (F3) and (F4). Moreover (F1) and (F5) 
follow immediately by (ix) and (x). Finally notice that condition (iv) and the fact that 0, C Og 
for all a C £, yield that the tree family F(g, ;) is 6g(2j)-monotone, for all B ¢ D and j € E\g). 
The proof of the inductive step as well as of the lemma is complete. 


Proof of Theorem 50. Let X be a subspace of vy with non-separable dual. By Lemma 51 and 
Theorem 45, we obtain that there exists Mp > 0 such that for every 6 > 0 there exist a forest F 
of monotone tree families and a family (ha)yep C X such that the diagonal family of functions 
(Ga)wep corresponding to F satisfies the following. 


(i) wed Go = hall yo < r) 
(ii) For all n > 0 and all sequences of scalars (te) ja|<n> 


s Mala > HaGa 


|a|<n lo|<n 


> 


TF 


> Lala 


la|<n 


TF Vy 
where C = 32/11(M3 + 1)'/?. 


By (i) and (ii) above we obtain that the family (a)wep is equivalent to the Schauder basis of TF 
provided that 6 is sufficiently small. 


8. Subspaces of JT 


This section is devoted to the proofs of Theorem 1, Corollary 2 and Theorem 3 stated in 
the introduction. Recall that the James Tree space is the completion of coj(D) under the norm 
IIx lyr = sup ,(Z}@)) 2)!/2 Where the supremum is taken over all finite families {Z; }iL, of 
pairwise disjoint segments of D. (As usual for x = }>, <p Maa € coo(P) and for a segment ZT 
of D, we set Z*(x) = Seep La.) We will first introduce the analogues of the notions of the tree 
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families and of the forest of tree families in the space JT. The definitions and the proofs here are 
much simpler than the corresponding ones in the space Ve 


8.1. Tree families in JT 


Definition 52. For every a € D, let xy € JT, Ty be a segment of D and Ag € R withag £0. 
The family F = (%q,Za,Aa)eeD is called a tree family in JT provided that for all a € D the 
following are satisfied. 


(1) xa € conv{eg: B € Ly}, that is xy = yi pel, rpeg where » pela rg = 1 and for all 6 € Zo, 
O<rg<l. 

(2) Zy-o 1 Zy- 1 and max Zy EC minZy-9 A minZy-1. 

(3) For every ¢ € {0, 1}, [Ayn — Aal < |Aw|/27!@!4?. 


Notation 3. Let F = (xq, Za, Aw wep be a tree family in JT. 

(1) Fora € D let By = minZy-~9 A minZy-;. Let Jg = {Bh € D: minZg C BC Bg} and 
for every a € D with |a| > 1, let J, = {8B €D: B,- C BE Ba} where a~ denotes the unique 
immediate predecessor of a, thatis a” = max{B € D: 6 Ca}. Notice that Zy C Jy foralla eD. 

(2) Given the family of segments (Jy)yep defined above, we set Tr = yep Ja CD. It 
is clear that 7’ with the induced by D partial ordering CE is a subtree of D with root minZg. 
Moreover T¢ is a complete subtree of D, that is every segment of 7 is a segment of D. 

(3) For a segment Z of D we set TF ={a ED: TyNT # @}. It is easy to see that TF is 
a segment of D. We also set i em fe \ {min Z~ , max Z* }. Notice that for all a € fF, Ley S 
Ju TF. Also if ZT) NZ, = @ then £7 NLP = Oo. Generally if J) WZ, = @ then either Z7 


If =, or minZ7 = maxZZ, or maxZ7 = minZ}. 


The next lemma is straightforward. 


Lemma 53. Let F = (Xa, Za, ra)weD be a tree family in JT, T be a finite segment of D. Then for 
every (La )eeD € Coo(P) the following hold. 


(i) Z* oueD HoXe) = Ee ere HoXq). 
(ii) fZ7 £2, a9 =minZ* and By = maxT* then 


T°( Y Hosts)] <to ye Yo 


aeD aeTO Lay 


ral 


acINZ go 


+ |H6o! (50) 


+] bo 


aeLF 


Proposition 54. Let F = (xv, La,Aw wed be a tree family in JT and let X F = ({Xu}aeD) be the 
closed subspace of JT generated by {xu}yep. Then the following hold. 


(1) The sequence (Xx)yep is equivalent under the natural ordering of D to the usual basis 
(€a)weD Of JT. In particular for every n > 0 and every sequence of scalars (a )\a\<n 


Ss Lala ye Maxa SS Lala 


|o|<n |a|<n la|<n 


< 


<3 


(51) 


JT JT JT 


(2) There exists a projection P: JT — X¥ such that ||P || < 3. 
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Proof. (1) We start with the lower estimate. For every segment Z of D, let @f-(Z) = 
User Ta & nas By the properties of 7 we get that for every family {Z; ie _, Of disjoint segments 
of D, {¢F (Zi) }« ;—, 18 again a family of disjoint segments of D. Moreover for every sequence of 
scalars (a)veD € Coo(D) and every segment Z of D, we have Z*() oy ep Mala) = yet Ma = 
bF(L)*Qouep MeXq) and so || eueD Heeallur < Il wed LoXe\lyT- 

We pass now to the upper estimate. Let x = da cD MaXa, Where (Ua)veD € Coo(D) and let 
Z,...,Z, be disjoint segments of D such that Ee ete IIx IF Let Tf = {ae D: TN 
Loy “i @}. We may suppose that vi # @ foralll <i<k. Leta; = min, IF = =f{aeD:a;C0 


a C fj} and 6; = max T+. Then by (50), 


Lime? (He vw) +3¥( Om) 


aeD ieFP * BeTiNZy = acl fe 


k 
(EF) <3 
i=l 


2 
+3D al? D( Ds, rs) (52) 
BET OLy 


aeD ieF; 


where Fy’ = {i € {1,...,k}: oj =a} and Fy = {ie {l,...,k}: Bj =a}. 

It is easy to see that every summand on the right-hand side of (52) is bounded above by 
ll owed Hala Fr (for the second summand notice that the family one : 1 <i<k} consists of 
pairwise disjoint segments) and the result follows. 

(2) Define P: JT > XF by P(x) = owed Ta (x)xXq, x € JT. Obviously for every a € D, 
P(xq) = X%q. Let x = a) Mala € coo(P). Then by part (1) of the proposition, ||P (x) ||yr = 
Iveco Ta XelluT < 31 Veep Je (*)eallyr. Using similar arguments as those of the proof 
of the lower JT-estimate in part (1) above, it is easy to see that || ued Te (x)eallar = 
I Deco (Mpeg, Hpeallar < ll Doe Haeallyr = |Lxllyr and therefore || Pl| <3. 


Lemma 55. Let F = (xq, Za, Aw) wed be a tree family in JT and T be a finite segment of D. Then 
for every (Ua)weD € Coo(P), IZ* ved LodAaXa)| < 8lAgI|Il ewelF Meeallyr- 


Proof. Let a9 = minZ F and Bo = max TZ F As in Lemma 34 it is shown that 


Yo Hare} <4lrol] D> Hoew (53) 
aga Bo ag lal Bo um 
Also, since |Ag| < 2|Ag| for all a € D, by (53) and (50), |Z* (So yep MaraXa)| < [Mao |lAag! + 


AlAaIIl oo cac fy Hala lly + [Mp llAgol < 8AaIIl Doerr Halallyr- 


8.2. Forests of tree families in JT 


Definition 56. Let (E,)° 4, Z, Z(g,j), TJ be as in Definition 43 and for every (8, j) € Z let 
F Bj) = Xe, j) La, j): Ma, ja, eT, be a tree family in JT (by identifying (B™a, j) with ow, 
for alla € D). 
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The family F = (Fg, jp, pez = Xa. j); Lia j): Aa, j) (a, ye Will be called a forest of tree 
families in JT (determined by the sequence (E;,),,), if the following conditions are satisfied. 


(1) For every (a1, ji) A (@2, jo) in T with |ay| = |a@2|, Zia, j:) L Lian, jr)- 

(2) For every n > 1, every (8, k) € Z with |6| =n and every (a, j) € J with |a| <n — 1, either 
Lea, j) LZ(g,4) or max Ziq, ;) C minZ(g 4). 

(3) For every a € D, A(a1) = 1. 

(4) For every n > | and every 6 € D with |B] =n, Y jeg, ipl? < 1/2”. 


Notation 4. Let F = (Fg, j))(g, jyez = a,j)» Za, j)) Maj) )(a,jyeT be a forest of tree families 
in JT. 

(1) On the set J we define the following partial ordering induced by the forest F: (a1, j1) < 
(a2, j2) if maxTZ(q,,j,) F minZ(q,,;,) and (a1, j1) < (@2, jo) if either (a1, j1) = (@2, jz) or 
(a1, j1) ~ (@2, jz). It is easily shown that properties (T1)-(T3) of Subsection 6.2 hold also here 
(where in place of (T2) we now have that (a1, j1), (@2, j2) € J are incomparable if and only if 
Lay, j1) + Zao, jx), and so (J, =) is a tree. 

(2) For a segment Z of D let TF = {(a, j) ET: IN La, j) FP}. Also for every (6, j) € Z, 
let I76.) = {(a, j) € Tg, jy: TAL, j) # D}. Notice that I7 , T7#./, (B, j) € Z, are segments 
of J. Moreover setting T%= {(B, j) € 2: TF B.i) 4 @} then TF = Ue, perz TFB), 

(3) If Z is a finite segment and Tr # © then T* takes the form of an ~<-increasing sequence 
T= {(B1, ji) < +--+ < (6), j)}, and so we may write TF = Cieae where re = Ti? Ki) for 
all 1 <k <1. We will call ohm 1<k <1} the analysis of TF in T. It is easy to see that an 
analogue of Fact 44 holds for Z F as well. 

(4) For every (6, j) € Z we also set TF 3) = Veneta Ja,j), Where the segments 
Ja, j) 2 Ta, j) are defined for the tree family Fg, ;) as in Notation 3. Notice that for (61, j1) 4 
(B2, 2)» TF 5.) YT Fg, = 2: 

(5) The diagonal Jane of vectors corresponding to F is the family (yo)yep defined by 
Yo = Dy icU!*!y E, Aa, j)X(a,j) for all aw e D. 


Lemma 57. Let F be a forest of tree families in JT and (yq)ueD be the diagonal family of vectors 
corresponding to F. Let T be a finite segment of D with T? ={(f1, Ji) <---> ~ (Bi, jr}, and let 
{oe 1<k <1} be the analysis of IF in T. Let (Ua)veD € Co(D) and y= HED Maa. Then 
the following are satisfied. 


1 
(1) Z*(y) = Vea L* (By. jp) WhETE V(By. ik) = DfweD: play Mada, jx) Xo, jx) for all l Ck <1. 
(2) Z*(y))? < 2Z*(H,.4))? + 128 Dems AG.) PF ll Neve Mala ll3p- 


Proof. The proof of (1) is easy. We will only show (2). By (1) we have 
1 2 
(Z*())? < 2L*OG,.4)) + o( VI Om: wo). (54) 
k=2 


Notice that |Z*(y(6j.j))| = Z* QCaeprp tF) HeXa)| and so by Lemma 55 we get that 
IZ* (y(Bp. ie) | < 81ACBe, je) Il eaepis EF) LMaeallyr, for all 2 <k <1. Therefore 
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> sacle 


aeprp(Zj ) 


ee ee 


aeD 


I 
(S700) <1 Ian in| ay 


k=2 k=2 


(55) 


coy Ide. je)!” 


where in the last inequality we used the fact that the segments pr-p (Z, > ),2<k <l, are pairwise 
disjoint. Substituting in (54) the result follows. 


Proposition 58. Let F be a forest of tree families in JT determined by a sequence (En) 9 of 
successive intervals of N, (ya)aeD be the diagonal family of vectors corresponding to F and 


2 
Ao = Vick Aol’: 


(1) For every n > 0 and every sequence of scalars (Le )\a\<n, we have that 


> Hala S| ys cad | > Mala 


|o|<n |a|<n lo|<n 


<32(Ap +b!” (56) 


JT 


(2) There exists a bounded projection Q:JT > (yy: a €D)""!' with || Q|| < 96(Ao + 1)1/?. 


Proof. (1) By Proposition 54 we have || \,ep Meeallyr < ll Deep HeX(a,1) llyr- Since for 
all a € D and all (8, j/) 4 (2, 1), suppx@1y © Za@ity € TFig.> TF e.1) N TF jy = © and 
|A(a,1)| = 1, we get that || Poep Mex 1ylur < Il Seep Hadallyr and the lower estimate fol- 
lows. 

To show the upper estimate let Z;, 1 <i < m, be disjoint segments of D. Without loss of gen- 
erality we may suppose that ae # ©, for every 1 <i <m. Let ae = ((B), jj) <-++ < (By, iD} 
and {Z7,: 1<k <j} be the analysis of Z7’. 

For every (8, j) € Z, set [mg i) = fi € {l,...,m}: (6), j)) = (6, /)} and yee) = 
taeD: pla} Hada, j)*(@,j)- By Lemma 57 we have that 


m 


~Eo)’<2 YY Goan’ 


i=1 (B.EZ elm] jy 
DDD Regpapl |, Hace (57) 
i=l k=2 aeD 
Let Se =T? \ {CBi Fh, Since Z;, 1 <i < mare pairwise disjoint, it is easy to see that Riis ae 


i= = © fori ~ j and so by (4) of ee 56, 


m 1; 
WD Peal? <1 (58) 


i=1 k=2 
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Moreover as the segments 7;, 1 <i < m, are pairwise disjoint we get that 


~~ ¥& Goem)’< YS lyealir- 


B.NEZ elm ly jy (B, jyeZ 


By Proposition 54, we have 


Ilye.a lyr = | ee MaMa. \edy <3 Sy Hada, Deal 
pla pla 
and using (53), 
| So Mada, fea <4h.l Li Hetal 
pCa JT pla 
Hence 
lIyp.allur < 12|ag, al Yo tala} < 12)Apjl| D> Haew 
JT JT 


pla aeD 


By the above we conclude that 


> Oe (Z@.n)) < 144 YS eal? 


(B, DEZ ielm]ly jy (B,jyeZ 


(59) 


y peel 


aeD 


Substituting (58) and (59) in (57) the result follows. 

(2) Let us observe that by (56) and (51) the correspondence x(a,1) > ya extends to an 
isomorphism T : (X(q,1)! @ € Dylll (yg: a €D)""l, Moreover by part (2) of Proposition 54 
there exists a projection P:JT — (x(q@,1): a € D) I'l Tt follows readily that for each aw € D, 
P(yu) = X(a,1)- Setting Q = T o P we easily check that Q is the desired projection. 


As is well known the space JT** is isomorphic to JT @ €2({0, 1}%). More precisely for every 
o € {0, 1} the sequence (€g|n)neN is non-trivial weak Cauchy, ég|n is ex* and £2({0, 1) i is 


isomorphic to (e**: o € {0, 1}9) Ill, The next proposition is the counterpart of Proposition 23 for 
subspaces of JT. 


Proposition 59. Let X be a subspace of JT with non-separable dual. Then X** 1 £2({0, 1) is 
isomorphic to €2(c). 


The proof goes along the lines of the proof of Proposition 23 and it is left to the reader. 

Let X be a subspace of JT with non-separable dual. As in the case of subspaces of vy we 
may assume that there exists an uncountable Hg C X** MN £2({0, 1) consisting of elements 
with infinite and pairwise disjoint support and for every H € Ho there exists o € {0, 1}‘ with 
H(o) = 1. Also the analogue of Lemma 39 for subspaces of JT remains valid. 
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Proposition 60. Let X be a subspace of JT with non-separable dual. Then for every 5 > O there 
exist a forest F = (X(a,j),Lia,j), Aa, j) (a, jyeT Of tree families in JT and a family tha}aeD of 
elements of X such that <p \|Ya —hallur < 5, where (Ya)aeD is the diagonal family of vectors 
corresponding to F. 


The proof of Proposition 60 follows the lines of Lemma 51. Notice that the construction of ya 
and hy does not require monotone tree families which in turn permits us to handle the inductive 
construction by using the standard concept of condensation points of subsets of {0, 1}. 


Theorem 61. Let X be a subspace of JT with non-separable dual. Then X contains a subspace 
Y complemented in JT and isomorphic to JT. 


Proof. By Proposition 60 for every 5 > 0 there exist a forest F and a family (he)yep in X such 
that Voocp llyw — hallyr < 5 where (yw)vep is the diagonal family of vectors corresponding 
to F. By Proposition 58 the subspace (yg: a € D)!''! is complemented in JT and isomorphic 
to JT. Hence for a small enough 5 > 0, the same holds also for the subspace (hy: a € D)I''! 
of X. 


To state some consequences of the above theorem we will need the following. 


Lemma 62. Let X be a subspace of JT. Suppose that JT contains a complemented copy of X 
and that X contains a complemented copy of JT. Then X is isomorphic to JT. 


Proof. Notice that JT ~ J @ (WUT @JT@--)2*¥J OUT O@JTO:-:)2 OUT OJTE@::--)2& 
JT® UT @JT @---)2¥ JT @ JT @ ---)2, where J is the James space. The result now follows 
by applying the Pelczynski decomposition method [11]. 


Corollary 63. Let X be a complemented subspace of JT with non-separable dual. Then X is 
isomorphic to JT. 


Proof. Since X is a subspace of JT with non-separable dual, by Theorem 61 we have that X 
contains a complemented copy of JT. Since X is complemented in JT, by Lemma 62 we have 
that X is isomorphic to JT. 


Corollary 64. The space JT is primary. 


Proof. Let JT = X @ Y. Then either X or Y has non-separable dual and so, by Corollary 63, 
either X or Y is isomorphic to JT. 


The above result has been proved by A.D. Andrew [1] with a different method. The analogue 
of Theorem 40 for the space JT remains also valid. In particular the following holds. 


Theorem 65. Let T:JT — JT be a bounded linear operator such that the dual operator 
T*:JT* — JT* has non-separable range. Then there exists a subspace X of JT isomorphic 
to JT such that the restriction of T on X is an isomorphism and T[X] is complemented in JT. 
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The main steps of the proof of Theorem 65 go as follows. First, arguing as in the proof of The- 
orem 40 we find a subspace Y of JT isomorphic to JT and such that Ty is an isomorphism. Since 
T[Y] has non-separable dual, by Theorem 61 there exists a subspace X’ of T[Y] complemented 
in JT and isomorphic to JT. Setting X = T~!(X') NY the result follows. 


Remark 5. As we have already mentioned, Theorem 50 yields that every subspace of TF 
with non-separable dual contains a subspace isomorphic to TF. Actually it can be shown that 
the space TF satisfies the stronger properties of JT stated in the above results. Namely every 
subspace X of TF with non-separable dual contains a subspace Y complemented in TF and iso- 
morphic to TF. In particular every complemented subspace of TF with non-separable dual is 
isomorphic to TF and thus TF is primary. Moreover the analogue of Theorem 65 remains valid 
for the space TF. 

It is open if TF is a complemented subspace of JF or more generally if every subspace of JF 
with non-separable dual contains a subspace Y which is isomorphic to TF and complemented 
in JF. Also it is unknown if JF is primary. 
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Abstract 


Let L be an elliptic differential operator with bounded measurable coefficients, acting in Bochner spaces 
LP(R"; X) of X -valued functions on R”. We characterize Kato’s square root estimates | /Lul| p~llVullp 
and the H®-functional calculus of L in terms of R-boundedness properties of the resolvent of L, when X 
is a Banach function lattice with the UMD property, or a noncommutative L? space. To do so, we develop 
various vector-valued analogues of classical objects in Harmonic Analysis, including a maximal function 
for Bochner spaces. In the special case X = C, we get a new approach to the L? theory of square roots of 
elliptic operators, as well as an L? version of Carleson’s inequality. 
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1. Introduction 


The development of a theory of singular integrals for vector functions, which take their val- 
ues in an infinite-dimensional Banach space, may be viewed as an accelerated replay—with 
new actors, insight, and considerable improvisation—of the original development in the scalar- 
valued setting. During the 1980s, this theory advanced from D.L. Burkholder’s [13] extension 
of M. Riesz’ classical theorem on the Hilbert transform boundedness, via J. Bourgain’s [12], 
T.R. McConnell’s [32] and F. Zimmermann’s [42] results on Calderén—Zygmund principal value 
convolutions and Marcinkiewicz—Mihlin multipliers, to T. Figiel’s [19] vector-valued generaliza- 
tion of the T (1) theorem of G. David and J.-L. Journé. More recently, there has been a new boom 
of activity in developing the vector-valued estimates to match the needs of a wide variety of ap- 
plications especially in the field of Partial Differential Equations. An important opening move 
into this direction was made by L. Weis [41]; further developments and references are recorded 
in [16,30]. 

The aim of the present paper is to continue the vector-valued program so as to catch up with 
some of the latest achievements in scalar-valued Harmonic Analysis. More precisely, we are go- 
ing to develop a Banach space theory for the square roots of elliptic operators appearing in the 
famous problem of T. Kato, which was recently solved by P. Auscher, S. Hofmann, M. Lacey, 
A. McIntosh and Ph. Tchamitchian [7], and more generally for the perturbed Dirac operators 
treated in a subsequent work by A. Axelsson, S. Keith and A. McIntosh [9]. These objects are 
no longer Calder6n—Zygmund operators, and may even fail to have a pointwise defined ker- 
nel. 

For this reason, their study is considered a move beyond Calder6n—Zygmund theory. In the 
scalar-valued L? case, this has recently attracted much attention. An extrapolation technique 
developed by S. Blunck and P. Kunstmann [10] allows to extend L? results to the L” setting for 
p in an open interval (p_, p+), which may be strictly smaller than the whole reflexive range 
(1, 00) admissible for classical operators. P. Auscher’s memoir [3] presents the large range of 
applications of this method and demonstrates that the L? behavior of objects associated with an 
elliptic operator L (its functional calculus, Riesz transforms, square functions, etc.) is ruled by 
four critical numbers: p_(L), p,(L) (the limits of the range of p’s for which the semigroup 
(e—*“),.9 is L?-bounded), and q_(L), q+(L) (the limits of the range of p’s for which the family 
(./tVe—""), <9 is L?-bounded). In a recent series of papers by P. Auscher and J.M. Martell [4], 
these results are extended to a more general setting, allowing weighted estimates on spaces of 
homogeneous type. We also refer to their papers for the history of these developments. 

Our work takes a different approach. Since we are aiming at a Banach space-valued theory, 
where no easier L7 case is available as a starting point, we cannot rely on an extrapolation 
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method, but need to work directly in the spaces L?(R”; X). It is interesting, even in the scalar 
case X = C, to see that the methods from [7] and [9] can in fact be extended to an L? situation. 
This requires a set of new techniques. We develop, in particular, a Banach space-valued analogue 
of the “reduction to the principal part” method used to solve Kato’s problem (Theorem 6.2). This 
is based on adequate off-diagonal estimates (Proposition 6.4), and on the fact that resolvents of 
an unperturbed Hodge-—Dirac operator are, in some sense, equivalent to conditional expectations 
with respect to the dyadic filtration of R” (Corollary 5.6). This result, which is handled in the 
classical case by a T(1) theorem for Carleson measures (see [5]), is obtained in our context 
by extending ideas from [9]. To do so, we develop Banach space-valued analogues of classical 
estimates such as Poincaré’s inequality, and Schur’s lemma. 

Finally we establish an analogue of Carleson’s inequality (Theorem 8.2) to handle the princi- 
pal part. This is a crucial step and requires the L? boundedness of an appropriate (Rademacher) 
maximal function which we introduce and study in Section 7. We prove its boundedness in 
L?(R"; X) when 1| < p < oo provided that X is either a UMD function lattice, or a non- 
commutative L7 space for some 1 < q < o, or a space with Rademacher type 2. We thus 
obtain a satisfying result in most of the concrete spaces of interest, but the boundedness of the 
Rademacher maximal function (and hence the Kato estimates) in general UMD-valued Bochner 
spaces remains open. 

The paper is organized as follows. In Section 2 we provide the reader with a concise intro- 
duction to the concepts and results from the theory of Banach spaces and Banach space-valued 
Harmonic Analysis used in this paper. Section 3 contains the statements of the main results, and 
their reduction to the main estimate which is then dealt with in the rest of the paper. We de- 
velop vector-valued analogues of various classical results, which came to use in the proof of the 
scalar Kato problem, in Section 4. Section 5 deals with the Banach space-valued analogues of 
classical inequalities associated with an unperturbed Hodge—Dirac operator, and in particular the 
relationship with the dyadic conditional expectations. In Section 6 we reduce the main estimate 
to its principal part. Our Rademacher maximal function is studied in Section 7 and applied in 
Section 8 to prove an analogue of Carleson’s inequality. This is used to reduce the principal part 
estimate to an analogue of a Carleson measure condition, which is finally verified in Section 9 
by essentially the same stopping time argument as in [7] and [9]. 

Additional results are presented in three appendices. In Appendix A we show how the assump- 
tions of the main theorem can in some cases be checked under appropriate ellipticity conditions. 
In Appendix B we relate our Carleson inequality to the boundedness of vector-valued paraprod- 
ucts, and finally Appendix C contains a counterexample related to the Rademacher maximal 
function. 


2. Preliminaries 


This work is concerned with resolvent bounds, H-functional calculus, and quadratic es- 
timates for certain partial differential operators acting in L? spaces of Banach space-valued 
functions. In order to streamline the actual discussion, we start by recalling the relevant notions 
and a number of results which will be repeatedly used in the sequel. 

To express the typical inequalities “up to a constant” we use the notation a < b to mean that 
there exists C < co such that a < Cb, and the notation a ~ b to mean that a < b Sa. The implicit 
constants are meant to be independent of other relevant quantities. If we want to mention that the 
constant C depends on a parameter p, we write a Sp b. 
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Definition 2.1. Let A be a closed operator acting in a Banach space Y. It is called bisectorial 
with angle @ if its spectrum o (A) is included in a bisector: 


0 (A) C Sg := Xp U{O} U(—2Xe), where 
Xo := {z EC \ {0}; 


arg(z)| < 6}, 


and outside the bisector it verifies the following resolvent bounds: 
V6’ € (0. 4) AC >OWAEC\ Se AQT- AD" pay <C- (1) 


We often omit the angle, and say that A is bisectorial if it is bisectorial with some angle 
6 € [0, a) One sees that A is bisectorial if and only if it satisfies the resolvent bound in (1) on 
the imaginary axis, i.e., 


|+itaA)'|<c, teR. 


For 0 < v < 2/2, let H™(S,) be the space of bounded functions on S,, which are holomor- 
phic in S,, \ {0}, and consider the following subspace of functions with decay at zero and infinity: 


1 


For a bisectorial operator A with angle 0 < w <v <z/2, and y € Hj°(S,), we define 


He? (Sy) = {¢ € H™(S,): da, C € (0, 00) ¥z € Sy |¢(z)| < c| 


ae 
1+ 22 


1 
wAyu = 5 f WON0- Ayla, 


ISw 


where 0S, is parameterized by arclength and directed anti-clockwise around S,,. 


Definition 2.2. Let A be a bisectorial operator with angle 6, and v € (0, 5). A is said to ad- 
mit a bounded H°-functional calculus with angle v if AC < 0 Vw € Hy°(Sy) Iw (A)ylly < 
Cll¥ lool ylly- 


On the closure R(A) of the range space R(A), we then define a bounded operator f(A), for 
every f € H™(S,), by f(A)u = limp +o Wn (A)u, where Wp € 5° (Sw) are uniformly bounded 
and tend to f locally uniformly on S,, \ {0}. In a reflexive Banach space, there holds X = N(A) ® 
R(A) (cf. [21, Proposition 2.1.1], for the sectorial case which is readily adapted to the present 
context), so that denoting by P° the associated projection onto the null space N(A), we can finally 
define the bounded operator f(A) by 


f(A)u= fO)P°u+ lim. Yn(A)u. 


We also often omit the angle and just say that A has an H°-functional calculus. The detailed 
construction of this calculus, and much more information, can be found in [15,21,30]. 
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A crucial aspect of the functional calculus is its harmonic analytic characterization. If Y is a 
Hilbert space, it is shown in [34] that A has an H°-functional calculus with angle v if and only 
if the following quadratic estimate holds: 


oo 1/2 
d 
( fiveavt$) = Ilylly 
0 


for some non-zero function y € Hj°(S,). In the space L?(R”; C) (1 < p < ov), it has been 
shown in [15] that the above norms need to be replaced by 


00 1/2 
|(fiveaot’S) 
0 


as in the Littlewood—Paley theory. In a general Banach space, the correct characterization in- 
volves randomized sums of the form 


P 


Yo exw (2*A)y 


keZ 


’ 


Y 


where (€)xez, are independent Rademacher variables on some probability space (2 (i.e., they 
take each of the two values +1 and —1 with probability 1/2), and E is the mathematical expecta- 
tion. These randomized norms provide the right analogue of the quadratic norms used in L? and 
for this reason, somewhat loosely speaking, we will occasionally also refer to inequalities for the 
randomized norms as “quadratic estimates.” 


Proposition 2.3 (Khintchine—Kahane inequalities). Let Y be a Banach space, and (yx) kez CY. 
Then for each | < p < &, there exists Cp > 0 such that 


P\ \/p 
<(2|Snf)” se 
Y Y 


Moreover, if Y = L4 for some 1 <q < 00 (or more generally a Banach lattice with finite cotype), 


then 
1/2 
x ( y pxP) 
Y k 


When using such randomized sums, it is often convenient to introduce the space Rad(Y) of 
sequences (yx)zez, C Y such that Si ki<n kYk Converges in L!(; Y), with the norm defined by 


vi 


Yo Kye 
k 


Yo Kye 
k 


Yo Kye 
k 


Y 


vy 


Yo Kye 
k 


Y 


| On) kez leaats =e Y 


Do Kye 
k 
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These norms involve discrete rather than continuous sums, but this technical difference is 
unimportant. In fact, we could avoid discretization by using Banach space-valued stochastic in- 
tegrals as in [23], but this would only add an unnecessary level of complexity. An important 
problem, however, is the fact that the quadratic norms are not, outside the Hilbertian setting, in- 
dependent of the choice of @ € HS? (Sg). To ensure such an independence, one has to assume (see 
[30]) that the family {AQ — 7. eae ¢ So} is not only bounded (bisectoriality) but R-bounded 
(R-bisectoriality) in the following sense. 


Definition 2.4. Let X be a Banach space. A family of bounded linear operators W C L(X) is 
called R-bounded if there exists a constant C such that for all N EN, T),..., Ty € W, and 
X1,...,xXN € X, there holds 


q <CE : 


N 
ye Tjxj 
j=l 


N 
65x 
j=l 


The smallest constant C in the above inequality is called the R-bound of W, and is denoted by 
RW). 


A uniformly bounded family of operators is not necessarily R-bounded, as can be seen by 
considering translations on L?, p 4 2. In fact, the property that every uniformly bounded family 
is R-bounded characterizes Hilbert spaces up to isomorphism. This is in contrast to the scalar 
multiplication where Kahane’s principle holds: 


Proposition 2.5 (Contraction principle). Let X be a Banach space, and X= (Ak) kez € &©. Then 
VN EN, Vxq,...,xN EX, 


y <2||Allook 


N N 
So ejajxj ee 
j=l j=l 


An immediate but useful consequence of Propositions 2.5 and 2.3 is the following (see e.g. 
[30]). 


Proposition 2.6. Let X be a Banach space, and (fx)kez C L© (R") be a bounded sequence of 
functions. Then the family of multiplication operators defined by Tyu = fu is R-bounded on 
L?(R"; X) forall 1 < p<. 


The concept of R-boundedness is crucial in Banach space-valued Harmonic Analysis. It is 
described in detail in [30], where the following characterization can also be found (see [30, 
Section 12]): 
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Theorem 2.7 (Kalton, Kunstmann, Weis). Let Y be a UMD Banach space, and A be an R- 
bisectorial operator acting on Y. Then A has an H®-functional calculus if and only if 


sup E So ex2*tA(I “ @trayy'y| Sllylly, Vy eY, 
I<tl<2 Ineg Y 

sup E So ex2*tA* (1 + (rao Vy" Slly*llys, Vy" eY*. 
i<in<2 Meg ye 


The main body of this paper is concerned with proving this kind of estimates when Y = 
L?(R"; X¥) is the Bochner space of functions with values in the Cartesian product X“ of N 
copies of a Banach space X, and A is a perturbed Hodge—Dirac operator, as defined in the next 
section. Let us only mention at this point that our operators will be the “simplest” extensions of 
the classical Hodge—Dirac operators to the Banach space-valued setting, namely tensor products 
T @ ly of an operator T acting in L?(R”; C’’) with the identity Jy. The study of such operators 
is by no means trivial. Already in the case when T is the possibly simplest singular integral 
operator, the Hilbert transform, the boundedness of T ® Jy in L?(R; X) is equivalent to X being 
a so-called UMD space, which means the unconditional convergence of martingale difference 
sequences in L?(2; X) for 1 < p < oo and & any probability space. 

This class of spaces is the most important one for vector-valued Harmonic Analysis. All UMD 
spaces are reflexive (and even super-reflexive; cf. [11]). The principal examples include the re- 
flexive Lebesgue, Lorentz, Sobolev, and Orlicz spaces, as well as the reflexive noncommutative 
LP? spaces. A recent survey paper on UMD spaces is [14]. The above-mentioned equivalence 
with the Hilbert transform boundedness, due in one direction to Burkholder [13] and in the other 
to Bourgain [11], lies at the heart of the theory, and is characteristic of the interaction between 
probabilistic and analytic methods. It is, for instance, needed in the proof of the following mul- 
tiplier theorem, which we often resort to in the sequel. The original statement of this kind was 
obtained by Bourgain [12] and McConnell [32], but the somewhat more general formulation 
given here is due to Zimmermann [42]. 


Theorem 2.8 (Bourgain, McConnell, Zimmermann). Let n > 1. If (and only if) X is a UMD 
space and | < p < &, then every symbol m : R” \ {0} — C such that 


sup{|é|°! D*m(&): aw € {0, 1}", & ER” \ {0}} < 00 


gives rise to a bounded Fourier multiplier Tp, € £L(L?(R", X)) defined by F(Tpu)(—) = 
m(E)F(u)(&), where F denotes the Fourier transform. 


With somewhat stronger conditions on the symbol, we also have stronger conclusions. Let us 
say that a symbol m : R” — C has bounded variation if for some C < oo and all a € {0, 1}”, 
there holds 


J [loeme)|aee <C <a, 
R R 


where the integration is with respect to all the variables €; such that aw; = 1, and the estimate is 
required uniformly in the remaining variables §;. (The case a = 0 is understood as the bounded- 
ness of m(&) by C.) We say that a collection of symbols M has uniformly bounded variation if 
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the symbols m € M satisfy this condition with the same C. See [30] for the proof of the following 
useful result. 


Proposition 2.9. Let n > 1, X be a UMD, and 1 < p < ~. Let M be a collection of symbols 
of uniformly bounded variation. Then the collection of Fourier multipliers T,, m € M, is an 
R-bounded subset of £(L?(R"; X)). 


Another important estimate in UMD spaces, analogous to the previous one, is the following 
R-boundedness of conditional expectations. It is an extension of a classical quadratic estimate 
due to Stein [40], which was found in the vector-valued situation by Bourgain [12]. See also [20] 
for a proof. 


Proposition 2.10 (Stein’s inequality). Let X be a UMD Banach space, (Q, X, 4) a measure 
space, and | < p < o. Then any increasing sequence of conditional expectations on L?(Q; X) 
is R-bounded. 


We will mostly be concerned with the conditional expectations related to the dyadic filtration 
of R”. This is defined by the system of dyadic cubes 


A=(JAn, Age i= {2*([0, 1)” +m): me Z"}. 
keZ 


The corresponding conditional expectation projections are denoted by 


1 
Axxu(x) = (u)o =f uo dy := Ol / u(y)dy, xE€QEAx. 
Q Q 


The integral average notation above will also be used with other measurable sets from time to 
time. 
Other important Banach space properties are the following. 


Definition 2.11. Let X be a Banach space, and 1 <<t <2< 5 < oo. Then X is said to have 


(Rademacher) type t if 
1/t 
6s lIxx I) 


keZ 


vy 


Deke 


keZ 


s 
Xx 
for all x, € X, and (Rademacher) cotype s if 


1/s 
(x Ine) SE 


keZ 


> e4x 


keZ x 


for all x; € X, where the usual modification is understood if s = oo. The space is said to have 
non-trivial type if it has some type t > 1, and non-trivial, or finite, cotype if it has some cotype 
5 <0. 


T. Hyténen et al. / Journal of Functional Analysis 254 (2008) 675-726 683 


These conditions become stronger with increasing t and decreasing s, and only Hilbert spaces 
(up to isomorphism) enjoy both the optimal type and cotype t = s = 2. For the present purposes, 
the most important thing is to know that every UMD space has both non-trivial type and cotype. 
The property of finite cotype is also characterized (see [17, 12.27]) by the comparability of 
Rademacher and Gaussian random sums, 


> EKXk a VkXk 


keZ keZ 


< X has finite cotype, (2) 


~N 


Xx 


xX 


where the 7% are independent random variables with the standard normal distribution. 

These notions, as well as the Khintchine—Kahane inequalities 2.3, are central in a circle of 
ideas which can be roughly referred to as “averaging in Banach spaces,” and which forms the 
core of vector-valued harmonic analysis. A gentle introduction to this topic can be found in [1]. 

In addition to the above conditions, which are well known in the theory of Banach spaces, we 
need to introduce a new class of spaces, the defining property of which is the boundedness of the 
following Rademacher maximal function: 


SS EKAKADKU(X) 


keZ 


Mru(x):= sup| y > A= (Ak)eez finitely non-zero with ||A|| ,2(z) < i} 
xX 


Note that, under the identification X ~ £L(C, X), this is the R-bound of the set 
{Ageu(x): ke Z} = {(u)o: Q> a} 
In particular, if X is a Hilbert space, we recover the usual dyadic maximal function. 


Definition 2.12. We say that the Banach space X has the RMF property, if Mr is bounded from 
L?(R"; X) to L?(R"). 


We do not yet completely understand how this new class of spaces relates to the other Banach 
space notions discussed above, which forces us to adopt this property as an additional assump- 
tion. It would be particularly useful to know if every UMD space has RMF, since this would 
allow us to state our main theorem in the generality of all UMD spaces, but the question remains 
open. However, in Section 7 we show that the RMF property does hold in most of the concrete 
situations of interest. The classes of Banach spaces appearing in the statement are also defined in 
Section 7. 


Proposition 2.13. A Banach space which is a UMD function lattice, or a noncommutative LP 
space for 1 < p < 00, or which has Rademacher type 2, has RMF 


3. Statement of the results 


The square root problem originally posed by T. Kato was an operator-theoretic question in 
an abstract Hilbert space, but it was observed in [31] and [33] that the desired estimate was 
invalid in this generality (see [7] for references and more historical information). This shifted the 
attention towards more concrete differentiation and multiplication operators in L?7(R"; C), ones 
of interest in the actual applications that Kato had in mind when formulating his problem. Our 
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Banach space framework is obtained by modifying the concrete Kato problem, so as the replace 
CY by X%, and L? by L?. The various differentiation and multiplication operators are simply 
replaced by their natural tensor extensions acting on X-valued functions. The set-up, which we 
now present in detail, is closely related to that of [9, Section 3]. 

Let X be a Banach space, | < p < oo, andn, nj, n2, N € Z_ with N =n, +n2. Let D bea 
homogeneous first order partial differential operator with constant £(C”!, C”?)-coefficients, and 
D* be its adjoint. We assume that 


DD*D=—AD. (3) 
The principal case of interest is 
{n1,n2, D, D*} — {1, Nn, V, — div}, 


but it is convenient to consider the abstract formulation, because it makes the assumptions sym- 
metric in D and D*. (Note that (3) is equivalent to the similar equation with D and D* reversed 
by taking adjoints of both sides.) For i = 1,2, let Aj; € L°(R"; £(C”)) be bounded matrix- 
valued functions, which we identify with multiplication operators on L?(R”; X”‘) in the natural 
way. We assume the estimate 
AT : 
I| Ai ll zoar"; cer) + | A; lhpeseertererins <C, i=1,2. 
In the space 


L?(R"; X%) = L?(R"; X"!) @ L?(R"; X") 


we consider the operators 


_{9 O » (0 D* _ (Ai 0 _{90 O 
nel a - 2 a ai=(4 gy FOG: Aa) 
The first two are closed and nilpotent (i.e., the range RU") C N(JZ°), the null space; and the same 
with [*) operators with their natural dense domains D(J") and D(I"*), while the latter two are 


everywhere defined and bounded. 
The sum 


= eof 0. DF 
n=rsrt=(5 5 


is called the Hodge—Dirac operator. Modified sums of the form 


Mp=0+T3=0F4+BiI*Bo, 
px =T* + Tgx =I * + BoB 
are then called perturbed Hodge—Dirac operators. It follows from general Operator Theory, using 


only the closedness or boundedness of the appropriate operators and the form of the matrices, 
that /Tg and ITg* are also closed and densely defined. 
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In the Hilbert space setting of [9], appropriate ellipticity conditions on B, and B> further 
imply, still by abstract operator theoretic methods, the defining resolvent estimates for the 
(R-)bisectoriality of J7g and ITg«. In the present situation, this is no longer the case; in fact, 
already when X = C but p $ 2, there exist elliptic second order differential operators which are 
not sectorial in L?(R”; C) for some values of p (see [6]). Thus we need to redefine the problem 
slightly, so as to adopt the analogues of some of the operator-theoretic conclusions in [9] as the 
assumptions for our Harmonic Analysis. In particular, we assume the existence of the following 
resolvents of J7Tp for all t ER: 


R® := (1 +itg)"', 


PBs (140173) | = 5 (RP + RE) = RPRE, 
OP = 1lTgP? =t1a(I +g) | = 5(RP — R4)). (4) 


We can now state our main result. 


Theorem 3.1. Let X be a UMD Banach space such that both X and X* have RMF. Let Ig 
and I1g« be perturbed Hodge-Dirac operators defined in L?(R"; X%)) for all p € (p_, p4) © 
(1, co). Then the following are equivalent: 


ITg, ITp« are R-bisectorial in L?(R"; x™) forall p € (p_, p+), (5) 
Ig, Tg» have H®-calculus in L? (R"; X%) for all p € (p_, P+). (6) 


The reason why we are forced to formulate this theorem for L? estimates valid on open 
intervals of exponents, instead of an individual p, comes from the limitations in one particular 
step of the proof (our L? version of Carleson’s inequality); this will be discussed in somewhat 
more detail in Section 9. Note that we do not require that 2 € (p_, p+) here, whereas this is often 
the case in the scalar-valued results which are based on extrapolation of the L* estimates. 

The next corollary makes the relation to the square roots of second-order differential operators 
more explicit. 


Corollary 3.2. Let X be a UMD Banach space such that both X and X* have RMF. Let A and 
A7! be multiplications by L® (R"; £(C")) functions, and L = — div AV be a sectorial operator 
in LP(R"; X) forall p € (p_, p+) © C1, 00). Then the following are equivalent: 


The sets {(Z of gD a re {0 SAUL + PL) }..69 
{(1+?L) 'tV—},_ and {t A(I+0?L)"'t Se, 7 
are R-bounded on L?(R"; Xx) forall p € (p_, p+), 


| L has an H®-functional calculus in L? (R"; X) and (8) 


|W Lull p < ||Vullp forall p € (p-, p+). 


Remark 3.3. It is interesting to note the connection between the above condition (7) and 
(a variant of) L. Weis’ characterization of so-called maximal regularity [41]: the R-boundedness 
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of the set {U7 + ras 8) as Pe in £(L?(R"; X)) is equivalent to the existence of a unique so- 
lution in L4(R; D(L)) N W?-4(R; L?(R"; X)) of the problem —u” + Lu = f for each f € 
L7(R; L?(R"; X)), where 1 <q <0. 


We start with the proof of the corollary. 


Proof. Let us first remark that the functional calculus in (8) implies the R-boundedness of {(J + 
t?L)~'},. and {tVLU a of Oy ea Cy by [28, Theorem 5.3]. Using also the Kato estimates, we 
have that (8) = (7). Now consider a perturbed Hodge—Dirac operator 7g with Aj = 1, Ar = A. 
Its resolvent can be computed as 


U+#1L)"! —it( +t?L)~'divA ) 


T=#gy °= 
oes ogee 14+2V(0422L)7! div A 


By Theorem 2.8, V/./—A is bounded from L?(R"; X) to L?(R"; X"), and div /./—A is 
bounded from L?(R"; X”) to L?(R"; X). Using the boundedness of A on L?(R”; X”), the 
R-bisectoriality of 7g thus follows from (7). By Theorem 3.1 the operator [7g hence has an 
H®©-functional calculus. The functional calculus of L follows from the functional calculus of 
ITg applied to functions of IT a The Kato estimates follow from the functional calculus of [Tg 


applied to the sign function z+» z/ 22, as in [9, Corollary 2.11]. 


Theorem 3.1 is a consequence of the following square function estimate, which is a vector- 
valued analogue of [9, Proposition 4.8]. 


Proposition 3.4. Let X be a UMD Banach space such that both X and X* have RMF. Con- 
sider perturbed Hodge—Dirac operators IIg and IIx in L?(R"; X%) for p in an open in- 
terval (p_, p+) © (1, ©). Assume that ITg and ITg« are R-bisectorial in L?(R"; XN) for all 
D €(p_, p+). Then we have 


7 


B 
Dek 5M 


keZ 


sup 


Sllelippanxsy, Vue RW). (9) 
I<|t|<2 


LPR": X) 


Moreover, the same estimates holds in L?(R"; XN) if the triple {I’, B,, Bo} is replaced by 
{I°*, By, By}, and in L?’ (R"; (X*)) if it is replaced by {I’, B}, B3} or {I™*, BS, BY}. 


This is proven in the rest of the paper. In fact, it suffices to prove the assertion with the triple 
{I°, B,, Bo}, as written out in (9), since the assumptions remain invariant when replacing this 
triple by any one of the three other possibilities. To simplify notation we will, moreover, only 
consider QF. instead of OF: since the proofs remain the same in this generality. 

We start our journey towards the proof of the main estimate (9) in the next section; in the rest 
of this section we show how to deduce Theorem 3.1 from Proposition 3.4. We begin with the 


following: 
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Lemma 3.5 (Hodge decomposition). Let X be a reflexive Banach space, 1 < p < ©, and ITg be 
a perturbed Hodge-Dirac operator which is bisectorial in L? (R"; X). Then the space decom- 
poses as the following topological direct sum: 


L?(R"; X“) =NUTg) ® R(T) @ R(T %). 
Proof. On the abstract level, i.e., without making use of the structure of the Hodge—Dirac opera- 
tors, the assumptions that X (and then also L?(R”; X \)) is reflexive and IT, is bisectorial imply 


the decomposition 


L?(R"; X“) =NUTg) © RUT). 


Moreover, the projection on R(U/Tg) is given by 
— Jim 72772 2772)! 
Pu= lim tTIg(I +t°ITg) u. 
In our specific situation, we further have the explicit formula 


17173 (1 +0713)" 


_ (t?A,D* ADU +17A,D*A2D)“! 0 
~ 0 t? DA, D* Ao(I +t? DA; D* Ax)! )° 


The projection P thus splits as Pj + P2, where P; acts invariantly on L?(R”; X”') and annihilates 
L?(R"; X") for j #i. Since RW) C R(P) N L?(R"; X”2) = R(P2) € RW), and RUB) C 
R(P)N L?(R"; X) =R(P;) C RR), this gives the Hodge decomposition. 


Proof of Theorem 3.1. The fact that (6) = (5) is essentially contained in [28, Theorem 5.3], 
where it is stated for sectorial (rather than bisectorial) operators. Likewise, the equivalence be- 
tween the square function estimates 


sup Ye Qiu) Sllullp, Vue L?(R"; x), 
I<Il<20 Ne, p 
(10) 
sup El} \e(Q%,) ul) Sllullp. Yue L? (R"; (x*)%), 
I<itl<2 key p! 


and the functional calculus of /7g is proven in [30, Theorem 12.17] for sectorial operators but 
the proof carries over to the bisectorial situation. 

We thus have to show that (5) implies (10). By Lemma 3.5, it suffices to do this separately for u 
in each of the three components of the Hodge decomposition. Now Q2,u = 0 for all u € N(7g), 
and Proposition 3.4 gives the first estimate in (10) for u € RU”). On R(UJ’3), we then apply 
Proposition 3.4 with the triple (I”, Bi, Bz) replaced by (I™*, Bz, B1). 

This gives 


sup 
1<|t|<2 


ex2*t Bo By (I + (2't(7* + Bo Bi))’) ‘wu 
keZ 


S lull, 
Pp 


688 T. Hytonen et al. / Journal of Functional Analysis 254 (2008) 675-726 


for all uw € R(I™); by simple manipulation, this is equivalent to 


sup El) \ex2*er(1 + (2"t1g)°) Bru] Sllullp Yue RU), 


I<lth<2 Nez, Pp 
and then in turn to 
7 B 
sup El) ex Q%,ul) Sllullp Yu eR(Lp). 
I<|tl<2 Neg, Pp 


since R(UI;) = By RU). 

To obtain the dual estimates, one remarks that the above reasoning can be applied to 
IT, = [* + BSI By and Ip. = I + By I’* B5. Indeed, these operators are R-bisectorial on 
LP (R": (X*)%) by the duality of R-bounds ([28, Lemma 3.1]; here one needs the fact that UMD 
spaces have non-trivial type). 


Remark 3.6. The reader familiar with Hodge—Dirac operators will have noticed the special form 
of our operators and I*, and, in particular, the fact that we are not working at the level of 
generality of [9]. However, the proof of Proposition 3.4 carries over to the following situation. 


Proposition 3.7. Let X be a UMD Banach space such that both X and X* have RMF. Let T° 
be a nilpotent first order differential operator with constant coefficients in L(C) satisfying 
I? = —AM, where TT =I + 1. Let By, By € L©(R"; L(C%)) be such that P* BoB, * = 
0 = TB, Bo. Assume that Tg = TC + B,I'* Bp is R-bisectorial on L2(R"; XN) for all g€ 
(p —&, p +8), where ¢ > 0. Then we have 


en 2*tTTp (I + (2*tTTg)) | u 


sup E bs 
1<|t|<2 keZ 


5 ll Logan x); 
LP(R": XN) 


Wu e R(D). 


This holds, in particular, in the case where I” is an exterior derivative. However, the L? Hodge 
decomposition of Lemma 3.5 is no more automatic in this situation. To deduce a version of 
Theorem 3.1 in this more general setting one would thus need to have the existence of the Hodge 
decomposition as an assumption. Since our main focus is the original square root problem, we 
chose not to work in this generality in order to keep the paper more readable. The L? theory of 
more general Hodge—Dirac operators will be considered elsewhere. 


4. Miscellaneous propositions 


This section is a smorgasbord of vector-valued analogues of a number of classical estimates of 
Analysis, which we need in the subsequent developments. We start with a vector-valued version 
of the Poincaré inequality. Below, u - v denotes the dot product of u, v € R”, t, stands for the 
translation operator defined by ty f(x) = f(x +h), and 1g denotes the characteristic function 
of the set Q. 
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Proposition 4.1 (Poincaré inequality). Let X be a Banach space, and 1 < p < ow. Forueé 
W!-P(R": X), and m € Z" we have 


I; 


Sex > 1g (uz — (Uk) 942km) 


keZ  QEA LP(R";X) 
1 
Ss i i; | raston+a : V tk m4+zyUk dt dz. 
[-11 0 Kez Ee 


Proof. For x € Q € A,x, we observe that OQ Cx + 2‘{—1, 1]”. Hence 


Ug(x) — (Ux) O+2kin 


= / [ui (x) — un (x + 2*(m + z))]lo(x + 2*z) dz 
[-1,1]" 


1 


/ —2*(m +z): Vux(x + t2*(m + z)) dtl g(x + 2F;) dz. 
[-1,1]}" 0 


The assertion follows after bringing the integrals outside the norm and discarding the indicators 
lo(vt+ 2*z) by the contraction principle 2.5. 


Here is a useful Banach space version of another classical inequality. 


Proposition 4.2 (Schur’s estimate). Let X, Y and Z be Banach spaces, the last two with finite 
cotype. For i, j € Z, let a(i, j) be positive numbers satisfying 


sup )) a(i, DSi, sup ) ali, DSi, 
a iar 


and let T;,; € L(Y, Z), Dj € £(X, Y) be operators satisfying 


1 oar : 
R ——T;,;: i,j €Z <1, yi 
a(di,j) ” 


for all x € X. Then there holds 


S Illex 
y 


So ei Dix 
i 


yes Dix 


ij 


vi 


Sill. 
Zz 
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Proof. Under the assumption that V and Z have finite cotype, we may replace the Rademacher- 
variables ¢; in the assumptions and the claim by independent standard Gaussian random vari- 
ables y; by (2). We write the left-hand side of the modified assertion as 


1 
/ > adi, j)/* 7, jai, j)'/* Dix 
rid a Saag Oe pn 


i 


vw) 


Zz 


Then, as in [24, Proposition 2.1], let 


Leics. - SPSL AG Pees. 


i 


Xij= 


1 
ai, j) 
For x* € X*, we have 


Don)? <p( Dac p) Dla IP. 


j fei 


Now Proposition 3.7 in [37] states that 
So llvj.2)? < Cy lias: alk Vx* © X* 
J i,j 
» Vii 2 Vi, jXi,j 
j i,j 


where (7, ;)i,jez 18 a double-indexed sequence of independent standard Gaussian variables. 
T;,j: 1, 7 € Z) < 1, we have 


> E <CE 


> 


Therefore, using our R-boundedness assumption Ray 


1 
. 1/2 T. -ali. i)/2D; 
» Yi , ali, J) a, /) i,jai, jf) ix 


Zz 


1/2 I 
<sup( ac) [Ons ua j)'? Dix 
ING i,j ? z 


- = 


> ja, f)? Dix 
Y 


ij 


By reorganization, the last expression is equal to 


mt wis D923) Des 
j 


vi 


eo 


By basic properties of Gaussian sums, the random variables y; are again independent Gaussian, 
with variance 


Yo Hi Dix 
i 


U 


y 


yr = ai, fj) SI. 


J 
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By the contraction principle 2.5, the random sum with 7;’s is then dominated by a random sum 
with standard Gaussian variables, and using the assumption on the operators D; we complete the 
argument. 


In the rest of this section, we make use of the Haar system of functions. Recall that in R” 
there are 2” — 1 Haar functions ho: n € {0, 1}” \ {0}, associated with every dyadic cube QE A. 
For our purposes, it is most convenient to normalize them in L°(R"”) so that Indl = 1g. We 
often need only one (say, the “first’’”) of the ho for each Q, and so we adopt the notation hg := 


a :=19, —1o_, where Q4 and Q~ are two halves of Q. 


Lemma 4.3 (Sign-invariance). Let X be any Banach space, 1 < p < 00, and ug € L?(R"; X) 
for all Q € A. Then 


]due D7 lowo wE|D oe 2, hone 
k Och LP(R"X) k OEA,x LP(R"X) 
~E ye eglqug < 
OcA LP(R";X) 


Proof. Using Kahane’s inequality 2.3, and Fubini’s theorem, we have 


| Sex ye lgug 


k eA, 


=(/ Soe D> loWyuo() 


Rr k OcA,x 


L?(R";X) 


Pp 1/p 
ay) : 
xX 


For a fixed y € R", and ascale k € Z, there exists a unique dyadic cube Ox,» € A>« containing y. 
Therefore, by the contraction principle 2.5 


Yow D> lowe) 


k VED, 


7 7 


~w 


Xx 


Yiek dS holyuo(y) 


k EA, x 


This gives the first equivalence. A similar argument applies to the second. 


We next recall a result of Figiel from [18]. Our need for it is no surprise, since it is also a 
fundamental ingredient in Figiel’s vector-valued T (1) theorem [19]. 


Proposition 4.4 (Figiel). Let X be a UMD Banach space, and | < p < ©. Then for all m € Z" 
and x! € X 


O 
| DS 0h O+c10)m 


QcA n 


Ss log(2 + a) a eo 


PER) QeA 7 LP(R":X) 
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Corollary 4.5. Let X be a UMD Banach space, and | < p < ©. For (ug)kez C L?(R"; X), we 
have 


Proof. By sign-invariance, and unconditionality of the Haar system, log(2 + |m|)~! times the 
left-hand side is equivalent to 


ye Ek Ss Loyokm (uk) Q 


k OED, 


Ss log(2 + a) 


DL ekuk 
k 


LP(R";X) LP(R":X) 


1 
—_____E]|$ “ex hos okm (Uk) | 
log(2 + |ml) dX De hon . 
a 
< | Yo ex > oy q So ex Antu SE Sou ; 
k OcA,k k k 


where Stein’s inequality 2.10 was used in the last step. 


The following lemma, too, is closely related to Proposition 4.4, but unlike in the easy corollary 
above, we now have to employ the techniques of Figiel’s proof [18] rather than just his result. 
Similar martingale arguments inspired by [18] were also recently used in [22]. 


Lemma 4.6. Let X be a UMD space, and | < p < oo. Let further k € Z4, € € {0,...,k}, and 

xg € X forall Q¢ A. For each Q€ A, let E(Q), F(Q) C Q be two disjoint subsets such that 

both E(Q) and F(Q) are unions of some dyadic cubes R € Ay-k¢g), and |F(Q)| <|E(Q)|. 
Then 


die; DS lr@xe 


D is 
j=e QeA,; LP(R";X) 
P l/p 
Spx (E ye DS lewre ) 
LP(R":X) 


j=e QA); 
where j = ¢ is shorthand for j = mod (k + 1). 


SN 


Proof. Let 


T(Q) J(Q) 
E(Q)=(JR(Q), FOQ=L 50), 


i=1 i=l 


where Rj(Q), S;(Q) € Ay-k¢(Q)> the unions are disjoint, and therefore J/(Q) < I(Q) < gkn 
by assumption. Writing 17(9) = >; 1s,(9), leco) = >); 1z;(Q), and using sign-invariance, the 
claim is seen to be equivalent to 
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J(Q) P 


Y ye De Y> hsi@xo 


j=l QeA,; i=1 


LP(R";X) 


1(Q) 


Woe; YS Do hrmxo 


j= QeA,; i=1 


P 


= 


(11) 


LP(R":X) 


We may consider the point in our probability space being fixed for a while, so that the ¢; are 
just some given signs. For each j = ¢ and Q € Ajj, we introduce auxiliary functions as follows: 


1 . 
doi: = €j5 (ARO) ths g))xeg, 1<i<J(Q), 


do; = €jhR (xo, J(Q) <i<1(Q), 
and finally 
J(Q) 1(Q) 
=a 1 0 
d =» yao > y d ; 
engi ts! QeA,j i=J(Q)+1 


Let us make a key observation. If Q, Q’ € A appear in the claimed estimate (11) and £(Q) > 
£(Q'), then £(Q) > 2'+10(Q'), The functions qi are constant on halves of dyadic cubes of 
side-length 2~* ¢(Q), and hence they are constants on Q’. 

We now define the following o-algebras: 


F} = 0(Agi-1), 


F} = 0(FP, (dg); QE Agi 1 <i 


(Q)}) 


<I 
F} = 0(F;,{doi:: QE Ar, 1<i<J(Q)}) 


’ 
’ 


where o(S) denotes the sigma algebra generated by the elements of S, and Cee Q€A)j, 


1 <i < J(Q)} denotes the sets, indexed by Q € A>; and i, of sets (dg) \(B) where B C Ris 
a Borelian set. Then 


ee, v(k+1) & Fh vik4 1) SFE, vik gee, (v—-(k+1) &"* 


is a filtration of R” which generates the Borel o-algebra, and 


0 +1 —1 0 
o> Geroainty FTervery Fervaty Ferveri> 


is a martingale difference sequence, with respect to this filtration. 
By the very definition of UMD spaces, there holds 


DP eas S| 2 @ 


j=l 0€(0,+1} j=loe(0 ae 


LP(R":X) LP(R";X) 
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But it is immediate to see that this estimate, after taking the expectation with respect to the €; on 
both sides, is precisely the desired inequality (11). 


Remark 4.7. In the above lemma, the disjointness assumption for E(Q) and F(Q) can be 
dropped. Writing 1 -(g) as 1(g).le(a) + 1F(0)\£(Q), One can apply the above proof with F'(Q) 
replaced by F(Q) \ E(Q), and handle the other term using sign-invariance and the contraction 
principle. 


5. Vector-valued inequalities for the unperturbed operator 


For the unperturbed operator I7, we define R;, P; and Q; by simply dropping the B’s from 
the formulae (4). We also set 


P=(I-PA)', Q@=1tVP%, QF =-tP; div: 


as it turns out, the assumption (3) often helps to reduce the more complicated Hodge—Dirac 
resolvents to this canonical family of operators. Note that 


Q*@,=-P A(T — 2A)”. 


An important component of our work is the analogue between the harmonic and the dyadic 
worlds, and in particular the idea that P, and A; are roughly the same. This heuristic will be 
quantified and proved later on. 


Proposition 5.1. Let X be a UMD Banach space and | < p < ow. Then the Hodge—Dirac oper- 
ator IT has an H™ (Sg)-functional calculus on L? (R"; x”) for every 6 > 0. 


Proof. With the help of the Fourier transform and the elementary functional calculus of self- 
adjoint matrices, the functional calculus of J7 may be computed explicitly. In fact, it fol- 
lows from the assumption (3) that the symbol Tl (€) of the differential operator /T satisfies 
ial (EP = |E (27 (€), which implies that the only possible eigenvalues of the matrix val (€) are 
0 and +|&|. Functions of such matrices are readily computed, and transforming back we find that 


IT 


J-A 


Tr” 
fUD = forv—-A) +[fe(W—A) FOJ— + FO, (12) 


where fo(z) := 5(f (2) — f(—z)) and fe(z) := 5 (f(z) + f(—z)) are the odd and even parts of f, 
respectively. All the operators above are Fourier multipliers, whose boundedness on L? (R"; X) 
follows from the multiplier theorem 2.8. 


Note that (12) and 7? = —AJ7 imply in particular that 
g (17°) = g(—A)TT, (13) 


i.e., on R(/7) the functional calculus of 7? is just the functional calculus of —A. 
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Lemma 5.2. Let X be a UMD space, | < p < «©, and2M >n-+1. For z€R", t € [0,1], and 
u € L?(R"; X), there holds 


vy 


+1 
S14 lel)" Wullcoaesxy- 
LP(R";X) 


Do e42*z- Von, Pape 
k 


Proof. The function inside the norm on the left is a Fourier multiplier transformation of u with 
the symbol 


OE) = Deg dhz i BE. (1 EPI. 
k 


For every a € {0, 1}”, a straightforward computation shows, given the assumption 2M >n + 1, 
that 


le 1!!| DoE] S (1+ lel) S (1+ [el ™. 


The assertion hence follows from the multiplier theorem 2.8. 


Lemma 5.3. Let X be a UMD Banach space, | < p < 00, and M € Z,. For u € L?(R"; X) we 
have 


| >> ex (Pox — Pu 


vy) 


= ell Loans): 
LP(R":XN) 


Proof. This is a Fourier multiplier estimate again. One may either directly study the multiplier 
on the left like in Lemma 5.2, or argue in a slightly more step-by-step fashion as follows. Observe 
first that P!~' — p/ =-? AP! = PJ? @*Q, for all j =2,..., N. The symbols of P; have 
uniformly bounded variation, so the operators are R-bounded by Proposition 2.9, and thus 


ye ees zs Pi ju 


N 
<) JE 


keZ j=2 "keZ 
N 
SDCE]Y | 4 @3. Qu] S lull. 
j=2 "keZ 


where the final quadratic estimate again follows from the Multiplier Theorem 2.8. 


We have now accumulated enough knowledge to prove the following estimate showing that 
FP, is almost like its average A; P;, in the precise sense of the quadratic estimate. In the rest of this 
section we are going to show the “dual” property that also A; is almost like A; P;, thus justifying 
our heuristic of the “equivalence” of A; and P;. 
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Proposition 5.4. Let X be a UMD space, and | < p < o. Then for all u € L?(R"; X), there 
holds 


S llu liza: x). 
LP(R";X) 


OS ex (Age — Pew 
k 


Proof. Since the operators A, — J are R-bounded, and the differences Px. — PH ae the 


quadratic estimate of Lemma 5.3 (taking 2M > n + 1), it suffices to prove the lair with P. 
replaced by F yes . The left-hand side of the modified claim is 


a] oe yy te (Pylu — (Px u) 0) 


k QA, k 


s | / | Dev2te : Vtj2t, Pye 


-1,1]" 0 k 


LP(R":X) 


dt dz 
LP(R";X) 


1 


+1 
Ss / fos zl)" [lull ze an; xy dt dz S |lull tears x), 
[-1.1]" 0 


by Proposition 4.1 and Lemma 5.2. 


Our next proposition is a vector-valued analogue of [9, Proposition 5.7]. 


Proposition 5.5. Let X be a UMD space, and 1 < p < o. For u € L?(R"; X), we have 


S |lullzeqe: x). 
LP(R":X) 


E| 0 ej) Ani (Py — Du 
j 


Proof. As a preparation, observe that )°j-7 Q5; Qoi is represented by the Fourier multiplier 


Yer + (2'|E|)?)~? which, as well as its reciprocal, satisfies the conditions of the 
multiplier theorem 2.8. This implies the two-sided estimate 


AW [lull ep ae-x)- 
LP(R":X) 


* 
2i 


Thus, it suffices to prove 


S| S06) Api (Poi — NQ3, Qiu S |lullze ee". x)- (14) 


LP(R";X) 


Since also 


S llullzears:xny, 
LP(R":X) 


Y So ei Qoiu 
i 
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again by Theorem 2.8 (say), (14) will follow from Schur’s estimate 4.2 (with VY = Z = 
L?(R"; X), and Y = L?(R"; X”)), once we show that 


R(2 Ay; (Poi — QS: i, § EZ) S1 (15) 


for some 6 > 0. pss CU — Pi) QF = ae — Ps)QF and P,QS = + P,Q? for all s,t > 0, and all 


the families Aj, Pj; and Qs j> J € Z, are R-bounded on the relevant spaces, it is immediate that 


R(2'-F Ags (Poi —NQ@%: i> = R( Axi Q5; (Pri —1:i>j)S1, 
R(W' Ay; Pai Qi: i < j) = R( Ay Py Q3): i<j) 1. 


It remains to estimate A); Qs; for i < j. We divide this task into the countable number of 
cases where k = j —i € Z, is fixed, aiming to establish sufficiently good R-bounds to be able to 
sum them up. We start the estimation by writing 


D a 
LP(R":X) 


y Yo ej Ani Q5 jeu j 
J 
ye ‘of @ sam 


i 
7 OeA,j LP(R";X) 
k 1/p 
<D(E - &j {2 ae a Salt, ) (16) 
t=0 LP(R":X) 


j=€mod (k+1) QeA,; 
We next decompose each of the cubes Q € A into 2‘~! parts inductively as follows. Denoting 


a 


ll 
ah 


dsE := {x € E: d(x, E°) <4}, 


we set 


m—-1 
QO! = 0r-t¢Q)Q, — O™ = dy-keQ) fo i U o'| Ms 2452", 
v=1 


Then Q” is a union (up to boundaries) of certain dyadic cubes R € Ap-«¢(g), and |Q”| > | or 
for all m < 2‘—!, This is preparation for the application of Lemma 4.6 later on. 
The right-hand side of (16) may now be rewritten as 
| I/p 
LP(R";X) 


Qk-1 


|e es D an samy 


m=1 j=e QcA,j 


IM 
LO 
“AJ 
rl 
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where the randomized j sum, as in Lemma 4.3, does not “see” the introduction of the additional 
random factors ¢/,. The UMD space X, and then also the Bochner space of functions with values 
in this space, has some non-trivial Rademacher-type t > 1, which gives the estimate 


4 1/t 
LP(R":X) 


We are now in a position to apply Lemma 4.6. For all m = 2,...,2'—', the sets E(Q) = Q! 
and F(Q) = Q” satisfy the assumptions of that lemma, which means that the summand with 
m = | above dominates any one of the other summands with m = 2, ..., 2‘~!. Hence, recalling 
that Q! = a,x ecg) Q, we may continue with 


Le ele sai 


j=t QcA,j 


v[r(e 


l=0 Lm=1 


Pp 1/p 
) : (17) 


LP(R";X) 


s2"( 


l=0 


j=l QeA,; 


de » a,j .0f % gj-k Uj 
Q 


Finally, we start making use of the properties of the operators @7. For each Q € Ajj, let 
no € Cp°(Q) be a function with ng = 1 in Q \ d;-«Q and |Vngl S 2'-J We have 


fears f noe ain Py uj + [A= 198-00 
OQ OQ a) 


= 2" Eno, (— div) ]Pyj-«uj + [a = 1Q)Q5;-4Uj> 
O Q 


where we used the fact that the integral of the divergence of 79 P3j-«u; vanishes. We may further 
observe that [7Q, (— div)]v = Ving - v, and both Ving and 1g — ng are supported on 03;-x Q, so 
that both integrals above may be reduced to this smaller set. Thus 


P I/p 
(F[D9 DO wycofaran| ) 
0 LP(R";X) 


j=e QcA,j 
=(E Yee SS |09i-« QI «Ql, 0 
hy |Q| ge 


Pp 1/p 
) ‘ (18) 


x -f (2/-* Wing - Pyj-cuj + (1 — 9) @%),uj) 
LP(R";X) 


dy j-k Q 


The factors |d,j;-«Q|/|Q| are equal to 1 — (1 — 2!-kyn < 2-* and may be extracted outside 
the summation and the norm. Then we are left with an expression involving the conditional 
expectation projections related to the filtration 


(6 (dyj-« Q, Q\ dxj-*O: QE Avi) jae mod k+1° 
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These are R-bounded under the UMD assumption, and hence the quantity in (18) is majorized 


by 
Pp 1/p 
arte 
LP(R";X) 


Dp 1/p 
52 ‘( ) 
LP(R":X) 


where the last estimate used the contraction principle 2.5 and 2/ Vv nol <1. Using the 
R-boundedness of P;-. and Q* and substituting back to (17), we have shown that 


2i-k 
D I/p 
LP(R";X) 


k ee P I/p 
Soar (B] yey i 
yi > 


Pp y" 
LP(R"; X") 


JEDSK+ 12-*/# and allows us to estimate: 


doer DE (27 Vg - Pai-nuj + Lg — 9)@5;-«1")) 


j=l Qed,; 
P I/p F 
* * 
So ej Pri-nuj ) +2 ( q So Opa 
jxe LP(R" X") j= 


* 
YS  8j An Q5,-4uj 
J 


=(k+1)2 (E 


ei 
ij 
This says that R(Aj Q5j-«: 
[o,e) 
RH MA Ay OS: 1, FEZ, i<j) <>) R(2M Ay QS, 4: § EZ) 


[o,@) 
Soest ya" <1. 


We have proved the required R-boundedness (15) with 6 = 1/2t' = 5(1 — 1/t) > 0, where t > 1 
is a Rademacher-type for L?(R"; X). 


We conclude this section with the following result, which combines most of the estimates 
achieved so far. Although we will not make direct use of this inequality, but rather the various 
individual results above, Corollary 5.6 appears worth recording for the potential further applica- 
tions of the transference between the dyadic and the harmonic estimates, which it provides. 


Corollary 5.6. Let X be a UMD space, and | < p < oo. For u € L?(R"; X), we have 


vy) 


S llu lize: x). 
LP(R":X) 


So ex(Ank — Paxdu 
k 


For u € RUT), the same is true with Px in place of Po. 
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Proof. The first claim is immediate from Propositions 5.4 and 5.5, and the second follows 
from (13). 


6. A quadratic T (1) theorem 


In this section we show that the proof of certain quadratic estimates can be reduced to similar 
inequalities for the “principal part” of the operators involved. This will then be applied to our 
particular operators QF. , and is an analogue of [9, Sections 5.1 and 5.2]. However, we start with 
the description of a more general situation. 

Let J = (T>«)kez be an R-bounded sequence of linear operators on L?(R”; Y), where 1 < 
p < oo and Y is a Banach space, and let Z C L?(R”; Y) be a subspace. We say that 7 satisfies 


a high-frequency estimate on Z if 


; | 


for all u € Z. Concerning the name, note that the symbol of J — Pox is (2*E))2C1 + 
(2*|é|)?)—!, which can be thought of as a smooth approximation of the characteristic function of 
{€ ER": || > 2-4}. 

We say that J satisfies off-diagonal R-bounds if the following inequality holds for every 
M EN, with the implied constant only depending on M: whenever Ex, Fy C R” are Borel sub- 
sets, up € L?(R"; Y), and (te) kez CE (eg are numbers so that dist(E;, Fx) /t, > @ for some 
oe > Oandallk € Z, there holds 


S llulizecee.y) (19) 
LP(R";Y) 


> ExT TI — Poe)u 
k 


(20) 


vi 


S$(+0)“E 
LPR": Y) 


So ecley Ty Laue 
k 


So exl awe 
k 


LP(R":Y) 


Note that the case M = 0 follows automatically from the assumed R-boundedness of the T>x and 
the contraction principle 2.5. 

Finally, the principal part of the operator T>x is the operator-valued function yx : R” > L(Y) 
defined by (intuitively, “yo := Tx (1)”’) 


Yor (x) w = Tye (w(x) := YT (wlg)(x), x ER", wey. (21) 
OcA,x 


Note that (20) implies that the right-hand side of (21) converges absolutely in be (R”; Y), and 
this series defines the action of 75x on the constant function w, which lies outside its original 
domain of definition, namely L?(R”; Y). 


We are going to prove the following “quadratic T (1) theorem.” 


Theorem 6.1. Let Y be a UMD space, and | < p < ov. Let the R-bounded operator-sequence 
T = (Dyt)eez in L(L?(R"; Y)) satisfy the high-frequency estimate (19) on a subspace Z © 
L?(R"; Y), and the off-diagonal R-bounds (20). Then there holds 


vy 


Sllullapanyy, weZ. 
LP(R";Y) 


Ex (Tk — Yor Ark )u 
k 
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Thus TF satisfies a quadratic estimate on Z if and only if its principal part does. 


Before going into the proof, let us indicate the consequences for our primary case of interest, 
which is the vector-valued analogue of [9, Proposition 5.5]. 


Theorem 6.2. Let X be a UMD Banach space, 1 < p < oo, and ITg be an R-bisectorial per- 
turbed Hodge—Dirac operator on L?(R"; X™). Let yx denote the principal part of O%.. Then 
there holds: 


Y Yo ex (Qh = Yor Anx)u 


m4 Sllulizeanxy), Vue RW), 
keZ 


LP(R": XN) 


and the operators yx (x) are multiplications by complex N x N-matrices. 
The quadratic estimate is obviously implied by Theorem 6.1 as soon as we check that 
(OF kez satisfies the high-frequency estimate on R(J") and the off-diagonal R-bounds. This 


is the content of the next two results below. The form of the principal part follows readily from 
the definition (21) and the fact that the operators oF. on L?(R"; X’) are tensor extensions of 


operators on L?(R"; C’). 


Lemma 6.3. The family (OF kez satisfies the high-frequency estimate (19) on RWI") Cc 
L?(R"; XN). 
Proof. It follows from (13) that P,<u = P,xu for u € R(I’), so it suffices to prove the modified 
claim with Px in place of Pp. 

Let P! denote the projection of 


L?(R"; x) =L?(R’; x") ® L?(R"; x”) 


onto L?(R”; X”!). Since u € R(I’), a straightforward manipulation using the structure of the 
operators shows that 


OP UI — P,)u= OF 1 O,u = (I — P?)P' O,u. 


Since {(J — P,2)P!; t > 0} is R-bounded, this gives 


where the last inequality follows from Proposition 5.1. 


So ex OF — Pre du 
k 


sz 
LP(R": XN) 


i EK QaKU 
k 


Ss |u InPcR"sx%)> 


LP(R":X4) 


The following proposition is the vector-valued analogue of [9, Proposition 5.2]. 


Proposition 6.4. The family (OF kez satisfies the off-diagonal R-bounds (20). 
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Proof. It is sufficient to prove this result for ion instead of OF since OP = (RB — RB 1,)- We 
proceed by induction on M. The case M = 0 follows from Kahane’s contraction principle 2.5 
and the R-bisectoriality of I7g. Now assume it is true for some M > 0, and consider 


Ee 1 
E,= {* ER"; dist(x, Ex) < 5 dist(x, ro} 


and nx a cutoff function supported in Ex with (nx)\z, = 1 and ||Vinglloo < 4/dist(Ex, Fy). De- 
noting by [T, S] = 7S — ST the commutator of two operators we have 


[nel, RE] = ite RP (LP, ne L] + Bi[*, nT] Bz) RP. 


Using R-bisectoriality, and the fact that [, n,/] + Bi[I-*, n¢ 7] Bz is a multiplication by an L© 
function bounded by || Vnx||o0, we thus have 


B 
So exle, Re Lpux 
k 


se 


So ex [nel RP | Lauk 
k 


<E So excite RE (LL, met] + Bil, m1] Bo) 1g, Re Lmgun 


k 


S sup |t;|1VnjlloE 
jcZ 


and we may apply the induction assumption to the remaining quantity. 


B 
Se lek, Lpux 
k 


ES 


’ 


diel a, Ra lrue 


1 
i k 


This completes the proof that Theorem 6.2 is a consequence of Theorem 6.1. We now return 
to the quadratic T (1) theorem 6.1. In proving this result, we decompose 


T, —“%Ar=T,I — Py) +h — nANPr + WACP: — 1), 


where the different summands on the right-hand side will be analyzed separately. The first one, 
of course, is immediately handled by the assumed high-frequency estimate. 


Lemma 6.5. Under the assumptions of Theorem 6.1, the principal part operators (yk Ark kez 
are R-bounded on L? (R"; X"\). 


Proof. For (ux)xez C L?(R"; X) we have 
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Y ye EkVok Ark UK 
keZ 


oy Yo ex yi loT(usdo| 


keZ  QcAx 


x 


s 


meZ? 


DY (1+ inl) 


meZ" 


> ex > 1oTe(1o424n (4s) 0)| 


keZL Qe A 4x 


ax 


Hal Se og deaseatai 1o| 


keZ QcA, k 


Ss (1+ \m|)“ log(2 + |m|)E 


meZ? 


Saal: 


where the last two estimates where applications of the off-diagonal estimates (and sign- 
invariance), and Corollary 4.5, respectively. The series is summable for M > n. 


The next lemma is the vector-valued analogue of [9, Proposition 5.5]. 


Lemma 6.6. Under the assumptions of Theorem 6.1, for all u € L?(R"; Y) there holds 


OS ex (Toe — Yor Ant) Poe 
keZ 


S llullzeay)- 
LP(R",Y) 


Prvot We first observe that it suffices to prove a modified assertion with Px replaced by 


PH. Indeed, this follows at once from the R-boundedness of T>« and yi A x combined with 
Lemma 5.3. 


As for the new claim, denote v; := PY u. Then 


— Yok Adk UK 


( Yo ex me loTi(vx — (x) 0)| 


k  QeAx 

<DEL N a YK laralto-atnlee - elo) 
meZ" k OeA,~ 

Sot im) MEPS ce SS 19 (ve — (ve) 42m) (22) 
meZ" k QeA 5x 
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where we used the off-diagonal estimates. By the Poincaré inequality (Proposition 4.1) and 
Lemma 5.2, the last factor is majorized by 


1 


+ 1 
[Sevztm +2): Vite Peul dt dz < (1+ |ml)"™ ull. 
k 


[-1,1]" 0 


Substituting this back to (22), we find that the series sums up to < ||u|| provided that we choose 
M>2n-+1. 


Proof of Theorem 6.1. We have 


| 


> Ek (Tx = Yok Adk)u 
k 


< 


~N 


+E 


vy) 


Ly Ex Tyr L — Pox)u bs Ek (Tk — Yok Ark) Poxu 
k k 


+E 


> EkVok Ark (Pox = I)u 
k 


For u € Z C L?(R"; Y), the upper bound ||u|| for the first term follows from the assumed high- 
frequency estimate, for the second term from Lemma 6.6, and for the third one from Lemma 6.5 
and Proposition 5.5 together with the observation that Ax = A5xA>«. 


In order to estimate the principal term 


Ek Yak Adk u 
keZ 


, ueR(W), (23) 
LP(R": XN) 


we need a version of Carleson’s inequality. This is achieved in Section 8 by using the Rademacher 
maximal function, which we next study. 


7. The Rademacher maximal function 


We recall the definition of the Rademacher maximal function, here stated in an equivalent but 
slightly different way from Section 2: 


Mru(x) := sup| a 


Y eorolwo| 


Q>x x 


(AQ) Qea finitely non-zero with > lAoI* < i} 
QeA 


We will also find it convenient to consider the following linearized version: 


Mpu(x): 07(A) > Rad(X), (o)geat? ¥ Eegrglujo, 
Q>x 
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which satisfies Mru(x) = | MRu(x) | L£(€2,Rad(X))° 
The RMF property of a Banach space X was defined in terms of the L?-boundedness of Mp, 
but the next result shows that the exponent 2 is not relevant. 


Proposition 7.1. Let X be a Banach space, and consider the assertion 
Mr: L?(R"; X) > L?(R") is bounded. (24) 
If (24) is true for one p € (1, ©), then it is true for all p € (1, oo). 
Proof. It suffices to prove the same for the equivalent statement 
Mr: L?(R", X) > L?(R", ee, Rad(X))) is bounded. (25) 
Suppose that (25) is true for some p € (1,00). Let a be an atom of the dyadic H'(R", X) 


space, i.e., suppa C Q, a dyadic cube, ||alloo < |Q|~! and fax) dx = 0. Then (a) gq £0 only 
if O’ C QO. Hence 


I| Mrull 71 cRn,.£(e2,Rad(X))) 
= ||Mrull71(9,.£(¢2,Rad(X))) 
<|o\/”" | Mul pcr”, £(¢2,Rad(X))) 
S101? Wall zver,xy <1O1/? |"? Illoo <1. 


It follows that Mp: H'(R", X) > L!(R", £(¢7, Rad(X))) boundedly. 
Let then u € L©(R", X) and let Q be a dyadic cube. It is easy to see that 


Lo[ Maw — (Mru)o] = Mr(lo[u — (u) a). 
Denoting by BMO the dyadic BMO space, it follows that 
I| Mull mor", £(02,Rad(X))) 
1 
= sup — 
aca |Q| 


= -1 
=, sup | Mr(|O| lo[u = (u)o]) | eigen ae enacay: 


|| Mau — (MrX) oll p1(9,202,Raacxy)) 


But |O\-lolu — (u)Q] is 2||u||oo times an atom of H'(R", X). Hence, by what we already 
showed, we also find that Mp : L©(R”, X) > BMO(R", L£(07, Rad(X))) boundedly. Now in- 
terpolation gives the assertion. 


Remark 7.2. Given a dyadic cube Q € A, it also makes sense to consider Mp as an operator 
acting in L?(Q; X). In this case one may restrict the summation in the definition to 


Yo craru)e. 


R:xERCQ 
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An obvious restriction argument now shows that Mp : L?(Q; X) > L?(Q), with the norm in- 
dependent of Q, if X has RMF. 


We do not yet fully understand how the RMF property relates to established Banach space 
notions. Since we need to assume this kind of inequality to be able to carry out the estimates in 
the subsequent sections, we next provide some sufficient conditions, which imply this property. In 
Appendix C we also give a counterexample to show that RMF is indeed a non-trivial property not 
shared by every Banach space; more precisely, it fails in the sequence space ¢!. Our first sufficient 
condition, Rademacher type 2, is the easiest one, but not very useful for our applications, since 
this condition is not self-dual and the condition that both X and X* have type 2 is very restrictive, 
indeed, equivalent to X being isomorphic to a Hilbert space. On the other hand, the other two 
classes of spaces with RMF—UMD function lattices and reflexive noncommutative L? spaces— 
are both self-dual, and they cover the most important concrete examples of UMD spaces. 


Spaces of type 2. If X has type 2, then Mpu(x) S Mu(x), where M is the usual dyadic maximal 
function. In fact, 


v) 


1/2 
S-exdeAeu(x)|| < (x axl? Asus) (26) 
k x k 


in this case, and the supremum over ||A||2;z) < 1 of the right-hand side is sup, |Ajxu(x)|x = 
Mu(x). 


Remark 7.3. Since R-bounds imply uniform bounds, the reverse estimate Mu(x) < Mpu(x) 
holds in any Banach space. Thus there is in fact an equivalence Mpu(x) ~ Mu(x) if X has 
type 2. 


Remark 7.4. In [26], James constructed a non-reflexive Banach space with type 2 (and thus with 
the RMF property). This means, in particular, that RMF does not imply UMD. 


UMD function lattices. Suppose now that X is a Banach lattice of (equivalence classes of) 
measurable functions on some o-finite measure space (S, 2’, w). This means that X is a Banach 
space of such functions and, in addition, 


e it contains the pointwise real and imaginary parts of any two functions €, 7 € X, and the 
pointwise maximum and minimum of any two real function &, 7 € X; 
e if the pointwise absolute values satisfy |&| < |n|, then || ||x < |ln|Lx. 


Obvious examples are the L’? (jz) and spaces of continuous functions; also any Banach space 
with an unconditional basis may be viewed as a Banach lattice of functions defined on Z+. 
One can also give an abstract definition of a Banach lattice without a postulated function space 
structure (see e.g. [2]), but we restrict ourselves to the concrete situation, which is the context 
where Banach lattices with the UMD property have been studied by Rubio de Francia [39]. In this 
situation, the harmonic analysis in L?(R”; X) is much closer to the scalar-valued case than on a 
general UMD space, since one can use square functions similar to their L? (R”; C) counterparts, 
and there is also the following natural notion of a maximal function. 
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The (dyadic) lattice maximal function Miattice is defined by 


Maatticeu (X) >= sup | (u)@Q 
Q>x 


’ 


which is again an X-valued function. Suppose X is UMD (and thus has finite cotype), then 


1/2 
: 2 
Econ), (Zeta 
Q>x x Q>x 
1/2 
<|(Xrol)  swlwoll . 
Q>x Qax x 
so that we have the domination Mpu(x) S || Maatticeu(x)||x. By a result of Rubio de Francia 
[39], we know that || MiatticetIl Le (u,x) S lull equ,x), and hence ||Mpul|ze(u) S llullzequ,x) for 


alll<p<o. 


Noncommutative L? spaces. We now turn to the case where X is a noncommutative L? space 
L?(N,T) on a von Neumann algebra N with a normal semifinite faithful trace t. In this set- 
ting, analogues of many important results from Banach space theory and harmonic analysis have 
recently been found. See [38] for the definition, more information and references. We here pre- 
suppose a modest knowledge of these notions, and only mention that the L?(N, T) are spaces of 
(bounded linear) operators (acting on some Hilbert space), which generalize the “commutative” 
L?() spaces, the trace playing the réle of an integral. The simplest examples, besides L?, are 
the Schatten ideals S? of bounded linear operators A such that tr((A* A)?/2) is finite, where tr 
denotes the usual trace. The reader who is not interested in the applications of our results in the 
noncommutative context, may very well jump to the beginning of the next section. 

The following “noncommutative Doob’s maximal inequality” was established by M. Junge 
in [27]. 


Theorem 7.5 (Junge). Let 1 < p< co and u € L?(N,T). Let (N;) be an increasing sequence of 
von Neumann subalgebras of N, with associated conditional expectations E;. Then there exist 
a,b € L??(N, t) and contractions yi € N such that 


Eju = ayjb, Iallop lB llop Sp Well p- 
In particular (cf. [27, Remark 5.5]), Theorem 7.5 applies in the case when 
N=L™“(F)@M, 
where L©(F) is a usual commutative L© space, and N; = L©(F;)@M for some sub-c- 
algebras F; C F. Then L?(N) X L?(F,L?(M)) is the Bochner space of L? functions with 
values in the noncommutative space L?(M), and £; are the (tensor extensions of) usual condi- 


tional expectation operators. In our case E; = A»i, but the argument is valid for general sequences 
of conditional expectations. 
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Corollary 7.6. Let 1 < p,q < ™, let X =L4(M) andu € L?(F, X). Then 


| Mrul|ne(#) Sp.g Wlelleece.x)- 


Proof. By Proposition 7.1, it suffices to prove the case p = q. Then L?(F, L?(M)) = L?(N), 
with N = L~(#) @ M, is itself a noncommutative L? space. By Theorem 7.5, there exist a, b € 


L?P(N) = L??(F, L??(M)) and contractions yj € N such that 


Eju(x) =a(x)yj(x)b@), all z2>cny lll czy Sp lle llzecy- 


Then we have, by the noncommutative Hoélder inequality, 


vi = 1 


LP(M) L?(M) 


dl ejajEjue) a(x) )\ejAjyj(@)b(x) 
j ui 


IN 


a Jaw) L2P(M) | 


do ejAjyj@)d@) 
7. 


Now 2p > 2, so that the space L??(M) has type 2. Hence 


; | 


do eAjyj@)b@) 
j 


L2?(M) 


1/2 
(Cli Fiavan) 
j 
1/2 
< 63 nF) [21 e0an S121 pean: 
j 


Combining the previous estimates, we have shown that 
Mpu(x) Sp |la(a)|| L2?(M) [oe] L2P(M)? 
and hence, by Holder’s inequality and (27), 


| Maul ior) Sp all p20 12» (uy) Pll 220¢¢-12”(M)) Sp |ul|Le(F:LPCM)), 


which completes the proof. 


The results of this section constitute a proof of Proposition 2.13. 


127(M)_ 


(27) 
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8. An L? version of Carleson’s inequality 


We next establish a vector-valued L? version of Carleson’s inequality for Carleson measures. 
For p # 2, it appears to be new even in the scalar-valued case. We wish to mention that the proof 
of this inequality is significantly inspired by the work of N.H. Katz and M.C. Pereyra [29,36], 
although none of their specific results is explicitly needed. 

Let b = (br) rea bea finitely non-zero sequence of measurable scalar-valued functions, such 

2) ) > erdr(x) 


that supp bg C Q. For each Q € A we denote 
1 P 1/p 
lDllcar?(g) *= sup (is// ax) 
sea, sco\|5I nes 


ea. oe lis f [Per (ie a) 


Let us write ||D]|car? cg) “= SUPgea llPllcare(gy. For p = 2, this is just (the square-root of) the 
Carleson constant of the measure 


dt 
du(x,t) = > be (x) heay/2,ecay) 0) dx. 
QeA 


For the moment, fix a cube Q € A, and denote by yw the normalized Lebesgue measure, 
UL(E) := |E|/|Q|, on measurable subsets of Q. We recall the definition of Lorentz spaces 
L?P-4(u, X). A measurable function u: Q > X belongs to L?4 (wu, X) if 


CO 


ay I/q 
ell Loa (ux) = ( [leo Soe | 


0 


is finite. We are now ready to state: 


Lemma 8.1. Let X be a Banach space with type t > 1, and let 1 < p < ~. Then 
Yo erbr(x)(u)e 


( 1 | : is 
|O| 0 REA, RCO x 


ilicceioy: IMrullnruy f1<p 
ws WeNCar?(2)* | || Mrullerw(y) if t < p <0v. 


Proof. Let us fix some A > 0 and denote 


S> erar(u)r 


R:SCRCO 


i= {sc Q: sup cart, 


IAll2<1 Xx 


Let us also denote by ¥; the set of maximal dyadic cubes S C Q such that S ¢ Gx. 
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Then every R ¢ $x satisfies R C S for a unique S € F;. Moreover, $x C ¥x+1, and every 
SC Q belongs to $, for a sufficiently large k. We write Qo := 9 and Q,z := Gx \ Yx_1 for 
k=1,2,.... Then 


Yo erbe(x)(u)r =>) D> erdr(a)(u)r, 


RCO k=0 REQ, 


and, by sign-invariance, 


cE’ Ye > ERDR(X)(U)R 


k=0 REQ, 


s a ERDR(X)(U)R 


k=0 REQ, 


~N 


’ 


where ¢;, are an independent sequence of Rademacher variables. Let us denote g := min{p, ft}, 
so that X has type q. 

q\ P/4 

x 


Then, by the definition of type, 
Now consider a fixed x € Q. Suppose first that there is a smallest dyadic cube S such that 
x €S € Q,. Then 


AT 
uu 


Soe So erbda(x)(u)r 


k=0 REQ, 


Y= erbe(x)(u)e 


REQ, 


(& 


x k=0 


q 


> ERDR(X)(U)R 


REQ, 


4 


xX 


q 
Yo erbr(x)1a,(R)(u)r 
Xx 


SCRCO 


< (A2‘)‘E 


q 
a enba (sd (R) 


SERCO 


S> erbr(x) 


REQ, 


q 
= (A2*)’E ; (28) 


where the estimate employed the fact that S € Q; C G x, the defining property of 9; with Ar = 

br(x)l@, (RK), and the equivalence of the é? norm and the randomized norm for scalar sequences. 
If there is no smallest S, then (28) remains true with “lims;,;” in front of the two intermediate 

expressions, where S runs through the decreasing sequence of dyadic cubes containing x. In 

either case, the final estimate between the left-hand and the right-hand side is the same. 
Substituting back and using the triangle inequality in L?/4 (ww), we have 


1 P q/P 
(] / | So exbeoolu)r ax) 
Ol P 


O RCO 
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cay aa Z Pp \4/P 
sv(_ fo PE > eRpdR(X) ax) 
k=0 re) REQ, 
For k = 0, it is clear that 
1 P Z 
a / = erbe(x)| x <[Dllegog): 
Q seo 


For k > 1, we have, using the definition and disjointness of the cubes S € Fx_1, 


1 P Pp 
te «| So exba(x)| de < > ial Yo exbel(x) 
Q 


dx 


REQ, SEF} RCS 


lUsex,_ 5 
< ASF Baroy 


Since Useg,_, SS {Mru > A- 2*~1}, it follows that 
Yo erbe(x)(u 


(rai = “fy 


oo k-hy\ a/p | 1/4 
{Mau > A- 2-1] 
5 AbPtewr os 1+ 3-2 a 


k=1 


,. (Mru  \%P at |”4 
R 
<Abbtearo 1+ f Ho : a) | 
0 


and the choice A = ||MRu||z».2(,) yields the asserted bound (using the fact that L?’?(u) = 
L?(u)). 


Theorem 8.2. Let X be an RMF space, | < p < ow, and € > 0. Then 


(fe x ERDR(x)(u 


R" ReA 


I/p 
ne SNP llcare+< pny ll lize ae",x); 


for all u € L? (R"; X). We may take « = 0 if X has type p. 


Proof. By standard considerations, it is easy to see that it suffices to prove the estimate with a 
fixed dyadic cube Q in place of R” and R € A replaced by R C Q. After dividing this modified 
claim by |Q|!/?, the left-hand side becomes identical with that in Lemma 8.1, while the right- 
hand side is ||b||cap+e(gyllUIlz7qu)- If X has type p, the result with « = 0 thus follows from 
Lemma 8.1. We now turn to the case where X has type t < p. 
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By the real method of interpolation, after linearizing Mpu in a standard manner, we have that 
|| Mrull|ie.a(u) S |lulle-4(u,x) for the same p and 1 < g < oo. Thus Lemma 8.1 shows that the 
bilinear map 


(bu) > S° erbrO)u)r (29) 
RCO 
is bounded 
Car? (Q) x L?"(w, X) > L?(w, Rad(X)) (30) 


if X has type t < p. 
If X does not have type p, it nevertheless has type 1. For a small number € > 0, we already 
know the following boundedness properties of the Carleson map (29): 


Car? t€(Q) x L?*®! (4, X) > L?** (uw, Rad(X)), 
Car? *€(Q) x LP~©1 (yu, X) > L?~€(t, Rad(X)). (31) 


The second line uses the embedding Car?T*(Q) C Car?~€(Q). For a fixed b € Car?*€(Q), the 
lines (31) express the boundedness of the linear operator ut }> rcoé RDR(-)(u) R between cer- 
tain function spaces. Using the real interpolation results 


(LETS X), LP Gi, X)) = L? (uw, X), 


9.p 
(EPt* (u, Rad(X)), LP-< (1, Rad(X))), , = LP (ut, Rad(X)) 


for appropriate 6 € (0, 1), we deduce the assertion. 


9. Carleson measure estimate 


In Section 6, we reduced the asserted inequality of Proposition 3.4 to the estimation of the 
principal part (23). We have finally developed the required tools for dealing with this part in this 
final section. 

Let us first see how to make use of the fact that we only need to consider u € R(J’). Since I” is 
a first-order constant-coefficient partial differential operator in L?(R"; C), it has the form [= 
IoV, where Tp € £(C”"; C¥). Let us write Wr := R(p) C CX, and let Pr be the orthogonal 
projection of C’ onto this subspace. As before, we use the same symbol for its tensor extension 
to X". Now, for u € R(”), we have 


Vor (x) Pr 


Tye@PrI! Yok (x) Pr || Azeu(x), 


Yok (x) Ark u(x) = Yok (x) Pr Aneu(x) = 


where we denote by ||y>«(x)Pr|| the operator norm of yx (x) Pr in L£(CY) (and let 0/0 := 0). 
Since the tensor extensions of the operators M € £(C%) with ||M|| < 1 are R-bounded on X% 
(by writing out the matrix multiplications and using the contraction principle), it follows from 
Theorem 8.2 
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vi 


y EkYV2k ArkU 
r LP(R": XN) 


SE 


Y= ex llyox Pr] Asew 
k 


LP(R": XN) 


_ | ye egloallyvea)Pril(u)o 


Oe LPR"; XN) 


ax 


Il po aenex)- (32) 
Car? *€(R") 


(lollvea)Pril) cen 


Hence proving the asserted quadratic estimate in L?(R"; X) is finally reduced to showing the 
finiteness of the Car? (R”)-norm above. 

There are two peculiarities worth pointing out here. First, the space X has completely disap- 
peared from this remaining estimate. Hence, the rest of the proof will be merely an L” version, 
no longer Banach space valued, of the L? estimates in [9]. 

Second, to get our desired L? inequality, we are now required to prove an L?*T€-type es- 
timate. This (and only this) is the reason why we formulated the main results—Theorem 3.1, 
Corollary 3.2, and Proposition 3.4—for p in an open interval (p_, p+), instead of just a sin- 
gle exponent p. At this point it could seem that we only need openness at the upper end of the 
interval, but we also have to be able to repeat the reasoning in the dual case with the interval 
(p',, p). 

The reader may also recall that the € could be avoided in (32) if X has type p. But to make 
the dual argument, we would also require that X* has type p’, and the only exponent for which 
this can be the case is p = 2. Moreover, if both X and X* have type 2, then X is isomorphic 
to a Hilbert space, and so we are back to the classical situation. Thus we are able to recover the 
original L* result in Hilbert spaces, but this is also the only situation, where we can work in a 
fixed L? space. 

Now that we have assumed this extra €, it is clear that completing the proof will only require 
the following. (Note also that R-bisectoriality of an operator T @ Jy in L?(R"; X‘), where X 
is an arbitrary Banach space, implies R-bisectoriality of T in L?(R"; C%) by restricting to a 
subspace.) 


Proposition 9.1. Let 1 < p < ov, and let ITg and ITIg« be perturbed Hodge—Dirac operators, 
which are R-bisectorial in L?(R"; C). Then 


| (lollvecay Pril.ecer)) gen leary Sl. 


The proof follows closely the Carleson measure estimate in [9, Section 5], and hence we will 
skip some detail by simply asking the reader to repeat the relevant steps in [9]. 
Denoting Rg := (0, £(Q)] x Q, areformulation of the claim is 


vw) 


Yo exlrg (os +) Yok Pr 
keZ 


LP(R"; £L(CN)) 
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1/2 
=| (x |] tap (2" ‘) yo Pr Lc») 


keZ 


1 
slail/?. 
LP(R") 


The equivalence of the first and second form may be justified by Kahane’s inequality and using 
the equivalent Hilbert-Schmidt norm on the finite-dimensional operator space £(C). 
Let us introduce the following subspace of £(C%), which contains our operators of interest 


Yor (x) Pr: 


Or:= {ve £(C”): We CN(W)} ={ve£(C¥): v= vPr}. 


a 


where v belongs to a finite set A such that J). Kv = Or \ {0}. Writing 


We set o > 0 to be chosen later, and consider the cones 


/ 
Ky= |" € Or \ (0: a 


Cy = {(t, x) € (0,00) x R": y:(x) Pr € Ky}, 


we need to show that 


Slay’? 
Pp 


z ky" exlronc, (2°, -)yoe Pr 
keZ 


for each v € A. This in turns reduces to proving the following proposition. 
Proposition 9.2. There exist B € (0, 1) and C > 0 which satisfy the following. For all Q € A and 


allv € £(C") with ||v|| = 1, there is a collection (Qj) jes of disjoint dyadic subcubes of Q such 
that: denoting 


Egv:=O\\JQj;, EO» =Ro\U Ro). (33) 


jes jet 
there holds |Eg,y| > B|Q| and 
Indeed, assuming this is proven, we have for a fixed Q € A 


<C’|Q\+ E 


jes 


‘ P\ 1/p ; 
do eelex ac, (2 +) Yok Pr ) <cjg\'’?. 
P 


keZ 


P 


y bs. exlRgnc, (2*,-) ye Pel 
keZ 


a Ek IRo, AC, (22: Yok Pr 
keZ 


P 


Now, applying Proposition 9.2 for each of the Q;, and denoting by (Qj, ;’) j‘ey’ the correspond- 
ing sequence of subcubes of Q;, we have 
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P 
‘, Y> exlrgnc, (Qs ‘) Yok Pr 


keZ Pp 
Pp 
<CPQI+C” Oi + > SO EPS eel ag ,nc, (24. -)ye Pr 
jel jet lel’ "keZ ad P 
Pp 
<C?/O\(1+(-B))+ >> SO EPS eel ag nc (2+) Pr 
jeJ jled’ "ke - P 


Reiterating this procedure leads to 


< craic — py = craig. 


i=0 


) > xl Rgnc, (2*, -) ype Pel 
keZ 


We now turn to the proof of Proposition 9.2. Let us fix v€ Or C L£(CN ) of norm 1, and let 
w, w € CN also be of norm 1, and such that w = v*(w) = Prv*(w). Hence w € Wr. We can 
now construct (as in [8, Lemma 4.10]) the following kind of auxiliary functions for each Q € A: 


wa €R(), supp wo © 3Q, wo(x)=w Vxe2Q, walle $1. 


To do so, we take an affine function ug such that [ug = w and ||lguglloo S €(Q), and a 
smooth cutoff ng supported in 3Q and equal to 1 on 2Q, with ||Vnglloo S €(Q)~!. Then we 
define wg = oe 

We now set fo = = PF owe: This satisfies 


|G], Sllwellp Sia”, (34) 


and, using the identity Q; P; = s/t - Q; Ps, also 


El] )> ex 1 rg (2" OFFS 


keZ 


ok 
< AD! OomPtvol, 


Po ke: 2k<e(Q) 


|Q|'/? 


é€ 


FS 


(35) 


Estimates (34) and (35) are our L? versions of the first two assertions of [9, Lemma 5.10], 
and the remaining part of that lemma is dealt with as follows. Note that we write simply | - | for 
the norm in CY. 


Lemma 9.3. For some c depending only on p as well as P, B08 , and I”, there holds 


[f ra- u| <cel/? 
Q 
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Proof. Writing out the definitions, 
B 
fis dx —w =f (Pao - 1)we dx 
Q Q 


=} —2°(Q) Tp Pig wo ax, (36) 
Q 
where the last equality used the facts that wg € R(J") and IT 2 = 'ITg on R(I’). We next make 


use of the following estimate, which depends on the fact that I” is a first-order differential oper- 
ator with constant coefficients: 


P 1/p' 1/p 
Lf ras <ug)'-o( f wirar) (f irurax) (37) 
Q Q Q 


This is the L? version of [9, Lemma 5.6], and is proved by a simple modification of the p = 2 
case given there. 
Using (37) in (36), we obtain 


f 18x 
Q 


l—p B P ae B P MP 
<0) (flee moh owol ax) (fieio- wel ax) (39) 


P 
(38) 


1/p'+1/p 
) a: ae (40) 


Sect (e@)"” (lar f wot? as 


by the uniform L?-boundedness of PB and QB, together with (34), and this completes the 
proof. 


Lemma 9.4. With e = (2c)-?’, where c is as in Lemma 9.3, there exist B, c1, C2 > 0 and for each 
Q € Aacollection (Qj) jez of disjoint dyadic subcubes such that, with the definitions (33), there 
holds \|Eo,y| > B|Q| and 


R(w, Ax fG@)) Ser, Ax | FPI@)<a, if (2.x) e£G,. 


Proof. With the given choice of ¢, Lemma 9.3 implies that 
n(w.f 18) > 
lw, St. 

oe ae 
Q 


The assertion follows from this together with (34), by a stopping time argument exactly as the 
corresponding result, in [9, Lemma 5.11]. 
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Lemma 9.5. With o := Bes there holds 


(2*,x) EEG, NCy. 


lye(Ar fg )| 2 5 
Proof. This is almost like [9, Lemma 5.12]. By Lemma 9.4, 

|v(Ax fo @))| > RCW, v(Are fg ))) = H(w, Are f9(@)) 2 1, 
and then 


Vk (x) Pr a | 
—— a 7, | 
Pry M22) 
Yok (x) Pr 
Yor (x) Pr|| 


> (ax s8on)l-|; »|axs800] 


Sc, -900. =¢/2. 


Finally, recall that Pr (A> fo (x)) = Ark fo (x), since fo € R(J’), to complete the proof. 


Proof of Propositions 9.2 and 9.1. We make use of the Khintchine—-Kahane inequalities (Propo- 
sition 2.3) and Lemma 9.5 to the result: 

P ) I/p 

LP(R"; £(C%)) 


a 


D > Ek Ron ES, (2°, -)yoe Pr 


keZ 
i 1/2 
/ 2 
x (x Leones, (2%, -)Ilyox Pr ll ) 
keZ Be RE) 
SE So ex rg (2 +) Yok Ark £6 
keZ LP(R";C™) 
<E So ex(Oh — Yr Arx) fo 
keZ LP(R";C") 
+i S| = exdeg (2 )OR FS 7 
keZ LP(R":C™) 


Recalling again that f, 0 € R(’), we may apply the reduction-to-principal part Theorem 6.2, 
which shows that the first term on the right is dominated by || f, 0 Ip S |Q|!/?. The second term 
is almost like the quadratic norm in Proposition 3.4 which we started from but with the arbitrary 
X%-valued function u € R(I”) replaced by the deliberately constructed C -valued test func- 
tion f O . And indeed the estimate for this test function, which we recorded in (35), is precisely 
what we need to complete the proof. 
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Proof of Proposition 3.4 and Theorem 3.1. By Proposition 9.1 and our analogue of Carleson’s 
inequality (Theorem 8.2) we have: 


x ELV 2k ArkU 
keZ 


Slleliceaexy), Vue RW). 
LP(R";X) 


vi 


Together with our quadratic T(1) theorem 6.2, this completes the proof of Proposition 3.4, and, 
as pointed out in Section 3, of Theorem 3.1. 


Remark 9.6. Looking back at the structure of the entire proof, it may be interesting to note the 
difference in the two applications of Theorem 6.2. In Section 6, it was used to replace OF. in 
the desired estimate by its principal part jy: A>x, whereas right above we performed the reverse 
action. But of course other reductions took place at the same time: the first replacement allowed 
the application of Carleson’s inequality, which reduced the original X‘-valued estimate to an 
£(C%)-valued one, while the second replacement made the further reduction to a C’ -valued 
inequality for a test function. This strategy was already used in the case when X = C in [9]; thus 
the key point was not the reduction of X" to C%, but the reduction of u to f O° 
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Appendix A. R-bisectoriality of uniformly elliptic operators 


In this section we explain how the R-bisectoriality conditions in Theorem 3.1 can, in some 
cases, be checked by a simple perturbation argument. Consider the differential operator L = 
— div AV, where the £(C”)-valued function A(x) satisfies the uniform ellipticity (or accretivity) 
condition 


AEP? < RAGE, &), (A@E, n}| < ALE In| (A.1) 


for all x € R” and £,7 € C”. This implies in particular that x A(x) and x +> A(x)7! are in 
L®(R"; £(C")) with norms at most A and A~!, respectively, as required to apply Corollary 3.2. 
But the ellipticity (A.1) says more: as shown in [35], there exist constants M, 5 > 0, depending 
only on A and A, such that || M7 — A(x)|| <M —6 for all x € R". Then A= M(J 4+ M7![A— 
MI) =: MUI + K), where the norm of K in L®(R”; £(C")) is strictly smaller than 1. This 
obviously implies the same norm bound in £(L?(R"; C”)). To be able to make this conclusion 
even in £(L?(R"; X”)), we need to use a special norm in the product space X”. This is given by 


2\ 1/2 
—— ( z (A.2) 
j X 


n 
Yo xi 
i=l 


Jenin 
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where the y; are independent standard Gaussian random variables. This is, of course, equivalent 
to any of the usual norms that one would use on X”, and the equivalence constants may be chosen 
to depend on n only. The crucial property of this norm is the following. 


Lemma A.1. Let T € £(C") induce an operator in £(X") in the natural way. If X" is equipped 
with the norm (A.2), then 


IT ley = IT lle. 


Proof. The inequality > is clear. The estimate < follows from [37, Proposition 3.7], once we 
observe that 


= |T (x77) 


n 


» 


i=1 


2 2 
cn < I T econ) 


cn 


(xj. ele 


n 
(Stasi) 
j=l 


n 
=IT econ Yltey 2") 
j=l 


for all x* € X*. 


We will now make use of the above observations but applied to A~! in place of A. Note that 
A7! also satisfies the ellipticity condition (A.1), possibly with different constants, as soon as 
A does. Since the differential operators L and ML have the same mapping properties, we may 
assume without loss of generality that M = 1. Thus the matrix-multiplication operator A as in 
(A.1) may be assumed to have an inverse, which is a perturbation of the identity: 


AT=I+K, — |Kllecrorn:x) < (IK llzoan;.e(c) <1. (A.3) 


Hence, keeping the notation of Theorem 3.1 and Corollary 3.2, with Aj = J and Az = A, 


0 -—divA QO —div 
m=(9 0 Te =( 4y 0 ) (A.4) 
and then 
. I 0 I 0) . I —it div 
Uinta) (4 FOG a) arity = (iy i) 


_( 1 ~itdv)|,, (1 -itdiv "(0 0 
“liv 1 | 0 K 


I itdiv( —12V ae) 


eae ated) ts I+ —fVdiv)K 


It follows that 
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(1 +itITg) is invertible < (J+ itITp«) is invertible 
< (1+(1—1’Vdiv) 'K) is invertible, (A.5) 


and if this is the case, then 


7S O\ a. sped 0 
(0 a)ar=a'(5 5) 


_ (1 itdivd —t?Vdiv)!K \ (1 0 . 
~\o I 0 [1+U-—"Vdiv)!K]! )°* 


(A.6) 


where, we recall, ie = (1 +itlg)~!, R; = (1 +itlM)—!. 
We can now conclude the following. 


Proposition A.2. Let X be a UMD space, | < p < o&, and A € L™®(R"; £(C")) satisfy (A.3). 
Then the operators Ig and I1g in (A.4) are R-bisectorial in the space L? (R"; X"*!) provided 
that I + (I — t?V div)~!K is invertible in L? (R"; X") for all t > 0, and 

{[1+(1-?Vdiv) 'K]'},._ is R-bounded in L?(R"; X"). 
Hence, if the above condition is valid in an interval (p — &, p + €), then ITg and ITp» have an 
H®-functional calculus in L? (R"; X"*!), L has an H®-calculus in L? (R"; X), and L satisfies 
Kato’s square root estimates | /Lull p W ||Vullp for allu € L?(R"; X). 


Proof. We have already seen that the inevitability condition is both necessary and sufficient for 
the existence of the resolvents appearing in the definition of bisectoriality. If X is a UMD space, 
then the unperturbed operator JT is R-bisectorial, and moreover the family of operators 

fit div(I —?V div) '} = fir(1 —1?A) | div} 


t>0 t>0 


is R-bounded from L?(R”; X) to L?(R"; X”) (by Proposition 2.9, since these are Fourier multi- 
plier operators whose symbols have uniformly bounded variation). From (A.6), and the fact that 
products of R-bounded sets remain R-bounded, we conclude the first assertion. The second is a 
consequence of Theorem 3.1 and Corollary 3.2. 


Remark A.3. If 2 = 1, then the equivalent inevitability conditions in (A.5) are always satisfied 
in L?(R; X) respectively L?(R; X), for all Banach spaces X and all p € [1, oo]. In fact, in this 
case (I — t?V div)! = (I —t?A)~! = P, is the convolution operator with kernel Op lee, 
This operator contracts all L? spaces, and hence J + ?; K has a bounded inverse represented by 
the convergent Neumann series 


I+ PK) != )\(-P, Ky, (A.7) 
k=0 


since the operator norm of K satisfies || K || < 1. 
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Corollary A.4. Let X be a UMD function lattice. Let A € L®(R"; C) satisfy (A.3). Then the 
operators [Tg and ITg» in (A.4) are R-bisectorial in L? (R"; x) for all p €]1, of, and hence 
L = —d/dx A(x) d/dx has an H®-calculus and satisfies the Kato’s square root estimates in 
L?(R"; X), for all p €]1, oof. 


Proof. By Remark A.3 and (A.5), we already know that the required resolvents exist. To prove 
the R-boundedness of (I + P;K)~', it suffices to show that the R-bounds of the terms in the 
Neumann series (A.7) converge. Let us investigate the kth term. Our aim is to show that 


since this would allow us to sum up the series in k. Since X is a function lattice with finite cotype, 
(A.8) is equivalent to the quadratic estimate 
1/2 
2 


1/2 
| (x (Pi, K)*u; ’) 
j j P 


(A.8) 


k ky 
Yo ej(Py, Kyu; <||K||oo |e 
j j 


L?(R;X) LP(R;X) 


(A.9) 


k 
Ail Iles 
P 


Let us denote the convolution kernel of P, by p;(x) := (2t)~!e7P!/". The positivity of this 
function is of essential importance in what follows. Now 
|(P: Ky‘ u(x)| 
= [ofr — yD K(y1) ++ Pre — Ye) K eu (ya) dy... dK 
< ff ry 1KO0| re — ye) |K (ye)||uOx)| dyn... dyx 
< IKI fo f prey rn — ye)|u(ye)|dy1... dye 
= Ks, Pe ul). 


Hence we have 


1/2 
(Xie, «%0) 
J 


k 
<NK loo 
P 


F 1/2 
(Slats?) |. 
j Pp 


The right-hand side above is dominated by the right-hand side of (A.9), with the implied constant 
independent of k, since the two-parameter family of operators {PK :t >0,k € Z+} is R-bounded 
in L?(R; X). In fact, these are Fourier multiplier operators with symbols (1 + 12 |é 2)-, and one 
readily checks that they all have uniformly bounded variation, so that we may apply Proposi- 
tion 2.9. 

This completes the proof of the R-bisectoriality. The final claim concerning the functional 
calculus and the Kato estimates is just an application of Theorem 3.1 and Corollary 3.2. 
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Note that the R-boundedness of { Pe t > 0,k € Z,}, which played a réle above, is still true 
in arbitrary UMD spaces; however, without the possibility of replacing the randomized norms by 
quadratic ones, there does not seem to be a way of extracting the K’s out of the operator product 
(Pi K )k. In the noncommutative L? spaces, there are also versions of square functions available, 
but the proof above does not apply, since the modulus | - | does not satisfy the triangle inequality. 

In general, the Neumann series argument shows that [7g* and [Tg are bisectorial provided the 
set 


{(1-?Vdiv) 1K; teR} 


is R-bounded with constant c < 1. If X is a Hilbert space, and p = 2, the R-bounds are just 
uniform bounds and thus c < ||K || cczeqe.x)) < 1. This gives back the solution of the Kato 
problem from [7]. Still in the Hilbertian situation, this also implies that, given a perturbation, 
there exists an open interval ( an py C (1, c&) containing 2 such that (5) holds. This coincides 
with results from [3]. Computing the precise values of p4 and pe seems, unfortunately, to be 
difficult. 


Appendix B. Carleson’s inequality and paraproducts 


Let us point out some consequences of Theorem 8.2 concerning vector-valued paraproducts 


ho) 
P(f,u):= )) ) —=— 2 a “1%, 


QeA n 


These operators play the important réle of principal parts of Calder6n—Zygmund operators in 
the T(1) and T(b) theorems. Versions of these theorems in UMD spaces have been proved in 
[19,22,25]. 

The basic mapping property in the scalar case X = C is 


| PCS, it) | eons Sl fllamoryllulizaay, 1<p<o. (B.1) 


This reduces to the classical Carleson inequality for p = 2, and may be extrapolated to the whole 
range | < p < oo by standard Calder6n—Zygmund techniques. Alternatively, one may establish 
the L? estimate in all weighted spaces L?(R", w(x) dx) for w in the Muckenhoupt A >-class, 
with uniform dependence on the A2-constant, and invoke the weighted extrapolation theorem of 
Rubio de Francia to deduce the corresponding L?-estimates (cf. [29] for this approach). Figiel 
[19] has shown (based on an intermediate estimate [20], which he attributes to Bourgain) that one 
may replace L?(R”) by L?(R”; X) in (B.1) provided that X is a UMD space. His proof employs 
interpolation between (H!, L') and (L®, BMO) type estimates. Thus in all these arguments, the 
L?-inequalities in (B.1) when p 4 2 are reached somewhat indirectly. 

We next provide an alternative approach to the Bourgain—Figiel result based on Theorem 8.2 
(and hence under the additional assumption of the RMF property). This also gives an apparently 
new “L? proof” of the classical estimate (B.1). While the proof of Theorem 8.2 was not com- 
pletely interpolation-free, either, one should note that getting the L? estimate for a given p only 
involved interpolation between spaces “in the proximity” of L”, in contrast to the “far away” 
end-point spaces in the classical arguments. The proof below will show that the problem of the 
extra € disappears in this specific situation, thanks to the John—Nirenberg inequality. 
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Corollary B.1. Let X be a UMD space with RMF, and | < p < oo. Then 


| PAO | poaanexy SU fllamoceylletll ee aRe:x)- 


Proof. We have the following chain of estimates, where we write simply || - ||) for the norm of 
L?(R"; X): 


| Pr. u)|, 
(f.AG)AG 


< ; n WY? Q'"Q 
<(fe[de iy. 
R" 7 
f* 
(fh yi (x) 


sD 
cela /lE> a i2| 


Pp 1/p 
ax) 
xX 


(f, hoyh o®) pte 1/(p+e) 
\° eg ax) lull p 
id 


Qcs 


pte 1/(pte) 
ax) Ill p 


SeA 
QcS n 


l 1/(p+e) 

pte 
= sup( | f(x) -(f)s| ax) ali 
sea \|5| 


Sf llamo ll p- 


The first estimate employed the UMD property of X, the second used Theorem 8.2, the third the 
UMD property of C, and the final one the John—Nirenberg inequality. 


It is also possible to reverse the rdles of scalar and vector-valued functions in Theorem 8.2 and 
then in Corollary B.1. We leave the straightforward verification of the details to the reader, and 
only record the result. The RMF property does not enter this time, because the maximal function 
estimate is now required for a scalar-valued function. 


Corollary B.2. Let X be a UMD space, and 1 < p < oo. Then 
Pr i) Ilo ened Sf llamo; xy |lul|L2 ae"). 


Appendix C. The space £! does not have RMF 


As mentioned in Section 7, we do not yet understand how the RMF property relates to other 
properties of Banach spaces, and in particular to the UMD property. In this appendix we show 
that it is, however, a non-trivial property by proving that ¢! does not enjoy RMF. 

Let n EN, and u(x) = ex for x € [(k — 1)27", k2~") fork =1,2,...,2”. Then 


ll“llzpagt.ety = 1 forall p €[1, oo]. 
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For x € [0,2~”), we have 


2) 


1 . 
Ag-nrju(x) = 7 ) ek, J=0,1,...,n 
k=1 


For other x € [0, 1), we have similar results with a permuted basis e,(,) in place of ex. 
Let n = 2”, and consider, given a sequence w = (a@)jen C R to be chosen later, the sequence 


X given by Aji =a;,i = 1,...,m, and A; =0, otherwise. Then for 0 <x <2”, 
n m 22! 
y So ej Ap-ntju(x)aj =E Yo ei a 7 Dae 
j=0 el i=1 e 
m m 
2 j 
| 9i-! 
2 it > CKO; ye: |ov;| 
i=1 _4y2i-1 go i= 
k=?" 4-1 
m i i-1 
27 - = ees 
=>) ai - 3 277 Jail 
i=1 i=1 
Z llelle: — llelles. 


Choosing, say, aj = (i + De we find that 
Mrgu(x) 2 logm = loglogn 


for all x € [0,2~”), and by the Maratea symmetry of the standard basis, for all x ¢€ [0, 1). 
This shows that ||Mrullp cpt) < = loglogn. Since the same construction can be repeated with 


arbitrarily large n, we see that no L? bound can hold for Mk in £!. 
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Abstract 


We study the relationship between two classical approaches for quantitative ergodic properties: the 
first one based on Lyapunov type controls and popularized by Meyn and Tweedie, the second one based 
on functional inequalities (of Poincaré type). We show that they can be linked through new inequalities 
(Lyapunov-—Poincaré inequalities). Explicit examples for diffusion processes are studied, improving some 
results in the literature. The example of the kinetic Fokker—Planck equation recently studied by Hérau and 
Nier, Helffer and Nier, and Villani is in particular discussed in the final section. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Ergodic processes; Lyapunov functions; Poincaré inequalities; Hypocoercivity 


1. Introduction, framework and first results 


Rate of convergence to equilibrium is one of the most studied problem in various areas of 
mathematics and physics. In the present paper we shall consider a dynamics given by a time 
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continuous Markov process (X;, P,) admitting an (unique) ergodic invariant measure jz, and we 
will try to describe the nature and the rate of convergence to jz. 

In the sequel we denote by L the infinitesimal generator (and D(L) the extended domain 
of the generator, see e.g. [6]), by P;(x,.) the P, law of X; and by P; (respectively P,*) the 
associated semi-group (respectively the adjoint or dual semi-group), so that in particular for any 
regular enough density of probability with respect to w, f P;(x, .)h(x)u(dx) = Phdu. 

Extending the famous Doeblin recurrence condition for Markov chains, Meyn and Tweedie 
developed stability concepts for time continuous processes and furnished tractable methods to 
verify stability [22,23]. The most popular criterion certainly is the existence of a so called Lya- 
punov function for the generator [11,23], yielding exponential (or geometric) convergence, via 
control of excursions of well-chosen functionals of the process. Sub-geometric or polynomial 
convergence can also be studied (see [12,28] among others for the diffusion case). A very gen- 
eral form of the method is explained in the recent work by Douc, Fort and Guillin [10], and we 
shall now explain part of their results in more details. 


Definition 1.1. Let ¢ be a positive function defined on [1, +00[. We say that V € D(L) isa 
o-Lyapunov function if V > 1 and if there exist a constant b and a closed petite set C such that 
for all x 


LV(x) < —O(V(x)) + bic (x). 


Recall that C is a petite set if there exists some probability measure a(dt) on R™ such that for 
allx EC, ier Pi (x, .)a(dt) > v(.) where v(.) is a non-trivial positive measure. 


When ¢ is linear (6(u) = au) we shall simply call V a Lyapunov function. Existence of a 
Lyapunov function furnishes exponential (geometric) decay [11,23], which is a particular case of 


Theorem 1.2. (See [11, Theorem 5.2.c], and [10, Theorems 3.10, 3.12].) Assume that there 
exists some increasing smooth and concave $-Lyapunov function V such that V is bounded on 
the petite set C. Assume in addition that the process is irreducible in some sense (see [10,11] for 
precise statements). Then there exists a positive constant c such that for all x, 


JPG.) —Hllgy <eVOVO. 


where y(t) = 1/(¢ 0 Hy ')(t) for Hg(t) = f,d/o(s)) ds, and ||.|\tv is the total variation dis- 
tance. 


In particular if @ is linear, y(t) =e for some positive explicit p. 

Actually the result stated in Theorem 1.2 can be reinforced by choosing suitable stronger 
distances (stronger than the total variation distance actually weighted total variation distances) 
but to the price of slower rates of convergence (see [10,11] for details). In the same spirit some 
result for some Wasserstein distance is obtained in [16]. An important drawback of this approach 
is that there is no explicit control (in general) of c. One of the interest of our approach will be to 
give explicit constants starting from the same drift condition. 

The pointwise Theorem 1.2 of course extends to any initial measure m such that { V dm is 
finite. In particular, choosing m = hy for some nice h, convergence reduces to the study of P,*h 
for large t. Long time behavior of Markov semi-groups is known to be linked to functional 
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inequalities. The most familiar framework certainly is the L* framework and the corresponding 
Poincaré (or weak Poincaré) inequalities, namely 


Theorem 1.3. The following two statements are equivalent for some positive constant Cp. 
(Exponential decay)  Forall f € L?(), 
pf fan 


(Poincaré inequality) For all f € D2(L) (the domain of the Fredholm extension of L), 


2 2 
=t/C 
Sig IEE 

2 


ptf fdu 


2 


2 
< ce f 2p Lfau. 
2 


Vary (f) = | f= / fdu 
In the sequel we shall define '(f) = —2f Lf. 


Thanks to Cauchy—Schwarz inequality and since P; and P;* have the same L? norm, a 
Poincaré inequality implies an exponential rate of convergence in total variation distance, at 
least for initial laws with a L? density with respect to jp. 

As for the Meyn—Tweedie approach, one can get sufficient conditions for slower rates of 
convergence, namely weak Poincaré inequalities introduced by Roeckner and Wang: 


Theorem 1.4. (See [25, Theorem 2.1].) Let N be such that N(Af) = WN(f), N(P;f) < NCf) 
for allt and N(f) > Wfl5- 

Assume that there exists a non-increasing function B such that for all s > 0 and all nice f the 
following inequality holds: 


2 
<p) [ rindutsn(s- f Fan). 


2 


(WPI) | f- / fdp 


2 
<WON|f-—] fd}, 
| J AC) G fs u) 


where W(t) = 2inf{s > 0, B(s) log(1/s) < 1}. 


Then 


pp f fdu 


In the symmetric case one can state a partial converse to Theorem 1.4 (see [25, Theorem 2.3]). 
Note that this time one has to assume that N(/) is finite in order to get L* convergence for PSh. 
In general (WPI) are written with N = ||.|loo (or the oscillation), criteria and explicit form of 6 
are discussed in [3,25]. A particularly interesting fact is that any 4 on R@ which is absolutely 
continuous with respect to Lebesgue measure, djs = e~* dx with a locally bounded F, satisfies 
some (WPI). 

Actually, as for the Meyn—Tweedie approach, one can show slower rates of convergence for 
less integrable initial densities, as well as some results for an initial Dirac mass. We refer to [8, 
Sections 4—6] for such a discussion in particular cases, we shall continue in this paper. Actu- 
ally [8] is primarily concerned with (weak) logarithmic Sobolev inequalities, that is replacing 
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the L? norm by the Orlicz norm associated to u > x* log(1 + x’), i.e. replacing L? initial den- 
sities by densities with finite relative entropy (Kullback—Leibler information) with respect to ju. 
According to Pinsker—Csiszar inequality, relative entropy dominates (up to a factor 2) the square 
of the variation distance, hence Gross logarithmic Sobolev inequality (or its weak version intro- 
duced in [8]) allows to study the decay to equilibrium in total variation distance too. 

Generalizations (interpolating between Poincaré and Gross) have been studied by several au- 
thors. We refer to [4,5,24,32,33] for related results on super-Poincaré and general F-Sobolev 
inequalities, as well as their consequences for the decay of the semi-group in appropriate Orlicz 
norms. We also refer to [1] for an elementary introduction to the standard Poincaré and Gross 
inequalities. 

If the existence of a ¢-Lyapunov function is a tractable sufficient condition for the Meyn— 
Tweedie strategy (actually is a necessary and sufficient condition for the exponential case), gen- 
eral tractable sufficient conditions for Poincaré or others functional inequalities are less known 
(some of them will be recalled later), and in general no criterion is known (with the notable ex- 
ception of the one dimensional euclidean space). This is one additional reason to understand the 
relationship between the Meyn—Tweedie approach and the functional inequality approach, i.e. to 
link Lyapunov and Poincaré. This is the aim of this paper. 

Before to describe the contents of the paper, let us indicate another very attractive related 
problem. 

If 4 is symmetric and ergodic, it is known that f "(f)dy = 0 if and only if f is a con- 
stant. In the non-symmetric case this result is no more true, and we shall call fully degenerate 
(corresponding to the p.d.e. situation) these cases. 

Still in the symmetric case (or if L is normal, i.e. LL* = L*L), it is known that an exponential 
decay 


2 
<e ON f— du), 
| crn res) 


for some WN as in Theorem 1.4, actually implies a (true) Poincaré inequality (see [25, Theo- 
rem 2.3]). 

A similar situation is no more true in the fully degenerate case. Indeed in recent works, Hérau 
and Nier [18] and then Villani [30] have shown that for the kinetic Fokker—Planck equation 
(which is fully degenerate) the previous decay holds with N(g) = ||V ell (uw being here a log 
concave measure, N(g) is greater than the L? squared norm of g up to a constant), and thanks 
to the hypoelliptic regularization property, it also holds with N(g) = C Var,,(g) for some con- 
stant C > | (recall that if C < 1, the Poincaré inequality holds). Of course the Bakry—Emery 
curvature of this model is equal to —oo, otherwise an exponential decay with N(g) = C Var, (g) 
would imply a Poincaré inequality, even for C > 1, so that this situation is particularly interest- 
ing. 

It turns out that this model enters the framework of Meyn—Tweedie approach as shown in [35] 
(also see [10]). Hence relating Lyapunov to some Poincaré in such a case (called hypocoercive 
by Villani) should help to understand the picture. We shall also study this problem. 

Let us briefly describe now our framework. Recall that in all the paper wu is an invariant 
measure for the process with generator L. 


pp f fdu 


D. Bakry et al. / Journal of Functional Analysis 254 (2008) 727-759 731 


The main additional hypothesis we shall make is the existence of a “carré du champ,” that is 
we assume that there is an algebra which is a core for the generator and such that for f and g in 
this algebra 


Lifg)=fLlLg+elft+(fg) (1.5) 


where I"(f, g) is the polarization of I”(f). We shall also assume that J” comes from a derivation, 
i.e. for f, h and g as before 


Vfg W= f(g y+ gl (fh). (1.6) 


The meaning of these assumptions in terms of the underlying stochastic process is explained 
in the introduction of [6], to which the reader is referred for more details (also see [2] for the 
corresponding analytic considerations). 

Applying Ito’s formula, we then get that for all smooth W, and / as before, 


aw aew 
LW(f)= age * W/2a 3 PPh). (1.7) 


Our plan will be the following. In Section 2 we show how to get controls in variance or in en- 
tropy starting from the result of Theorem 1.2 which will be seen to be quite sharp. Section 3 will 
be devoted to the introduction of (weak) Lyapunov Poincaré inequalities, leading to tractable cri- 
teria enabling us to give explicit control of convergence via (¢-)Lyapunov condition, illustrated 
by the examples of Section 4. The next section presents similar results for the entropy, before 
presenting in the final section an application in the particular fully degenerate case. 


2. From Lyapunov to Poincaré and vice versa 


We first show that, in the symmetric case, the Meyn—Tweedie method immediately furnishes 
some Poincaré inequalities. 

Indeed let us assume that the hypothesis of Theorem 1.2 are fulfilled, and let f be a bounded 
function such that f f du = 0. Then, if f does not vanish identically, we may define h = 
f+/ f f+ du which is a bounded density of probability. Thus, if V € L!(u), [hV du < +00. 
It follows that || P*A — 1|| L!(u)> Which is the total variation distance between jw and the law at 
time ¢ (starting from hz), goes to 0 as t > +00, with rate cy(t) defined in Theorem 1.2. 

Hence for 0 < 6 <1, 


i 


2 


Prfe— f fedu 


du= (f+ ay | (Rh Sian 
(san) [ern 1) (P*h — 1)? dp 
: (f tean) (fern udu) (flea Fan)" 
<ereo( f riven) (f = 


= «(\ 1-8 
an) 


fe- f fedu 
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B 1—B 
<epwhco( f r-van) (3 Fd au) 


where we have used that P* is an operator with norm equal to | in all the L?’s (p > 1), the 
elementary |a + bl? < 2?—!(\a|? + |b|?) for p > 1 and Holder inequality. 
Thus 


2 
fernas Pris | fedu du+2 Prp— f f-du du 


1—B 
on Pepwheo( firivan). (fori [18 a au) ) 


In the symmetric case (or more generally the normal case) we may thus apply Theorem 2.3 
in [25] so that we have shown 


Theorem 2.1. Under the hypotheses of Theorem 1.2, for any f such that [ f du =0 and any 
0 < B <1 it holds 


[ernian <cv%eo( firivan). (fire 1 a ny 


The result extends to B = 1 provided f is bounded, and in this case 


fiersPansel fvau)isiivo. 


If in addition ft is a symmetric measure for the process, then tu satisfies a weak Poincaré 


inequality with N(f) = C(V)|| f ||, and 


B(s) =s inf Ty (uel-#/9) with w—' (a) := inf{b > 0, w(b) <a}. 
u>O0Uu 


In particular if W(t) = e~?', ws satisfies a Poincaré inequality. 


The fact that a Lyapunov condition furnishes some Poincaré inequality in the symmetric case 
is already known, see Wu [34,36], but the techniques used by Wu are different and rely mainly on 
spectral ideas. Note also that a Lyapunov function is always in L!(j2) by integrating the Lyapunov 
condition, otherwise only ¢ o V is integrable with respect to jz (as a direct consequence of the 
Lyapunov inequality). In fact, the simple use, of this theorem enables us to derive very easily the 
correct rate of convergence to equilibrium and to extend known sharp weak Poincaré inequality in 
dimension one to higher dimension. The major drawback is that the constants are quite unknown 
in the general case, however we refer to [9] to results providing explicit constants. 

The same idea furnishes without any effort a similar result for the decay of relative entropy. 
Indeed, if 4 is a density of probability (with respect to 2), using the concavity of the logarithm, 
we get for any 0 < 6 <1, 
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i: P*hilog P*hdu= [cen — 1) log P*hdu+ / log P*hdu 


< | (Ph 1) log Pendu+tog( f Pendu) 


< flere — 1||log P*A| du 


p 1 Ip 
< (flere i| an) (fletn- iIog Pen dy) 


It is easily seen that the function u +> |u — 1|{logu|? is convex on JO, +o00[ for p > 1, so that 
1 
the fien — 1||log P*h|-? du 


is decaying on Rt. We thus have obtained 


Theorem 2.2. Under the hypotheses of Theorem 1.2, for any non-negative h such that [hd = 1 
and any 0 < B <1 it holds 


p f 1p 
[ Fens rendu < cyvPco( favan) (v= tinog a" ay) 


The result extends to B = 1 provided h is bounded, and in this case 


[ rrmosrendu<c( f Vu) thisctoe( Iino. 


Note that (in the symmetric case) there is no analogue converse result for relative entropy 
as for the variance. Indeed recall that if h is a density of probability, fhloghd < Var, (h), 
hence relative entropy is decaying exponentially fast, controlled by the initial variance of h as 
soon as a Poincaré inequality holds. But it is known that a Poincaré inequality may hold without 
log-Sobolev inequality. However, starting from Theorem 2.2 one can prove some (loose) weak 
log-Sobolev inequality, see [8, Sections 4 and 5]. 

Of course Theorems 2.1 and 2.2 furnish (in the non-symmetric case as well) controls depend- 
ing on the integrability of V. For instance if V has all polynomial moments, we may control 
{\f\V du by some [| f|? du in Theorem 2.1 and if fe7” du < +00 for some g > 0 we may 
control {hV dy by the u log 4 u Orlicz norm of A in Theorem 2.2. Recall that a Lyapunov func- 
tion is in L! (yz). 

We have seen that, in the symmetric case, the existence of a Lyapunov function implies a 
Poincaré inequality. Let us briefly discuss some possible converse. 

If P; is «4 symmetric for some yj satisfying a Poincaré inequality, then we know that P; 
has a spectral gap, say 0. Let f be an eigenfunction associated with the eigenvalue —0, i.e. 
Lf +6f =0. If the semi-group is regularizing (in the ultracontractive case for instance), f has to 
be bounded. Assume that f is actually bounded and say continuous. Since { f dj = 0, changing 
f into — f if necessary, we may assume that sup f > —inf f = —M.Then define g = f+1+M. 
Lg =—6g+6(1+M), so that for allO<« <1, 
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Lg <-x0g+0xK(1+M)1c 


with C={f <(+M)«/(U —«)} a non-empty (and non-full) closed set. 

Of course the previous discussion only covers very few cases, but it indicates that some con- 
verse has to be studied. 

Another possible way to prove a converse result is the following. Assume that du(x) = 
e~?Y@) dx where V is C? and such that 


IVV2(x) — AV(x) > —Cnin > —00 (2.3) 


for a non-negative Cin so that the process defined by (recalling that B; is an usual Brownian 
motion in R@) 


dX,= dB, — (VV)(X;,) dt, Law(Xo) = v (2.4) 


has a unique non-explosive strong solution. Assume also that jz satisfies a Poincaré inequality. 
The difficulty here is that by using Poincaré inequality we inherit a control for all smooth f with 
finite variance as 


Vary (P; f) <e* Vary (f). 


But a drift inequality concerns the generator and its behavior towards some chosen function for 
all x. However it is known, see Down, Meyn, Tweedie [11, Theorems 5.2, 5.3, and the remarks 
after Theorem 5.3], that the existence of a drift condition is ensured by 


| P:dx — 1 \ltv < M(x) p" 


for some larger than 1 function M and p < 1. But it is once again a control local in x. In this 
direction, one can show (see [26, Theorem 3.2.7]) that Ent,, P,5, is finite for all t > 0. But control 
in entropy is not useful as our assumption is a Poincaré inequality and thus a control in L? is 
needed. Actually the proof of Royer can be used in order to get the following result. Replacing 
the convex y therein by y(y) = y~ we obtain 


1 rt 2 1 
[rserdus Zev) ‘fe 20(Br) 5-5 JollVVI ~AVI(Bs) as] K Ze2VOerCmt, 


where e727?) = (2rt)~4/2el—* [P/20, By the Poincaré inequality, we then get that for some A 
and fo 


1 
Vary (Prd) < e*€—) Vary (Pip5x) < Ze2¥ Me 2Cm eM to) 


which ends the work as a control in L? enables us to control the L! distance, and we thus get the 
existence of a Lyapunov function. However, the Lyapunov function V is not available in close 
form (see [11,21] for a precise formula). 

Finally, let us mention that it is not possible to get a converse result as previously starting from 
a weak Poincaré inequality as (1) we do not know how to control || P;4x |loo (even if it should be 
controlled in many case) and (2) there is no converse part in the Meyn—Tweedie framework (even 
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in the discrete time case) for sub-geometric convergence in total variation towards ¢-Lyapunov 
condition. 


3. From Lyapunov to Poincaré. Continuation 

Since we have seen in the previous section that the existence of Lyapunov functions furnishes 
functional inequalities in the symmetric case, in this section we shall study relationship between 
some modified Poincaré inequality (still yielding exponential decay) and the existence of a Lya- 
punov function (with ¢(u) = au), without assuming symmetry. 
3.1. Lyapunov—Poincaré inequalities 


The key tool is the following elementary lemma. 


Lemma 3.1. For YW smooth enough, W € D(L) and f € L™, define iz (t)h= bi WP; f)W du. 
Then for all t > 0, 


d 
Sho =— fia wenrenwans f ewe Ppdp. 


In particular for VW (u) = u? we get (denoting simply by Iw the corresponding i) 
Ty(t) = -f repwans f LweP fap. 


Proof. Recall that if L(W(g)W) du = 0. Using (1.5) and (1.7) with g = P; f we thus get 


Sho = [werner swan 


. i (L(Y OPA) — 1/2W"(P APP f)) W du 


hence the result. 


This lemma naturally leads to the following definition and proposition. 


Definition 3.2. We shall say that jz satisfies a (W)-Lyapunov—Poincaré inequality, if there exists 
W € D(L) with W > | and a constant Cp such that for all nice f with f fdpn=0, 


[Pwan < cr [ (wry — f?LW) du. 


Here and in all the paper, “nice” means that f belongs to the domain of the generator and the set 
of nice functions is everywhere dense in the domain of the Dirichlet form (for instance smooth 
compactly supported functions in the usual Euclidean cases). 


Proposition 3.3. The following statements are equivalent: 
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© y satisfies a (W)-Lyapunov—Poincaré inequality, 
o [ (PF fr Wd <e /O) f f?Wdy forall f with f fdu=0. 


In particular for all f such that { f° W du < +00, P; f and Pf goto { fd in L?() with 
an exponential rate. 


Proof. We consider /;,(¢) replacing P,; by P,*. Taking the derivative at time t = 0 furnishes as 
usual the converse part. For the direct one, we only have to use Gronwall’s lemma. Indeed the 
Lyapunov-Poincaré inequality yields (Iy,)’(t) < —(1/Cp) Jj) (t). Since Ij, (t) is non-negative, 
this shows that J}, (¢) is non-increasing, hence converges to some limit as ¢ tends to infinity, and 
this limit has to be 0 (otherwise ly would become negative). Since ly (+co) = 0, the result 
follows by integrating the differential inequality above. 


Note that a Lyapunov—Poincaré inequality is not a weighted Poincaré inequality (we still 
assume that |’ f dj = 0) and depends on the generator L (not only on the carré du champ). But 
as we already mentioned, Theorem 2.3 in [25] tells us that, in the symmetric case, if 


i P? fdu<ce™ || f\l2, 


for all f such that { f dj =0, then yu satisfies the usual Poincaré inequality, with Cp = 1/6. 
Hence 


Corollary 3.4. [f L is symmetric and i satisfies a (W)-Lyapunov—Poincaré inequality for 
some W €L!, then LL satisfies the ordinary Poincaré inequality, with Cp = CLp. 


Now we turn to sufficient conditions for a Lyapunov—Poincaré inequality to hold. 

Recall that we called V a Lyapunov function if LV < —aV + bic. Note that integrating 
this relation with respect to w yields a f Vdu < bu(C), so that, first we have to assume that 
f V du < +00, second since V > 1, b and w(C) have to be positive. 

Before stating the first result of this section we shall introduce some definition. 


Definition 3.5. Let U be a subset of the state space E. We shall say that yw satisfies a lo- 
cal Poincaré inequality on U if there exists some constant ky such that for all nice f with 


Sn fdu=0, 


2 
[ra < Ku / r(fydut (yuu f fan) . 
U U 


E 


Notice that the energy integral in the right-hand side is taken over the whole space E. We may 
now state 


Theorem 3.6. Assume that there exists a Lyapunov function V, i.e. LV < —2aV + bic for some 
set C (non-necessarily petite). 

Assume that one can find a (large) set U such that tv satisfies a local Poincaré inequality 
on U. 

Assume in addition that: 
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(1) either U contains C'=CO{V <b/a} and aw(U) > bu(US), 
(2) or U contains {V <b/a} and w(U) > w(U*). 


Then one can find some . > 0 such that if W = V +4, jw satisfies a (W)-Lyapunov—Poincaré 
inequality. 
More precisely, corresponding to the two previous cases one can choose: 


(1) A= (bey — 14 and 1/Ctp =a — mu) /( i), 


(2) ord = (bey — 1)4 and 1/Crp=a(1 — wey ay: 


Proof. First remark the following elementary fact: define C’ = CN {V < b/a}. Then LV < 
—aV + bic’, that is we can always assume that C is included into some level set of V. In the 
sequel 0 = b/a. First we assume that U contains {V < b/a}, so that it contains C’. 

Let { f du =0. Then for all > 0 it holds 


[Pw +nans +a f fvdu 
<(+A)/a ‘A f-L(V +2) + big”) dy. 


But since fy, f du =— Jyc f dy it holds 
2 
[Pas f Pause { rryan+cimey( f fax) 
Cc’ U U 
2 
cau f rendu (men( f ran) 
UC 
<ay f rendu + (mugen f Pan) 
UC 
cay f rendu + (wu yenwy( f Pvan), 
Uc 
where we used V/0 > 1 on U*. So, if we choose A = (bky — 1)+ we get 
bf Pans [ren +ndu+ bx(ujvoue( [ Pvan). 
Cr 


It yields 


2 bu(U‘) 
forms Lw)du>a(1- re) fe Vdu 
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hence the result with 1/C_p = a(1 — pu )/A +A) since 0 = b/a. 


If U does not contain the full level set {V < b/a} but only C’, the only difference is that we 
cannot divide by 6, hence the result. 


Remark 3.7. The conditions on U are not really difficult to check in practice. We have included 
the first situation because it covers cases where a bounded Lyapunov function exists, hence we 
cannot assume in general that U contains some level set. The second case is the usual one on 
Euclidean spaces when V goes to infinity at infinity, so that we may always choose U as a regular 
neighborhood of a level set of V. 

One may think that the constant CLp we have just obtained is a disaster. In particular, contrary 
to the Meyn—Tweedie approach, the exponential rate given by CLp does not only depend on a 
but also on b, C, V. But recall that in Meyn—Tweedie approach the non-explicit constant in front 
of the geometric rate depends on all these quantities (while we here have an explicit [ f ?W dy). 
In addition to the stronger type convergence (LL type), one advantage of Theorem 3.6 is perhaps 
to furnish explicit (though disastrous) constants. 


3.2. A general sufficient condition for a Poincaré inequality 


As we previously said, there are some situations for which a tractable criterion for Poincaré’s 
inequality is known. 

The most studied case is of course the Euclidean space equipped with an absolutely continu- 
ous measure ju(dx) = e~7" dx and the usual '(f) =|V f|*. Dimension one is the only one for 
which exists a general necessary and sufficient condition (Muckenhoupt criterion, see [1, Theo- 
rem 6.2.2]). A more tractable sufficient condition can be deduced (see [1, Theorem 6.4.3]) and 
can be extended to all dimensions using some isometric correspondence between Fokker—Planck 
and Schrédinger equations, namely |V F|?(x) — AF (x) > b > 0 for all |x| large enough (for a de- 
tailed discussion of the spectral theory of these operators see [17], in particular Proposition 3.1). 
Actually this condition can be extended to jz = e~ 7" v if v satisfies some log-Sobolev inequality, 
see [15] (as explained in [7, Proposition 4.4]). 

We shall see now that these conditions actually are of Lyapunov type, hence can be extended 
to a very general setting. 


Lemma 3.8. Let F be a nice enough function. Then if V =e", 


a 


LVeEE. vy=av(zF+ (5 = 1)rc)). 


The proof is immediate using (1.5), (1.6) and (1.7). We may thus deduce 


Theorem 3.9. Let v be a (o-finite positive measure) and L be v symmetric. Let F € D(L) be 
non-negative and such that = (1/Zp)e~*" v is a probability measure for some normalizing 
constant Zp. For 0 <a <2 define 


aire (5 = 1)rer) 


and for a > 0, C(a, a) = {Hg > —(a/a)}. 
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Assume that for some a and some a, Hg is bounded above on C(a, a). 

Assume in addition that for ¢ > 0 small enough one can find a large subset U > C(a, a) with 
L(U) = 1 —€ such that F is bounded on U, and wy satisfies the local Poincaré inequality on U. 

Then 1 satisfies the Poincaré inequality. 


Proof. Recall that the operator Lr f = Lf —I'(F, f) is w symmetric. According to Lemma 3.8, 
if V =e", LrV < —aV outside C(a,a). But H, and V being bounded on C(a, a), one can 
find some b such that V is a Lyapunov function. We may thus apply Theorem 3.6 which tells 
us that jz satisfies a Lyapunov—Poincaré inequality. Since we are in the symmetric case, we may 
conclude thanks to Corollary 3.4. 


We defer to Section 4 further results, applications and comments of this theorem. 
3.3. Weak Lyapunov—Poincaré inequalities and weak Poincaré inequalities 


We shall conclude this section by extending the two previous subsections to the more general 
weak framework. We start with the following extension of Theorem 3.6. 


Theorem 3.10. Assume that there exists a 26-Lyapunov function V, i.e. LV < —26(V) + ble 
for some set C (non-necessarily petite). Recall that 6(u) > R > 0. 

Assume that one can find a (large) set U such that « satisfies a local Poincaré inequality 
on U. 

Assume in addition that: 


(1) either U contains C'=C N{@(V) < b} and Ru(U) > bu(U), 
(2) or U contains {@(V) < b}, ¢ is increasing and }(b)u(U) > bu(U*). 


Then for . = (bky — 1)4 and W =V +), p satisfies a (W)-weak-Lyapunov—Poincaré inequal- 
ity, i.e. for all f with [ f du=0 and all s > 0, 


[Pwan < Cobwior( fOWPD — f’LW) au.) + sil f lle 


with Bw (s) = inf{u; Svsue) V du <5}, and where Cy is given in the two corresponding cases 
by: 


(1) 1/Cy =(— FE D/A +4), 


2) or1/Cy=(Q- soe +2). 


Proof. Looking at the proof of Theorem 3.6 we immediately see that, if V is a 2¢-Lyapunov 
function (recall Definition 1.1), then we may replace C by C’=CN {(V) < bd}. In the first 
situation we obtain as in the proof of Theorem 3.6 


/ fP ducky i, P(fydut+ (4(U9)/ Rue) ( / f°9(V) au) 
x 
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so that 


bu(U) 
WI'(f)— f?LW)du>{1- [ Pewan, 
ic (f) — f2LW) du ( a) Pov) du 


In the second case we may replace R by ¢(b). It remains to note that 


frvacn | POW) +1F Rol / van) 


V<ug(V) V>ud(V) 


for all u > 0. 


Remark 3.11. It is difficult to compare in full generality the previous weak Poincaré inequal- 
ity with the one obtained in Theorem 2.1. More precisely, the previous result furnishes some 
decay for the variance (as Theorem 2.1) but the rate explicitly depends on V (while V only ap- 
pears through the constants in Theorem 2.1). We shall thus make a more accurate comparison on 
examples later on. 

It is however worthwhile noticing that, in the first case, we do not need to impose any condition 
on ¢ except that ¢ is bounded below by some positive constant. 

Also remark that Theorem 3.1 in [25] establishes a weak Poincaré inequality assuming that 
one can find an exhausting sequence of sets U,, such that jz satisfies a local Poincaré inequality 
on each U,,. Here we only need one set U (but large enough). Actually in the examples we 
have in mind the assumption in [25] is satisfied, but we shall see that we can improve upon the 
function By. 


We shall now extend Theorem 3.9 to the weak context. 


Corollary 3.12. Let v be a (o-finite positive measure) and L be v symmetric. Let F € D(L) be 
non-negative and such that = (1/Zp)e~*" v is a probability measure for some normalizing 
constant Zr. We assume in addition that there exists p <2 such that fePFdv = Cp < +0. 

Let n be a non-increasing function such that un(log(u)) is bounded from below by a positive 
constant. For 0 <a <2 define Hy= LF + (5 —1)I'(F) and C(a) = {Hg > —-n(F)}. 

Assume that for some 0 <a <2-— p, Hg is bounded above on C(a). Assume in addition that 
for ¢ > 0 small enough one can find a large subset U > C(a) with w(U) = 1 — € and such that 
F is bounded on U, and satisfies a local Poincaré inequality on U. 

Then \s satisfies a weak Lyapunov-Poincaré, with W = e“* + i (for some positive i), in- 
equality with 


2 


I K 
(an(e™)) 


Bw(s) = (3.13) 


hence for f f du=0, [(P* fy du < [(P* FW dp < E()If I, with 
E(t) =2inf{r > 0; —Cyfw(r) log(r) <r}. 


Finally wu satisfies a weak Poincaré inequality with 
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B(s)=s inf &~! (uel) with €~(a) := inf{b > 0, &(b) <a}. 
u> 
We easily remark that 6 and Bw are of the same order and change only through constants. 


Proof. With our hypotheses, for 0 < a < 2, e@* is a 2-Lyapunov function for ¢(u) = 
aun (log(u)/ a). Recall that we do not need here ¢ to be increasing nor concave. We may thus 
apply Theorem 3.10 yielding some weak Lyapunov—Poincaré inequality for ju. 

We shall describe the function By. Recall that 


Bw(s) = nt 


=n 


= inf} u; / et F dy < + 


F>n7!(2/au) 


Vdux | 
V>ug(V) 


e@—IFay < | 


2>aun(F) 


Butif2—a=p+m, 
e@-DF gy < pera, 
F>n7!(2/au) 
from which we deduce that Bw(s) < 2/(an(F log(cp/s))). 
Using Lemma 3.1 we deduce as usual (see e.g. the proof of Theorem 2.1 in [25]) that 


S(PAPPW du < EOI FIZ, with 


&(t) = 2inf{r > 0; —CyBw(r) log(r) < 21} (3.14) 


for { f du =0, W and C,, being as in the previous theorem. 


Remark 3.15. In view of Theorem 2.1 it is interesting to replace the L® norm above by L? 
norms, with p > 2. In the case of usual weak Poincaré inequalities it is known that we may 
replace the L® norm by a L? norm just changing the f into 6, (s) = cB(c’s%) for some constants 
c and c’, and 1/p + 1/q = 1 (see e.g. [37, Theorem 29] for a more general result). But the 
proof in [37] Gnspired by [8, Theorem 3.8]) lies on a capacity-measure characterization of these 
inequalities introduced in [3]. 

The situation here is more complicated and a direct modification of the weak-Lyapunov— 
Poincaré inequality seems to be difficult. However, since we are interested in the rate of conver- 
gence to the equilibrium, we may mimic the truncation argument in [8]. Namely, let f be such 
that { f du =0, denote by fx = f A K V —K and mx = f fx dy, then if a weak-Lyapunov— 
Poincaré inequality holds we get for all p > 1, 
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[orertans2( [erie may wane [ (eRE= te-+moyan) 
< of | (Re = mx)) Wap + [or = fe key au.) 


<2? +4 fi (If KY an +4mk 
|f|>K 


2 
< 2&(t)K? +4 / ((f1— Kk) Wau +4( i "|-«|du) 
f|>K | f|>K 


<2+8 ff (If|- Kyau 
|f|>K 


< 2&(t)K* + s( | f|?? au) K-01 


Now optimizing in K furnishes 


1/p 
/ (Pf) du< celnn( i [f\?? an) (3.16) 


which is quite the result in Theorem 2.1, but with explicit constants. 


Remark 3.17. It is perhaps more natural to try to obtain directly a weak Poincaré inequality 
starting from the existence of a -Lyapunov function as follows. 
For { f du =0, we have 


[ra = Sey, +f Sig 
gt ert ge rile dp. 
o(V) o(V) 
We know how to manage the second term if a local Poincaré inequality holds, hence we focus on 
the first term in the right-hand side of the previous inequality. 
Assume that L is w-symmetric. Integrating by parts we get 


—LV 5) 
— Pedy = 
ay! 


(4s V) ren) ee 
o(V) 262(V) 


but thanks to our hypotheses 


fT(fV) a 1 f*r(v) 
gy 2) D430 GV) 


for all a > O so that 


—LV 22 a POON Le) 3% 
pias tans { prendns | Gravy ) (a5 #00) 
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Unless ¢ is linear, lim inf ¢’ = 0 at infinity, so that we get an extra term that cannot be controlled. 
Of course if ¢@ is linear, we may choose a for this term to vanish identically, and so obtain another 
proof of the Poincaré inequality for jz (with more easily calculable constants). 


4. Examples 


Due to the local Poincaré property, the most natural framework is the Euclidean space R¢. It 
will be our underlying space in all examples, but in many cases results extend to a Riemannian 
manifold as well. 


4.1. General weighted Poincaré inequalities 


Let F be a smooth enough non-negative function such that w = (1/Z)e~°" dx is a proba- 
bility measure. We may also assume that F(x) — +00 as x — ov, so that the level sets of F are 
compact. If 


e either AF — |VF|? is bounded from above, 
e or f|VF/? du < +00, 


it is known than one can build a conservative (i.e. non-exploding) 4 symmetric diffusion process 
with generator Lp = 5A — VF.V. We shall assume for simplicity that the first condition holds. 
Assume in addition that 


liminf (|[VF|? — AF) =a > 0. 


|x|—> +00 


We may thus apply Theorem 3.9, with L = 5A, v the Lebesgue measure (which is known to 
satisfy a Poincaré inequality on Euclidean balls of radius R with Cp = C R’, C being universal, 
and for '(f) = IV f |). U a large enough ball, a = 1. Indeed, since v satisfies a (true) Poincaré 
inequality on U, j which is a log-bounded perturbation of v on U also satisfies a Poincaré 
inequality on U, hence a local one (since the energy on U is smaller than the one on the full F). 
This yields 


Corollary 4.1. Let F is a C* non-negative function such that, F(x) > -+oo as x — oe, 
fe?F dx < +00 and 


e AF —|VF/(? is bounded from above, and, 
e liminfiyj++o0(IVF I? — AF) =a > 0. 


Then the following (weighted) Poincaré inequality holds for all f smooth enough and some Cp, 


2 zs Gif aay 
ee Fax <cp [Ww Fre a ag ror re 


This corollary immediately extends to uniformly elliptic operators in divergence form. The 
degenerate case is more intricate. Indeed, according to results by Jerison, Franchi, Lu [13,19,20] 
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a Poincaré inequality holds on small metric balls for more general operators of locally subelliptic 
type. Let us describe the framework we are interested in. 

Let X1,..., Xm be C® vector fields defined on R@. We shall assume for simplicity that they 
are bounded with all bounded derivatives. We shall make the following H6rmander type assump- 
tion. 


Assumption 4.2. There exist N € N* and c > 0 such that for all x and all € € R?, 


S(¥@). €) Scl€P, 


Y 


where the sum is taken over all Lie brackets Y = [X;,, [... Xi, ]] of length less than or equal to NV. 


This assumption is enough for ensuring that the natural associated sub-Riemannian metric p 
is locally equivalent to the usual one (see e.g. [13, Theorem 2.3]). According e.g. to [20, Theo- 
rem C] (a similar result was first obtained by Jerison), the Lebesgue measure dx = v satisfies a 
Poincaré inequality on small metric balls B,(y, s) for s small enough and '(f) = 77. |Xi f Ps 
But here we want some local Poincaré inequality on some large set. 

If we replace the Euclidean space by a connected unimodular Lie group with polynomial 
volume growth equipped with left invariant vector fields X1,..., Xm generating the Lie algebra 
of E, then it is known that a Poincaré inequality holds for all metric balls (the result is due to 
Varopoulos and we refer to [27, p. 275] for explanations). But in the Euclidean case we can show 
that Lebesgue measure satisfies some local Poincaré inequality on Euclidean balls centered at 
the origin. 

Indeed let |.| stands for the Euclidean norm. Recall that there exist R and r such that 


{lxl <r} C B,(O,s) c {|x| < R}. 


If Jixign f dx =0, then for all a it holds: 


d 
f(x) dx = i fvsin(~) dx 
r 


|x|<N Ixl<r 
d 
< i: (rvx/9) -a)*(*) dx 
|Ix|<r 
d 
< / (rvx/r)-a)"(2) dx, 
By (0,8) 


so that if we choose a = (Se,0 “ f(Nx/r)dx)/|B, (0, s)| (where |U| denotes the Lebesgue 
volume of U) we may use the Poincaré inequality in the metric ball, and obtain (denoting by 


g(x) = f(Nx/r)) 
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n\4 . 
2 2 
fr(x)dx < c(2) [ Lixsroras 
r : 
IxI<N B,(O;s) #1 
d+2 
N 
<cl — 
r 


So 1X P(N x/r) dx 


B,(0,s) ‘=! 


Ixi<r i=l 


d42 m 
<e(*) 0 f Dix sPevasnas 


2 m 
*) [ Svsrreoar. 


Ixl<(RN/r) (=! 


Now, since F is locally bounded, it is straightforward to show that ju satisfies a local Poincaré 
inequality on {|x| < N} with ky = C(X)2eAPriseanyy FO), 

If we define a new vector field as Xp = 5 pl , div X;.X;, then dx is symmetric for the gen- 
erator L = ayy xe + Xo and yw is symmetric for the generator Lr = ee Xe + Xo - 
yy", Xi; F.X; written in Hérmander form. Hence the following generalizes Corollary 4.1. 


Corollary 4.3. Assume that Assumption 4.2 is fulfilled, and let L = 5 pRiare.4 ‘ + Xo be as above. 
If F is a C? non-negative function such that, F(x) > +00 as x —> 06, f e*F dx < +00 and 


e LF —1/2>~"_, |XiF|? is bounded from above, and, 
e liminfixj 4001/2 7h, [Xi F > — LF) =a >0. 


Then the following (weighted) Poincaré inequality holds for all f smooth enough and some Cp, 


m —2F 2 
[ perrax < ce f Srixi fhe ax + oa. 
i=l 


Remark 4.4. The choice V = e“” is not necessarily the best possible. Indeed one wants to get 
the smallest possible Lyapunov function. For example if F (x) = |x|? (i.e. the Gaussian case) one 
can choose V(x) = 1+a|x|? for a > 0. This is related to some sufficient condition for the Gross 
logarithmic Sobolev inequality to hold (see [7]). In the same way, if F(x) = |x|? (at least away 
from 0 for F to be smooth) for some 2 > p > 1, it is easy to see that V(x) = exp(a|x|*~?) is 
a Lyapunov function (at least for a good choice of a), and of course 2 — p < p when p > 1, so 
that this choice is better than e“”. These laws of exponent 1 < p <2 are the generic examples 
of laws satisfying interpolating inequalities (called F'-Sobolev inequalities see [4], take care that 
this F is not the potential). It clearly suggests that the best possible choice for the Lyapunov 
function is connected with the F-Sobolev inequality satisfied by pj. 
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4.2. General weighted weak Poincaré inequalities 


In this subsection we shall compare various weak Poincaré inequalities obtained in [25], 
(3, Theorem 2.1 and Corollary 3.12] as well as the various rates of convergence to equilibrium. 
The framework is the same as in the previous subsection. 


4.2.1. Sub-exponential laws 

We consider here for 0 < p < 1 the measures pup(dx) = Cpe dx where C, is a normal- 
izing constant and |.| denotes the Euclidean norm. It is shown in [3] that if d = 1, wp satisfies 
a weak Poincaré inequality with B,(s) = dp log?/?)-?(2/s) this function being sharp. Note that 
the previous result does not extend to higher dimensions via the tensorization result [3, Theo- 
rem 3.1]. In any dimension however, [25] furnishes B,(s) = dp log4'—P)/P (2/5). Note that for 
d = 1 the result in [3] improves on the one in [25]. 

These bounds furnish a sub-exponential decay 


2 ee 5 
fen du<cje || f ll2 


for any jz stationary semi-group, with 6 = p/(2 — p) ifd =1 and é = p/(4— 3p) for any d. 
But sub-exponential laws enter the framework of Section 3.3 with V = eflzl? n(u) = 


1 
cu-'~ ») hence Bw(s) = C log?/?)-? (c/s) for some constants c and C. Note that we recover 


the right exponent (2/p) — 2 for By, hence the right sub-exponential decay in any dimension. 
Up to the constants, we also recover, thanks to Theorem 2.3 in [25], that 6 behaves like By. 
Also note that in this case the rate given by Theorem 2.1 is again w(t) = cje” ©?! oe 


These results extend to any F going to infinity at infinity and satisfying 


1 
(1—a/2)|VF|? — AF >cF*""»? 


at infinity, generalizing to the weak Poincaré framework similar results for super-Poincaré in- 
equalities (see [4,5]). 


4.2.2. Heavy tails laws 

Let us deal now with measures ju p)(dx) = Cp (1 + |x|)~@+P) where p > 0, Cy is a normaliz- 
ing constant, and |.| denotes once again the usual Euclidean norm. The sharp result in dimension 1 
has been given in [3] with Bp(s) = dgst P, but cannot be extended to higher dimensions. 
Rockner, Wang [25] furnishes in any dimension B,(s) = cs~* where t = min{(d + p + 2)/p, 
(4p + 4 + 2d)/(p? — 4 — 2d — 2p)+}. This result is not sharp in dimension one but enables to 
quantify the polynomial decay of the variance in any dimension. 

Once again, we may use the results of Section 3.3 with V(x) = (1+ |x|)e@tP)/2 so that 
F(x) = “P log(1 + |x|) and n(u) = C(p, d)e~*“/?t+® , Use now (3.13) to get that Bw(s) = 


2 
C(p’,d)s»" for any p’ < p (and C(p’,d) > oo as p’ > p). This result enables us to be nearly 
optimal in any dimension and thus improves on the result of [25]. Note that once again, results 
of [10,12] would give, via Theorem 2.1 the same result, but without explicit constants. 
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4.3. Drift conditions for diffusion processes 


Consider a d-dimensional diffusion process 
dX; =0(X;1) dB; + BCX) dt. (4.5) 


We assume that the (matrix) o has smooth and bounded entries, and is either uniformly elliptic 
or hypoelliptic in the sense of Assumption 4.2. We also assume the following drift condition 


there exist M andr >0__ such that for all |x| > M, (B(x), ) <—r|x|. (4.6) 


We also assume that the diffusion has an unique invariant probability measure du = e* dx. This 
is automatically satisfied if o is uniformly elliptic and (4.6) holds (see [10, Proposition 4.1]). 

Consider a smooth function V which coincides with e“!*! outside the ball of radius M, |x| de- 
noting the Euclidean distance. Then on this set 


eats 
LV(x) =a\ B(x), —)+a°n@a) 


|x| 


where n(x) —> 0 as |x| — +00. Hence, according to (4.6) for all a, V is a Lyapunov function 
(but C and b depend on a). 

We may thus apply Theorem 3.6 (thanks to the local Poincaré property discussed in the pre- 
vious subsection) and get that for any density of probability h, 


flere — 1) du <e7*t fu —1)el dy. 


Indeed we know that yu satisfies a (V + 4)-Lyapunov—Poincaré inequality, hence apply Propo- 
sition 3.3 and then replace W by 1 + A in the left-hand side, and (V + A) by (1 + A)V in the 
right-hand side. Hence we get an exponential convergence for initial densities in L?(e@"*! 2) for 
some a > 0. 

Remark that if o = Id and B = —VF, dj =e" dx and (4.6) which reads 


there exist M andr >0_ such that for all |x| > M, (VF(x), x) Sri|x|, 


thus implies the Poincaré inequality. 
We may now complete the picture in the sub-exponential case (the polynomial case being 
handled similarly), namely we assume 


there exist 0 < p<1,M andr>0O_ such that for all |x| > M, (B(x), x) < —r|x|t-?. 
(4.7) 


One may then show as in [10] that for sufficiently small a, V(x) = e“!*! ? isa o-Lyapunov func- 


tion with @(v) =v log(v) 2h? and get via the use of Theorem 3.10 as in the preceding paragraph 
a weak Lyapunov—Poincaré inequality with W(x) = V(x) +A and By (s) =dp log(2/s)2P/C+P), 
It then implies that for any density of probability h, 


l-p 
firm uh * du S Ca,pe ot fo ee du. 
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Let us remark that for this diffusion case, the use of Lyapunov function was already present 
in R6ckner, Wang [25, Theorems 3.2 and 3.3] to obtain weak Poincaré inequality. They however 
always propose as Lyapunov function the distance to the origin, combined with local approxima- 
tions, which is not optimal as seen in the previous subsections. Remark however that as in [10], 
Réckner, Wang [25] also considers the case of Markov processes with jumps. We leave this for 
further research. 


5. Entropy and weighted entropy 


In all the previous sections we studied the behaviour of the variance or some weighted vari- 
ance. The only exception is Theorem 2.2 where we obtained the rate of convergence for relative 
entropy. In many significant cases, for physical relevance, L? bounds are too demanding, so that 
it is of some interest to look at less demanding bounds. 

Using Lemma 3.1 the following proposition is obtained exactly as Proposition 3.3, after stat- 
ing the analogue of Definition 3.2. 


Definition 5.1. Let Y be a non-negative function such that Y(1) = 0. We shall say that ju satisfies 
a (W)-Lyapunov-W -Sobolev inequality, if there exist W € D(L) with W > | and a constant Cy 
such that for all nice non-negative h with fhdu=1, 


[vewan<ce [ (we mrday—voniw) an 


Proposition 5.2. Let W be a non-negative function such that Y (1) = 0. The following statements 
are equivalent: 


©  Satisfies a (W)-Lyapunov-W -Sobolev inequality, 
® re W(PHh)Wdu < e t/Cw) i W(h)W du for all non-negative h with ‘i hdu=1. 


Since the goal of this section is to deal with densities of probability / with very few moments 
(in particular not in L”), we shall not discuss the analogous weak versions of these inequalities. 
The interested reader will easily derive the corresponding results. 

Note that for Definition 5.1 to be interesting, we do certainly have to assume that W’(u) > 0 
for all u. This is a big difference with the (homogeneous) F-Sobolev inequalities studied in [4] 
where F often vanishes on some neighborhood of 0. 

Indeed if we want to mimic what we have done in Theorem 3.6, we have to introduce some 
local version of some new W-Sobolev inequality, replacing the local Poincaré inequality. Instead 
of looking at such a complete theory, we shall focus on a typical example which will give the 
flavor of the results one can obtain. The first remark is, see for instance [14], that the Lebesgue 
measure satisfies a logarithmic Sobolev inequalities on the interval J = [—R, R] with constant 
8R?/x* which by tensorization holds also on the tensor product /“ with the same constant so 
that we obtain the equivalent of the local Poincaré inequality. 

Now if du = e~?" dx is a probability measure, the normalized measure ft = w/(I 4) also 
satisfies a log-Sobolev inequality on J 4 as soon as F is locally bounded. But uv +> uw logu is not 
everywhere non-negative so that we have to modify it. 
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First, since jz also satisfies a Poincaré inequality on [ 4 we may apply Lemma 17 in [5] and 
obtain the following G-Sobolev inequality with G(u) = (logu — log 4) and some universal C 
(all universal constants will be denoted by C in the sequel) 


[Pe a eee an<c(i+r) [Wwe Pap (5.3) 
fat ap. ai o 
1d 1d 


Now consider W defined on R*™ by 


W(u) = (u — 1)*Iu<o + (1+ (1 — 4log2)(u — 2) + 4(@wlogu — u — 2log2 + 2))1us2, 
(5.4) 


so that 
” a 
yw" (u) = 21y<2 + 7 a2» 


is everywhere positive. W is non-negative and W (uw) = 0 if and only if u = 1. It is easy to see that 
ut» W(u)/u is non-decreasing on [1, +o0[ and of course W behaves like 4G at infinity. Thus 
combining (5.3) and Lemma 21 in [4] we obtain that for any nice g with [- 1d g? dj = 1 it holds 


[el tenrdi<c(+R) fiveran. (5.5) 
1d qd 


We may thus state 


Theorem 5.6. Let . = e~?" dx be a probability measure on R4 (supposed to be L invariant) 
satisfying a Poincaré inequality (on the whole R®) with constant Cp. Assume that there exists a 
Lyapunov function V, i.e. LV < —2aV + bic for some set C (not necessarily petite), such that 
either C or the level sets of V are compact. 

Then wt satisfies a (W)-Lyapunov-W -Sobolev inequality for W = V + i where xX is a large 
enough constant and W is defined in (5.4). 


Remark 5.7. According to Corollary 3.4 and Theorem 3.6, if L is 4 symmetric, the Poincaré 
inequality automatically holds here. 


Proof. Since we assumed that C or the level sets of V are compact, as for the proof of Theo- 
rem 3.6 what we have to do is to control ya W(h) dy for a large enough I 4 and a non-negative h 
such that fa hdu = 1. In the sequel we write h = f? (we may first assume that f > ¢ > 0 and 
then go to the limit if necessary). 

First, applying Poincaré inequality we get 


[edntcadu= [0-1 trdu= [ha2-Dtncodn 
Id 1d 14 
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< fin2-1dy 


2 
< Cp f IWhP anced + (fo oe bau) 
R¢ R¢ 


2 
< ce | [VAP tncodut ( [i ((h — 1)1p<2 + In>2) a) 


Rd 


2 
< ce | Vh|?tn<2du+ ( [i (1—A)1n>2 + 1n>2) an.) 
Rd Ra 


2 
<p | VAP Incodut ({« 2- hytrsadi) 
R4 


RA 


y) 
< cp | Vh *tneodut [u- 2)1 wsadi) 


2 
< ce | [VAP In<odut \ ityadu) 
Rd 


Ce f IVhPtncodu+ 
R¢ R¢ 


h1In>2 dp, 


since Jira hin>2 dp < 1. Since p satisfies a Poincaré inequality, Remark 22 in [4] shows that 


J Pirspadusc fv shan, 


so that (recall that YW’ (uw) = 21y<2 + 4 tu>2) we finally obtain for some constant C, 


if Wh)Incodu< oF Ww" (h)|VhAl? du. 

4 Rd 
For the other part we have to be accurate with normalization in order to use (5.5). Indeed the 
latter applies for normalized functions for the normalized measure on J¢. Let m = f phvajyda 


for some 2>a>0. 
If m < 1 then 


W(h)Ins2 = WAV a)lps2 < WAV a/m)Ipsz < WAV a/m)1(nvasm)>2 


so that we may apply (5.5) with g = (hv a/m)? (we can of course replace 1,~1 by 1g.2). Of 
course |Vg|* is up to some constant (the normalization by m disappears) equal to 1,54(|VA|*/h) 
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hence up to the constants to 1,5,” (h)| VAI. Remark that we need h > a for 1/h to be bounded 
(since W’’(u) = 2 when u < 2) at least for h < 2. 
If m > 1 the situation is more delicate. But 


ms f[hapta< (1/u(14)) +a 
qd 


so that if we choose R (the length of the edge of /“) large enough we may assume that px([“) > 
3/4, choose a = 1/3 so that m < 5/3 < 2. In other words on {h > 2}, h/m > 6/5. It follows that 
Wh) = w(m") < cw (4) on {h > 2}, for some constant c (recall the form of WY). Furthermore 
Ins2 < Lays so that one more time we may apply (5.5), and conclude as in the case m < 1. 


We have thus shown the existence of some C such that 


[edntnsdusce fw Givnr dy. 
I¢ Rd 


With the previous result the proof is completed. 


Remark 5.8. Since W(u) behaves like ulogu at infinity, the previous result has the following 
consequence: if V has some exponential moment, then 


[ P70 prhdu<ce™(1y f vantog,(vim)an) <cem(1y f ntog (an). 


This result is (at a qualitative level) a little bit weaker than the one we obtain in this case in 
Theorem 2.2, since there we can replace the exponent 2 by any exponent greater than 1. 

It should also be interesting to extend this kind of result to (strongly) hypoelliptic operators as 
in Corollary 4.3. The key would be to prove a local log-Sobolev inequality for the correspond- 
ing I”. We strongly suspect that some inequality of this type is true, but we did not find any 
reference about it. 


6. Fully degenerate cases, towards hypocoercivity 


Proposition 3.3 and Theorem 5.6 are hypocoercive results in Villani’s terminology. The former 
shows a coercivity property in L*(W,) norm, which is stronger than the L?(jz) norm, while the 
latter can be interpreted in terms of semi-distances. We refer to [29] for a nice presentation of 
hypocoercivity. In studying fully degenerate cases, Villani introduces higher order functional 
inequalities (reminding the celebrated [> criterion for logarithmic Sobolev inequality), see [29, 
Eq. (11)] and more generally [30]. These higher order inequalities enable him to introduce Lie 
brackets of the diffusion vector fields with the drift vector field, hence are clearly related to some 
hypoelliptic situation of Hérmander type. A deep study of the spectral theory of hypoelliptic 
operators is done in [17], and we refer to the references in both [17,30] for more details and 
contributors. Also notice that the hypocoercivity phenomenon was first studied by Hérau and 
Nier (see [18]) by using pseudo-differential calculus (also see some recent work by Hérau on his 
Web page). 
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Since the existence of a Lyapunov function does not immediately rely on non degeneracy, it is 
natural to consider fully degenerate cases from this point of view. Note that Theorem 3.6 requires 
a local Poincaré inequality, hence is not adapted, while the method in Section 2 furnishes some 
exponential decay for the variance but controlled by some L? norm. 

In this section we shall recall the results in [30] for the particular example of the kinetic 
Fokker—Planck equation. Then we shall see that this example enters the framework of Meyn— 
Tweedie approach, following [35] and [10] who indicated how to build some Lyapunov function. 

First we recall what the kinetic Fokker—Planck equation is. Let F be a smooth function on R¢. 
We consider on R”@ the stochastic differential system (x stands for position and v for velocity) 


dx = Ur dt, 


dv, =dB,— v,dt — VF (x,) dt (6.1) 
associated with 
1 
L= 5 Ay +0Vx— (u+ VF(x))Vo. 
Define 


idx, dv) = eV +2F@) dy dy = eH dx dy (6.2) 


which is assumed to be a bounded measure (in the sequel we shall denote again by jz the nor- 
malized (probability) measure j/ w(R4)). 

If F is bounded from below, it is known that (6.1) has a pathwise unique, non-explosive 
solution starting from any (x, v). Actually the statement in [35, Lemma 1.1] is for a weak solution 
since Wu is using Girsanov theory. Let us introduce the stopping time tr = inf{s > 0; |v;| > R}. 
Since |X;arg| < Rt + |x| pathwise uniqueness holds up to each time tr and the explosion time is 
the limit of the tTr’s as R goes to infinity. That this limit is almost surely +00 is proved by Wu 
(35, the top of p. 210]. Furthermore ju is in this case the unique invariant measure. 

Let us make three additional remarks: 


e jis not symmetric, 

e L is fully degenerate, in particular since [f = |V,f|? any function f(x, v) = g(x) with 
J f du =0is such that If = 0 so that the Poincaré inequality (with /”) is not true for 1, 

e the Bakry—Emery curvature of the semi-group (see [1, Definition 5.3.4]) is equal to —oo. 


The main results in [30] about convergence to equilibrium for this equation are collected 
below. 


Theorem 6.1. (See Villani [30, Theorems 29, 31, 32].) 


(1) Define H'(u) := {f €L?(u); Vf € L?()} equipped with the semi-norm Ifllatq) = 
IV Flln2 qu: 
Assume that |V* F| <c(. +|VF]) and that the marginal law 1, (dx) = e~7*“ dx satisfies 
the classical Poincaré inequality for all nice g defined on R4, 
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Vary, (@) <C f IVs? yus(as. 


Rd 


Then there exist C and 2 positive such that for all f € H'(u), 


(2) With the same hypotheses, there exists C such that for all 1 >¢>Oandallt >, 


pref fan 


ae <Ce If llintqy: 
nm 


Var, (P* f) <Ce */e "© var, (f). 


(3) Assume that |V/ F| < cj for all j > 2 and that jy satisfies a (classical) log-Sobolev inequal- 
ity 


Ent,,, (g2) <C / IV el2(x)uty (dx). 
Rd 


Then for all h > 0 such that { hd = and satisfying 
Vk EN, Jo + |x|+lvl)‘A(x, v)du < +00, 
it holds for some > 0, 
/ P*hlog(P*h)du<C(hye™ 


where C(h) depends on the above moments. 


It is worthwhile noticing that since jz is a product measure of jz; and a Gaussian measure, 
jt inherits the classical Poincaré or log-Sobolev inequality as soon as jx satisfies one or the 
other. Part (2) in the previous result is simply an hypoelliptic regularization property, and some 
hypotheses can be slightly improved (see [30, Theorems 29-32] for the details). However, it has 
to be noticed that C > 1 (otherwise jz would satisfy a Poincaré inequality with I”) and that the 
Bakry—Emery curvature has to be —oo for the same reason. 

In [35], Wu gave some sufficient conditions for the existence of a Lyapunov function for this 
(and actually more general) model (see [35, Theorem 4.1]). We recall and extend this result 
below. First define 


Aa,b(x, v) = aH (x, v) +b((v, VG(x)) + G(x)), (6.4) 
where G is smooth, a and b being positive parameters. 
Theorem 6.5. Assume that F is bounded from below and that there exists some G satisfying 


(1) liminfyy). 400(VG(x), VF (x)) = 2c > 0, 
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(2) ||V?Glloo < ¢/16d, 
(3) there exists k > 0 such that for all x, IVG(x)|? <KI+|(VF(x), VG(x)))), 
(4) Ag,» is bounded from below. 


Then for all 0 < € one can find a pair (a,b) such that max(a, b) < € for which Va,p(x, v) = 
efa.b(v)— ink,» AabOY) js a Lyapunov function. 

Hence if there exists n > 0 such that f eAna) dp < +00, for each p > 1 one can find a 
Lyapunov function V, € L? (jt), so that there exists > 0 such that for each q > 2 there exists Cq 


such that 
2 
Var (PFA) <Cge =" gf pd 


2 
q 
Proof. Elementary computation yields 

1 
LV a.5/Va,p = —2a\v|?(1 — a) + ad + 2ab(v, VG) + sh Ivar’ + b(V?Gu, v) — (VF, VG). 


Our aim is to choose G for the right-hand side to be negative outside some compact set. A rough 
majorization gives 


LVa,p/Va,b < (—2a(1 — a) + b|V°G(x)| + 4ab) |u|? 


b? 
—b(VG, VF) + (> + tab) |VG|? +.ad. 


We have thanks to (3), 


b2 
—b(VG, VF) + (> + 4ab) VP +ad 


< o(-1 +«(5 +40) )(v6, VF)+ (ca +u0(2 +40) ), 


so that if we choose a and b small enough for «(3 +4a)< 5 the first term is less than —cb for |x| 
large enough thanks to (1). Hence if we choose ad + Kb(S + 4a) < cb/2 we get LVq.p/Va.b < 
—cb/2 for |x| large and all v as soon as 


—2a(1 — a) + b|V?G(x)| + 4ab <0. 
We may thus first choose a and b small enough for KB +4a) < c/4, so that it remains to choose 
a <cb/A4d. 
Now if |x| < L, (LVa.p/ Va,p) (x, v) > —00 as |v| > +00 as soon as 


—2a(1 — a) + b|V?G(x)| + 4ab <0. 


We may choose b < 1/8 and a < 1/2 so that we only have to check —a/2 + b|V*G(x)| < 0, ie. 
a/2 > cb/16d thanks to (2). This is possible since our unique constraint is a/2 < cb/8d. 
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We have thus obtained the existence of a Lyapunov function for some pair (a, b) with both a 
and b as small as we want. This Lyapunov function thus belongs to L? if a and b are small 
enough, according to our integrability hypothesis. It remains to apply Theorem 2.1 to conclude 
(all the other hypotheses in Theorem 1.2 are satisfied here, see [10,35] for the details). 


Example 6.6. Let us describe some examples. 


(1) (Wu [35].) Assume the drift condition lim inf),|—, +99 (x, VF (x)) /|x| = 2c > 0. Then we may 
choose G(x) = |x| for |x| large, and |V7G(x)| < ¢ for all x. This is the situation discussed 
in [35]. Notice that j1, satisfies a classical Poincaré inequality (see e.g. Section 4) so that the 
hypotheses of Theorem 6.1 are satisfied. 

(2) A little more general situation is for F going to infinity, satisfying 


liminf |VF(x)|"=2c>0 and |V?F| <|VF| atinfinity. 


|x| +00 


In this case also jzy satisfies a classical Poincaré inequality as we saw in Section 4 (Gif d = 1 
the converse is true). If |V7F(x)| > 0 as |x| > -+oo we may choose a function G such 
that |V7G(x)| < e for all x and G(x) = F(x) for x large. This function will satisfy all (1), 
(2), (3). For (4) and the integrability condition to be satisfied it is enough to assume in 
addition that 


|VF(x)|/F@) goes to 0 at infinity. 


This is the case for F(x) = |x|? at infinity for 1 < p <2. 
(3) If the latter condition is not satisfied we may take G = F® for some a < 1. But in this 
situation we can obtain a better Lyapunov function and study convergence in entropy. 


Remark 6.7. The L” convergence in Theorem 6.1 is optimal, hence we cannot expect to improve 
it and actually the controls we obtained in Theorem 6.5 are weaker. In addition, in the last version 
of his work (see [31]) Villani gives some explicit bounds for the constants involved. As we said, 
such estimates are not yet available in Theorem 1.2. 

However, Villani’s approach uses the classical Poincaré inequality in an essential way, and 
only gives exponential decay results. Examples for the existence of d-Lyapunov functions for 
this kinetic model are given in [10, Section 4.3]. Indeed consider F(x) ~ |x|? for large |x| with 
0 < p < 1. Attentive calculations show that one can consider smooth G with VG(x) = |x|” for 
large |x| with |—- p<m<l, 


oo Ma.p FP) inky,» $4.2) | (m+ 18 <p, 


as a @-Lyapunov function for well chosen s, a, b, with ¢(t) =t/1In!/°-!t. Combined with The- 
orem 2.1 we thus get a sub-exponential decay in a situation where it is known that there is no 
exponential decay, thanks to an argument by Wu [35]. We refer to [10] for the polynomial decay 
case. We shall not go further in this direction here, but Theorems 1.2 and 2.1 thus allow to study 
a larger field of potentials. 


756 D. Bakry et al. / Journal of Functional Analysis 254 (2008) 727-759 


As we said before we turn to the study of entropy decay. This time we shall directly use 
Ag,p + M = Va,» as a Lyapunov function, for M large enough. Indeed 


LVa,p(x, v) = ad — 2alv|? — WV F(x), VG(x)) + b(V7G(x)v, v). 


Our aim is to find G and 7 > 0 such that LVg.p < —nVa.p outside some compact set. We shall 
choose G(x) = F!~%(x) for large x, for some 0 < a < 1, assuming that F is non-negative 
outside some compact set. Actually we shall assume that F goes to infinity at infinity. With 
all these choices 


Aa,p(x, v) > alv|? + 2aF (x) — iy 
| FH(x) 


is bounded from below as soon as |VF (x)|? /F Hee) goes to 0 at infinity or if this ratio is 


bounded and b/a small enough. 
Now if a > 0, 


(V?G(x)v, v) = (1 — a) F(x) (V2 F(a)v, v) — (= a) FOF (x)(V F(X), 0), 


so that for x large, 


LVa,p(x,v) <ad — 2alv/? — b( — a) F~* (x) |[V F(x)? + ( — a) F-* (x)(V2F (x), v). 
(6.8) 


To show that V,, is a Lyapunov function, using the same majorization as in the proof of the 
latter theorem, it is enough to show that we can find some 7 > 0 such that for x large, 


IVF) 9 ,IVFO@)I? 2n 
(e n)a — 2bn — b(1 — a) Fea) iw +b Faq) (1 a as) 


— (M +ad + 2anF(x) + bnF'(x)) >0. (6.9) 


Note that the same result holds true for a = 0. 

The situation is now quite simple: first we shall assume that |VF (x)|? SP (x) for 
large x, so that for any b we may choose 7 small enough for the sum of the last two terms to 
be positive; next we have to assume that |\V7F (x)|/ F(x) is bounded, so that we may choose b 
small enough for the coefficient of |v|? to be positive. Of course for |x| < L (6.9) has to be re- 
placed by the correct one involving G, but G being smooth it is enough again to choose b and 7 
small enough. 

Choosing a small enough we see that fe? Va.» dus < +00, so that applying Theorem 2.2 and 
H6lder-Orlicz inequality to bound { Vh dw we have obtained 


Theorem 6.10. Assume that F(x) > +00 as |x| — +00 (hence is bounded from below) and 
that there exists 0 <a <1 such that the following holds: 
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(1) there exist c and C such that for |x| large, 
oP TG) SV F@)| SCR eG), 
(2) |V7 F(x)|/F% (x) is bounded (for |x| large). 


Then for all p > 1 one can find a Lyapunov function V, such that [ ePY du < +00. Hence there 
exists 4. > 0 such that for any 1 > B > 0 there exists Cg such that for all density of probability h, 


fe IB 
[ Frmos rendu < cye-™ (1+ f htogn dn) (fu- iIllogh"* dy) : 


Example 6.11. If F(x) = |x|? for some p > 2 and large |x|, then we may apply the previous 
theorem with 


Remark 6.12. As it is shown in [7] the condition |V F(x)? > nF (x)+AF (x) for large x implies 
a classical logarithmic Sobolev inequality for jz. Hence if |V7F| < C(1 + V|F]) our hypoth- 
esis (1) in Theorem 6.10 implies a classical logarithmic Sobolev inequality, as it is asked in 
Theorem 6.1(3). 

But case (3) in Theorem 6.1 is (very) roughly the case where c|x|? <F(x)< C\x|? for some 
positive c. Our result covers more “convex at infinity” cases. 

Finally, even if we do not have explicit constants, our hypotheses on h seem to be weaker than 
the moment conditions in Theorem 6.1. For instance if F(x) = |x|*/2 we may choose with a > 0 


2 2 
eb? +l 


d+ |x |@+1 + Jvjatljatl 


h(x, v) = 


for any B < 1 — 2/(a(d + 1)), while this / does not fulfill the hypotheses of Theorem 6.1(3) 
(requires all B < 1!). 


Remark 6.13. Of course, since for any density of probability A it holds fhloghdw := 
Ent, (h) < Var, (1), the relative entropy is decaying at least with the same rate as the variance, 
hence Theorem 6.5 furnishes some decay. The study of relative entropy in [18] is based on this 
argument. 


Remark 6.14. Remark that the generator L can be written in Hérmander’s form L = 5X ‘ + Xo 
where the vector fields X;(x,v) are given by X,(x,v) = 0, and Xo(x,v) = vd, — (U+ 
V F(x))0,y. Hence the Lie bracket [X1, Xo](x, v) = 0, — dy is such that X; and [X1, Xo] gener- 
ate the tangent space at any (x, v). Furthermore |X, |? + |[X1, X oll? is uniformly bounded from 
below by a positive constant. Hence Malliavin calculus allows us to show that, for any tf > 0, the 
law of (x;, v;) starting from any point (x, v) has a C® density p; with respect to Lebesgue mea- 
sure, hence a smooth density fh; with respect to jz. Furthermore p; satisfies some Gaussian upper 
bound. However we do not know how to show that h, € L? (w). The latter is shown in [18], but 
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starting with some particular initial absolutely continuous laws. Due to the Gaussian part of j, 
exponent 2 is optimal for such a result. 
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Abstract 


We prove a Bozejko—Picardello type inequality for finite-dimensional CAT(O) cube complexes and as a 
consequence we obtain that a group acting properly on a finite-dimensional CAT(0) cube complex is weakly 
amenable with the Cowling—Haagerup constant 1. 
© 2007 Elsevier Inc. All rights reserved. 
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1. Introduction 


In [1], they considered the characteristic functions x, of X, = {(x, y) € X x X: d(x, y) =n} 
for a tree X and proved that the norms of their Schur multiplier grow at most linearly. In the 
present paper, we study the geometry of CAT(0) cube complexes following [1] and prove that in 
a finite-dimensional CAT(O) cube complex case, the corresponding norms grow at most polyno- 
mially. This is a generalization of the result in [1] since a tree is exactly a 1-dimensional CAT(0) 
cube complex. As a consequence, we obtain that a group acting properly on a finite-dimensional 
CAT(O) cube complex is weakly amenable with the Cowling—Haagerup constant 1. 

In operator algebra, it is very important to consider finite-dimensional approximation prop- 
erties and among other things, amenability has been one of the central topic since the origin 
of operator algebra. Amenability of a group is characterized by nuclearity of its reduced group 
C*-algebra, which is some kind of finite-dimensional approximation property. The first example 
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of a non-nuclear C*-algebra which has MAP appeared in [14] and it was shown in [9] that it has 
completely bounded approximation property, or CBAP in short. CBAP was thoroughly studied 
in [8,15], and the notion of weak amenability of a group is introduced which turned out to be 
equivalent to CBAP of its reduced group C*-algebras. Nuclearity obviously implies CBAP, so 
weak amenability is a weak form of amenability in a sense. There is another important finite- 
dimensional approximation property called exactness. In [4], it was shown that a group acting 
properly and cocompactly on a finite-dimensional CAT(O) cube complex is exact. It is known 
that weak amenability (or, more generally, AP) for a group implies exactness [15] and hence our 
result extends the above result in [4]. The class of weakly amenable groups is fairly large in- 
cluding all amenable groups, free groups, lattices of simple Lie groups of R-rank 1 [8,9,23] and 
all Coxeter groups [11,16]. On the other hand, Haagerup [23] showed that lattices of simple Lie 
groups of higher rank are not weakly amenable. See also [10]. It was proved in [17] that Coxeter 
groups act properly on (locally finite) finite-dimensional CAT(O) cube complexes and hence our 
result reproves the result of [11,16] (through [17]). 

In [13], they also showed weak amenability for a group acting properly on a finite-dimensional 
CAT(O) cube complex using uniformly bounded representations. 

The paper is organized as follows. In Section 2, we provide some background and notation 
used in the rest of the paper. In Section 3, we prove our main result, a Bozejko—Picardello type 
inequality for finite-dimensional CAT(0) cube complexes exploiting the fact that the 1-skeleton 
of a CAT(O) cube complex is a median graph. 


2. Preliminaries 


Throughout the paper, Z,, N denote the set of non-negative integers, positive integers respec- 
tively and #S denotes the cardinality of a set S. 


2.1. Schur multiplier 


Let A and B be C*-algebras and g: A > B be a linear map. We say that g is completely 
bounded if ||@|lcb := sup, ||@ ® idy|| < oo where id, denotes the identity map on n x n matrix 
algebra and we refer to it as the completely bounded norm, or cb-norm of g. Let X be a set and 
k be a function on X x X. For any T € (€2(X)), we write it as a matrix T = [Ty y]x,yex where 
Ty, y = (Tdy, 6x), 5, denotes the Dirac function of {x}. Here we denote by B(#) the set of all 
bounded linear maps on a Hilbert space H. The Schur multiplier associated with k is a map m, 
which sends [Ty] to [k(x, y)Tx,y]. (This may not be an everywhere-defined map on (€2(X)).) 
If this correspondence does define a map on all of B(#), we have that mx is completely bounded 
with completely bounded norm < C iff there exist families of vectors (€)xex and (yy)yex in 
a Hilbert space H such that k(x, y) = (ny, &x) for every x, y € X and sup, yexllérllllnyll < C 
[20, p. 110]. The completely bounded norm of m, is denoted by ||k||,p. If & is the characteristic 
function yr of a subset F C X x X, then we abbreviate ||xF||cb to ||F|llch. Assume X = I is 
a group. For a function g on I", we associate it with the kernel (s, t) y(st—!) and call the 
resulting Schur multiplier as the Herz—Schur multiplier. We still denote its cb-norm by ||¢||cb. 
A function k on X x X is said to be positive definite if for any n in N, any complex numbers 
Q1,..-,Q@, and any points x;,...,x, in X, we have Sy aja ;k(x;,x;) 2 O where a denotes the 
complex conjugate of the complex number a. Also, a function g on a group I” is said to be posi- 
tive definite if the associated kernel is positive definite. The Schur multiplier of a positive definite 
function whose diagonals are | gives rise to a unital completely positive map on B(¢7(X)) and 
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the cb-norm of a unital completely positive map is equal to 1. For details of completely bound- 
edness, complete positivity and Schur multipliers, see [20]. 


2.2. Weakly amenable group 


In this paper, all groups are assumed to be discrete and countable. A discrete group I" is said 
to be weakly amenable if there exists a sequence (¢,,) of finitely supported functions on I” and 
a constant C such that g, — | pointwise and limsup,_, .5|l@ullcb < C. The Cowling—Haagerup 
constant A,p(J°) is the infimum of all such C for which such a sequence (¢,) exists. For basics 
of weak amenability, see [3,8,9,15]. 


2.3. CAT(0) cube complex 


A cube complex X is a metric polytopal complex in which each cell is isometric to the Euclid- 
1 1 


ean cube [-3, z]" for some n € Z+ (we follow the convention that [—;, 51° means a single 
point), and the gluing maps are isometries. We call [-3, 5" as an n-cube and the dimension 
of X, denoted by dim X is the supremum of such n. A cube complex X is equipped with the 
metric induced by the Euclidean metric on the cubes and it is called CAT(0) if the metric gives X 
a CAT(0) metric. If dim X < oo, then the complex carries a complete geodesic metric. (See [2].) 
Let us notice that a 1-dimensional CAT(O) cube complex is exactly a tree. 

We focus mainly on combinatorics of CAT(O) cube complexes and we also give here the 
combinatorial description of CAT(0) cube complexes which is known to be equivalent to the 
above definition (at least in a finite-dimensional case). A cube complex is a non-empty set X 
with a family C of non-empty subsets of X called cubes satisfying that (1) C is a cover of X 
(2) for Cy and C2 in C, Cy M C2 is also in C unless it is empty (3) for any C in C, there is a 
bijection &:C — {0, 1}” for some n € Z+ (we call this cube C as an n-cube ) preserving its 
faces, i.e. for any C’C C, C’ €C iff ®(C’) is a face of {0, 1}” where A C {0, 1}” is called a face 
iff A is of the form A, x --- x Ay for @ 4 A; C {0, 1}. The dimension of X is still the supremum 
of n for which an n-cube exists. Notice that any | point set is a cube from (1) and (3) which 
we refer to as a vertex and also we refer to a 1-cube as an edge. For a vertex x, the vertex link 
k(x) of x is the set of vertices which are adjacent to x and it comes equipped with the simplicial 
structure given as follows: S C /k(x) is a simplex iff there exists a cube including {x} and S. 
A simplicial complex is said to be flag if any complete subgraph of 1 vertices is actually the 
1-skeleton of an (n — 1)-simplex. A cube complex is called locally CAT(O) (or non-positively 
curved) if every vertex link is a flag complex. A (combinatorial) cube complex has a geometric 
realization through the natural identification of {0, 1}” with the Euclidean cube [0, 1]” in R”. 
For a cube complex with its geometric realization simply-connected, it is known [12] that it is 
CAT(O) in the above sense, i.e. the metric induced by the Euclidean metric is CAT(O) iff it is 
locally CAT(0). 

A combinatorial hyperplane is an equivalence class of unoriented edges where two edges e 
and f are called equivalent if there exists a finite sequence of edges e = e],...,@, = f such 
that e; and e;+1 are opposite sides of some 2-cube in X for alli = 1,...,n — 1. If an edge 
e belongs to a hyperplane H, we say e intersects with H. A combinatorial hyperplane admits 
a natural geometric realization obtained by the first barycentric subdivision which is called a 
geometric hyperplane [22]. A CAT(O) cube complex considered as a graph has another natural 
metric called graph metric. We often refer to the associated distance function on X x X as the 
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combinatorial distance. In [22], it was shown that for any points x, y € X of combinatorial dis- 
tance n, there are exactly n combinatorial hyperplanes which separates x and y and any geodesic 
path between x and y intersects with every hyperplanes separating x and y just once. In particu- 
lar, the combinatorial distance of diagonal points of d-cubes is just d. Also, we will utilize [22, 
Theorem 4.6], so we cite it here. 


Theorem 1. (See [22, Theorem 4.6].) If x and y are two vertices of X, and a and B are two 
geodesic paths from x to y, then there exists a finite sequence of geodesic paths a; from x to y 
with a, =a and ay, = B, such that a; and a;+ differ by exchanging two consecutive edges for 
two edges that run on the opposite side of some 2-cube. 


Assume X is a connected graph. We consider it as a metric space via the graph metric and 
often identify X with its vertex set. For any x, y € X, we define the geodesic interval [x, y] as the 
set of vertices lying on a shortest path (geodesic path) from x to y. A graph is called median if, for 
each triple of vertices x, y, z, the geodesic intervals [x, y], Ly, z], [z, x] have a unique common 
point which is called the median of x, y, z. For example, if we divide the Euclidean plane into 
squares, it becomes trivially a CAT(0) cube complex with the vertex set Z? and the combinatorial 
distance is just the ¢'-metric. In this case, for any vertices x, y, the geodesic interval [x, y] is 
the set of vertices on a rectangle having x, y as one of its diagonal points and then an instant’s 
consideration shows that this graph is median. This holds more generally, that is, in [7], Chepoi 
showed that the 1-skeleton of a CAT(O) cube complex is a median graph [7, Theorem 6.1]. This 
fact becomes a crucial ingredient for our paper. See also [5,19,21]. 

We study the geometry of CAT(O) cube complex and prove a Bozejko—Picardello type in- 
equality for finite-dimensional CAT(O) cube complexes, following the proof for trees in [1]. 


Theorem 2. Let X be a finite-dimensional CAT(0) cube complex and let Xn = {(x, y) € X x 
X: d(x, y) =n} for n € Z,. Then the norms of Schur multipliers of the characteristic function 
of Xp increase polynomially, i.e. there exists a polynomial p such that ||Xy\lcb < p(n). 


Combining Theorem 2 with the previously established fact [18] that the combinatorial dis- 
tance function on X is conditionally negative definite, we obtain 


Theorem 3. A group I" which acts cellularly and properly on a finite-dimensional CAT (0) cube 
complex X is weakly amenable with Ap’) = 1. 


Guentner—Higson has obtained the same result [13] using uniformly bounded representations. 
3. Main results 


Let X be a CAT(O) cube complex. We call w is an infinite geodesic in X if w is an isometric 
map from Z + into X where X is equipped with the combinatorial distance. If we fix a point 
x € X and add an infinite geodesic w to X which starts at x, then the resulting cube complex 
X=XU {@} is CAT(O) [2, p. 347] (or we can easily see this from the definition of CAT(O) cube 
complex). Note that the embedding of X into X is isometric in the combinatorial distance. 

Henceforth, we assume there exists an infinite geodesic wo in X and fix it once and for all. 
We say that two infinite geodesics w; and w2 eventually flow with if there exists N € Z such that 


for any n € Z with n >|N|, a(n + N) = a(n). The following lemma is seen in [24, p. 246]. 
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Fig. 1. 


Lemma 1. Let X be a connected graph and w be an infinite geodesic in X. Then for any x € X 
there exists an infinite geodesic w, which starts at x and eventually flows with w. 


Recall that X is a median graph and for any three vertices x, y, z in a median graph, there ex- 
ists a unique point m(x, y, z) called the median of x, y, z which is on some geodesics connecting 
each pair of them. 


Lemma 2. For x, y € X, there exists a unique point m(x, y) in X with the following property: 
For all but finitely many z on wo, m(x, y) is the median of x, y, z (Fig. 1). 


Proof. Uniqueness is clear from the uniqueness of the median for three points in X. For the 
existence, take any infinite geodesics w,, wy which start at x, y respectively and eventually flow 
with wo, which exist by Lemma 1. Since they eventually flow with, there is a point z which is 
on both w, and wy. It is easy to see that if w is an infinite geodesic and if we take two points x’, 
y’ on @ and take another geodesic connecting x’ and y’ and substitute it for the corresponding 
geodesic on w, then the resulting infinite path is a geodesic. With this observation in hand, the ex- 
istence of m(x, y) follows by considering geodesics between x and z, y and z which pass through 
m(x, y, z) and substituting it for the corresponding geodesics on wy, wy, respectively. 


For any x € X, we denote by A(x, k) the set of points of distance k from x € X which is on 
some infinite geodesic w which starts at x and eventually flows with wo (Fig. 2), i.e. 


A(x, k)= { y € X: there exists an infinite geodesic w 


which starts at x, o(k) = y, and eventually flows with o}. 


By Lemma 1, these sets are non-empty for all x € X and for all k € Zy. 
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Lemma 3. For x1,x2 € X, we write y = m(x1,x2), €) = d(x, y), €2 = d(x2, y). Then for 
ky, k2 € Za, A(x, kt) NA (x2, kp) is not empty iff ky = €; +m and kz = (2+ for some m € Z4, 
and in this case, we have A(x, k1) N A(x2, k2) = A(y, m). 


Proof. Assume A(x1,k,) O A(x2, k2) is not empty and take z in A(x1,k,) MN A(x2, ko). Then 
there exist infinite geodesics w,,, wy, which start at x1, x2 respectively and eventually flow with 
qo and pass through z. Consider the median m(x1, x2, z) and take geodesics connecting x; to z 
and x2 to z which pass through m(x1, x2, z), and substitute them for the corresponding geodesics 
ON @x,, @x,, then we obtain two infinite geodesics @,,, @,, which start at x1, x2 respectively, 
eventually flow with wo and pass through m(x1, x2, z) and z. By the uniqueness, m(x1, x2, Z) 
coincides with y. If we define m to be d(y, z), then kj = 0; +m and kz = £2 + m and Zz is in 
A(y,m). Conversely, if ky = €; +m, kp = £2 +m for some m € Z_, then we take two geodesics 
@x,;, ®x, Which start at x1, x2 respectively, pass through y and eventually flow with wo. We can 
assume that w,, and w,, coincide after passing y by arguing as above. Then w,, (ki) = @,, (k2) 
is in A(x,,k,)M A(%2, k2) and it is not empty. Hence we have proved that the first statement 
and A(x1,k1) MN A(x2, k2) C A(y,m). Assume z is in A(y,m) and take any geodesic w which 
starts at y and eventually flows with wo and w(m) = z. If we take any geodesic w,, which starts 
at x, and passes through y and eventually flows with wo, there exists a point w which is on @, 
@ x, with d(y, w) > m since w and w,, eventually flow with wo. Then substituting the geodesic 
connecting y to w passing through z for the corresponding geodesic on @,,, we obtain an infinite 
geodesic @,, which starts at x; and passes through y, z and eventually flows with wo and hence 
zis in A(x}, k,). Similarly, we can show z is in A(x2, k2) and we complete the proof. 


We consider the following polytopal structure. Its polytopes are obtained by sections of cubes, 
which are perpendicular to some diagonal lines of cubes: 0-polytopes are just vertices of X and 
ford > 1, P CX is ad-polytope if there exists a (d + 1)-cube C,z€ C and/, 1</1<d, such 
that P = the set of vertices of all /th points on geodesics connecting z to dc(z) where we denote 
by dc(z) the point diagonal to z with respect to C. We make A(x, k) into polytopal complexes 
by the above definition and denote this polytopal complex by A(x, k) (whose underlying vertex 
set is A(x, k)). Though we could give A(x, k) a topological structure and argue along that line, 
we treat it in a purely combinatorial way. 


766 N. Mizuta / Journal of Functional Analysis 254 (2008) 760-772 


dc (z) 
dc (z) 


z z 


Fig. 3. 1- and 2-dimensional polytopes. 


For example, a 1-polytope is just a line segment corresponding to a diagonal line of some 
2-cube, a 2-polytope is an equilateral triangle and for d > 3, there are several shapes of 
d-polytopes (Fig. 3). For any d-polytope P, we write d = dim P. 


Lemma 4. For any d-polytope P € A(x,k), the (d + 1)-cube C is unique in the above definition. 
Moreover, there exist infinite geodesics W», p € P, which start at x, pass through z, p, dc(z) 
(not necessarily in this order) and eventually flow with wo. 


Proof. We first prove this for 1- and 2-polytopes. Assume x1, x2 € A(x, k) and a 2-cube C on 
which x1, x2 form a 1-polytope is given. Then the median of {x, x1, x2}, m(x, x1, x2) is one ver- 
tex of C and another is m(x1, x2). With the observation used in Lemma 2 in hand, the statement 
holds in this case. Assume P = {x1, x2, x3} is a 2-polytope. Since P is contained in a 3-cube, 
the 2-cubes formed by {x1, x2, m(x, x1, X2),m(x1, x2)} and {x1, x3, m(x, x1, x3), m(x1, x3)} in- 
tersects by an edge and hence either m(x, x1,x2) = m(x, x1, x3) or m(x1, x2) = m(x1, x3). 
Similarly, the 2-cube formed by {x2, x3, m(x, x2, x3), m(x2, x3)} has common edges with these 
2-cubes and hence there is a vertex which is in common for all these 2-cubes, and three points, 
either {m(x, x1, x2), m(X, X1,%3),m(X, x2, x3)} or {m(x], x2), M(x], x3), m(X2, x3)}, each of 
which is in each 2-cubes form another 2-polytope in either A(x, k — 1) or A(x, k + 1). Con- 
tinuing the above process with this new 2-polytope, we obtain the desired property. The general 
cases are essentially the same. We prove by induction in the dimension of cubes. Assume P 
is a d-polytope and a cube C on which P forms a d-polytope is given. Fix two points y, z in 
P and consider two points m(x, y, z) and m(y, z). We identify C with {0, 1}¢+! and we may 
assume y = (1,...,1,0,...,0) (the first 7 coordinates are 1), m(x, y,z) =(,...,1,0,...,0) 
(the first 7 — 1 coordinate are 1) and m(y,z) = ,...,1,0,...,0) (the first 7 + 1 coordinates 
are 1) and P is the polytope formed by the points whose coordinates have | /-times with 1 < d. 
Considering (/ + 1)-cube formed by the first / + 1 coordinates, we obtain an infinite geodesic 
w which starts at x and passes through (0,...,0), y and eventually flows with wo by inductive 
hypothesis and hence we have that (0,...,0) is in A(x, k — /). By definition, there exist infinite 
geodesics w, for any w € P which start at x and pass through w and eventually flow with wo. 
Taking any geodesic between (0,...,0) and w (which is necessarily in C) and tying it with 
a geodesic between x and (0,...,0), we obtain a geodesic between x and w passing through 
(0, ...,0) and hence we may assume w, pass through (0, ..., 0) by substituting the correspond- 
ing geodesics if necessary. Then, considering the medians m(w, w’) for w, w’ € P, it is easy to 
see that the set of (J+ 1)th point of geodesics from (0,...,0) to (1,..., 1) forms a d-polytope in 
A(x,k+ 1) and continuing these process, we obtain an infinite geodesic which starts at x, passes 
through (0, ...,0), (1,..., 1) and eventually flows with wo and this implies the statement except 
for uniqueness. 
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Uniqueness follows from the construction. For example, the (/ + 1)th points are obtained 
by the medians m(w, w’) and the (/ — 1)th points are obtained by the medians m(x, w, w’), 
w,w’ € P, and the (/ + 2)th points are obtained by the medians of two points in the (J + 1)th 
points and so on. 


Assume A(x, 1) = {x1,..., Xn}. We claim that for any i, j (@ # j) there are 2-cubes Cy, ; 
which is formed by x, x;, x;, m(x;,x;). To see this, first we see that the distance between x; 
and x; is 2. Indeed, if we take a geodesic a between them and form a loop by tying a and 
edges {x, x;}, {x, xj} together, we can conclude that the length of a is 2 since the length of any 
loop is even number [6, Lemma 4.5]. Hence m(x;, x;) is adjacent to x; and x;. Considering two 
geodesics between x; and x; formed by (x;,x,x;) and (x;, m(x;,x;),xj;), and using the cited 
theorem [22, Theorem 4.6], we conclude the existence of 2-cubes. Hence by the link condition 
in the definition of CAT(O) cube complex, there is an n-cube C which includes x and A(x, 1). 
Assume k > | and in this case, we have A(x, k) = eer A(xj,k — 1). 


Proposition 1. For non-empty I C {1,...,}, we have the following: 
0 ifk <#I —1), 
()AGi.k-D= Cs ) 
iel A(d;(x),k—#1) (ifk > #0), 


where d (x) is the point diagonal to x with respect to the #I-cube spanned by {x;}je1. 


Proof. We prove by induction in #/. The case for #/ = | is trivial and we assume #/ > 2 and 
the statement holds for J C {1,...,n} with #/ < #/. First we treat the case for k < #] — 1. Take 
J C1 with #J = #1 — 1. If k < #7 — 1, then ();<, AQ@i,k — 1) Cf )je7 AG. k — 1) = @ by 
the assumption. If k = #7 — 1 and we write J U {j} = J, then ies A(x, k — 1) = A(dj(x), 
k —#J) by the assumption and noting that d(x;,dj(x)) = #/, we obtain ier A(xyj,k —1) = 
(nicest A(xj,k—1)NA(xj,k—1) = @ by Lemma 3. Next we treat the case for k > #/. Again, if we 
write J as J U{j} and by the assumption we have ies A(xj,k — 1) = A(dj(x),k —#J). Noting 
that m(x;,dj(x)) = d;(x) by Lemma 4, we obtain (.);<, AQ@i.k — 1) =(-, AGI. — DN 
A(xj,k —1) = A(d) (x), k — #1) by Lemma 3. 


Let Z(x,k) be the set of non-empty subsets J of {1,...,} such that ier A(xj,k -D =O 
and let P(x, k) be the set of polytopes P in A(x, k) which are not in the union Lj, AQ, k— 1. 
By using the above proposition, it is not difficult to check that there is a bijection between Z (x, k) 
and P(x, k) given by J +> P; := the (#7 — 1)-polytope which is on the cube formed by {x;}ie7 
and P +> Ip := the set of indexes which are involved in the cube which P is on. 

We denote the Euler characteristic of A(x,k) by x(A(x,k)), which is defined by 
x(AQ,k)) = Ee (—1)4#A(x, kK), where A(x,k)@ means the set of d-polytopes in 
A(x, k) and N is the dimension of X. For any subset (not necessarily subcomplex) S C A(x, k), 
we denote by x (S) the number cy #S where S® denotes the set of d-polytopes contained 
in S. By the definition, we have x (A(x, k)) = x(S) + x(A(@x, k)\S). 


Proposition 2. The Euler characteristic of A(x,k) is 1 for allx € X andk € Z4. 


Proof. We proceed by induction. If k = 0, then A(x,0) consists of one point and hence 
the statement holds. Assume that k > 1 and A(x, 1) = {x1,..., x}. Recall that A(x,k) = 
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LJ?_, A(x;, k — 1). If this is a union not only as a vertex set but also as a complex, i.e. if every 
d-polytope which is in A(x, k) is also in A(x;,k —1) forsomei,i =1,...,7, then the statement 
holds as follows: By using the inclusion—exclusion principle, we see that 


RAG) =. Se cattle ( Aa. k- ») 


OAIC{I,....n} iel 


holds. Then using Proposition | and the observation preceding this proposition, we have that the 
terms x (();<, A(ai, k — 1)) are all 1 by the inductive hypothesis and consequently we obtain 


x(A@, &) =D 4)2> lear 


by the binomial theorem. 
In general, we have the following equations: 


x(AG, k)) = 2(Uetoik- ») + x(P(x,k) 
=x(Uatonk- ») + DY cn. 


i=l PeP(x,k) 
On the other hand, 
n 
2(Uaui-k-) = x Cte( A Aci.«-0) 
i=l O£AIC{I,...,n} iel 


holds by the inclusion—exclusion principle and thus we have 


2( Ute -p)=1- Yep 


1eZ(x,k) 


by the binomial theorem, the inductive hypothesis and the following paragraph of Proposition 1 
since x (#@) = 0. Since there is a natural one-to-one correspondence between T(x, k) and P(x, k) 
as given at the following paragraph of Proposition 1, we have 


(—1)dimP (tl, 


PéeP(x,k) TeZ(x,k) 


and the statement holds also in this case. 


Here we evaluate the number of vertices in A(x, k). In [6], they showed that it is bounded 
above by polynomial in k. We prove a similar result and calculate the exact bound. Intuitively, 
the maximal number is attained if the cubes of the maximal dimension are stuffed and in this 
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case an easy calculation shows the number is equal to (ae) where N is the dimension of X. 


Indeed, this is the case. 


Lemma 5. There exists a polynomial q such that for any x € X and for any k € Z4, 
#A(x,k) < q(k). More precisely, we can take q to be qn(k) = (are) where N is the dimension 


of X. 


Proof. We prove by double induction in the dimension of the cubes which are involved and in k. 
The cases that k = 0 with arbitrary dimension, and dim X = 1 with arbitrary k are trivial. Assume 
A(x, 1) = {x1,..., Xn} and write A(x, k) as A(x1,k — 1) U (A(x, k) \ A(x, k — 1)). We consider 
the hyperplane H separating x and x;. Then H separates A(x,,k—1) from A(x,k)\ A(x, k—1). 
To see this, take any y € A(x;,k — 1) and assume H does not separate x from y. Then there 
are k hyperplanes which separate x from y. Note that these hyperplanes are different from H 
since it does not separate x from y. Moreover, note that these hyperplanes separating x from 
y also separate x; from y since x and x; are separated only by H and so there exist k + 1 
hyperplanes separating x; and y, a contradiction. Conversely, take y € A(x,k) and assume H 
does not separate x; from y. Then there are just k — 1 hyperplanes separating x; from y since H 
does not separate them, i.e. d(x1, y) =k — 1. It is easy to see that there exists an infinite geodesic 
which starts at x and passes through x;, y and eventually flows with wo, and hence in particular, 
y isin A(x1,k —1). 

We claim by induction in k that for all y in A(x, k)\ A(x, k—1) there exists z in A(x, k) such 
that y and z are adjacent by an edge and this edge intersects with H. To prove this, take any y’ in 
A(x, k — 1) which is adjacent to y. Then it is necessarily contained in A(x, k — 1) \ A(x, k — 2) 
for if y’ was in A(x1, k — 2), then the hyperplane separating y from y’ must be H, but H does not 
separate y from x, there must be k + | hyperplanes which separates x from y’, a contradiction. 
Hence, by induction, there exists z’ in A(x,,k— 1) such that y’ and z’ are adjacent by an edge and 
this edge intersects with H. If we define z to be m(y, z’) which is in A(x, k + 1), it is easily seen 
that y’, z’, y, z form a 2-cube by arguing as in the preceding paragraph of Proposition 1. Note that 
the edges connecting y’ to z’ and y to z are hyperplane equivalent and so the edge connecting y 
to z intersects with H and hence we have proved the claim. If we consider A(x, k) \ A(x, k — 1) 
only, then the dimension of cubes that are involved is no more than N — 1. Hence, by induction, 
we obtain 


#A(x, k) = #A(x1,k — 1) + #(A(x, k) \ AG, k— D) 


<antk — 1) + 4n-1(k) 
= qnik) 


and we are done. 


Now, we can prove Theorem 2 using the above results and the construction used in [1]. For 
the reader’s convenience, we sketch the proof of Theorem 2 here for the case of a tree seen in [1]. 
For any x € X, there exists a unique geodesic w, which starts at x and eventually flows with wo. 
We define maps f; from X into 07(X) by fx(x) = do,(). Then it turns out that 6,(x, y) := 
yg (fe), fre) = oe! xn—2e (x, y) for any x, y € X. Since |] fe(x)|| = 1 for all x € X, 
we have ||4,||ch < + 1 and hence || x,||~h < 2n since x, = 0, — O,—2. The variant for CAT(O) 
cube complexes is more complicated, but we have prepared enough to prove it. 
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Proof of Theorem 2. Let x, be the characteristic function of X,. To evaluate the cb-norm 
of my,, we consider the following Hilbert spaces. For any /, we define V © to be the set of 


all /-polytopes in X and consider €7-spaces of them. Then we define maps Pa from X into 
pr 0?(4) as follows 


N-1 
ioe Yb eC (KX) Co PHe(x) 
KeA(x, d=0 


where 5x denotes the Dirac function of K, N is the dimension of X and €2(4%) sits in 
ay ¢?(¥) naturally. We define functions 6, on X x X by 


n N-1 


One. y= >> YD APG), FeO) 


k=0 1=0 


for any x,y € X. Fixx, ye X. If d(x, y) 4n — 2k for any k, k € Z+1, we have 0, (x, y) = 0 by 
Lemma 3 and if d(x, y) =n — 2k for some k, k € Z+, then 0, (x, y) = the Euler characteristic of 
A(m(x, y), AY) ) by Lemma 3 which equals to 1 by Proposition 2. Hence we conclude that 
On = pak J Xn—2k- Since Xn = On — On—2, to prove that cb-norms of m,, increase polynomially, 
it suffices to show that those of mg, do. Note that the square of the norm of i is equal to 


#A(x, k). Recall that there are several shapes of /-polytopes and they consist of (' a5 Pea (2) 


vertices for / even, and (Gur Sais ek pr) vertices for / odd respectively and hence #A(x, ky 
is bounded above by ate et Wass ) (here we follow the convention that (7) =Oifn<k). 


We define r(n) to be Na pe (Wn). Since (Vn) is an increasing function in n for 


fixed 1, m, || f,? (II? < r(q(&) holds for all O <1 << N—1,k € Z, and x € X where q(k) 
is a polynomial in Lemma 5. Hence the completely bounded norm of 6, is bounded above by 


N ie Vr (Gk) Vr (1 — &)) which is bounded by N )7t_9 r(g(k))r(q(n — k)) since /t < t 
fort > 1. 


We know from [18] that the combinatorial distance d on X gives rise to a condition- 
ally negative definite function on X x X and also that, by Schoenberg’s theorem, (x, y) > 
exp(—id (x, y)) 1s a positive definite function on X x X for alln € N. If FP acts on X cellu- 
larly (and hence isometrically), then we obtain unital positive definite functions on I” defined by 
SR exp(—+d (sx, X0)) where xo € X is a fixed point in X. If, moreover, J"-action is proper, 
then these functions are in co(J"), where cg(J") denotes the set of functions on J” which vanish 
at infinity. Recall that a unital positive definite function gives rise to a unital completely positive 
Herz—Schur multiplier and hence its cb-norm is equal to 1. To obtain finitely supported functions 
with controlled cb-norms, we truncate the functions by using Theorem 2. This kind of idea has 
first appeared in [14] and been used by many authors. 


Proof of Theorem 3. We fix x9 € X as above and consider the functions W,(s) := 
exp(—4d(sxo, xo)) and xn(s) := Xn (8X0, Xo). Then Wy (s)xxK(s) = exp(—£) xe(s) holds for all 
s € I’. We already know that there exists a polynomial p such that || Xy||cb < p(n). For fixed 
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neN, ear exp(—*) p(k) converges and hence ooo K WnXxklleb tends to 0, or equivalently, 
psa WnXkllcb tends to || Wnllcb = 1 as K tends to oo. Assume 51,..., 5, and ¢ > 0 are given. 
Since y% tends to | pointwise as n tends to oo, we can take N so that |1 — wy(s;)| < € holds 
for alli, i=1,...,n. Also, we can take K so that IeesK Wn Xk\leb < €& holds. Then g(s) := 
eK Wn (s)xx(s8) satisfies that |1 — g(s;)| < 2e for all i, i=1,...,n, and |glla < 1+. 
Hence, if we choose N, and K,, suitably for all n € N, gp(s) = ek<K, wn, (S)xx(s) defines a 
sequence of finitely supported functions on I” which tends to 1 pointwise whose cb-norm tends 
to 1. 
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Abstract 


In this paper we prove novel lower bounds for the Ginzburg—Landau energy with or without magnetic 
field. These bounds rely on an improvement of the “vortex-balls construction” estimates by extracting a 
new positive term in the energy lower bounds. This extra term can be conveniently estimated through a 
Lorentz space norm, on which it thus provides an upper bound. The Lorentz space L?-© we use is critical 
with respect to the expected vortex profiles and can serve to estimate the total number of vortices and get 
improved convergence results. 
© 2007 Elsevier Inc. All rights reserved. 
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1. Introduction 
1.1. Motivation 


In this paper we consider the Ginzburg—Landau “free energy” 


(1 — |u|?)? 
Qez 


1 
Feu, A)= 5 | IWaul? + lourl AP + (1.1) 


Q 
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Here @ is a bounded regular two-dimensional domain of R?, uv is a complex-valued function, and 
A € R’ isa vector field in 2. This functional is the free energy of the model of superconductivity 
developed by Ginzburg and Landau. In the model, A is the vector-potential of the magnetic 
field, the function h := curl A = 0; Az — 02Aj, is the induced magnetic field, and the complex- 
valued function u is the “order parameter” indicating the local state of the material (normal or 
superconducting): |u|* is the local density of superconducting electrons. The notation V, refers 
to the covariant gradient, which acts according to Vau = (V —iA)u. 

We are interested in the regime of small ¢: ¢ corresponds to a material constant, and small 
€ implies type-II superconductivity. In this regime, u (because it is complex-valued) can have 
zeroes with a non-zero topological degree. These defects are called the vortices of u and are the 
crucial objects of interest. 

By setting A = 0 we are led to studying the simpler Ginzburg—Landau energy “without mag- 
netic field”: 


(1 = |ul?)? 


a (1.2) 


i 2 
Es) =, J |Vulo + 
2 


All our results will thus apply to this energy as well, by setting A = 0. 

These functionals, and in particular the vortices arising in their minimizers or critical points, 
have been studied intensively in the mathematics literature. We refer in particular to the books [1] 
for E, and [7] for the functional with magnetic field. The interested reader can find there more 
information on the physical and mathematical background. 

We are interested in proving lower bounds on F;, and in particular estimates which relate 
F.(u, A) and ||V4ul|72.00, the norm of Vu in the Lorentz space L?-©, Noticeably, Lorentz 
spaces were already used in the context of the Ginzburg—Landau energy by Lin and Riviére 
in [5]. Their goal there was to study energy critical points in 3 dimensions, but what they used 
was interpolation ideas and the duality between Lorentz spaces L*:! and L**™. 

The Ginzburg—Landau energy is generally unbounded as ¢ — 0; it blows up roughly like 
mn|log |e, where n is the number (or total degree) of vortices. Our investigation of estimates for 
||V aul ,2,.00 is thus part of a quest for intrinsic quantities in V4u which do not blow up as ¢ — 0, 
but rather remain of the order of n. 


1.2. Heuristics for idealized vortices 


Let us now try to explain the interest and relevance of the Lorentz space L?’~ for this problem. 
The space L*©, also known as “weak-L7,” is a functional space which is just “slightly larger” 


than the Lebesgue space L*. One simple way of defining the L?*° norm is by 
1 
Ifllaa~ = sup le? | [fca|dx, (1.3) 
|E|<oo : 


where |E| denotes the Lebesgue measure of E. An equivalent way is through the super-level sets 
of f: 


1 
Il fllz2.00 = supta ¢(t)?, (1.4) 


t>0 
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where A ¢(t) = |{x € 2 | |f(x)| > t}|. For more information on Lorentz spaces we refer for 
example to [2,8]. A simple application of the Cauchy—Schwarz inequality in (1.3) allows to 
check that if f is in L? then it is in L**© with || fll ,2.00 < Il fllz2- 

Let us now consider vortices of a complex-valued function u in the context of Ginzburg— 
Landau. In the regime of small ¢, uw can have zeroes, but because of the strong penalization of 
the term f Qd- |u|*)*, |u| can be small only in (small) regions of characteristic size ¢. 

Then around a zero at a point xo, u has a degree defined as the topological degree of u/|u| = 
e'? as a map from a circle to S!, or in other words 


d= — / — €Z, (1.5) 


where r is sufficiently small. One can describe the situation very roughly as follows: |u| is small 
in a ball of radius Ce, and |u| ~ | outside of this ball, say in an annulus B(x, R) \ B(xo, Ce). 
The size of R is meant to account for possible neighboring zeroes. In this annulus, the model 
case is that of a radial vortex of degree d, i.e 


u(r, 0) = f(ryel”, (1.6) 


where (r, @) are the polar coordinates centered at x9, and f is a real-valued function, close to 


1 in B(x, R) \ B(xo, Ce). When computing the L? norm of Vu, we find that |Vu| - in the 
annulus and thus, using polar coordinates, 
R 
és Cae 2nd? 
IVF 2(Bc%.R)) 2 ie = Z dr 
B(0,R)\B(O,Ce) Ce 
2 R 
> 21nd“ log —. (1.7) 
Ce 


This tells us that the (square of the) L? norm of Vu blows up like 27rd7|log ¢| as ¢ > 0. This is a 
crucial fact in the analysis of Ginzburg—Landau, much used since [1]. Jerrard [3] and Sandier [6] 
showed that this picture is actually accurate even for arbitrary configurations: without assuming 
that the vortex profile is radial, the inequality (1.7) still holds (the radial profile is actually the 
one that is minimal for the L? norm). Moreover, any configuration with an arbitrary number of 
vortices can be understood as many such annuli, possibly at very close distance to each other, 
glued together. Good lower bounds like (1.7) can be added up together by keeping annuli with the 
same conformal type. This was the basis of the “vortex-balls construction” that they formulated 
and which was used extensively to understand Ginzburg—Landau minimizers, in particular in [7]. 

On the other hand, let us calculate (roughly) the L*° norm of Vu for the above vortex. We 
recall that |Vu| ~ idl in the annulus B(xo, R) \ B(xo, Ce). Using the definition (1.4), we have 
|Vu| > ¢ if and only if r < |d|/t. Thus 


Aivul(t) © wd? /t?, 
and we find 


II V ull 22.00(B¢x9,R)\B(x0,Ce)) ~ /1|d\. (1.8) 
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So in contrast, the L**®° norm of Vu does not blow up as ¢ > 0. One can see that this space is 


critical in the sense that 1/|x| (barely) fails to be in L* or in L**4 for any g <0 (its norm blows 
up logarithmically in all cases) but is in L?* and in all L? for p <2. 

Moreover, from this formula (1.8), it is expected that the L?-© norm can serve to estimate the 
total degree }*|d;| of all the vortices of a configuration. This is convenient since the total degree 
> I|d;| is generally obtained via a “ball construction” that is non-unique. On the other hand, 
|| Vl ,2,.00 provides a unique and intrinsic quantity useful to evaluate the number of vortices. 

Because of these remarks and because of the paper [5], it could be expected that Lorentz 
spaces are a suitable functional setting in which to study Ginzburg—Landau vortices. One may 
point out that there are other spaces that would be critical for the profile 1/|x|, such as Besov 
spaces; however, it seems difficult to find an effective way of using them in connection with the 
Ginzburg—Landau energy. 

The main goal of our results is to give a rigorous basis to the above observations. The con- 
nection with the Lorentz norm of Vu is made through the “vortex-balls construction” of Jerrard 
and Sandier, as formulated in [7]. Our estimates will in fact provide an improvement of these 
lower bounds by adding an extra positive term in the lower bounds, which is then related to the 
Lorentz norm. Just as in the ball construction method, one of the interests of the result is that it 
is valid under very few assumptions: only a very weak upper bound on the energy, even when u 
has a large number of vortices, unbounded as ¢ — 0. This creates serious technical difficulties 
but is important since such situations occur for energy minimizers when there is a large applied 
magnetic field, as proved in [7]. 


1.3. Main results 


Let us point out that the estimates we prove are not on the Lorentz norm of Vu but rather 
on that of Vu. The reason is that the energy F; is gauge-invariant: it satisfies F;(u, A) = 
F.(ue'?, A+ V®) for any smooth function ®. Thus the quantity |Vu| is not a gauge-invariant 
quantity, hence not an intrinsic physical quantity. This is why it is replaced by the gauge-invariant 
“covariant derivative” |V 4u|. 

Our method consists in proving the following improvement of the “ball construction” lower 
bounds (see [7, Chapter 4]): 


Theorem 1 (Improved lower bounds). Let a € (0, 1). There exists &9 > 0 (depending on a) such 
that for € < €9 and u, A both C! such that F,(\u|, 2) < e%!, the following hold. 

For any 1 >r > Ce®/*, where C is a universal constant, there exists a finite, disjoint collection 
of closed balls, denoted by B, with the following properties. 


1. The sum of the radii of the balls in the collection is r. 
2. Defining 82, = {x € 2 | dist(x, 082) > e}, we have {x € Q, | ||u(x)| — 1] > 6} CV :=Q,.N 


(Upep B), where 5= eol4 
3. We have 


1 1 
5 | Iau? + sa |u|?)? + r2(curl A)? 
V 


Seb ie <6 +afiv uP? + —(1— lal??? (1.9) 
4 e =D ig. re oe 
Vv 
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where G is some explicitly constructed vector field, dg denotes deg(u, 0B) if B C 2, and 0 


otherwise, 
D= > |dp| 


BeB 
BCQs, 


is assumed to be non-zero, and C is universal. 


The improvement with respect to Theorem 4.1 in [7] is the addition of the extra term 
7 x |Varcul’. The term G is a vector-field constructed in the course of the ball construction, 
which essentially compensates for the expected behavior of Vu in the vortices. One can take it 
to be td/r in every annulus of the ball construction where u has a constant degree d, t denotes 
the unit tangent vector to each circle centered at xo, the center of the annulus, and r = |x — xo]. 
By extending G to be zero outside of the union of balls V, we easily deduce: 


Corollary 1.1. Let (u, A) be as above, then 


[ tau -1Gu? <¢( Ft, A) 1g -c)) (1.10) 
2 


where G is the explicitly constructed vector field of Theorem 1, and C a universal constant. 


The right-hand side of this inequality can be considered as the “energy-excess,” the difference 
between the total energy and the expected vortex energy provided by the ball construction lower 
bounds. Thus we control /, QlVau-i Gu|* by the energy-excess. This fact is used repeatedly 
in the sequel paper [9] to better understand the behavior of Vu for minimizers and almost 
minimizers of the Ginzburg—Landau energy with applied magnetic field. 

One can also note that such a control (1.10) has a similar flavor to a result of Jerrard and 
Spirn [4] where they control the difference (in a weaker norm but with better control) of the 
Jacobian of u to a measure of the form )* dj5q, by the energy-excess. 

Once Theorem | is proved, we turn to obtaining an L?"© estimate from which G has disap- 
peared. In order to do so, we can bound below || V4+Gul| 2 by ||Va+Gull ,2..0; the more delicate 
task is then to control ||G|| ;2,.0 in a way that only depends on the final data of the theorem, that is, 
on the degrees of the final balls constructed above and on the energy. This task is complicated by 
the possible presence of large numbers of vortices very close to each other, and compensations 
of vortices of large positive degrees with vortices of large negative degrees. To overcome this, 
G is not defined exactly as previously said, but in a modified way, and ||G||;2,. is controlled not 
only through the degrees but also through the total energy. 

We then arrive at the following main result: 


Theorem 2 (Lorentz norm bound). Assume the hypotheses and results of Theorem |. Then there 
exists a universal constant C such that 


2)2 
5 [an + SS i ) +r?(curl A)? +2) \dp/? 


r 
rire (1.11) 


where the sums are taken over all the balls B in the final collection B that are included in Qs. 
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This theorem bounds below the energy contained in the union of balls V in terms of the L7*© 


norm on V. It is a simple matter to extend these estimates to all of 2, and deduce a control of 
the L*° norm of V4u by the energy-excess, plus the term Yild z|°. This is the content of the 
following corollary. 


Corollary 1.2. Assuming the hypotheses and results of Theorem 1, there exists a universal con- 
stant C such that 


2: r 2 
IV Aull z2.c0¢9) < (Few A)— 1 ¥ Ndellos Sg + Duldal ) (1.12) 


where the sums are taken over all the balls B in the final collection B that are included in Q,. 


12.00(9) 
vortices, provided we can control the energy-excess by that number of vortices. This can in turn 
serve to obtain stronger convergence results when a weak limit of V4u is known. For example, 
if one considers the energy FE, (which we recall amounts to setting A = 0), it is known from 
Bethuel, Brezis and Hélein [1] that 2 }“|dg||log ¢| = 2n|log e| is the leading order of the energy 
(at least for minimizers) and that the next order term is a term of order 1, called the “renor- 
malized energy” W, that accounts for the interaction between the vortices. The upper bound of 
Corollary 1.2 roughly tells us that 


Valle nao¢q) <C(W + )ldal? + > “ldallog dsl). 


It is expected that the total cost of interaction of the vortices in W is of order of n, where 
n = )_|dp| is the total vorticity mass (here n can blow up as ¢ — 0). Thus, we obtain a bound of 
the form 


These estimates can indeed help to bound from above || V4u|| by the total number of 


2 Zi 
[Vall 2.00¢9) < Cn > 


which indeed bounds the L** norm of Vu by an order of n, the total vorticity mass, as expected 
in the heuristic calculations of Section 1.2. 

In the simplest case where we know that E,;(u,) < mn|loge| + C, which happens for energy 
minimizers when n is bounded, as proved in [1], we then deduce that || Vu || ;2.0 < C. To be more 
precise, for the minimizers of E, found in [1], we have 


Proposition 1.3 (Application to minimizers of E, with Dirichlet boundary conditions). Let Q be 
starshaped and u, minimize E, under the constraint ue = g on 082, where g is a fixed S! valued 
map of degree d > 0 on the boundary of §2, as studied in [1]. Then there exists a universal 
constant C such that 


2 a 
cree C(min W +d(ogd + Dy) p(t); 


Moreover, as € — 0, 


Vue —~ Vusy weakly-x in L>™(Q), 
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where u, is the S!-valued “canonical harmonic map” of [1] to which converges u in CE outside 
of a set of d vortex points. 


Note that the renormalized energy W depends on g (hence on d), and the d log d is not optimal 
here; rather, it should be d. It is more delicate to obtain this kind of improvement to the estimate; 
this is one of the things done in [9] in the context of the energy with applied magnetic field. 
Also the convergence of Vu, cannot be strengthened, convergence in L*© strong does not hold, 


as illustrated by the following model case: let V, be the vector field wht and V= re ‘. 


with pe # p but pe > p as € > 0. Then 2,/7 < || Ve — Vl ,2.0 < 4/7, while clearly V; + V 
weakly-* in L?*©, 

We have focused on proving upper bounds on ||V4u|l,2..c in terms of its L? norm and 
Ginzburg-Landau energy. It is not difficult to obtain some adapted, though not optimal, lower 
bounds. For example, we can prove the following: 


Proposition 1.4. Let f € L°(Q) be such that || f \|L-(a) < © for some € <1. Then 


1 C7|Q| 
2 > - : 1.13 
2 


This proposition is a direct consequence of the definition of the L7*° norm. Its short proof is 
presented in Section 6.1. 

For critical points of the Ginzburg—Landau energy, it is known that the gradient bound 
IVaullre(ay < c holds. Thus applying Proposition 1.4 to f = Vau, we find 


1 
Iaullisa) > Syogq f [Van — 20). 
2 


Knowing some lower bounds (provided by the ball construction) of the type /' Q@lV iS 
2rn|loge|, where n is the total degree of the vortices, we find lower bounds of the type 
|Vau eres > mn, also relating the L7*~ norm of V4u to the total number of vortices. 

In [9], which is the sequel of this paper, the ideas and main results of this paper are extended 
to the case of the full Ginzburg—Landau energy with an applied magnetic field, getting better 
estimates on ||V 4u||72,.0(q) in terms of the number of vortices. These results lead to a somewhat 
stronger (than previously known results) convergence of V4u and of the Jacobian determinants 
of u when certain energy conditions are fulfilled. 


1.4. Plan 


The paper is organized as follows: in Section 2, for the convenience of the reader, we give a 
review (with slight modifications) of the crucial definitions and ingredients for the vortex-balls 
construction following Chapter 4 of [7]. 

In Section 3 we present the main argument, with the introduction of the function G and the 
“trick” that allows us to gain an extra term in the lower bounds for the energy on annuli. 

In Section 4 we show how this extra term incorporates into the estimates through the growing 
and merging of balls, and hence through the whole ball construction. 
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In Section 5 we deduce the proof of the main results. 

In Section 6 we estimate the L** norm of G in order to pass from Theorem | to Theorem 2. 
This is the only section in which L?~ comes into play. 

In Section 7 we show how the methods of this paper can be adapted to work with the version 
of the ball construction formulated by Jerrard in [3], at the expense of less control of ||G|| 72,00. 


2. Reminders for the vortex-balls construction 
2.1. The ball growth method 


In finding lower bounds for the Ginzburg—Landau energy of a configuration (u, A) it is most 
convenient to work on annuli, the deleted interior discs of which contain the set where u is near 0, 
and in particular the vortices. On each annulus, a lower bound is found in terms of a topological 
term (the degree of the vortex) and a conformal factor, which we define to be the logarithm of 
the ratio of the outer and inner radii of the annulus. Therefore, to find useful lower bounds we 
must be able to identify the set where u is near 0 and then create a family of annuli with large 
conformal type outside this set. The first component of the process uses energy methods to find 
a covering of the set by small, disjoint balls, and is addressed later. The second component is 
known as the general ball growth method and is presented in this section. Here we follow the 
construction of Chapter 4 from [7]. 

As a technical tool we will need the ability to merge two tangent or overlapping balls into a 
single ball that contains the original balls, and with the property that its radius is equal to the 
sum of the radii of the original balls. Our first lemma recalls how to do such a merging. We write 
r(B) for the radius of a ball B. 


Lemma 2.1. Let B, and Bz be closed balls in R” such that B, N Bz 4%. Then there is a closed 
ball B such that r(B) = r(B,) +r(B2) and Bi U BoC B. 


Proof. If B; = B(a,,r,) and By = B(a2,r2), then B = Ben 3 r1 +12) has the desired 
properties. 


The ball growth lemma now provides an algorithm for growing an initial collection of small 
balls into a final collection of large balls. Essentially, the balls in a collection are grown concen- 
trically by increasing their radii by the same conformal factor. This is continued until a tangency 
occurs, at which point the previous lemma is used to merge the tangent balls. The process is then 
repeated in stages until the collection is of the desired size. The annuli of interest at each stage 
are formed by deleting the initial collection of balls from the final collection; the construction 
guarantees that all of the annuli in a stage have the same conformal type. 

Given a finite collection of disjoint balls, B, we define the radius of the collection, r(B), to be 
the sum of the radii of the balls in the collection, i.e. 


r(B) = ye r(B). 


BeB 


For any 4 > 0 and any ball B = B(a,r), we define 1B = B(a, Ar). Extending this notation to 
collections of balls, we write AB = {AB | B € B}. For an annulus A = B(a,7r;) \ B(a, ro), we 
define the conformal factor by t = log(7;/79). We can now state the ball growth lemma, the 
proof of which can be found in Theorem 4.2 of [7]. 
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Lemma 2.2 (Ball growth lemma). Let Bo be a finite collection of disjoint, closed balls. There 
exists a family {Bt)}rer, of collections of disjoint, closed balls such that the following hold. 


1. By = BO). 
2. Fors >t >0, 


LU ec U 6. 


BeB(t) BeB(s) 


3. There exists a finite set T C R™ such that if [t,s] C R*™ \ T, then B(s) = eS‘ B(t). In par- 
ticular, if B(s) € B(s) and B(t) € B(t) are such that B(t) C B(s), then B(s) = e'—' B(t) and 
the conformal factor of the annulus B(s) \ B(t) ist =s —t. 

4. For every t € Rt, r(B(t)) = e'r(Bo). 


We now show how to couple lower bounds to the geometric construction. We may think of a 
function F:R? x Rt > Rt as being defined also for collections of balls, 6, via the identifica- 
tions 


F (B(x, r)) = F(x,r) 


and 


F(B)= > FCB). 


BeB 


Here and for the rest of the paper we employ the notation B to refer to a specific ball Bin some 
collection, and not to refer to the closure of B. We will also abuse notation by writing BM B(r) 
for the collection {BN B| Be B(t)}. 


Lemma 2.3. Let Bo be a finite collection of disjoint, closed balls, and suppose that B(t) is the 
collection of balls obtained from Bo by growing them according to the ball growth lemma. Fix 
a time s > 0 and suppose that 0 < s1 <---<sx <8 denote the times at which mergings occur 
in the ball growth lemma, i.e. let the s; be an increasing enumeration of the set T defined there. 
Then 


Ss 


oF a = 
F(B(s)) — F(Bo) = » ro (xr)dt +) | F(Btsx)) —F(Bis)) , (2.0) 
0 Ba.neBo) k=1 


where F(B(sx))~ = lim,_, .- F (B(t)). Moreover, for any B € B(s), the following localized ver- 
sion of (2.1) holds: 


B ; OF Lo aes ; : 
F(B) — F(BN Bo) = / 2 Bee dt+)°F(BN B(x) — F(BN Bis). (2.2) 
0 BaryeBNB(t) k=1 
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Proof. The proof is the same as in Proposition 4.1 of [7], but here we keep the second sum 
in (2.1) rather than bounding it below by 0. 


Note that in the case that 


F(x,r)= if e(u) 
B(x,r) 


for some u-dependent energy density e(u), the first term on the right of (2.1) corresponds to inte- 
gration in polar coordinates on each annulus, and the second corresponds to the energy contained 
in the non-annular parts of B(s). 


2.2. The radius of a set 


In order to effectively use the ball growth lemma to generate lower bounds, it is necessary to 
first produce a collection of disjoint balls covering the set where u is near 0. We do this by using 
the concept of the radius of a set, which is useful in two ways. First, it is defined as an infimum 
over all coverings of the set by collections of balls, so that by exceeding the infimum we may find 
a particular covering of the set by balls. Second, it is comparable to the H! Hausdorff measure 
of the boundary, and so it can be used with the co-area formula to produce coverings by balls of 
the set where |u| is far from unity. 

We define the radius of a compact set w C R?, written r(w), by 


k 
roy = nef CB) FD | oc Bi and k =e} 
i=l 


We make the following remarks. 


(1) In the definition we may assume that the balls are disjoint. If they are not, then we merge 
balls that meet into a single ball with radius equal to the sum of the radii of the merged balls 
according to Lemma 2.1. 

(2) If AC B thenr(A) <r(B). 

(3) The infimum is not necessarily achieved. 


It is necessary also to introduce a modification of the radius that measures the radius of the 
connected components of a compact set w that lie inside an open set (2. Indeed, we define 


re(w)= sup{r(K Na) | K CQ s.t. K is compact and dK N@ = p}. 


The following lemmas record the crucial properties of these quantities. The omitted proofs may 
be found in Section 4.4 of [7]. 


Lemma 2.4. Let w be a compact subset of R*. Then 


2r(w) < H' (do). (2.3) 
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Lemma 2.5. Let 92 be open and w C 2 be a compact set. Then 
2re(w) <H' (aN). (2.4) 
Lemma 2.6. Let 1, @2 be compact subsets of R*. Then 
r(@, Ua?) <r(@1) +r (wz). (2.5) 
Lemma 2.7. Let w1, w2 be compact sets, and let 2 C R?2 be an open set. Then 
rg(@1 Vor) <re(@1) + re (@2). (2.6) 
Proof. If 2 C @, Ua, then the result is trivial. Suppose otherwise. Let K C £2 be such that 


K is compact and 0K O (@, U2) = @. Then (0K Na) U (0K MN w2) = Y, which implies that 
dK Na, =G and 0K Nw: =. Hence, 


r(K N (a4 U w2)) = r((K Na)U(KN 2)) 
<r(KNe@1)+r(K Naz) 
<re(@1) +re(@2). (2.7) 


Taking the supremum over all such K, we get rg (@, U2) <reg(@1) + re (a2). 


We will now use these concepts to compare the energy of a real-valued function p, defined on 
an open set £2, to the radius of the set where ¢ is far from unity. 


Lemma 2.8. Let p € C!(Q@,R) with 2 C R? open and bounded. Let 
Fe(p.2)= = f IWeP + =5(1— 0?) (28) 
2 Qe 
2 
Then there is a universal constant C such that 


ro({p < 1/2} U {p > 3/2}) < eC Fe(p, 2). (2.9) 


Proof. By the Cauchy—Schwarz inequality and the co-area formula we have that 


1 1 2 
F,(0, 2) = 5 [iver Hegre) 
2 


> [voll — 07 
fm ev J 


1 (oe) 
= — 1—p?|dH' dt 
0 {p=t}N2 


eal ne (2.10) 
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We break the last integral into two parts and bound 


mi —P|H'({p =1}N 2) dt 


7 


al (1-1) Monanayars sa [+ —1)H' ({o =1}92)dt 


1 
= zl — )H' ({o = to} 2) + ot — IH'({o =n}N2), (2.11) 


where the last equality follows from the mean value theorem, and fo € G. 3) and ty € G, 3). 
The bounds on fp and t; imply that 


9 7 


(1-1) > Zl aes, cand 
25 9 
( 2% Ney. (2.12) 
Combining (2.10), (2.11), and (2.12), we get 
9 
F.(p, 2) > 2 lUp= 2 
(p, 2) 2 rawr H! ({p = 19} N2) + aa ti} Q) 
> a(n '({p = to} 2) +H! (fp =n} N@)). (2.13) 


Write S,, and S" for the R?- cous a the sets {x € 2 | p(x) < to} and {x € 2 | p(x) > ty} 
respectively. The bounds fo > 7 nos 3 imply the inclusions {p < 1/2} C Sj. and {p > 3/2} Cc 
S'|, We may then apply Lemmas 2.5 and 2.7 to find the bounds 


H!' ({0 = to} 2) +H! ({o =H} 2) =H! (OSp_ N2) +H! (3S" 2) 

2re (Sip) + 2re(S") 

ro ({o < 1/2}) + 2re({p > 3/2}) 
< 


2 
2 
2 1/2} U {pe > 3/2}). (2.14) 


2 
2ra({e 


Putting (2.14) into (2.13) yields the desired estimate with C = ane 
3. Improved lower bounds on annuli 


In this section we will show how to obtain lower bounds for the Ginzburg—Landau energy 
in terms of the degree. We begin by constructing estimates on circles. The primary difference 
between our estimates and those constructed previously is that we arrive at our lower bounds by 
introducing an auxiliary function G and using a completion of the square trick. This allows us to 
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retain terms involving G and thereby create an energy bound with a novel term. Before properly 
defining G let us prove the lower bounds on circles. 
We first record a simple lemma (see for example Lemma 3.4 in [7]). 


Lemma 3.1. Let u € H!(92,C) be written (at least locally) u = pv, where p = |u| and v = e'®. 
Then |Vau|? = |Vpl? + p7|Ve — Al? =|Vpl? + p*|Vav/. 


Now we prove the lower bounds on circles. 
Lemma 3.2. Let B := B(a,r) C R2, and suppose that v:0B > S! and A: B > R2 are both C!. 


Let G:0B > R? be given by G = <, where t is the oriented unit tangent vector field to 0 B and 
c is a constant. Write dp := deg(v, 0B). Then for any 2 > 0, 


1 2 
5 | ivaee += 5] a= 5 | Iascur +  (2edp c’) _ (3.1) 
dB aB 
Proof. Define the quantity 
X = f euta = fac (3.2) 
B dB 
We write v = e!” and recall that 27dz = ies Vqg.-t. Using Lemma 3.1, we see 
[ivascuP = five-a-oP 
aB aB 
= ea Glee nea 
aB aB 
aie _ 2c 
= bee r+ A-t+ ee 
2nc2 = 2 
= os ae age —X + all 
_ 20 c* — 2cd 
( - B) Exe fn (3.3) 


An application of Hélder’s inequality shows that 


1 | 
i (curl A)? > =a( / curl) = aX". (3.4) 
B B 


Combining (3.3) and (3.4) yields the inequality 
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1 x 1 2cdp — c” ih 
5 fav + 5 f out ay?> 5 | IWarcuP + OEE? 2. GS 
r 


r 2nr 
aB B dB 


As X varies, the minimum value of the right-hand side occurs when X = 7". Plugging this into 
(3.5) yields (3.1). 


For this lemma to be useful we must construct a function G : 2 — R* compatible with the 
ball growth lemma. That is, since estimates will ultimately be added up over balls B, G must 
have the property that on each 0B, G = tag © with r the distance to the center of B. We will take 
advantage of the fact that c was an arbitrary constant; many of the following results are thus valid 
with any choice of constants, and it is only much later that we choose specific values. Observe 
already, though, that taking c = dg yields an improvement by the {|Va+Gu |* term to the bounds 
constructed in Lemma 4.4 of [7]. Unfortunately, we must choose a more complicated constant c 
to make the estimates in Sections 5 and 6 work. We now show how to define such a G so that it 
will be useful analytically. 

Let 2 C R? be open and let {B(t)}:¢10,s) be a family of collections of closed, disjoint balls 
grown via the ball growth lemma from an initial collection Bo that covers the set on which u 
is near 0. Let G denote the subcollection of balls in B(s) entirely contained in Q, and let G(r) 
denote the balls in B(f) that are contained in a ball from G, i.e. that remain inside 2 for all f. 
For each ball B € G(t) we define several quantities. Let t9 3 :0B > IR? denote the oriented unit 
tangent vector field to 0B, and let ag denote the center of B. Let dg = deg(u/|u|, 0B); this is 
well defined since the set on which wu vanishes is contained in Bo. Let Bg denote a constant, to 
be specified later, with the property that if B) € G(t,), By € G(t2), and By =e?" By (ie. Bo 
is grown from B, without any mergings) then 6g, = fz,. In other words, the Bg are constant 
over each annulus produced by the ball construction. Let T C [0, s] denote the finite set of times 
from the ball growth lemma at which a merging occurs in the growth of G(t). We then define the 
function G: 2 — R* by 


|x—aB| 


G(x) = Tap (x) “828 if x € 9B for some B € Gt), t € [0, s]\ T, (3.6) 
0 


otherwise. 


The ball growth lemma guarantees that if x €¢ 0B for some B € G(t), t € [0,5] \ T, then that t 
is unique, and so G(x) is well defined. By construction, G = 0 in Usegi) B, and so we can 
use the above definition of G to extend any function previously defined on Jp <g(o) B. We will 
frequently do so. 

Fig. 1 shows a simple example of balls grown near the boundary of 2. Four initial balls, 
colored light gray, are grown into three final balls, labeled B,, By, Bz. The initial balls are 
first grown with by a conformal factor of t = log2 until a merging in required in the balls that 
become B,. The result of this merging is the white ball contained in B,. The growth is then 
continued with a conformal factor of t = log(6/5) to produce the final balls. The annuli on 
which G is defined are colored in dark gray and black. Since B3 leaves the domain, G is set to 
zero on the annuli inside it. G also vanishes on the white region contained in By. 

With G now properly defined we can show how to couple Lemma 3.2 to the ball growth 
lemma to produce lower bounds on annuli. 


Proposition 3.3. Let Bo be a finite, disjoint collection of closed balls and let 2 CR? be open. 
Leta= Uscby B and denote the collection of balls obtained from Bo via the ball growth lemma 
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@ Initial balls 
@ First generation (t = log(2)) 
@ Second generation (t = log(6/5)) 


Fig. 1. Balls grown near the boundary of £2. 


by {B(t)}, t > 0. Suppose that v: 2\ w—> S! and A: 2 — R? are both C!, and letG:2—> IR? 
be the function defined by (3.6). Fix s > 0 such that r(B(s)) < 1. Then, for any B € B(s) such 
that B C 2, and any d > 0, we have 


5 f vat + [cea ay - y- TOM | coustay? 
B B 


B\w BeBNBo 


1 r *r(B 
ae J ivaccurs f ys nd} (260-65 — 2) at (3.7) 


c 2n 
B\o 0 BeBNBit) 
where we have written dg = deg(u/|u|, 0B). 


Proof. In order to utilize Lemma 2.3 we define the function 
1 > ra >) 
F(x,r)= 5 [Vav|~ + ee (curl A)*. (3.8) 
B(x,r) B(x,r) 


Differentiating and using (3.1) with c = Bgdzg, we arrive at the bound 


oF _ 1 Xr 
735 i IVavl? +> / (curl A)? 
dB(x,r) Bix,r) 
1 md>, md2, p> 
25 [Varaul + —* (26z — Bg) - (3.9) 


dB(x,r) 
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We now recall the notation of Lemma 2.3: 0 < sj <--- <sx <-s denote the times at which 
merging occurs in the growth of Bo to B(s) via the ball growth lemma, and 


F(BO B(sx)) = lim F(BO BO). (3.10) 


t>s, 


By discarding the terms involving curl A, we see that 


K 

S> F(BN Bis) — F(BO Bos)” 

k=1 

=> 5 ftv vP?- lim >> 5 ftv v|? (3.11) 
a 5) A a 5 A ’ : 


k=1 ‘BeBNBi) B 5k BeBNBI) 


which corresponds to the integral of slV ‘A+G0|* over the non-annular parts of B \ w since G =0 
there. Since the ball growth lemma makes 


d 
at (BO) = r(B(t)), 


the expression 


r(B) 
YE [ivarcviat 
Q BeBNB(t) aB 


corresponds to the integral of s|V A+G0|- over the annular parts of B \ w. We now combine this 
observation, inequalities (3.9) and (3.11), and equality (2.2) to conclude that 


F(B) — F(BN Bo) 


2r(B 
>5 fiasco? +f oe ndy( 260 — 3 - PB ‘a 


B\o 0 BeBNB(t) 

Bar (B(t)) 
25 f Waccur 7 » nd (26s Ba ari dt. (3.12) 
B\w 0 BeBNB(t) 


This is (3.7). 


The following corollary shows that our method, using G, can be used to recover the same 
estimates found in Proposition 4.3 of [7]. 


Corollary 3.4. Under the same assumptions as in Proposition 3.3 we have 


Ss 


MG ro) ae 2 r(B(t)) 
5 f Ian? + meee >) a(t eat, (3.13) 


B\wo 0 BeBNB(t) 
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and 
B 
5 f avr th ie ro) coer url A)? > > dpl (tog - tog2), (3.14) 
B\w 
where ro := r(Bo) and r; :=r(B(s)) = ero. 
Proof. Set } =r, — ro, each Bg = 1, and disregard the |V4Gv| term and the curl terms on Bo 


in (3.7) to get (3.13). If log 4 < log 2, then (3.14) follows trivially. On the other hand, if log - r > 
log 2, then 7} > 279, which implies 


r(B(t)) > r] = r| — 2ro = (3.15) 
2(r1 — ro) 2(r1—10) 2(r1 — ro) 
Then (3.14) follows by noting that r; = e*ro, 
d 
at (BO) =r(B@)); (3.16) 
and (see Lemma 4.2 in [7]) 
~~ a> YO ldsl> lagi. (3.17) 


BeBNB(t) BeBNB(t) 


We will need the following modification of the previous corollary later. It is a slight modifi- 
cation of Proposition 4.3 from [7]. 


Lemma 3.5. Under the same assumptions as in Proposition 3.3 we have 


5 | Wav pesca rf rlA? > ca y. dpdt. (3.18) 


B\o 0 BeBNB(t) 


Proof. Lemma 4.4 from [7] provides the lower bound on circles, 9B = 0B(a,r): 


a 
3 | an? mages gL aes “(—*). (3.19) 


We now set A =r), bound 


and proceed as before to conclude. 
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4. Initial and final balls 


In this section we record the energy estimates that couple to the ball construction. For technical 
reasons that will arise in the proof of Theorem 1 we must use the ball growth lemma in two 
phases, just as in Chapter 4 of [7]. The first phase produces a collection of initial balls that cover 
the set where |u| is far from unity and on which lower bounds of a type needed in the proof of 
Theorem | are satisfied. This initial collection contains as a subset a collection of balls on which 
we initially define the function G. The second phase produces a collection of final balls, grown 
from the initial balls, of a chosen size and on which nice lower bounds hold. In the final section 
we finally specify the values of the 6g used to define G and show that certain lower bounds hold 
with this choice of constants. 


4.1. The initial balls 


Before we can produce the collection of initial balls, we must first produce a collection of 
balls that covers the set where |u| is far from unity. This is accomplished via the following 
lemma (Proposition 4.8 from [7]), which shows how the radius of this set is controlled by the 
energy of |u|. 


Lemma 4.1. Let M,¢,5 > 0 be such that ¢,5 < 1, and letueé cl(2, C) satisfy the bound 
F,(\u|, 2) < M. Then 


M 
r({x € @ | ||u@o)|—1] > 8}) <0 (4.1) 


where C is a universal constant and Q, = {x € 2 | d(x, 082) > é}. 


The next technical result shows how to bound from below the modified radius of sub- and 
super-level sets. 


Lemma 4.2. Let 2 C R* be open, 2, = {x € Q | d(x,9Q) > &}, and suppose B is a finite 
collection of disjoint, closed balls that cover the set 


{x € 2, | ||w(x)| — 1] > 5}. 


Let By denote the subcollection of balls in B that intersect 092, and let B; denote the subcollec- 
tion of balls in B contained in the interior of 92, (i.e. B = Bp UB;). Define 2 = 2; \ (Uses, B). 
For 0 <s <t define the sets a, = {x € Qz | |u| <t}, wo = {x € Dz | |u| >t}, and a, =a 5 Va. 
Then 


ro, (a1) >r(@,N2) fort € (0, 1-6), 
ro, (o') >r(o' N) forte (1+6,o), and 
re, (w)) > r (#2) fors€(0,1—6), t€ (1+, o). (4.2) 


Proof. Suppose that ¢ € (0, 1 — 5) and let Int(-) denote the interior of a set. Write V = (J BcB B 
and Vi = Ugen, B- Since the inclusions 
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Int(V) 2 Int({x € 2 | ||u(x)| — 1] > 6}) D (4.3) 


hold, we have that w; Q= @, 1 V;, and hence r(a; N 2) =r(a@; V;). When combined with 
the fact that V; is a compact subset of 2, and dV; N a; = G, this yields the first estimate in (4.2). 
Similar arguments prove the second and third assertions. 


We now construct the initial balls. The following proposition is the analogue of Proposition 4.7 
of [7], but here we have an extra term of the form 


/ [Va+oul’. 


Note that items 1, 2, and 3 are the same as those found in [7]; item 4 is new. 


Proposition 4.3. Let a € (0, 1). There exists &¢9 > 0 (depending on a) such that for € < €9 and 
u€C!(2,C) with F.(\u|, 2) < e%!, the following hold. 

There exists a finite, disjoint collection of closed balls, denoted by Bo, with the following 
properties. 


1. r(Bo) = Ce®/2, where C is a universal constant. 
2. {x € Qe | ||u(x)| — 1] > 8} C Vo = 2.N (Upep, B), where 5 = e%/*. 
3. Write v=u/|u|. For t € (0, 1 — 5) we have the estimate 


1 Bo)” B 
= / IVa? SP f (curt ay? > x Dp ope ee), (4.4) 
2 2 ra, (rt) 
Vo\or Vo 
where 
Do= >> Idsl. (4.5) 
BeBo 
BCQ, 


4. There exists a family of finite collections of closed, disjoint balls {C(s)}se[o,c], all of which 
are contained in Vo, and that are grown according to the ball growth lemma from an initial 
collection, C(0), that covers the set wl Vo. The number o is such that r(C(o)) = 2r(Bo). 
Let G: Vo > R? be the function defined by using 92, and {C(s)}se[o,0] in (3.6) and then 
extended by zero to the rest of Vo. For each . > 0 we have the estimate 


; i |[Vaul? + > mu [ cua? 


BeB 
7, 3/2 BN 
0\ i. 


c 2 
tee» dh (26. pe ee ars; J accor. 46) 


oe Bac 2n 2 
Q BeC(o) BEBNC(t) 3/2 
BCQ, Vo\or/a 
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Proof. We break the proof into six steps. The first four consist of finding four collections of balls 
that are used to create the initial collection Bo. The last two steps prove the estimates of items 3 
and 4. 


Step 1. Using M = e%~! and 6 = e®/* in Lemma 4.1 produces a collection of disjoint, closed 
balls € that cover the set {x € Q, | ||u(x)| — 1] > 6} such that R := r(€) < Ce%/*. We will 
eventually need to use Lemma 4.2, so we employ its notation by breaking the collection € into 
subcollections €; and €) and defining the set Q=Q2-z \QU BeEy B). 


Step 2. By the definition of the radius of a set, for any t € (0, 1 — 5) we can cover a 9 2 
by a collection of disjoint balls, denoted by Bp, with total radius less than 2r(w@;, M Q). Since 
r(a,N Q) < R, we can use Lemma 2.2 to grow the collection pe into a collection 6; such that 
r(B;) = 2R. We then utilize Corollary 3.4 on each of the balls in B; that is contained in 2 and 
sum to get the estimate 


fv pa ak fc 1A)? > D,( as l 2) (4.7) 
is UV —— cur 20 og ———— — 10 3) . 
2 . 2 Ne eae 
Vi\or vi 
where 
w=an(U B), and 
BcB, 
D;= >° Ida. 
BecB, 
BcQ 


Choose f € (0, 1 — 5) such that D; is minimal. 


Step 3. Let m denote the supremum of 


F(K oh 2 4R? 2 
( ae [Vav|o + 5) (curl A) 


(KN&)\o Kn 


over compact K C £2 such that r(K) <2R. Choose K so that r(K) <2R and F(K) >m-—1. 
Cover K by a collection of disjoint, closed balls K such that r(C) = 2R (the existence of such a 
collection is guaranteed by the ball growth lemma). 


Step 4. We can cover wry A @ by a collection of disjoint balls, denoted by Co, with radius 
less than 37/5 A 92). We use the ball growth lemma, applied to Co, to produce a family of 
collections {C(s)} with s € (0,0), 
(ras) 
o =log . 
r(Co) 


Let C = C(c) and note that by construction r(C) = 3R. 
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Step 5. Define Bp to be a collection of disjoint balls that cover the balls in 67, K, C, and €. We 
may choose such a collection so that r(Bo) = 8R. Let Vo = 2:9 (Use B). Then 


1 Bo)” 1 
ris5 i: Wau +S fccutay? > Fu) + > f Ivavr (4.8) 
Vo 


Vo\or o\or 


and by the construction of K and V; for any ¢t € (0, | — 4), this implies 


1 
I+1>F(V)+ ; / |Vav|- 


w\Q; 


Se fw pai fi 1A)? 
2a v —_— cur. 
2 A 2 

V; 


Vi\or 


>aD (: a l 2) 
2m 0: ———._ = 10 
PE rane) 


r(Bo) c), 


rQ, (@) i 


> xD, (108 (4.9) 


where the last line follows from (4.2) and the fact that r(Bo) = 8R. By the choice of f, 


Di >Dr= DY? Idsl. (4.10) 
BeB; 
BCQ 


We break the collection of balls in the last sum in (4.10) into two subcollections: 
I, :={B €B;|BC2,BC B' € Bo so that BN IQ, ¥G}, 
Ih:={B € B;| BC Q,BC B’ € Bo so that B’ CQ}. 


Then 


Y= Idsl= 5 ldalt+ do ldsl>0+ > Idsl=Do, (4.11) 


BeB; Beh Beh BeBo 
BCQ BC, 


where the inequality follows from Lemma 4.2 in [7]. Combining (4.9), (4.10), and (4.11) 
yields (4.4). 


Step 6. Let U be the union of the balls in Co that are contained in 2, and W be the union of 
the balls in C that are contained in §2,. Then applying Proposition 3.3 to each B € C such that 
BC 2, and summing, we get the estimate 
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; - |Vaul? + ss A [cout ay? 


BeC D 
UY BCa, af 
i p3r(C(t)) 
2 9) 2 Br t 
2 5 i l\Va+G0| +f De Ss dy (26 Bs a an (4.12) 
W\U 0 BeC BeBNC(t) 
BCQz 
G vanishes in the regions Vo \ W and U \ Oe so 
if Wavl? = 5 / \Vargul? (4.13) 
= vf =z vl’. ; 
) - 2 te 
(Yo\W)UU\o/5) (Vo\W)UU\o7/5) 
Adding (4.13) to both sides of (4.12) and noting that 
B)a B)a 
» Xe [ocutay ey eo i (curl A)? (4.14) 
BeC B BeBo BN 
BCQz 


yields (4.6). 


4.2. The final balls 


The next proposition constructs the final balls from the initial ones constructed in Proposi- 
tion 4.3. Items 1, 2, and 3 are the same as those of Theorem 4.1 of [7]; item 4 contains the novel 
estimate with the G-term. 


Proposition 4.4. Let w € (0, 1). There exists ¢9 > 0 (depending on a) such that for € < &9 and 
u € C!(2,C) with F.(\u|, 2) < e%!, the following hold. 

For any 1 >r > Ce®/*, where C is a universal constant, there exists a finite, disjoint collection 
of closed balls, denoted by B, with the following properties. 


1. r(B)=r. 
2. {x € Re | ||u(x)| — 1] > 8} C V = 2eN (ge B), where 8 = &%/4. 
3. Write v=u/|u|. For t € (0, 1 — 5) we have the estimate 


1 ) r2 4 r 
= / [Vav| +5 feu) > D{ log —C}, (4.15) 
2 2 re, (1) 

Vv 


V\or 


where 


D= SS |dp|. (4.16) 


BeB 
BOQ; 
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4. Let G: 2 — R? be the extension, according to (3.6), of the G from item 4 in Proposition 4.3. 
Write s = log "Boy" Then 


; ij IWanl? + 5 reo) [ cutay 
BeB 


V\ ei} BNQ 
AY 
1 Bar (B(t)) 
25 / IVasoul? + f SS dy (26 Be ee dt 
3/2 0 BeB BeBNB(t) e 
V\o172 BCQ, 


f 2 2 Bar (C(t)) ) 
+f oe De nd3( 26 83 s6C@)a=rGp) a (4.17) 
0 BeC(o) BeBNC(t) 


BCR, 


Proof. Lemma 4.3 provides an initial set of disjoint, closed balls By. We grow these according 
to the ball growth lemma to produce {B(t)},<[0,s] with s chosen so that r(B(s)) =r, ie. s = 
log "Bo" By construction, items | and 2 are proved. Let B = B(s), and write V = 2.NUpep B, 
Yo = 22NU BeBo B. Let G: Vo > R? be the function defined in item 4 of Proposition 4.3. We 
then use By and B to extend G: 2 — R? according to (3.6). 

We analyze the balls in B according to whether or not they are contained entirely in §2,. For 
balls B € B such that BC 92,, we use (3.14), and for the other balls we use the trivial non- 
negative bound. Summing over all balls in 6, we get 


5 f Want YE f conta xv te 7 - tog2), (4.18) 
: : 


r(Bo) 
V\Vo BN 
Adding (4.4) to (4.18) and noting that Do > D then yields (4.15). 
To prove (4.17) we proceed similarly, using different estimates for the balls in B according to 
whether or not they are contained in Q,. For balls B € B such that B C 92, we use Proposition 3.3 
to get the estimate 


5 f ae? + TO [court »- TO [court ay? 
B B 


B\Vo BeBNBo 


1 Ss 2 B 
25 f WarcuP+ f ye ndy( 26. p3 — Par oY. (4.19) 


c 2X 
B\Vo 0 BeBNB(t) 


On the other hand, the construction of G guarantees that it vanishes on all balls B € B such that 
BN 082, #9, and so for such B we trivially have the estimate 


; / IVavl? +" J catay- Ss Ns J coastay? 


- 2; 
(BN2)\Vo BnQ BeBNBo BNQ 


1 
>5 / IVasovl. (4.20) 
(BN2)\Vo 
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Summing (4.19) and (4.20) over all balls in 6 then yields the estimate 


5 f WavPk + i (curl Ay? — > uu J ccustay? 


V\Vo BeB Bna BeBo BNQ 
S 
i 2 2 > Bar(B(t)) 
25 | Wascul + os DS nj (26n Bp re dt. (4.21) 
V\Vo 0 ae BeBNB(t) 
CS2_ 


We insert A = r —r(Bo) into (4.21) and A = r(C(o)) —r(Co) = se) —r(Co) into (4.6) and add 
the estimates together. Noting that 


3r (Bo) 
8 


—r(Co) —r+r(Bo) < Ce®* —r <0, (4.22) 


we atrive at the estimate (4.17). 
4.3. Degree analysis and selection of the Bg values 


We will now select the values of the 6g used to define G. Ultimately, later in Theorem 2, we 
will get rid of G altogether by bounding its L**® norm by a term of the order D*. This bound, 
the proof of which is Proposition 6.4, requires the values of the 6g to be small. However, since 
they play a role in the lower bounds of Proposition 4.4, we cannot choose the 6g to be too small. 
We balance these two demands by introducing a parameter 7 to measure when 6g must be small 
and when it can assume the natural choice for its value, 1. 

The next two results establish that for a ball B € B(s) there is a transition time (depending 
on 7) in the family BOB (t) before which we can take Bg = 1, and after which we must use 
something more complicated. 


Lemma 4.5. Let Bo be a finite collection of disjoint, closed balls. Suppose further that the col- 
lection Bo has the degree covering property that for all balls B C 2 \ (UseBy S), it is the case 
that dg = 0. In other words, the collection Bo covers all of the vortices. Let B(t), t € [0,5], be a 
t-parameterized family of finite collections of disjoint, closed balls. Suppose that By = B(O) and 
that 


LU ec U 8 porti<n. (4.23) 
BeB(t) BeB(tz) 


Fix B € B(s). Define the negative and positive vorticity masses by 


N= So ldal, 


BeBNB(t) 
dgp<0 


P(t):= » dp. (4.24) 


BeBNB(t) 
dp>0 
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Then for any n € (0, 1), the following hold. 
1. If dg > 0 and the inequality 
N(so) < nP(s0) (4.25) 


holds for some so € [0, 5], then N(t) < nP(t) for all t € [so, s]. 
2. If dg <0 and the inequality 


P(so) < nN (so) (4.26) 
holds for some so € [0, s], then P(t) < nN(t) for all t € [so, 5]. 


Proof. Take dz > 0; the following proves (4.25), and a similar argument with dg < 0 proves 
(4.26). Let n(t) = #B(t). Then by the inclusion property (4.23), n(t) is a decreasing N-valued 
function. Hence there exist finitely many times 0 = fg <--- <tx =s such that n(f) is constant 
on (¢;,tj+1). This implies that for t; < s <t <tj;, and B € B(t), there exists exactly one ball 
B’ € B(s) such that B’ C B, and by the degree covering property, dg = dg’. It follows that N(t) 
and P(t) are also constant on each (fj, t;+). Then it suffices to show that if N(t,) < n P(t,), then 
N (te41) < 9 P (te41). 

Given a ball C € B(t,+1), the inclusion property guarantees that there is a finite collection 
{Bi,..., Bj} C B(%) such that B; CC fori =1,..., 7. We then get 


ldc| = oes dp, + a ldp,| ifdc <0, and 
ee J} ie{l,...,j} 
L638 dp, <0 
ldcl|= 2d dgs= a ldp.| ifdc >0. (4.27) 
ie{l,..., 7} ie{l,..., 7} 
A S06 dp, <0 


We must now subdivide the collection BN B (t,) according to the degrees of balls in BNB (th41)- 
Define the collections 


I = {Be BN BK) | dg <0, 3B’ € BN B(41) 8.t. BC B’, dg < O}, 
L4={(ReBNBa)| dp <0, 4B’ € BN B41) s.t. BC B’, dg > O}, 
1, = {Be BOB) | dg > 0, AB’ € BN Blt 41) st. BC B’, dg < O}, 
1,4 ={Be BN BK) | dg >0, 3B’ € BO B(ty1) st. BC B’, dg > O}. 


Now we can estimate 


n >> \dslt+ >> Idsl< D> Idslt+ YO ldsl=N) 


Bel Bel__ Bel_ + Bel_.- 
<nP(x=n D> dgtn D> dp 
Bely,— Bely 4 


Yo dst+n D> dp. (4.28) 


Bel, — Bely 4 
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After regrouping terms according to containment and using (4.27) and (4.28) we conclude 


N(tii= D> ldsl- D> da<n Do dg—n D> Idg|=nP(te+1). (4.29) 


Bel_,- Bely,- Bely + Bel + 
We use this lemma to define the transition times. 


Corollary 4.6. Assume the hypotheses and notation of Lemma 4.5. If dz > 0 then there exists 
to € [0, s] such that nP(t) < N(t) for t € [0,t9) and N(t) < nP(t) for t € [to, 5]. Similarly, if 
dj <0 then there exists to € [0, s] such that nN(t) < P(t) for t € [0, to) and P(t) < nN(t) for 
t € [to, s]. We call these times, to, the transition times. 


Proof. Assume dj > 0. Since there is only one ball in BO B(s), and the degree in B is non- 
negative, the inequality N(s) < nP(s) is satisfied trivially. An application of Lemma 4.5 proves 
the existence of fo. A similar argument works for the case when dj < 0. 


With the transition times defined we can finally set the values of the 6g. Define the collection 
{D()}refo,s+o] by 


te. te[0,o), 
Dit) = (4.30) 
Bit—o), téelo,sto]. 


Let 7 € (0, 1). For each BeBlett ~B €[0,s +o] denote the transition time for the collection 
BM D(t) obtained from Corollary 4.6 (the times depend on 7). We now specify the values of 6g 
in the definition of G. Note that the construction of G only requires specifying the values of Bz 
for those balls B such that B C B € B with B C 2,. Then for B € BM D(t) for some B € B, we 
define 


i if t € [0, tz), 
Bp -| (4.31) 


1 1 a 
ldg|2 Oo pesnpay 4g) 2 ift e[tg.st+o]. 


Note that if 


2 
Se ae 
B'EBND(t) 
then dg = 0 as well, and we take the second case in (4.31) to equal 0. Further, note that in the 


second case, the Bg are chosen so that for t € [tg,s +o] 


>> 4585 =Idgl. (4.32) 


BeBND(t) 


The following proposition shows that G is still useful for the lower bounds with these values 
of B B. 
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Proposition 4.7. With G defined as above, and under the assumptions of Proposition 4.4, we 
have the estimate 


r2 1 r 
ee / Iau? + 5 f (curt ay? > 5 i. Vasoul? +2D(log—yy -C). (4.33) 
4 


12,(@1/7 


Proof. To prove (4.33) we must deal with the sums in the integrands in (4.17). We begin by 
showing that the terms in parentheses are non-negative. Since r(Bo) = C e%/2 and Bp <1, we 
can estimate 


Bar(Bi)) ne r(B(t)) ) 
2(r—r(Bo)) °?\ Bp 2(r — r(Bo)) 


7) r(B(t)) > { r—2r(Bo) 
ss ea(! 26 en) 2 ri(s = Ep) pean 


2Bp — Ba 


By construction, 


3 3/2 ~ 3 1 
r(Co) < 5 (1/2 (a) 2) < ah = x7(C@)), (4.35) 
and so we can similarly conclude that 
Bar (B)) 
2Bp — Ba B (4.36) 


2(r(C(a)) —r(Co)) ~ 


A simple change of variables t +> t +o allows us to rewrite 


Bar (B(t)) 

a nd (26 pa Jar 

0 BeB BeBNBir) 2(r — r(Bo)) 
BCQ, 


i , ; p2r(C(t)) 
a) » nah (26. Pp seen tn) 
0 BeC(o) BeBNC(t) 
BC; 


S+o 


2 
= sf > nd (26 pa a) at (4.37) 


: = 2X(t) 
BEB 9g BeEeBND(t) 
BCR. 


where 


r(C(o))—r(Co), t€[0,o), 


un=| 
r —r(Bo), telo,s+o]. 


Fix B € B such that BC &2,. For t € [0, tz) we have that Bg = 1, and hence 
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27 (Dit D 
dy (26 B2 SE) 2 rae(1- Se). (4.38) 
BeBND(t) 


For t € [tg, 5 + o] we similarly estimate 


1 
: § POON oi \F ia ify POO 
Dy B(20- 08 - “ET )= 2m ob) -eol(14 SE) 


BeBND(t) BeBND(t) 
D 
sa 2) 
D 
=lapi( 2 oe). (4.39) 


This proves that 


S+o 


2 
y» nd3 (26 3 oe”) adi 


2r(t) 
BeB 0 BeBNDG) 


BcQ € 
D 
ay a wat f( =O) a 
is 
BC 
eae 1), (4.40) 


where the last equality follows since r(D(t))’ = r(D(t)) for t € [0,5 + o] \ {o} and A(r) is 
piecewise constant. 
An application of Lemma 4.2 and the bound (4.35) show that 


r(Co) < 572, (ais): (4.41) 


Recall that r(C(a)) = 3r(Bo)/8. This and (4.41) provide the bound 


is 
sto —1= (lo +lo 
eB) 


r r(Bo) ) 
> Ilo + lo 1 
( * (Bo) * dra, (or) 


; 
= | log ——_— -c). (4.42) 
( ro, (w?!?) 


1/2 


r(C(o)) 1) 
r (Co) 


Plugging (4.40) and (4.42) into (4.17) yields (4.33). 
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5. Proof of the main results 


With our technical tools sufficiently developed, we may now assemble them for use in proving 
the main theorems. 

We begin with a lemma on the use of the co-area formula in conjunction with sub- and super- 
level sets. 


Lemma 5.1. Let u: 2 — C and A: 2 > R? both be C! and write (at least locally) u = pv with 
p=|u|. Fix to > O and V C 2 to be compact. Then 


[o,@) 
! 3 2 2d (1 / 2 
= Vv = }/ -t—([-= Vv dt 
5 / p\Vavl / <(5 [Vavl 


Vp 20} to VAe2t} 
lee) 
5 2 1 2 
=3 / IV4v| +f 2 5 / \Vavl2 ) dt (5.1) 
Vez to} fo Vet} 


and 


i) 
1 2 2 : 2d (1 i 2; 
V = V t 
5 / p-|Vav{ t raw) |Vav|~ }d 


VAL p<t0} 0 VA pSt}Np<to} 
10 
1 2 
= | 25 |Vav|" } dt. GY) 
0 VA{pStin{p<to} 


Proof. The first equality in (5.1) follows from the co-area formula, and the second follows by 
integrating by parts. The same argument proves (5.2). 


5.1. Proof of Theorem 1 


Theorem | is an improvement on Theorem 4.1 of [7] that incorporates the G term into the 
lower bounds on the vortex balls. The crucial difference between this result and those in the pre- 
vious section is that this one bounds the energy of the function u : 2 — C, whereas the previous 
results were for the S'-valued map v = u/|u|:@— S! — C. The statement made in the intro- 
duction of Theorem 1 should be understood with G: 2 —> IR? the function defined in item 4 of 
Proposition 4.4 with Bg values given by (4.31). 


Proof of Theorem 1. Proposition 4.4 produces the collection 6 and guarantees items 1 and 2. 
The rest of the proof is devoted to showing that (1.9) holds. By Lemma 3.1 we have, writing 
u=pv, 


1 1 
5 | Iau? + al = |u|?)? + r2(curl A)? 
Vv 


1 1 
=5 [iver + al! = p?) + p7|Vav|* + r?(curl A)’. (5.3) 
E 
4 
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An application of the co-area formula and integration by parts, the same as that used in 


Lemma 5.1, shows that 
1 7, 1 
5 f ervave = f 2(5 i: IVav?) dt. (5.4) 


V 0 V\o, 


Then 


1 
5 [evan + r?(curl A)” 


4 

oo 1—6 

2 
2 r 2 

> fa(; / [Vav{ ars i 21( > [cur ay jar 

0 V\or 0 

L 

2 oe) 
~ ft TS ee 2 2 2 
= | 2t 5 [Vav|~ + (curlA)“ }dt+ | 2t 5 [Vav|~ } dt 

0 V\ a, 1-5 V\or 

i eae 2 
+ 2t{ = [Vav|~ + (curl A)* } dt 
4 V\ar 

= A, + A2+ A3. (5.5) 


We further break up the first term on the right-hand side of (5.5): 


1 


2 
1 4 r2 2 
Aj = | 2t 5 [Vav| Dae (curl A)* ) dt 
0 V 


V\o; 
1 1 
2 2 
1 2 1 2 ee 2 
= | 2t 5 |[Vav|° )dt+ | 2t 5 |Vav| car (curl A)“ |} dt. (5.6) 
0 oth\an 0” Wore i 


Then, by writing wr! \ a, = 0/7 U 1/2 \ @;, noting that w1/2 C V, and applying (5.2) with 
to = 1/2, we may conclude that 


1 1 


2 


lee / |Vav|- ar= | 2 s fv a4 / |Vav|- ) dt 
2 a - 2 BES 9 an 


0 oem w3/? w1/2\or 


0 
1! oy 2 2 2 
=a WAU Plvauls (5.7) 


@3/2 @1/2 
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Since the integrand does not depend on t, we have 


Ores Wave jay? dee Vave 1A)? 5.8 
i. (5 / |Vavu| +5 (our ) 1=7(5 / [Vav| +5 four ”). (5.8) 
0 Vv 


i. v Wolk 


From (5.1), applied with tg = 1 — 5, we bound the second term in (5.5) 
= i 2 _il 2 2 2 
Ar= | 2t 5 |Vav| dt =; (op — (1—8)*)|Vav| 
1-6 V\o; V\a1-5 


1 
; / (62 = 1)1Vavl?. (5.9) 


@3/2 


W 


When p > 3, the inequality p* — 2> 3 * holds; hence, 


1 1 1 
5 Diab atti (5.10) 


@3/2 3/2 @3/2 


We now combine (5.5)-(5.10), leaving A3 as it was, and arrive at the bound 


1 
5 / p-|Vavl- +r? (curl A)? 


4 
1-65 
1/1 5 1 5 
2a\5 |Vav|? +5 (curlA)~ )+ | 2t 5 |Vav| +5 (curl A) 
V\ oi) Vv - V\or 14 
1 
+3 / p2|Vavl. (5.11) 
orp 


Recalling the notation 
1 2)2 
Fe (0.V)=5 pe bg ae) 


and the decomposition (5.3), we can use (5.11) to see that 


1 
5 [au +5 + =5(1-|u! as + Pour ay = Fp. V) +5 | p*1Vaul? + (our A? 
4 
> Bi, + Bo+ Bs, (5.12) 
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where 


1 1 2 r2 2 
By = 7 Fe(o. V) +5 |Vaul” + > f (curl A)" J, 
4 


3/2 


V\o172 
1-6 
3p 1 2 a 2 
By = = -Fe(p,V)+ J 2t( > J |Vavl’ +> J (urlay’ } dr, 
a V\or Vv 
3(1 — B) 1 
B3:= Prone f piven 
3/2 
1/2 


and £ € (0, 1) is to be chosen later in the proof. 
To bound B,, we employ Proposition 4.7 to see that 


1 2 ie 2,1 2 1 2)2 
5 | |Vav| +5 [ccurta) +5 [vel + 53(1-e") 
4 Vv 


3/2 


V\ e172 
1 r 
25 if Vasoul-+D(log—>_ —C) + Flo. V). (5.13) 
3/2 'Q, (9) 
V\o172 
Then, an application of Lemma 2.8 shows that 
r r 
1 D( oe a c) + F.(0,V)> 1D(toe _ c) + F.(p, V) 
ra, (43) . CeF.(p, V) : 
F.(p,V 
> (log —- c) + F.(p, V) —mD log OY) 
4 
>nD(tog = -c), (5.14) 


where the last line follows from the inequality x — alog7 > 0. On the set V \ wr) it is the 
case that 1/2 < p < 3/2, andso 1 > 4p*/9. Hence, from this bound, (5.13), and (5.14), we may 


conclude that 
Bi = a i i V 2 +7D{1 = —C 
1] | A+GD| a og 2 


V\or/9 


0) , «uD r 
2 p|Va+cul’ + ——|{ log — —C }. (5.15) 
4 eD 
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To control B2, we begin by using (2.10) and Lemma 2.5 to find the bound 


=F slo, v2 28 fh Aine =ayar 
0 


> B28 [=P )ratonat. (5.16) 
4e 
4 
Then (5.16) and (4.15) prove that 
1-6 V2 
By > / (212 0( ve : c) + che (1-?7)re, a) dt. (5.17) 
rQ, (rt) 4e 


1 
2 


As rg, (@;) varies, the integrand on the right-hand side of (5.17) achieves its minimum at 


Gin 8x Dte 
rQ, (@) = —=—_—. 
e B/aB0 =P) 
Plugging this in, we get the estimate 
r 3V2rBd — 2 
—t 
B> > f 2xpr(10 ge iar 
8x Dte 
} 
r 3V2B(1 — 1?) 
r —t 
= | 27Dt{1 1 C )dt 
a (108 eD Se 8xt ) 
3 
ae GsaO) ioe aie (5.18) 
7 4) "sD ; , 
We now choose 6 = 55 so that su 3 8) = Then 
BBS yr P+s5 al \ul2)? + deal re (5.19) 
u —|u og —-—C)}. : 
1 32 A+G 4 5D 


Using (5.18) and (5.19) in (5.12) then shows that 


1 1 
5 | Iau + xl - |u|)? +r?(curl A)” 


> xD( (1—8)log —— —C) + g fr Ye : (1 — \ul?)? (5.20) 
a SD 18 A+G er . . 
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Now, by assumption r < 1 < D, so log 5 < 0. Since 56 = e®/+, we have that for ¢ < e9 = €0(a), 
the inequalities 


s8= 0; 
(25 — 6”) loge > -1 (5.21) 


both hold. Hence, for ¢ < €0, 
(1 — 8)? log — — C = log — — C + (5? — 25) log = + (28 — 8”) loge 
éD éD D 
r 
Slee Sai, 5.22 
8D (5.22) 


Combining (5.20) with (5.22) gives (1.9). 


5.2. Proof of Theorem 2 and corollaries 


Theorem 2 justifies the selection of the function G. It has been chosen so that ||G|| 2.0.0 only 
depends on the final data of Theorem 1, that is on natural quantities. This estimate of ||G||;2..0, 
Proposition 6.4, is quite technical and is thus reserved for the next section. A more thorough 
discussion of the space L?:©, also known as weak-L?, is also reserved for the next section. 


Proof of Theorem 2. We begin by noting that Vau = Vaicgu +iGu. This and the fact that 
Il fll z2cocvy X lle llz2ccvy if Lf] < |g] allow us to estimate 


2 p 2 
= 5 Vau IFo, cory) S <||\Va+Gu Iz 2.00) a |iGu II7 2.00) 


9 
<Varaullzayy + ZIGllz200(vy: (5.23) 


The second inequality follows since |u| < ; on the support of G. Write 


1 1 
F'(u, A, V) = 5 | ivauP + 5 is aga (hdl? y +r?(curl A)’. 
V 


We now employ Theorem | to bound 


IVaraullzayy S Is( Fru AV) = (tog ae c)). (5.24) 


We will show in Proposition 6.4 that 


O58 216(1 +n) (_, : 
aaah F,(u,A,V)—xzD log 5 —€ 


oo 91 +n) 2 
fos y> di. (5.25) 
BeB 
BCQ; 
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Now choose n = 2+¥2785 et = .962 so that 


216(1 9d 
184 +m) _ 9% a: 
2n-—1 1-7 


Combining (5.23)-(5.25) yields (1.11) with constant C = (1 — n)/(180. + n)) © 1/951. 


The previous theorem dealt with the energy content of the set V C 2. We can deduce a 
slightly stronger version of Corollary 1.2. 


Corollary 5.2. Assume the hypotheses of Theorem 1. Then 


2 r is 2 
CllVaUll72.co¢gy < Flu, A, 2) -2D( to — c) +1 ) dp. (5.26) 
BeB 
BCQ: 


Proof. Add Fi (u, A, 2 \ V) to both sides of (1.11). We then bound 
ClIVaullp2,c0cy) + Feu, A, 2\V) 
2 CIV Aull f2,.0¢y) ri IVaullpocayyy 
2 CIIVAUll7 2.00) + IVaullp2,c0¢a\v) 


where the last inequality follows by using the convexity of norms, and C is a different constant. 
The result follows. 


Proof of Proposition 1.3. It is proved in Theorem 0.5 of [1] that minimizers of E, with this 
constraint have exactly d zeroes of degree | which converge to d distinct points a),..., dq, 
minimizing W,. They also prove that their energy is 


min E, = wd|loge| + minW, +dy + o0(1), (5.28) 


where y is a universal constant. Let us apply the vortex-ball construction to these solutions, 
choosing for final radius r = z min; j (dist(a;, 082), |a; — aj|). Since the final balls B ¢ B cover 
all the zeroes of u, and there is exactly one zero b; with non-zero degree, converging to each aj, 
there is one ball B; in the collection containing b;. Since dj = deg(u,, 0B;) = 1, and there are 
no other zeroes of uz, we have D = d (with our previous notation) and Corollary 1.2 (taken with 
A = 0) gives us 


E;,(ue) + ad > Cll Vite lly 2,00¢9) + md (|log e| -C- logd), 
where C is a universal constant. In view of (5.28), this implies that 
Cll Vitell72..0¢) <minW, +dy +Cd+mzdlogd +o(\), 


and the first result follows. 


808 S. Serfaty, I. Tice / Journal of Functional Analysis 254 (2008) 773-825 


Since L*:© is a dual Banach space, we deduce from this bound that, as ¢ — 0, up to extraction, 


Vue converges weakly-x in L-©, to its distributional limit. But it is proved in [1] that Vu, > 


Vu, uniformly away from a),..., aq (in fact in Ces, where u, is given by 


d 
uy (x) = eb FO) I] aD 
pa Ol 


with H a harmonic function. Note in particular that u, € W!?(Q) for p <2. 
We claim that Vu, — Vu, in the sense of distributions on §2. Indeed, let X be a smooth 
compactly supported test vector field. Fix p > 0 and let us write 


[vue Vu.) x= i: (Vue — Vux)-X +) > / (Vise Vie, 
2 


Q\U; Blai.p) * B(aj.p) 


The first term in the right-hand side tends to 0 by uniform convergence of Vue to Vu, away from 
the a;’s. The second term is bounded by Hélder’s inequality by C|| X'|| ,~ || Vue — Vus|l Lr(qyp-/4 ; 
where p <2 and 1/p + 1/q = 1. This is bounded by Cp2/4||X||,© since Vu, € L?(Q) for all 
p <2 and Vu, is bounded in L?(2) for all p < 2 (L?:°(Q) embeds in L? (2) for all Dp <2). 
Letting p tend to 0 we conclude that ‘= (Vu, — Vu,) - X — 0 and finally that Vu, — Vu, 
weakly-* in L7*°(Q). 


6. The L*© norm of G 
6.1. Definitions and preliminary results 


We begin with a discussion of the various quantities needed to define and norm the 
space L*. For a function f : 2 — R*, k > 1, we define the distribution function of f by 


A(t) = |{x €2||f)| > ct}. (6.1) 
This allows us to define the decreasing rearrangement of f as f*:R* — RT, where 
f*(t) =inf{s > 0] Ap(s) <7}. (6.2) 


We then define the quantity 


1 iL 
Il fll 2c = /sup 72a. p(t) = sup ta p()? = supr? f*(d, (6.3) 
t>0 t>0 t>0 


and L*°(2) = {f | II fll 12.00 < Co}. Unfortunately, this does not define a norm, but rather a 
quasi-norm. That is, ||| - || ,2..0 satisfies 


Ilo f lll ,2.00 = la|lll fF lllz2.00, 
IIL f Illz2.00 =0 if and only if f =Oa.e., 


If + glllz2cc < CUM Flllz2.0¢ + Iilglllz2.0c) for some C 2 1. 
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It can be shown that with ||| - || ,2.0, L?-© isa quasi-Banach space, i.e. a linear space in which 


every quasi-norm Cauchy sequence converges in the quasi-norm. However, as the next lemma 
shows, the space can, in fact, be normed. We define 


Ilse = sup er? frees 


ee sup flseslas 


t>0 ¢2 |El=t 
I t 
=sup— | f*(s)ds, (6.4) 
t>0 ¢2 
0 
which is obviously a norm. 
Lemma 6.1. L?°© is a Banach space with norm || - l| 2.00, and 
Ill F lil z2.c0 SIF Ilz2.00 < Zl fll z2.00- (6.5) 


Proof. Since f* is decreasing, we see that 


t>0 f2 


t 
1 
II Il 2.00 =sup— | sods > sup -if* (1) = supe? f* (t) = IF Ilz2.0~- (6.6) 
t>0O f2 
0 


For the second inequality we note that 


es ag ds 22 
Ls | fyds= fees 9) <I“ = 2 fla. (6.7) 
S2 2 


f2 


This also sows how to construct a function that makes the inequalities sharp: any f so that 
fsiy= yy will do. This is the case for f(x) = 1/|x| in R?. 


We now present the 


Proof of Proposition 1.4. First rewrite the L* integral using the distribution function: 


u hime / 2th ¢(t)dt. (6.8) 
2 


0 


We break this integral into two parts and utilize the boundedness of f and the trivial inequality 
A f(t) < |&| for all t > 0. Indeed, 
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c 
oo Cc € 
Presoars frrpnars frnpora 
0 0 C 


t>0 


C 
(2 ai 
< || 2r dt + 2sup(t dr ¢(t)) = 
0 C 
< |Q|C? +2) FI? ig (6.9) 
<| | Il Fiz 2.c0¢) og Ce’ . 


where we have used Lemma 6.1 in the last inequality. The result follows by dividing both sides 
by 2|loge|. 


6.2. The calculation 


Before proving the main result we prove some quasi-norm estimates for simplified versions 
of G. The main result breaks G into various simplified components in order to utilize these 
estimates. 


Lemma 6.2. Suppose we are given a collection of disjoint annuli {Aj}, i =1,...,n, where 
Aj = {rj < |x —¢j| <s;} CR’, 


cj denotes the center of Aj, and r; and s; are the inner and outer radii respectively. Let 


n 
a: 
$Q) =o xa, (vi ©) ear (6.10) 
i=l ; 
where v; 1 Aj > R* is a vector field so that |v;| = 1 and a; is a constant fori = 1,...,n. Write 


T = log 7. for the conformal factor of A;. Then for t > 0, 


Part) <a Datl e) (6.11) 
Proof. We begin by noting that on the annulus A; it is the case that 


EN ZF ee. (6.12) 


Then for any ¢ > 0 and any annulus A;, the measure of the set in A; where f > ¢ is simple to 
calculate. Indeed, if t < |a;|/s;, then f > ¢ on the whole annulus, which has measure 1 (s? - ry. 
If t > |a;|/r;, then f < t everywhere on the annulus, and so the measure is zero. Finally, if 
laj|/si <t <|a;|/r;, then f > t exactly on the sub-annulus {7; < |x — cj| < e;}, where 

lai| 


pi = at (6.13) 


which has measure m(a?/t? a i). 
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Combining these, for any t > 0 we may then write 


2 
~o= n(—12)+ > x(s?-7?). (6.14) 
| 


«ail laj 
ily <t<>,3 


Then 


tilt <r< lily tir< Sy 
r 2 
2 pS ta I-35 + » a3(1-*5) 
(i) Ml <r< Mil) tins Ay 
n r2 
<Snei(1-4), ” 


Plugging in t; = log st proves the result. 


The next lemma tells us that a collection of annuli with uniformly bounded degrees and the 
property that they can be rearranged to fit concentrically inside each other can, for the purposes 
of estimating the L?’ quasi-norm, be regarded as a single annulus. 

Lemma 6.3. Suppose {Aj}, i=1,...,n, is a collection of disjoint annuli, where 


Ai = {ri < |x —ci| < si} CR’, 


c; denotes the center of Aj, and r; and s; are the inner and outer radii respectively. Suppose 
further that the annuli can be arranged concentrically without overlap. That is, suppose that 


ry <S} S12 < 82 <3 S++ < Sp_-1 <Mp < Sp. 
Let 


Fx) => x4, 2x) (6.16) 


i=l |x — ei 


where the a; are constants such that |\a;| < |a| and v; : Aj > R* is a vector field so that \v;| = 1 
fori=1,...,n. Then 


PrapQ=e? > AN {|fl>t}| <a’. (6.17) 
i=l 
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Proof. Since the distribution function is invariant under translations, without loss of generality 
we may assume that the annuli are concentric with common center c. This reduces f to the form 


n 
a; 
OVS xy (UO) - (6.18) 
i=l 
Consider the function 
ae| 
g(x) = r=. (6.19) 


where e; = (1,0,...,0) € R*. The pointwise bound | f(x)| < |g(x)| yields the bound 4 (ft) < 
Ag(t) for all t > 0. Itis a simple matter to see that 


ie 
Ag(t) = are (6.20) 
and hence, 
PAP‘) <t7Ag(t) = 1a". (6.21) 


We are now ready to prove the main result of this section. 


Proposition 6.4. Let G : 2 —> R? be the function defined in Proposition 4.4 with n € (0, 1) fixed 
and the Bp values given by (4.31). Write 


1 1 
F’(u, A, V) = 5 | Iau? + ral = |u|?)? +r2(curl A)’. 
V 


Then 


96(1 +n) ; 


2n-—1 
4. +n) 2 
1 Te Zs di. (6.22) 
BeB 
BCQ; 


Proof. Step 1. To begin we must translate the notation used to define G into different notation 
that is more cumbersome but that will allow a more exact enumeration of the objects generated 
by the ball construction. Recall that to define G, the collection {D(¢)};e[0,s+0] defined by (4.30) 
is refined to the subcollection {G(t)};<[0,s+o] that consists of all balls that stay entirely inside 2,. 
Let N be the number of balls in G(s + 0) = {Bi, aoe By}, i.e. the number of final balls. Let T 
be the finite set of merging times in the growth of G(t), where here we count t = o, the time 
when the collection shifts from C(a) to B(O), as a merging time. Let O= fo < ft) <---<tx_1 < 
tx =s +o bean enumeration of T U {0,5 +0}. Fork =1,..., K andt € [tg_1, t,) we call all 
balls in G(t) members of the kth generation. We write G(t, ) for the collection of balls obtained 
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as t > t, , i.e. the collection of pre-merged balls at time t = &. Similarly, when we write G(t,) 
we refer to the post-merged balls. Fork =1,..., K andn =1,..., N we enumerate 


{Bin it? = {BeG(t,)|BCBn}, and 


(Bieler = {BEG te-1)| BC Br}, 


in such a way that Bikn C Bi,x,.n. We define the annuli Aj,4,n = Bi.k.n \ Bikn and write dj.¢.n = 
deg(u, 0B; x.) for the degree of u in the annulus A;.,,. For fixed k = 1,...,K we say the 
annuli {A;,4,,} are kth generation annuli. Without loss of generality we may assume that the 
indices are ordered so that |dj,x,,| is a decreasing sequence with respect to i for k and n fixed. 
Write D, =d 5 . We define the conformal growth factor in the kth generation, denoted t;, by 


ies r(Gt, )) 
k= aa 
r(G(te-1)) 

Recall that for each Bn ,n=1,..., N, Corollary 4.6 provides a transition time t B, (depending 
on 7). In the current setting, the more natural notion is that of transition generation, and in 
fact, the proof of Lemma 4.5 shows that the transition time actually occurs at one of the tf, 
for k = 0,..., K — 1. We then define the transition generation k, as the unique k such that 
te € [t,-1, t,). If we define generational versions of the negative and positive vorticity masses 
N(t) and P(t) from (4.24) by 


Nikn)i= Yo diel, 
1<i< Men 
dikn<O 


P&n):= > den 
1<i<Mk,n 
dikn2O 


then the definition of k, and Corollary 4.6 allow us to conclude 


nP(k,n)<WN(k,n) forl<k<k,—-1, 
D, >0 (6.23) 
N(k,n)<nP(k,n) forkn <k< kK, 
N(k,n) < P(k,n) forl<k<k,—-1, 
Dn <0 Ne) : (6.24) 
P(k,n) <nN(k,n) forky<k<K. 
Translating the definition of the Bg from (4.31) into the new notation, we see that 
1 forl<k<k,,1<i< Men, 
. 6.25 
Pon =) ip iets dy? for kn SKK, VSI < Mun. a 


This means that G can be written 


N K Min 


d; is 
Gw=>) Xiga (x) ee Eo), (6.26) 
— Ci,k,n 


n=1 k=1 i=1 | 
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where 7;,x,, is the unit tangent vector field in A;_¢,,. In order to somewhat ease the notational bur- 
den, we define the following sets of indices. The early and later generations are given respectively 
by 


and we similarly define the sets of early and later annuli by 


= {(n,k,i)| (nb ES, 1<i< 
= {(n,k,i) | (n,k) € Sj, 1<i < Men}. 


Step 2. In this step we will prove an intermediate bound on t7G(t). We begin by breaking the 
distribution function for G up into two components determined by the value of k,,. Indeed, 


Ae(t) = So\Aikn {IG| > ¢}| 


n,k,i 
= ieee {IG| >t}|+ > 7|Aien A {IGl > +} 
= A 1+ Ao. : (6.27) 
Applying Lemma 6.2 to Aj, we see that 
PAi<n) d?,,(1—e7*). (6.28) 


To analyze the Az term we must take advantage of all of the notation created in the first step. 
Particular attention must be paid to the generations after k, that come about as the result of 
mergings in which balls of non-zero degree are merged only with balls of zero degree. These 
generations, which we call zero-merging generations, throw off a counting argument that we will 
use to bound the number of later generations (after k,) in terms of the degrees of the balls in 
the k, th generation. Generations that are not zero-merging generations we call effective-merging 
generations. The degrees of the annuli are not changed in a zero-merging generation, and the an- 
nuli of such a generation can be rearranged to fit concentrically outside the annuli of the previous 
generation. Our strategy for dealing with zero-merging generations, then, is to collect succes- 
sive zero-merging generations, group them with the preceding effective-merging generation, and 
utilize Lemma 6.3 to regard the group as a single collection of annuli. 

To this end, for each n we define the sets 


LZa= {k € {ky,..., K} | each ball in G(t,) contains at most one ball in 


G CZ ) of non-zero degree}, 
and 


In = (hay 00s KY\ Zn 
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The generations in Z, are the zero-merging generations, and those in J, are the effective-merging 
generations. 

Since |d;,4,n| is a decreasing sequence with respect to i for k,n fixed, there must ex- 
ist an integer Py, € {1,...,Mkn} so that djin AO fori =1,..., Pen and dx, = 0 for 
i= Pen+1,...,Mkn. Since the annuli of a zero-merging generation have the same degrees 
as the previous generation, we have that Px, = Pr—1,,. We may assume, without loss of gen- 
erality, that the ball ordering is such that Bj,,-1.n C Bi,k.n and dj,k.n = di,k—1,n for k € Z, and 
i=1,..., Pen. To identify sequences of zero-merging generations that happen one after the 
other we write Z, = Zi U---U Zi" where the Z/ are maximal subsets of sequential inte- 
gers, i.e. the integer connected components of Z,. All of the generations in Zj will be grouped 
with the generation preceding Zj} and analyzed as a single entity with Lemma 6.3. This pre- 
ceding effective generation occurs at generation /) := min(Zx) — |. We group it together with 
the generations in Z) by forming the collections Z}, = Zj} U {lJ}. Write the modified collec- 
tion Zi: — Z} U-.-U Za and i, =I, \ ve Note that P;, is constant for k € Zi: we call this 
common value P,’. 

We now split Az again: 


Ad = Dilan {IG| > t}| 


Pn Pron 
2595 Maan (eZee yeas {IG| > +} | 
n=l fej, i=l n=l kez, i=1 
= Bi) + Bo. (6.29) 


Applying Lemma 6.2 to Bi, we get 


Pkn Prin 
rs D> YoGiknBi.kn) (1 — 77) ey Gta: (6.30) 
n=l ke], t=1 n=1 kej, i=1 


Upon inserting the values of 6;,4,, from (6.25), we find that 


hoy DEI Jax A 1Dah (6.31) 


n=! ke}, 


where #(Un) denotes the cardinality of Li 
To handle the Bz term we note that 


{(n,k,i)|1<n<N, kKEZn, 1<i< Pen} 
= J {@bal|1<i< Pi, ee Zf}, (6.32) 
1<n<N 
I<j<imn 


and hence 
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N m, Pi 


meee > ALE {IG| >¢}]. (6.33) 


n=l j=l i=l pez) 


When a zero-merging happens to a ball B of non-zero degree, it is merged with a number 
of balls of zero degree. The resulting ball has the same degree as B, and its radius is strictly 
larger than the radius of B. Thus, we see that the radii hypothesis of Lemma 6.3 is satisfied 
by {Ai.x.n} for k € Zi, i=1,..., Pk». Moreover, for k € Zi, we have that dj.k.n = d; ji fon and 
Bik.n = Bid n All hypotheses of Lemma 6.3 are thus satisfied; applying it, for each 7, n we may 
bound 


PS Aiken O (IG) > th] <2 7 Bi) (6.34) 
keZ} 
Plugging in the values of 8;,:,n from (6.25) then shows that 


Mn 


2< >" Sealb, |= Yam, |. (6.35) 


H=1 fol 


Recall that In = In WA 2 
and (6.35) to get the estimate 


JU") Hence #(In) = #(In) + my. We then combine (6.29), (6.31), 


N 
0? Ay <a)" #Un)|Dal. (6.36) 


n=1 


Together, (6.27), (6.28), and (6.36) prove that 


N 
Pre(th<a> de, (l-e 7") +2 > Fn) IDal, (6.37) 
Te n=1 


where #(J,,) is the cardinality of J,,. 


Step 3. In this step we will utilize the 7 inequalities (6.23) and (6.24) to show that the energy 
excess, F,(u, A) — m D(log =D —C), controls the first term on the right-hand side of (6.37). To 
begin we modify an argument from the beginning of the proof of Theorem 1. Define V to be the 
union of the balls in G(s +o). Then, copying (5.5), we can bound 


1 1 
F'(u, A, V) = 5 evaee + 5a — p?) + |Vol? +r2(curl A)? 


4 
1 


2 
> Fi.vy + f (5 / |\Vav| ‘ae fms 
0 


V\or 


1- 
* fa; [irae + ftom?) a (6.38) 
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For ¢ € [0, 1/2] the inclusions 
3/2 
V\@, 2V\a1722V\o;/5 (6.39) 


hold, and hence 


1 1 
2, 2 
1 2 1 2 
ar(=— | |Vavl?)dr> | 2t( = \Vavl2 ) dt 
B 2 
0 0 


ae i, [Vavl2. (6.40) 


We now use (5.18) and (5.22) from Theorem 1 to bound 


1-6 
f#G [var aan zfeomanlaeg F.(p, V) 
1/2 V\or 
> xb(Fte -c). (6.41) 
4 éeD 


Here we have used D = yea D,,. Assembling the bounds (6.38), (6.40), and (6.41) produces 
the bound 


F(u, A, V) — 1 D( le = = c) 


1 1 2 
> (0. V+5 / IVavl2 + = | ccustay? —xDlog ). (6.42) 
V\ or! v 


The argument in (5.14) shows that 


F.(p, v)—( tog —c) > xD (los — os c). (6.43) 


72.(@1/9 


In order to use the logarithm terms they must be translated into the new notation. Recalling (4.42) 
and changing the constant C (larger but still universal), we see that 


r r 3r (Bo) 
log ; —C=log B + log 372 
26(0312) r (Bo) 16rg, (1/3) 
r ac) = 
< log +lo =e (6.44) 


r(Bo) r(Co) 
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Combining (6.42)—(6.44) and again changing the constant, we arrive at 


F(u, A, V) — (tog a c) 


1/1 
(3 / [Vav|? + — 7 [cman 209), (6.45) 
V\er}s 


We now translate the term on the right-hand side of inequality (6.45) into the new notation 
and break it into two parts according to whether the generation is before or after generation k,. 
Indeed, 


1 2 
5 / \Vav|- + — 7 fone ae 


k=1 
3/2 
i 


> f tvave rele fee oe i; |Vav|- +r?(curl A)? 


Te Ain Tr Ai gn 


2 
=e XP te > = [court ay. (6.46) 


n=1 BeB,NGg,) —-B 


For each B, € G(s +o) we consider B, to have been grown from B, M G(t g,,) and apply Corol- 
lary 3.4; summing over n gives 


aS i |Vav|> +r?(curl A)* > > x (log - ign ~ 882): (6.47) 


nT Ai,k,n 


Note that if ¢ Bh >o, then 


r 
yy EGG.) 


whereas if tf <o, then 
n 


K 
r r(G(o)) r 3 
2, = 08 ey + 8G) Gia 


since r(G(o)) = r(C(a)) = 3r(Bo)/8 (see item 4 of Proposition 4.3). Then 


1 
Ds / |Vav|? +r?(curl A)” — 7 Y°|Dalt, > —xCD, (6.48) 


qT Aikn SI 


where C is universal. 
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It remains to control the term corresponding to the early generations: 


2 
ee i |Vav| Ses wt ye = [court ay. 


Te Aiken n=] BeB,NG(tg,) —-B 


We apply Lemma 3.5 to each B € B, NG (tg) and sum to get 


Mk,n 
o>" Yn(2> do dikn ps}. (6.49) 
Se 


In order to control the difference in (6.49) we must now turn to the 7 inequalities for genera- 
tions before k,. If D, > 0, 1 <k < ky, the inequality (6.23) allows us to estimate 


Min Min 
di fae Do lteal= Yo dient lea 
i=l 1<i<Min 1<i<Min 
dikn2O dik,n<O 
>Utn) Do dign 
1<i<Mk.n 
di,k.n2O 
> (1+ 1)Dp = (1+ 0)|Dal. (6.50) 


If D, <0, we similarly get 


Min 


So degn > L+0)|Dal. 


i=1 


and so in either case we arrive at the estimate 
“Dal >To DL i (6.51) 
Putting (6.51) into (6.49) then shows that 
— 7 2 ted kn 
nat cep a Finll—e °™); (6.52) 


where in the last inequality we have used the fact that 


(l-e™*) forx >0. 
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Finally, we use (6.45)—(6.48) and (6.52) to conclude 


r 2n-1 2 =) 
Flu, A.V) = (log Zo he AH datien(l—e ay (6.53) 


Step 4. In this step we use the 7 inequalities to provide an upper bound for the second term on 
the right-hand side of (6.37) by bounding #(/,,) in terms of |D,| and 7. Fix n and suppose that 
kn <k < K. For now take D,, > 0. The inequality (6.23) allows us to bound 


Yo dikn=Dnt+ Yo Idienl<Dnt+n Yo dikn, 
1<i< Min 1<i< Min 1<i< Min 
dik.n 20 dik.n <0 di,k,n 20 


and so we can conclude that 


|Dn| 
 dikn ST . (6.54) 
1<i< Men } 
dikn2O 


We can use this estimate to bound #(J,,). Each generation in J, is an effective-merging generation. 
As such, the mergings of that generation include at least one ball of non-zero degree merging with 
another ball of non-zero degree, resulting in a decrease in the number of balls of non-zero degree. 
So, the number of effective generations, #(J,,), is bounded by the number of non-zero degree balls 
in the k, generation. This quantity can then be bounded in terms of D,, and 7. Indeed, 


#(U,) < # of non-zero degree balls in generation k, 


Minn 
< So ideal= > Wiel. S> lial 
i=l 1<i< My .n 1<i< Min 
dikn.n2O dikn,n<O 

<(+n) do dikyn 

1<i< Mb, .n 

di kn .n2O 
1+7 
Seq (6.55) 


If D, < 0 then (6.24) and a similar argument show that (6.55) still holds. Hence 


N 
mY #Un)|Dn| <7 EE yp; ine (6.56) 


n=1 n=1 


Step 5. We now conclude the proof by combining (6.37), (6.53), and (6.56) to get the inequality 


tty, p+ SOP (er ,A.V)-1D(loe ~c)). (6.57) 
1 eD 


Using Lemma 6.1 and switching back to our original notation then proves (6.22). 


PAg(t) <x 
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7. Jerrard’s construction 


In the above results we have modified and improved the vortex-ball construction of Sandier, 
introduced in [6], and presented in an updated form in [7]. The purpose of this section is to show 
that the methods of this paper can be applied equally well to the other version of the vortex- 
ball construction, developed by Jerrard in [3]. The two constructions are not at all dissimilar, so 
it is no surprise that the above methods still work. For completeness, though, we highlight the 
differences in the two constructions and outline the modifications necessary to make the above 
ideas work with Jerrard’s construction. In the interest of brevity we discuss only the case without 
magnetic field. 

There are three main differences between the ball construction employed above and that of [3]. 
The Jerrard construction grows finite collections of disjoint balls from an initial small collection 
to a final large collection, employing mergings when grown balls become tangent. However, a 
collection of disjoint balls {B;} is not grown uniformly, as we grow them above, but instead 
according to the parameter 

Pe: 

s=min—, 

i |di| 
where d; = deg(u, 0B;) and r; is the radius of B;. There is no guarantee that this parameter is 
uniform throughout the collection (hence the minimum in the definition of s), and as a result, 
only balls for which the minimum s is achieved are grown. Note that as a ball is grown without 
merging, its degree does not vary, so increasing s amounts to increasing the radius of the ball. 
Moreover, for the subcollection of balls in {B;} that achieve s, if we write s"°” for the increased 
parameter and ren for the increased radii, we see that 


new new 
S new r; dj r 


S saa dj ai 7 ‘ji 
and so all of the annuli formed by deleting the old balls from the new ones have the same con- 
formal type. The use of this parameter causes trouble above since r(B(t)) 4 e'r (Bo). 

The second major difference in the two methods is in how they pass from lower bounds on 
circles, which in both methods are most conveniently calculated by estimating 5 uF aBla plVol? 
from below, to lower bounds of 5 re |Vu|* on annuli and balls. Above we employ the co-area 
formula in Lemma 5.1 and in (5.5) of Theorem | to accomplish this. The Jerrard method writes 
u = pv, with p = |u|, and expands the energy as 


1 2 i 2\2_ 1 / 2 i 22, 1 i 2 2 
= Vv (ie == V (p= a Vol. 
0B(a,r) dB(a,r) dB(a,r) 


Lemmas 2.4 and 2.5 of [3] then show that 


1 2d 
- / plVor? x, 
2 r 


0B(a,r) 


and 
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1 1 2. | 
= Vert al-— ey Say, 
2 i: | pl + Fal p’) Ar m) 
dB(a,r) 
where c is a universal constant and m = min{1, infy g(q,,) pe}. These two bounds are combined 
with the energy expansion to find 


1 1 2 md? 1 
= Vu? + —<(1—|u\?)” > inf —(1—m)? ) =:A-(7, d). 
2 / is 32 | la ) wink (7 r - a m) (rd) 


dB(a,r) 


One readily verifies that 4,(r, d) > A¢(r/|d|, 1) and that 


me 
Ae(r, 1) aad 


‘ TA 
r+cem (1) 


The function A,(s) = ite Ae(r, 1) dr = 2 logd + =) is then introduced, and lower bounds on 
annuli are calculated by integrating on circles: 


ry r1/|d| 
1 2 
5 |Vul? +53 5 (1 — |u| ) > | Ae(r,d) dr > |d| Ae(r, 1) dr 
B(a,r1)\B(a,ro) ro ro/ld| 


= |d|(Ac(ri/Idl) — Ac(ro/Id\)). 


Note that this bound justifies the use of s =r/d as the growth parameter. 

The third major difference is in the nature of the lower bounds. The method above produces 
lower bounds on the total collection of balls but cannot say much about the energy content of 
any given ball in the collection. Because of its use of the A, function, which only depends on the 
parameter s, the Jerrard construction can localize the lower bounds to each ball in the collection. 
In particular, Proposition 4.1 of [3], the analogue of our Theorem 1, shows that there exists a 
oo such that for any 0 < o < oo there exists a collection of disjoint balls {B;} with radii r; and 
degrees d; such that 


rj 
;f Vul? +55 (1— uP)? 2 —Ac(s), 
oe 
where s = min; (r;/|d;|) € [o/2, o]. In particular this implies that 
1 1 a2 oO 
5 / |Vul? +73 a =e) > mdltog(1+ 5°), 
BiNQ 


The proof of this result follows from a line of reasoning similar to what led to Theorem 1. An 
initial collection of balls {B;} with radii r; > ¢ is found (Proposition 3.3 of [3]) that covers 
{|u| < 1/2} and on which 


;{ |Vul? +53 =(1— uP)? > co “Ac (s), (7.2) 
ae 
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where co is a universal constant. These balls are then grown into the final balls according to the 
ball growth lemma, but used with the parameter s as the growth parameter. It is then shown that 
growth and merging preserves the form of the lower bound (7.2), i.e. that if the bound holds with 
one value of s, it also holds with the value of s obtained after growing the balls. 

In order to utilize our completion of the square trick to extract the new term we must only 
present a modification of Lemma 3.2 designed to work with the minimization of m trick. The 
rest of the argument follows from simple modifications of the arguments in [3] that we will only 
sketch. 


Lemma 7.1. Let B = B(a,r) and suppose that u:dB —> C is C! and that jul > c >0 on OB. 
Write u = pv with p = |u|, and define the function 


_ dmpB 
= T 


per 


(7.3) 


where d = deg(u, 0B), m = min{1, infag(a,r) Pe}, T is the oriented unit tangent vector field to 0B, 
and B € [0, 1] is a constant. Then 


1 1 d*m? 
5 | ever > 5 f eve Gl)? +2——— ay (7.4) 
2 2; r 
aB aB 
Proof. Arguing as in Lemma 3.2, we find that 
(ae ie wee ane ae ae a d>m*p? f 1 
5 f° |Vv| =5f \Vu —G/? a 7) me (7.5) 
aB aB aB 
Then the definition of m implies that 
d 2 a 4 92 1 a 2 a 2 
gee Se i > x—— (26 — p*) >x— B (7.6) 
r 2r2 p? r r 
aB 


where the last inequality follows from the fact that 0 < B < 1. This proves the result. 


This result may be used in conjunction with Lemma 2.5 of [3], borrowing half of that energy 
to absorb into the novel term, to arrive at the lower bound 


md?pB 1 5 
peat +o 5 (1 — |u|) ees + inf (a 4 (boomy | AIT 
CE 


me[0, 1] r 


In order to gain the ability to localize the estimates in each ball, we must have that A,(r, d) is 
independent of f and that the homogeneity inequality A.(r, d) > A~¢(r/|d|, 1) holds. The first of 
these requires us to set 6 = | in the above, which precludes the special choice of 6 needed to 
make Proposition 6.4 work. The second requires us to throw away the d? terms in favor of |d|. 
So, there is a tradeoff: the price we pay for localizing the estimates is a loss of control of the 
L?-© norm of the auxiliary function G. This choice leads to the lower bound on circles 
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5 IP +5 + =5(1-|u!’) eg ee + re(r/ldl, 1), (7.8) 


where A, is as defined in (7.1), but with the universal constant doubled, and G = dns rae The 


bound on circles leads to bounds on annuli by integrating; indeed, 


i |Vul? t53 : a (l—|uP) > 


Vu —iuG|* 
5 |Vu —iuG| 


1 
~ 4 
B(a,r,)\B,ro) B(a,r)\B(a,ro) 


+ |d|(Ae(ri/ld|) — Ac(ro/ldl)), (7.9) 


where now we take G(x) = ye =r T(x). 


Now, to achieve a bound of the form (7.2) but with the L? difference with iuG included, we 
use Lemma 7.1 in the Jerrard construction. As above, we define the function G to vanish in the 
initial collection of balls obtained in Proposition 3.3 of [3]. Then we trivially modify (7.2) to 
read (since G = 0 there) 


Cori 1 
5 f tur +5 pol (1 |e)? > set / \Vul? 


a5 N@ BN 


Tj 1 : 3 
> Als) +5 f [Vu—inGP. (7.10) 
S 
BIN 


We then take G to vanish in all of the non-annular regions of the balls constructed in Proposi- 
tion 4.1 of [3]. The estimates in these balls, like the original Sandier estimates, discard the energy 
of the non-annular regions. We retain it and rewrite it as a [|Vu —i uG|? term, which is possi- 
ble since G = 0 there. Then, adding in the extra G term in the annular regions, we arrive at the 
modification. 


Proposition 7.2. There exists a og such that for any 0 <0 < og there exists a collection of 
disjoint balls {B;} with radii r; and degrees d; such that 


>; { |Vul? +53 5 (1 —|u!’) >i |Vu —iuG|? Sees < Ae (s), 
is N2 2 ary 
where s = min; (r;/|di|) € [o/2, 0]. In particular this implies that 


; | [Vu +59 (1 —|u\) >z/ [Vu —iuG| * + x\dijlog( 1+ 57). 
2c € 


cae ae 


S. Serfaty, I. Tice / Journal of Functional Analysis 254 (2008) 773-825 825 


References 


[1] F. Bethuel, H. Brezis, F. Hélein, Ginzburg—Landau Vortices, Birkhauser, Boston, 1994. 

[2] L. Grafakos, Classical and Modern Fourier Analysis, Pearson, Upper Saddle River, 2004. 

[3] R.L. Jerrard, Lower bounds for generalized Ginzburg—Landau functionals, SIAM J. Math. Anal. 30 (4) (1999) 721-— 
746. 

[4] R.L. Jerrard, D. Spirn, Improved Jacobian estimates for the Ginzburg—Landau functional, Indiana Univ. Math. 
J. 56 (1) (2007) 135-186. 

[5] FH. Lin, T. Riviére, A quantization property for static Ginzburg—Landau vortices, Comm. Pure Appl. Math. 54 (2) 
(2001) 206-228. 

[6] E. Sandier, Lower bounds for the energy of unit vector fields and applications, J. Funct. Anal. 152 (2) (1998) 379-403, 
Erratum: J. Funct. Anal. 171 (1) (2000) 233. 

[7] E. Sandier, S. Serfaty, Vortices in the Magnetic Ginzburg—Landau Model, Birkhauser, Boston, 2007. 

[8] E. Stein, G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton University Press, Princeton, 
1971. 

[9] I. Tice, Lorentz space estimates and Jacobian convergence for the Ginzburg—Landau energy with applied magnetic 
field, J. Anal. Math. (2007), in press. 


Available online at www.sciencedirect.com 


. . JOURNAL OF 
ScienceDirect Functional 
Analysis 


ELSEVIER Journal of Functional Analysis 254 (2008) 826-850 ——————————— 
www.elsevier.com/locate/jfa 


Transference between Laguerre and Hermite settings * 


J. Betancor*, J.C. Farifia*, L. Rodriguez-Mesa*, 
A. Sanabria*, J.L. Torrea>* 


4 Departamento de Andlisis Matemdtico, Universidad de la Laguna, Campus de Anchieta, 
Avda. Astrofisico Francisco Sanchez, s/n, 38271 La Laguna (Sta. Cruz de Tenerife), Spain 
b Departamento de Matemdaticas, Facultad de Ciencias, Universidad Aut6noma de Madrid, 28049 Madrid, Spain 


Received 27 April 2007; accepted 29 October 2007 


Communicated by N. Kalton 


Abstract 


In this paper we present a new method in order to transfer boundedness results for operators associated 
with Hermite functions to boundedness results for operators associated with Laguerre functions. The tech- 
nique relies on an exact point-wise identity relating the heat kernels of both systems. The method that we 
present here has the novelty that can be used backwards, that is, boundedness results for Laguerre systems 
can be also transfered to boundedness results for Hermite systems. We apply our method in order to get new 
properties of some operators in the Laguerre setting. Among others, we mention the description of Riesz 
transforms as principal value operators. As an application of the reversibility of the method we characterize 
the class of Banach spaces B for which the Riesz transforms (in the Laguerre setting) are bounded from a 
into itself. It is shown that this class coincides with the UMD class. 
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1. Introduction 


We consider the Laguerre differential operator 


Ly = S cus + + => : a? _ I €(0,c0c), a>-l 
> A 
a 5) ly? y* ye 4 >» y , , 


The operator Ly is selfadjoint with respect to the Lebesgue meASule on (0, oo), its eigenfunctions 
are the complete family of Laguerre orthonormal functions, {g7}>° 5, defined as 


a Pat+l ve = ara 
Py w=(_o) é YPy L2(y’)Qy)'?, 


where {L77}°° ) are the Laguerre polynomials of type a, see [27, p. 100] and [28, p. 7]. In fact, 


La (vt) = (2n +a 4+ logy. 


The operator Ly, can be “factorized” as 


where Dy f = (ele +x4+ “)f = x2tl/2 2 (y—@+1/2) F) + xf, and D* represents the for- 
mal adjoint operator of Dy into L?((0, 00), dx). 

In these circumstances, following Stein [24], an important part of the main objects in harmonic 
analysis (heat and Poisson semigroups, “Riesz transforms” ...) associated with the “Lapla- 
cian” La can be defined and studied. 

The heat semigroup {e—'Le} 9 associated with L,, was studied in [25] for a > —1 /2 and 
in [6] for aw > —1. In [25] it was shown that the maximal operator of the heat and Poisson 
semigroups are bounded from L? into itself, 1 < p < 00, and also from L! into weak-L!. For 
—1<a <-—1/2, a particular boundedness result has appeared, namely there exists an optimal 
interval of p’s depending on @ for which the heat semigroup is L? bounded, see [6,13,14]. 

The Riesz transforms 


R,=DyQ@a) 1” (1.1) 


were studied in [22] for a > —1/2 and in [3] for a > —1. Their boundedness from L?, 1 < 
DP <, into itself (for certain classes of weights) were proved in [22] for the case a > —1/2. 
While for —1 <a < —1/2, see [3], the particular boundedness result appears (also in a weighted 
version) parallel to the case of the maximal operator of the heat semigroup. 

This topic of describing operators associated with a Laplacian was initiated in the 1960s with 
a series of papers authored by Muckenhoupt and Stein, see among them [15—17,19]. In these 
papers the case of Hermite, Laguerre and ultraspherical polynomials were treated. In the last 
fifteen years and in the particular case of Laguerre function systems a lot of effort has been 
employed in this line of thought. Even more, the following Laguerre function systems have also 
been considered: 


£2 (2) = Qn) *92G/x), x € (0,00), (1.2) 
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and 
£2 (x) =x-*/* £2 (x), x € (0, 00). (1.3) 


The boundedness in L? and the (1, 1) weak type of the maximal heat semigroups were proved 
in [25] for w > 0 in the case of the system Sg aan and for a > —1 in the case of the system 
{7 }°° ). The proof uses some ideas, previously introduced in [16], of breaking the kernel of the 
operators into a “local part” and a “global part.” For general a > —1 and for the system {L7}"° 9, 
(strong and weak-)L? boundedness of these maximal operators with power weights has been 
proved in [6,13,14]. Again the technique is to analyze the local and the global parts. At this 
point we want to be more precise. The best result, contained in [6], it is achieved by proving 
that the local part is a “local Calderén—Zygmund operator” (concept introduced in [21]), see 
Definition 3.5, and the “global part” is controlled by some Hardy operators. Again a particular 
boundedness result appears for —1 < a < 0 in the case {LE }P 9. 

Riesz transforms for the system Wied waa and a > —1 were studied in [10]. Also the opti- 
mal interval of p’s depending on a, for which the operators are L? bounded, was found. In the 
paper [10], the technique was to use a kind of transference from Hermite function systems (in di- 
mensions d) to Laguerre function systems of particular index @ = 4 — 1. This transference relays 
on some classic formulae relating Hermite and Laguerre polynomials and was used previously 
in [8]. It can be shown that the Riesz transforms are given by a kernel Ry (x, y) in the following 


sense. For any function f € L*((0, 00), dx) with compact support 


CO 


Raf) = f Rabe 9 fOVdy, x ¢ supp(f), (1.4) 


0 
where the kernel Ry (x, y) is given by the formula 


CO 


Ret.) = f DaWst(e.y) 
0 


dt 
t’ 


Fi 


where W/?(x, y), t,x, y € (0, ©), represents the heat kernel for the system {g? ye The tech- 
nique of “local” and “global” parts has also been used for the Riesz transforms, namely in [11] 


for the system {£7 }°° ) and w > —1 (again the phenomenon of the interval of p’s depending on 


a appears) and in [22] for the system {g7}"° ,. and a > —1/2. We also want to mention that some 
d-dimensional results were proved in [20] about the maximal operators and in [22] about Riesz 
transforms associated to the system {g7}P° 9. 

The aim of this note is to present a different (and shorter) proof of the results above and 
then apply this new method to obtain new results. Our method follows the “local” and “global” 
procedure, but the “local” parts of the kernels are compared directly for the case of the system 
{g7}°°.9 with the corresponding local parts of the kernels associated to the Hermite operator in 


one dimension, see Lemmas 2.11 and 2.13. The novelty of this method is two-fold: 


1. To notice the existence of a pointwise identity between the kernels of the heat semigroups 
of Laguerre and Hermite. This identity, formula (2.10), can be used to transfer results from 
Hermite in one dimension to Laguerre in one dimension for any index a > —| (the previous 
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methods were only valid for special values of a and they need results in higher dimensions 
for operators associated to Hermite operators, [8] and [10]). 

2. The comparison can be used backwards, that is, one can obtain results for operators asso- 
ciated to Hermite differential operator from results about operators associated to Laguerre 
differential operator. 


We apply the method to characterize the Banach spaces B for which the Riesz transforms 
are bounded from i into itself (see Theorem 4.2) and also to characterize the K6the Banach 
lattices B for which the maximal operator of the heat semigroup is bounded from if into itself 
(see Theorem 4.1). 

We also want to mention that, as a by-product of the proof, we obtain some results that we be- 
lieve interesting in themselves, namely we prove that the Riesz transforms associated to Laguerre 
differential operators are principal value operators, see arguments before Theorem 4.2. Also we 
prove that for principal value operators, satisfying the standard size condition of the kernel, the 
information about the boundedness of the operators is contained in the boundedness of the local 
part of the corresponding operator, that is the philosophy behind Theorems 3.9 and 3.11 in the 
setting of Hermite functions. 

In a future work we will use the ideas developed here for studying the L?-boundedness of 
the maximal operator associated with the heat semigroup and Riesz transforms for Laguerre 
expansions in higher dimensions. 

The organization of the paper is the following. In Section 2 we present the main computations 
that we shall need in order to pass from Hermite to Laguerre settings and vice-versa. In Section 3 
we discuss some results about Hermite functions that we need along the manuscript. Section 4 is 
devoted to state the theorems about vector-valued functions that we present as applications of our 
method. Finally in Section 5 we quickly discuss two different Laguerre systems and we present 
some theorems for them that are parallel to the results from the system considered in Section 2. 

Throughout this paper by C we always denote a suitable positive constant that can change 
from one line to another. 


2. Technical results 


Let H be the second order differential operator (Hermite operator) 


2 


~ dx 


2 


H= +x*. 


This operator is selfadjoint with respect to the Lebesgue measure on R, its eigenfunctions are the 
complete family of Hermite functions {hn}°° 9, given by 


hn(a) = (Vm2"n!) 7 Hye ?, x ER, 
where H,, denotes the nth Hermite polynomial. For every n € N we have 


Hhy = (2n + Whn. 
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It is known that the heat semigroup associated with the Hermite operator can be described as the 
integral 


8 £6) =W.7G)= ‘ Wx. yfQ)dy, fe L2(R), (2.1) 
being 
Wilx, y) = eC" hy (x)itn(y) 
n=0 


ae (ie*) Les 5 


—4t - 
eT (x? IL y’) | _2e 


x,yE€R,t>0, (2.2) 


(see [26,28]). The Hermite operator can be factorized: 


a A(EN(E-)(E-ME4)) 


The Riesz transform 


ee) 


d 2 1/2 
R(f)(x) = (<4 - e)AP pe = (<4) In—1(x)an(f) (2.3) 


n=0 


was defined in [26,28] for every f € L?(R). Here, for every n € N, 
(oe) 
an(f) = i) f(y)hn(y) dy. 
—0o 


They can be extended as bounded operators from L?(R, w) into itself, for 1 < p< 00, we Ap 
and from L!(R, w) into L!:°(R, w) for w € Ay. As usual, we write Ap as a shorthand for 
the Muckenhoupt classes of weights w. In (2.3) the fractional integral H~!/? is defined by the 
formula H~'/? = [5° ete. 

It is known that the heat semigroup associated with the Laguerre operator can be described as 
the integral 


onthe (x) = i We(x, FO dy, 
0 


where 
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CO 


Wray) =) & PHM G8 a) oFG) 
n=0 
—t 2x et cae ey eee l4e72t 
_ 1/2. € y ga +y") ae 
ee ale See 
ane eo Nee Dene a 2xye! oh ES Oy) 
1—e7% 1—e~! “\ 1 — et i 
x,y € (0, 00), (2.4) 


see [6,25,28]. As usual J, denotes the modified Bessel function Jy of the first kind and order a. 
We shall use the following properties of the functions Jy, see [12]: 


Tg(z)~z%, 220, (2.5) 
2? LZ) = : e(1+0(2)), 7700, (2.6) 
Jon z 
d —a —a 
7G Ie) =z “Tex @), 2 € (0,60): (2.7) 


Remark 2.8. For technical reasons that the reader will find in the following computations, 
we shall need to consider the operators associated to a instead of the operators associated 


to H. Observe that sup,.)9e'” = sup,.9 ett, HO"? = pee and (4 + x)H7V? = 


Bg tgy 


The kernel WV;/2 of the operator e! t is given, see (2.2), by 


1 L4+e7 af 


= 1 = 1/2 eet 
W,/2(x, y) =e 2 ___(l—e =) e 2 1-e7F 
aft 


2a 
2)4 uve 


- 7 x, yeR. (2.9) 


From the formulae (2.4) and (2.9) we deduce the following pointwise relation between the heat 
kernels. This identity is the crucial keystone in this note: 


W(x, ¥) — Wi2(x, y) 


2 —t 1/2 2. —t _ 2xye! 
= | van( FE) ta( ee 2 = tb wa68.9. (2.10) 


1—e-2 1-—e-? 


Now we shall prove two technical lemmas that will be used in a fundamental way in the proofs 
of our theorems in Section 4. 


Lemma 2.11. There exists C > 0 such that: 
Owe We Cy tes? 2 420 0S a2; 


Gi) WPr(x,y)< Cyt ey cena, t>0, y>2x; 
Gii) (Wea, y) -Wip@ I< £, t>0, 0<5 <y<2x. 
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Proof. We observe that as W,’(x, y) = W)’(y, x), t, x, y € (0, 00) the inequality in point (i) will 
be proved as soon as we prove (i). For the proof of (i) we follow some ideas of [6, Section 5, 
global case]. We distinguish two cases: 


vat 
Case 1. *"",; > 1. We observe that 


1+ e72t et _ (x — gy ae (y a etx)? 


1 2 2 
as ae) = 212 
Taga eee 2(1 — e2) on 


Hence, by using the relation (2.6) we get 


et ie 1 |x —ety|? + |y — ex? 
a 
ms wse(a a) cxo( 2 [oe ) 


=} 1/2 
<¢( & ) gaz Hele): 


—2t 
Then, if —1 <a < —1/2, 
a C a+1/2.—a—3/2 
Wr(x,y)<— <Cy x : 
x 


while in the case a > —1/2 we obtain 


—t a+1/2 = 1/2 
xye e ee 
wees, y<c( (<=) nie a 


< yee ee. 


Case 2. 


-t 
~ — < 1. Now we use the relation (2.5) and we get 


Lf at1/2 —t V/2 pg, a 1 pen2t 
xye e —4(x24y2) He 
Wr (x, y) < (5) (<=) e 2 1—e-2t 
—a-1 
< Clay)??? (x? + y’) a 
Pa Cyt eget le, 


In order to prove (iii) we shall also distinguish the previous cases. In Case 1, formula (2.10) and 
estimate (2.6) give 


e! ne tee yr + ipso? 1—e7? 
Wied—-Wine.Dl= (poe) eo(-7° a ol Se). 


Hence 
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1—e-2! et 1/2 l|x- et > + | =e yi? 
|We (x,y) — Wa, y)| <¢( ( =) exp( Early ) 


2 1 —e~?! 


Laer 1 C 
<c < : 
( xye ) Jxy  /xy 
As for Case 2, by using (2.5) it follows that 


| We (x,y) — Wax, y)| <|We Cr, »)] + |W 2, y)| 


et a+l evt 1/2 2xyew! Liter 9 gt 
< c|(—=) (xyyor? + (, =z) e l-e“7 le Dine TY) 
—e = 


a+l/2 4 
eee 
ya y y 


Lemma 2.13. Let wa > —1 and Rg the kernel considered in (1.4). Then: 


(i) [Ra(x, y)| < Cy*t/2x-9-3/2, 0 < y < x/2. 
Gi) [REG ys CxO ey 8 AP Oe ey, 


see yy l/4 
(ii) [Ra(t, 9) — {O° GE + Win WI < f+ ap), 0<x/2<y < 2x. 


|x—yl! 


Proof. Consider the kernel 
diya 
Li (x, y= ae (x @H'/) We (x, y)) +x We (x, y). 


We recall for the reader’s convenience that 


Ry (x.y) fos i 
alt, Y= t \*, YJ—-.- 
) Jt 


The property of Bessel functions stated in (2.7) produces the following identity: 
e! me 2xye! hia 2xye! 2ye! at Te (x24y? 
a _ 2 ent y’) 
Li (x, = Vi) (5) tos (Je I 
e! ie 2Qxye! Me 2xye! 2xe~2# -jiEe (x?-+y?) 
sa 1—e-! 1—e-! " fg) ae 
Qxyet \ 1/2 2xye! dyer SN, a 2ae 
a an ( Fo+1 1 —e-2t | —e-2t ee Wy /2(%, Y) 
deyet "2, ( Deyert\ ( 2ve-® ) ae 
7 mm; oy) da 1 —e-?! 1—e-! e be’ Wipe y). 


The proof will follow, with the obvious modifications, the pattern of the proof of Lemma 2.11. 


In order to prove (i) we shall distinguish two cases. In Case 1, that is me > 1, (2.6) and 
formula (2.12) lead to 
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et 3/2 — bene yP peta? et 3/2 = x2 5 
[Lo (x, y)| < Cx (eee e 2(1-e~“F) < Cx Don POP e 8(l-e~ ‘) 2 


e l-e 


Then, when —1 <a < —1/2, we have 


i 1 
i Li, )| Feat 


2e—! xy 
1—e~2t zl 


-t 3/2 2 
ie di is “ae dt 
Soe " i= i 


(0<t< 1,222 S1) <t<o0o, 228 > 


l—e—2t = l-e—2t = 


1 
< cx( | t-2e-e1¥"/" dy + =) < é 
x 
0 


1 a+1/2 
<c_(2) < Cy%th/24-8-3/2, 


X\X 


If a > —1/2, we can write 


é 1 De ey NOTE seh NA - edi 
|L; GM) ats Gs 1—e-2 are @ 8065 a) 


2e—! xy 2e—txy 
1-e~2t zi 1-e~2t a 
O° e7t a+2 = 92: 1 
< cay? f = <= e 8(-e~2!) ___ qt 
‘ 1—e7 Jt 


1 
ceneanea( frresreratirt eee) 
0 


LOOT 


a+1/2.—a—3/2 
x 2043 < Cy *, 


In Case 2, that is sey < 1, the use of (2.5) (observe that z*+! < z” for z > 0) implies 


1+e72# 


1/2 et a+2 itty?) 
JEG, y)] < Cx (<=) ae a, 


Then we get 
1 
dt et ONO 1G yee 
/ Lie IF < cxceo(( ff) (os —) e? |-e=2 
2e~! xy <1 0 1 


1—e—2t S 


Jt 


dt 
Wt 


J. Betancor et al. / Journal of Functional Analysis 254 (2008) 826-850 835 


1 

< cxtyttal f resneattindt yadtey) 
t 

0 


G@yjtt lx 
(x2 + y2yet3/2 


z Cyt teas. 


The proof of (i) is finished. To show (11) we can proceed in a similar way. Assume that sey >1 


(Case 1). From (2.6) and (2.14) we get 


by 1 
if IL? y)| Fat 


1 oo 
2e'xy lie 2 2 
<Cy (=) t7e“lY Hat+ { ayy Pery e ‘dt 
—e 
0 1 


1 
< erin fresterovit sor) 
0 


y(xy)0t3/2 
< y2ets 


In Case 2, by using (2.14) and (2.5) we get 


a a43/2(_ @ fone atij2(__@! aap ee seee 
|Z? (x, y)| < Cy(xy) (<=) e te 4+ Cx(xy) (, =z) e ler, 


Then 


« 1 
i. |E} (x. y)| Feat 


2e—* xy 
1-e~2t st 


1 
< Eley? | einen tae] 
t 
0 


1 


peeyettal frmaneatr dt +e“) 
t 


0 


< CaP ey are, 


Thus the proof of (ii) is complete. In order to prove (iii) we observe that, by using (2.7) we have 


836 J. Betancor et al. / Journal of Functional Analysis 254 (2008) 826-850 


d,_ d 
Dita y) =x (OH eC, 9) +aW EG. — (Fx) Maley” 


x(1+e77) Daye NE xf Die ey =e 
=-( 1 —e-2 Vn 1—e72 Toa f= I ret — 1 PWi atx, y) 


2ye Qxye 1/2 Qxye — dryer 
+ (Sa) Tett\ 7 =m Je oO" 1 Mire») 


Qxyet \ 1/2 2xye! \ _ 2xve™ 
+x|Vin( 2) 1.( : )e ret — bate») 


1—e? 1—e-*! 
Ixe* Qxyet \ 1/2 Dye Ns ee 
W222) (Es) BOE 


2ye! =f Wye VP Riyeo\. ae 
+( 7) a ( Tu+1 rare ime? — 1 EWiy a, y). 


In Case 1, that is sey > 1, (2.6) and formula (2.2) lead to 


x 
es y)| < Cla Min y), 


and 
a 1 
|; (x, y)| < Cy Mae. y). 
Now, by making the change of variables e~! = — we have 
1/4 ea 
t 
i, | DP (x, ES <C ys i: 5753/4 9-(@ 9) /48 ae 
S vi y J 
eel 


1 
+x / (-( —s)logd — oy Meera) 
1/2 


1/4 
< E 1+ @y) : 
y p= 


Now for Case 2 we have by using (2.5) 


|Di(x, »)| 


et 3/2 e'xy at1/2 me 24 2) Lee et 
< o(x(; ~ x) ( 7] e garry 1-e~2 + cx( Mate ») 


l-e 


= Dr (x, y) + Dr2@, y). 
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The ideas used in this proof (see Case 2 in the proof of (i)) drive to 


i Dee yZ<c Z 


a Ixy <4] 


vg at 


On the other hand, by proceeding as in the Case 1, we obtain that 


/ Deak Vek Sues 
DAA) pe Se ee 
; Jt y 


2e— Ixy <y 


ee as 


3. Some technical results in the Hermite setting 


This section contains some results about operators related with Hermite differential operator. 
In the present paper the section could be considered a technical part of the paper, in order to 
have a more smooth presentation of the results about Laguerre operators. Nevertheless in our 
opinion the section has interest in itself and it presents some interesting results in themselves. Of 
course one of the crucial points of the section is the behaviour of the “restriction” operators to the 
half-line. In order to produce a clear presentation of these restrictions we introduce the following 
notation. 


Definition 3.1. Let B be a Banach space. Given a measurable function f : (0,00) > B, we shall 
denote by f* to the extension function f*:R — B defined by 


ri [FO #50; 
f = {4 eo 


Given a measurable function g:IR — B, we shall denote by g, to the restriction function 
gy): (0, 00) — B defined as 


8i~)=8@), x>0. 


According to this notation, if S is an operator acting on B-valued measurable functions g on R, 
the operator S, is defined on B-valued measurable functions f on (0, 00) by 


S\(AI@) = S(F1) (0), x € (,00). (3.1) 
Definition 3.2. Let B, and Bz be two Banach spaces and let 2 be either R or (0, 00). Given 


an operator L defined on Li (2) for some p, 1 < p < ~, we say that L is a principal value 
operator with associated kernel K (x, y), (K(x, y) € L(B), Bo), x, yVE QR, x Fy)if 


DU Cy les / K(x,y)fQ)dy, aexeQ, fel (@). 
{ye2, |x—y|>e} 


For further reference, we state the following proposition, whose proof is left to the reader. 
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Proposition 3.2. Let 1 < p < o and let B, and Bz be two Banach spaces. Suppose that S 
is a principal value integral operator defined on Li (R, dx) with associated kernel K(x, y), 
x, y € R (see Definition 3.2). Assume that the kernel K satisfies 


(a) | K(x, y) ll cca, Bo) < Cle — lee x # y (size condition), and 
(b) for all x, y ER, either K(x, y) = K(—x, —y), or K(x, y) = —K (—x, —y) (“signum” con- 
dition). 


Then S, is a principal value integral operator on L§, (, 00), dx) with associated kernel 
K(x, y), x,y € (0, oo). 

Moreover the operator S is bounded from Le (R, dx) into Li (R, dx), if and only if the 
operator S, is bounded from Li, (OO, 00), dx) into Li, (0, oo), dx). Also, the operator S is 


bounded from Li, (R, dx) into Lee (R, dx), if and only if the operator S| is bounded from 
L} (0,00), dx) into Ls°° ((O, 00), dx). 


Definition 3.3. Let 1 < p < oo and let B; and B2 be two Banach spaces. Let T be a princi- 
pal value integral operator with associated kernel K(x, y), x, y € (0, ©). We define the “local 
part” T!°° of the operator T as 


TI f(x) =pw [ Kx, y)xe2,20O)fQ)dy, ae.x€(0,00), fe Lh ((0, 00), dx). 
0 


(3.3) 


In the proof of the next proposition, and also somewhere else latter in the paper, we shall need 
some results about Hardy type operators. The strong L’-boundedness for Hardy operators with 
power weights were established long time ago and they can be found in most harmonic textbooks, 
weak type results can be found in [1]. See also [6,18]. In order to be precise, we define them and 
stated the boundedness results that we shall need. 

Given real numbers £ and n, let HS and HZ, the operators of Hardy type defined by 


HE f(x) =x-P! / Fry dy, 
0 


Hi, f(x)=x" / Foy? ay. 


Lemma 3.4. Let 8 > —1,n >—-1. 


G) Ifl1<p<oand y < Bp+ p-—1, then He is of strong type (p, p) on R™ with measure 
x’ dx. 
(ii) Ify < B, then Hé is of weak type (1, 1) with respect to the measure x” dx. 
(iii) Let 1 < p < co and —np — 1 <y. Then HX is of strong type (p, p) with measure x” dx. 
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(iv) Assume either —n—1<y (n40) or—1 <y (7 =0). Then Hé is of weak type (1, 1) with 
respect to the measure x” dx. 


Proposition 3.5. Let B; and Bz be two Banach spaces, T be an operator defined for measurable 
functions f :(0,0©) > B, and K be a kernel satisfying condition (a) in Proposition 3.2. 

If T is a principal value operator on Lee ((0, 00), dx), for some 1 < p < 00, with associated 
kernel K, K(x, y), x, y € (0, 00), then the following assertions are equivalent. 


(i) T is bounded from Li ((0, co), dx) into L§,(O, oo), dx). 
(ii) The operator T'’, see (3.3), is bounded from Li ((O, 00), dx) into L5, (@, 00), dx). 


Also, if T is a principal value operator on Li, ((0, 00), dx) with associated kernel K(x, y), 
x, y € (0, 00), then the following assertions are equivalent. 


(iii) T satisfies T: Li, ((0, 00), dx) > LEO, oo), dx). 
(iv) The operator T'® satisfies T'® : Li, ((0, 00), dx) > Ee, oo), dx). 


Proof. Let f € Lb, ((0, 00), dx), 1 < p < 00. We have 


IT M@)-T"(/@)||p, < J Ke »xepaveoFody 
0 By 
x {2 
coffe fe)iaoerias 


x72 
<e(t flroraar+ [; “170,47 


CCAD (IFO 5,)0) + AS([FO)]p,)@), ae-x € 00), 


Then, we use Lemma 3.4 and we finish the proof of the proposition. 


The notions of “local standard kernel,” “local Calder6n—Zygmund” and “local Ap weights” 
were introduced and studied by Nowak and Stempak in [21]. We shall need that notions for 
functions whose values are taken in some Banach space. In particular we give the following 
definitions. 


Definition 3.4. Let B,, Bz be two Banach spaces. A (B,, B2)-local standard kernel is a function 
K defined on (0, 00) x (0, 00) \ {(x, x): x € (0, 00)} such that, for every x, y € (0,00), x Ay, 
K(x, y) € £(B1, Bo) and 


@) IK@, yilcuy,By < Clix — yl", x/2<y <2x. 
(ii) |K (x, y) — K(%, 2)Ilccay,Boy < Cly — zIlx — yl-?, if |x — y| > 2|y — zl, x/2 <y,z < 2x. 
(ii) || K(x, y) — K(x, 2 ccay, By < Clx — Zila — yl’, if lx — y| > [x — ZI, x/2 <y,z < 2x. 


840 J. Betancor et al. / Journal of Functional Analysis 254 (2008) 826-850 


Definition 3.5. Let B; and Bz be two Banach spaces. We say that an operator T defined in 
Li, ((0, 00), dx) is a (By, Bz)-local Calder6én—Zygmund operator if: 


(i) T is bounded from Li, ((0, co), dx) into itself. 
(ii) There exists a local standard (B,, B2)-kernel K such that 


2x 


T(f)(@) = ‘f K(x, y)fQ)dy, ae.x ¢ supp(f), 


%/2. 


for all f € C.((0, ©), By), where C,((0, 00), By) denotes the spaces of B,-valued continu- 
ous functions having compact support on (0, 00). 


Definition 3.6. Let w be a nonnegative weight on (0, 00). We say w € AM, 1 < p < oo, when 


1 v I/p7 v 1/p! 
sup ic fore <0O. 
O<u<v<2u U—U 
u u 


In the case p = 1, we say that w € Ajee provided that 


v 
1 -1 
sup w ] esssupy, ») WwW  <0O. 
O<u<v<2u\U—U 


u 


It is not hard to see that, for every o € R, the function w, (x) = x°, x € (0, 00), is in AS for all 
l<p<o. 

A satisfactory theory of vector-valued local Calder6n—Zygmund theory can be developed as in 
the case of classical Calderén—Zygmund operators, see [23]. In particular the following theorem 
(vector-valued analogue of [21, Theorem 4.3]) can be proved. 


Theorem 3.6. Let B, y Bz be two Banach spaces. Let T be a (B,, Bz)-local Calderén-—Zygmund 
operator. 


(i) Given p,1< p<o,andwe AD the operator T is bounded from Le ((0, co), w(x) dx) 
into L’z, ((0, 00), w(x) dx). 

(ii) The operator T is bounded from Li, ((0, 00), w(x) dx) into i ((0, 00), w(x) dx) for any 
weight w € Alec, 


Given a Banach space B and T a bounded linear operator from L? (R) into itself, then T can 
be linearly extended in a natural way to the tensorial product L?(R) ® B, by 


s (» fv] = oT (fidbe, (3.7) 
k=1 


k=1 
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where f; € L?(R) and by € B, k =1,...,n. It is said that T admits a bounded extension to 
LE(R) when the operator defined in (3.7) satisfies 


; P 
ITfliz@ <Clfllz@, FELPR@B. 


If T is positive, that is Tf > 0, when f > 0, then, for any Banach space B, T has a bounded 
extension to re (R). There are some particular operators whose vector-valued extension has been 
studied deeply and extensively, producing sometimes special classes of Banach spaces. Probably 
one of the most named classes is the so called “UMD” property. 

We recall that the UMD property for Banach spaces was introduced by Burkholder in a prob- 
abilistic setting. For a Banach space B the UMD property is equivalent to the fact that the Hilbert 
transform admits a B-valued extension to LER) for some (any) | < p < oo [4,5]. Recently, 
see [2], UMD property for a Banach space B has been characterized for the L*,-boundedness of 
the Riesz transforms defined in (2.3). 

Let (92, F, du) be a complete o-finite measure space. A Banach space B consisting of equiv- 
alence classes modulo equality almost everywhere of locally integrable real functions on {2 is 
called a Kothe function space if the following conditions hold: 


Gi) If |x(@)| < |y@)| ae. on §2, x is measurable and y € B, then x € B and ||x|| < lly|l. 
(ii) For every E € F with u(E) < oo, the characteristic function xz of E belongs to B. 


Every Kothe function space is a Banach lattice under the natural order: 
x20 if,andonlyif x(m)>0 aeweQ. 


If B is a Kéthe function space, J is a finite subset of the set Qy of the positive rational 
numbers, and f is a locally integrable B-valued function defined on R, we define 


x+r 
1 
My (fx) =sup~ f |Folay, xeR: 
reJ ee 


We say that B has the Hardy—Littlewood property when there exists p € (1, oo) such that, for 
every J CQ,, J finite, 


[Mee < CUS Uz: 


where C > 0 is not depending on J. Banach lattices with Hardy—Littlewood property for Kéthe 
function spaces was introduced in [7]. In [9] the Hardy—Littlewood property for a Kéthe Ba- 
nach lattice is characterized by using maximal operators associated with the heat and Poisson 
semigroups in the Ornstein—Uhlenbeck context. In the following theorem we obtain new char- 
acterization of the Hardy—Littlewood property in terms of the L*,-boundedness of the maximal 
operator for the heat semigroup in the Hermite setting. 

We shall consider the maximal operator VW* defined as 


’ 


W* f(x) = sup|W f(x) 
t> 
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see (2.1). The operator W* is not a linear operator and therefore Definition 3.3 cannot be applied. 
In this case we give the following definition. Let B be a K6the function space, and f be a 
measurable function f :[0,0o) — B. The “local part’ of the maximal operator is defined as 


(3.8) 


Woe F (x) = sup|(W1) | 
t>0 


where | - | denotes absolute value in the lattice and W,, (W,) 1 m)/P° are defined as in (2.1), 
(3.1) and (3.3), respectively. 


Theorem 3.9. Let B be a Kéthe function space. The following properties are equivalent. 


(i) B has the Hardy-Littlewood property. 
(ii) The maximal operator W* is bounded from L?, ip(R, w(x) dx) into itself, for every 1 < 
p<oandweA,(R). 
(iii) The maximal operator W* is bounded from LLA, w(x) dx) into joraa Ie w(x) dx), for 
every w € A(R). 
(iv) The maximal operator Wier defined above in (3.8), is bounded from Le B((0, Co), dx) into 
itself, for some 1 < p<. 
(v) The maximal operator W, 
LA (0, 00), dx). 
(vi) The maximal operator Wiser defined above in (3.8), is bounded from L? ip((O, 00), x° dx) 
into itself, for every 1< p<coando ER. 
(vii) The maximal operator Wrists defined above in (3.8), is bounded from LO, oo), x° dx) 


into Le ((0, 00), x° dx), for everya ER. 


defined above in (3.8), is bounded from Es ((0, co), dx) into 


ie 


Proof. We will prove that (i) > (ii) > (iii) > G) and then (11) } (iv) > (vi) and (iil) > 


(v) (vii). 
It is known, see [9, Theorem 1.13], that a K6the Banach lattice has the Hardy, Dimewood 


property if, and only if the maximal operator sup, |e~' g(x)| is bounded from L? 2(R, e* dx) 
into itself where O = — 5 A +x.V represents the Ornstein—Uhlenbeck operator. 

We consider the map U: L?(R, e~* dx) > L?(R, dx) defined by Ug(x) = g(x)e~* /”. It is 
clear that ||Ugll72(R.ax) = Ile ll2qee=ax)" Moreover U ce~?9 = e'(4#—-)) oU, where H denotes 


the Hermite operator. Therefore a K6the Banach lattice has the Hardy—Littlewood property if and 
only if the maximal operator sup,.9 |e~““7— | is bounded from i (R, dx) into itself. 


Observe that sup,.o|W,g(x)| = sup, le!” (g)(x)| < sup;sg le7!4 P(g) (x)|.. On the 
other hand, 


suple “4 (g)(x)| < sup Je"? P(g) (x)| + supe? (2) (x) | 
t>0 O0<t<l t>1 
<e sup |e~ (g)(2)| + supe” ee aa) | 


O<t<l 


< esup|W,(g)(x)| + suple4~) (gy). 
t>0 t>1 


Let g = -y_, cehe, where cy € B, k= 1,...,n. Hence 
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|suplete™ gia)| | = |/sup 
1>1 B 1>1 


[encom edz 
R k=1 


B 


< oe he) | | | i he (<)g(@) dz 
k=1 R 


B 


n 
—2k 
< Yie [re )| Mell e2@axll8llz2 eazy: 
k=1 
Therefore as ||/x||z2¢@,ax) = 1 we get 


n 
—2k 
L2(Rdx) < Yie gllr2ce.ax): 
Bove k=1 


| suplete™™ g(x) 
t>1 


Hence we conclude that a Banach lattice has the Hardy—Littlewood property if and only if (ii) is 
satisfied for p = 2. Now we shall sketch the proof of (i) = (ii) © (iii). The proof will be based 
in a (nowadays) well-known vector-valued argument. Define the operator S as 


g > Sg={Wigh}iso.- (3.10) 


The fact that (ii) is satisfied for p = 2 is equivalent to say that the operator S is bounded from 
L3(R, dx) into Lax ix) (R, dx). Moreover, by making computations similar than the ones pre- 
sented in [26] we can see that S is associated with a Calder6n—Zygmund kernel on R. Hence, by 
using standard vector-valued Calder6n—Zygmund theory (ii) follows, and also (iii) (see [7]). For 
the converse implication we can follow the ideas in [7]. 

We now prove (ii) => (iv) and (iii) => (v). Itis sufficient to apply successively Propositions 3.2, 
3.5 and Theorem 3.6 to the vector-valued operator S, defined in (3.10), mapping B-valued mea- 
surable functions into B(L°)-measurable functions. Observe that the kernel of the operator S is 
given by K(x, y) = {W;(x, y)},, x, y € R. This kernel clearly satisfies the signum condition (b) 
in Proposition 3.2. As for the size condition (a) in Proposition 3.2 and the smoothness conditions 
required in Theorem 3.6 we refer to [26], since following the ideas in that paper it can be proved 
that, forx, ye R, x Fy, 


| Ko, YI 12(0,00) <Clx— yl, 
and 
|JarKO, y)| L™(0,00) + ||, KO, y) lpeetqisss <Clx—y 


For the converse implications (iv) => (ii) and (v) => (iii), we apply Propositions 3.5 and 3.2. 
To show (ii) <> (vi) and (iii) <> (vii) we can argue in a similar way. 


We now state the theorem which characterizes the UMD property for a Banach space B in 
terms of the L*,-boundedness of the local Riesz transform associated with the Hermite opera- 
tor H. 
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Theorem 3.11. Let B be a Banach space. The following properties are equivalent. 


(i) B has the UMD property. 

(ii) The Riesz transform R is bounded from LER, w(x) dx) into itself, for every | < p< oo 
and w € A,(R). 

(iii) The Riesz transform R is bounded from LL, w(x) dx) into LOR; w(x) dx), for every 
weaAy. 

(iv) The operator Rive, see (3.1) and (3.3), is bounded from Li((0, oo), dx) into itself, for some 
l<p<om. 

(v) The operator Re, see (3.1) and (3.3), is bounded from ope ((0, 00), dx) into 


L~ ((0, 00), dx). 

(vi) The operator Ri¢, see (3.1) and (3.3), is bounded from L*,((0, oo), x° dx) into itself, for 
everyl<p<coando ER. 

(vii) The operator RY is bounded from Lh, co), x° dx) into Le, oo), x° dx), for every 
o ER. 


Proof. We follow the lines of the proof for Theorem 3.9. In the present case it is already known, 
see [2, Theorem 2.3], (i) > (ii) > (iii). The Riesz transform R is a Calder6n—Zygmund operator 
on R, see [26], that can be described as a principal value operator, see [2]. Hence R'° can be 
defined and is a local Calder6n—Zygmund operator on (0,00). Moreover the kernel K of the 
Riesz transform satisfies that K(x, y) = —K(—x, —y), for every x, y € R, x # y. Then to see 
that (ii) + (iv) } (vi) and that (iii) © (v) } (vii) we can apply Propositions 3.2, 3.5, and 
Theorem 3.6. 


Note that the results established in this section also hold if the Hermite operator H is replaced 
by the operator 5H . Indeed, the heat semigroup {W;};50, associated with the operator 5H is 
defined by W; = W,/2, t > 0. 


4. Laguerre setting 


In this section we obtain new characterizations for the K6the function spaces having the 
Hardy—Littlewood property and for the UMD Banach spaces by using the suitable operators 
in the Laguerre setting. 

The maximal operator associated with the heat semigroup for the Laguerre differential opera- 
tor Ly is, as usual, defined by 


we*(f) = sup|W?(f)]. 
t>0 
Theorem 4.1. Let B be a Kéthe function space. The following statements are equivalent. 


(i) B has the Hardy-Littlewood property. 

(ii) The maximal operator W%* is bounded from EPO) oo), dx) into itself for some 1 < 
Dp <0, when a > —1/2, and such that 2/(2a + 3) < p < —2/(a+ 1), when -lL<ag 
—1/2. 

(iii) The maximal operator W%* is bounded from LAO; oo), x° dx) into itself for every | < 
p<omand—1-— p(at+1/2)<o < p(a+3/2)-1. 
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Proof. We have that 


a 


il) W2(x, y) f(y) dy 


00 00 

< sup [Wie 9xy-<00F004y + sup] f WeC »Ixer1OFO)dy 
t>0 ' t>0 ‘A 
+f (x, Y)x {x/2<y<2x} (Vy) f(y) dy]. 


Then, by using Lemma 2.11, we get 


sup / W(x, y) f(y) dy 


t>0 
0 


< CHS? (I flla)@) + CHS”? (IIflla) 
B 


sup 
t>0 


i WH Win a TOIUD 


B 


Hence, according to Lemma 3.4 we conclude that the hypothesis (iii) is equivalent to 

(iii)’ The maximal operator W%* (f) = sup,s |W, loc’ F(x) is bounded from Le B((0, 0), 
x° dx) into itself for 1 < p< oo and —1 — p(a+1/2) <o < p(a+3/2)—-1. 

Again by using Lemma 2.11 we see that 


2x 
1 
[W* f(x) — WE fod] <C if ~fOddy. 


ape 


But the local operator f > i 5125 1 F(y) dy is bounded L/, p((0, 00), x” dx) into itself for every y € 


R and every Kéthe Banach lattice B. The equivalence (i) = (iii)’ follows now from Theorem 3.9. 
Analogously (i) < (41) follows from Theorem 3.9 in a similar way. 


We now obtain the characterization of the Banach spaces having the UMD property by using 
Riesz transforms associated with the Laguerre operators. In the way of proving the corresponding 
theorem, we shall need some ideas developed in Section 3, in particular we need to know that the 
Riesz transforms defined in (1.1) are principal value operators. In order to show this property we 
shall use some results that go back to Muckenhoupt’s pioneer paper [17]. Consider the differential 
operator 


da 
Ta = -2(y 7 Stati-ye), a>-l, y>0. 
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The operator [Ty is selfadjoint with respect to the measure y*e ~~” dy. Its eigenfunctions are 
the Laguerre polynomials Lf, in fact TyLf(y) = 2kL¢(y). In [17] it is proved that the op- 
erator V9 (a)? is a principal value operator in L7((0, 00), y%e~ dy). It is an exer- 
cise to repeat the corresponding arguments in [17] and show that the operator //y A (Ta + 


a + 1)~!/? is a principal value operator in L?((0, 00), y“e~” dy). Now we consider the isometry 
Ey :L7((0, 00), y%e~» dy) > L?((0, 00), dy) given by 


ae 
Ea(f)(y) = Qy)!*y%e~F f(y’). 


This isometry satisfies 


(Ty +a+1)f =(Ey) !oLgoSyf and 


d or. lay = mn 
VY Gy Me tat? f =(Sy)7!oRyo Syf. 


Therefore the Riesz transforms Ry defined in (1.1) are principal value operators in the space 
L*((O, 00), dy). 
Next we establish our characterization of the UMD Banach spaces. 


Theorem 4.2. Let « > —1 and let B be a Banach space. Then the following statements are 
equivalent. 


(i) B has the UMD property. 
Gi) Riesz transforms Ra admit a bounded extension from Li((0, oo), dx) into itself, for some 
max{1,2/(2a+3)}<p<o@. 
(iii) Riesz transforms Ry admit a bounded extension from LAO; oo), x° dx) into itself, for 
every |< p< and —p(a+3/2)—1<o < p(a+3/2)—1. 


Proof. The comments that we made before this theorem allow us to write 


x2 2x oo 
Ra(f) (x) = ( {+0 [+ [ roc nsorar f €L?((0, 00), dx). 
0 4/2. 2x 


Then, by using Lemma 2.13(i) and (ii), and Lemma 3.4, we conclude that Ry is bounded from 
L((0, oo), x° dx) into itself, with 1 < p < co and —p(a + 3/2) —1 <o < p(a+3/2)—-1, 
if and only if Rive is bounded from LEO; oo), x° dx) into itself. Even more, the new use of 
Lemma 2.13(iii) allows us to conclude that Ry is bounded from LAO, co), x° dx) into itself, 
with 1 < p < ow ando ER, if and only if the operator Ripe (defined in Theorem 3.11) admits a 
bounded extension from rE ((0, co), x dx) into itself. Therefore by using Theorem 3.11 we get 
the present theorem. 
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5. Results for other Laguerre systems 


Let V and W® be the operators defined by 


VIM = 2/7 FY), = WFO) =y 2 QVy) FY), 


for f a measurable function with domain on (0, 00). For further reference we state the following 
lemma, whose simple proof is left to the reader. 


Lemma 5.1. Let a > —1. 


—t4l 
(i) Let 26=y+ 5 — 1, then IVF llr Gs ayy =2°2t> If IlLecy ay)- _ 
(ii) Let y = Qa + HE — 1) + 29, then ||W% f\lte(ye, dug) = 2-27? If lzeor.ay), where 
daly) = y* dy. 


The orthonormal system considered in (1.2) is the family of eigenfunctions of the second 
order (selfadjoint with respect to the Lebesgue measure on (0, 00)) differential operator 


da  d 2 
Ly =-2\ y + eye! , y>O. 
dy? dy 4 = 4y 


In fact 
La (Lg) = (2k +0 + IL. (5.2) 


For these functions the following derivatives were defined in [10]: 


d 1 a 
Dy =2 + : 
: {v3 dy"? (vw V5 | 
The actions on the corresponding Laguerre functions are given by 


Da (LR) = —2VkE LETT. (5.3) 


If we denote by (Dq)* the formal adjoint of Dg with respect to the Lebesgue measure, it follows 
that 


1 
Le -(a+l= 5 Da)" Da 


Accordingly, we can define the Riesz transforms for the Laguerre function expansions as 


Ry = Dg(La)?, a>. 
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Analogously the orthonormal system, {¢/}?°, defined in (1.3) is the family of eigenfunc- 
tions of the second order (selfadjoint with respect to the measure duy(y) = y* dy on (0, o)) 
differential operator 


d2 y 
La =-2(y 7 tate -2), 


More explicitly 
Lyle = (2k +a+1) ef. (5.4) 


The operator Ly can be “factorized” as 
1 * 
La —(@+1)= 7 Da) Da, 


where Dy = 2(,/y 5 + 5 /y) and (Dq)* is the formal adjoint of Dg with respect to the mea- 
sure djty_. Furthermore, 


Dal (y) = ~2Vk VERA (Y). (5.5) 
In this setting the Riesz transform is defined by 
Ry =Dgy(Le)7 7, a>. 


Proposition 5.6. Let « > —1 and let f be a finite linear combination of Laguerre functions {gy}. 
Then 


(i) ete £ = V—-le-tle Vf — (we)! e tha we f; 
(ii) Ref =V~!Re Vf =(W%) RaW? f. 


Proof. Observe that g/’ = Ve = wo) ee Hence, in order to prove the proposition we just 
use the fact 


Da(g ) = —2V7 ky 


jointly with (5.2)-(5.5). 


Theorem 5.7. Let B a Banach space. Leta > —1, 1 < p< @%, 46, pando be real numbers. Then 
the following are equivalent. 


(i) The Banach space B is UMD. 
(ii) The operator Ry has a bounded extension from L’, p((O, 00), y° dy) into itself, for o satisfy- 


ing 
te l<o< a 1 
—pla+.=]- or a+—)-1l. 

ENS 5 rie 5 
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(iii) The operator Ry has a bounded extension from 1s ((0, 00), y° dy) into itself, for 5 such that 


(iv) The operator Ry has a bounded extension from Li, oo), y? dua) into itself, for p in the 
range 


—-l-a—p/2<p<(a4+1)(p-1). 


Proof. The equivalence between (i) and (ii) has been proved in Section 4. The equivalence 
among (1i)—(iv) can be deduced easily from Lemma 5.1 and Proposition 5.6. 


A parallel theorem to Theorem 5.7 can be proved in the case of Hardy—Littlewood property 
and heat maximal semigroups. 

The L?-behaviour of the Riesz transforms associated with Laguerre expansions in the end- 
points of the intervals specified in the last theorem is known, see [11]. It is an interesting question 
to describe the Banach spaces for which the maximal operator for the heat semigroup and Riesz 
transforms in the Laguerre setting satisfy the suitable boundedness L’?-properties (weak type or 
restricted weak type) in those endpoints. 
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Abstract 


Qualitative properties of non-negative solutions to a quasilinear degenerate parabolic equation with an 
absorption term depending solely on the gradient are shown, providing information on the competition 
between the nonlinear diffusion and the nonlinear absorption. In particular, the limit as t > oo of the L!- 
norm of integrable solutions is identified, together with the rate of expansion of the support for compactly 
supported initial data. The persistence of dead cores is also shown. The proof of these results strongly relies 
on gradient estimates which are first established. 
© 2007 Elsevier Inc. All rights reserved. 
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1. Introduction 


We investigate the properties of non-negative and bounded continuous solutions to the Cauchy 
problem 


du — Aput|Vul4=0, (t,x) € oo := (0,00) x RX, (1.1) 
u(0)=u9>0, xeER, (13) 


y Corresponding author. 
E-mail addresses: bartier@ceremade.dauphine.fr (J.-P. Bartier), laurenco@mip.ups-tlse.fr (Ph. Laurengot). 


0022-1236/$ — see front matter © 2007 Elsevier Inc. All rights reserved. 
doi:10.1016/j.jfa.2007.10.012 


852 J.-P. Bartier, Ph. Laurencot / Journal of Functional Analysis 254 (2008) 851-878 


the parameters p and g ranging in (2, oo) and (1, 00), respectively, and the p-Laplacian operator 
A p being defined by 


A pu := div(|Vul? ?Vu). 


When p > 2, (1.1) is a quasilinear degenerate parabolic equation with a nonlinear absorp- 
tion term |Vu|? depending solely on the gradient of u, and reduces to the semilinear diffusive 
Hamilton—Jacobi equation 


du —Av+|Vvl?=0 in Qo, (1.3) 


when p = 2. Several recent papers have been devoted to the study of properties of non-negative 
solutions to (1.3) with a particular emphasis on the large time behaviour which turns out to 
depend strongly on the value of the parameter g € (0, 00) [1,4-9,11,19]. 

One of the keystones of these investigations are optimal gradient estimates of the form 
IViv™) (ft) loo < C(|v(0) loot -F for suitable exponents a € (0,1) and 6 > 0, both depending 
on N and q [4,20]. Not only do such estimates provide an instantaneous smoothing effect from 
L®(R%) to W!-°(R") but temporal decay estimates as well, the latter being the starting point 
of a precise study of the large time dynamics. Let us recall here that the proof of the above- 
mentioned gradient estimates relies on a modification of the Bernstein technique [4,20]. 

Owing to the nonlinearity of the diffusion term when p > 2, the availability of similar gradient 
estimates for solutions to (1.1), (1.2) is unclear and is actually our first result. More precisely, for 
p > 2and gq > 1, we introduce the exponents ap € (0, 1) and Bp,q € (0, 1) defined by 


1 p-l N-1 
ap p-2 p(N+3)—2(N+1) 


q-1 
Bp. t= mar |, it. (1.4) 


Theorem 1.1. Consider a non-negative initial condition ug € BC(RN ). There is a non-negative 
viscosity solution u € BC({0, 00) x R%) to (1.1), (1.2) such that 


0 < u(t, x) < |lUolloo, (t,x) € Qo, (1.5) 
|V(u%)(t,.x)| <C(p, N)|]u(sy [2274 P/? & — sy“, (1.6) 
|V(uPr2)(t,x)| << C(p, 4g, N)|u(s) | Prt O48 = s-M4, (1.7) 


and 


t 
[wen -wonjooart ff (vu "Yu-VO+|Vulld)dxdt=0 (1.8) 
RN S RN 


fort >s >Oandv €C& (RY). 
Furthermore, this solution is unique if uo € BUC(RY). 


Let us emphasize that the main contribution of Theorem 1.1 is the estimates (1.6), (1.7), and 
not the existence of a viscosity solution to (1.1) which could probably be obtained by alternative 
approaches. But, owing to the poor regularity of the solutions to (1.1), (1.2), we cannot prove 
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(1.6) and (1.7) directly and instead use an approximation procedure. Indeed, the proof of (1.6) 
and (1.7) relies on a modification of the Bernstein technique. It requires the study of the partial 
differential equation solved by |Vy(u)|* for a suitably chosen function gy and thus some regular- 
ity which is not available for solutions to (1.1), (1.2). The existence part of Theorem 1.1 is in fact 
an intermediate step in the proof of (1.6) and (1.7). 

It is clear from (1.6) and (1.7) with s = 0 that they lead to different temporal decay estimates. 
In fact, as we shall see below, (1.6) results from the diffusive part of (1.1) while (1.7) stems from 
the absorption term. In particular, it is worth mentioning that (1.6) is also valid for non-negative 
solutions to the p-Laplacian equation 


dw—Apw=0 in Qo, (1.9) 


which seems to be new for N > 2. When N = 1, it has been proved in [17, Theorem 2]. Also, 
(1.7) is true for non-negative viscosity solutions to the Hamilton—Jacobi equation 


ah+t|VA|IZ=0 in Oo, (1.10) 


and can be deduced from [25, Theorem I.1]. For p = 2, similar gradient estimates have been 
obtained in [4,20] with a2 = B24 = (q — 1)/q. 

The previous gradient estimates may be improved for non-negative, radially symmetric, and 
non-increasing initial data. 


Theorem 1.2. Assume that the initial condition ug € BC(R" ) is non-negative, radially symmet- 
ric, and non-increasing. There is a non-negative viscosity solution u to (1.1), (1.2) satisfying 


(1.5), (1.8) and such that 


xt u(t, x) is non-negative, radially symmetric, and non-increasing, 


V (uP-2/P-D) (4, x) < C(p, N) |u(s) |B 2PP-? @— “V2, (1.11) 


(¢ —1)@-Y/4 


|V(ud-P/4) (4, x)| < pa Fes pt, (1.12) 


and 


|V(uP-WO-D) 4,9) < Cir, glue Pe Pa—sy-4 fgeC.p—D, 


(1.13) 
fort>s 20. 


Theorem 1.2 is proved as Theorem 1.1 for N = 1. We will thus only give the proof of the 
latter. 
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Here again, the gradient estimate (1.11) is valid for non-negative solutions to the p-Laplacian 
equation (1.9) with radially symmetric and non-increasing initial data and is easily seen to be 
optimal in that case: indeed, the Barenblatt solution to the p-Laplacian equation (1.9) is given by 


|x| P/(P—Wy (p—1)/(p—2) 
Bit, x) =r M(1-y( 2) ) , (t,x) € (0,00) x RX, 
+ 


with n := 1/(N(p — 2) + p) (see, e.g., [16, Chapter XI, Eq. (1.6)]) and V(B")(t, x) is bounded 
only for ¥ 2 (p — 2)/(p — 1). 


Remark 1.3. Since we are mainly interested in qualitative properties of solutions to (1.1), 
(1.2), we leave aside the question of uniqueness of such solutions for initial data in BC (R) \ 
BUC(R"). Nevertheless, since the solutions in Theorems 1.1 and 1.2 are constructed as limits of 
classical solutions, they still enjoy a comparison principle. More precisely, if wo and ip are two 
non-negative functions in BC (RY ) such that uo < tio, then the corresponding solutions u and u 
to (1.1) with initial data ug and wg constructed in Theorem 1.1 satisfy u(t, x) < a(t, x) for all 
(t, x) € Qoo. This fact will be used repeatedly in the sequel. 


Several qualitative properties follow from the previous gradient estimates. As a first con- 
sequence, we derive temporal decay estimates in W!(R") for non-negative and integrable 
solutions to (1.1), (1.2). We set 


N 1 1 


apeetiee ————— = 1.14 
N+ 5 g(N +1)—N’ N(p—2)+p ee 


qx += P 


Proposition 1.4. Assume that 
ug € L'(RY)NBC(R®), uo >0, (1.15) 
and denote by u the corresponding viscosity solution to (1.1), (1.2) constructed in Theorem 1.1. 


Then u € C([{0, 00); L'(RY)). 
Lett > 0. Ifq € (1, qx), then 


uo < Clluoll 22-8, (1.16) 
Vu ]oo < Clluollye FPS, (1.17) 
while, if gq > qx, 
Jue], < Clo 8", (1.18) 
| Vu) oo < Clluol 7-7, (1.19) 


Recall that the L°°-norm of non-negative and integrable solutions w to the p-Laplacian equa- 
tion (1.9) decays as t~%” [21, Theorem 3]. However this decay might be enhanced by the 
nonlinear absorption term and this is indeed the case for g € (1, qx). Indeed, 17% < t7%” for 
t > 1 and qg € (1,q,). According to Proposition 1.4, we thus expect the nonlinear absorption 
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term to be negligible as t + oo for g > gx and the large time dynamics to feel the effects of the 
absorption only for g € (1, g,). The next result is a further step in that direction. 

It readily follows from (1.1) and the non-negativity of u that t > ||u(t)||; is a non-increasing 
and non-negative function. Introducing 


1(00) := lim |u(@) |, = int {Je ,} € [0 noth]. (1.20) 


we study the possible values of I, (00). 


Proposition 1.5. Assume that uo satisfies (1.15) with ||uo||, > 0 and denote by u the correspond- 
ing viscosity solution to (1.1), (1.2) constructed in Theorem 1.1. Then I,(00) > 0 if and only if 
qd > Yx, the parameter q,, being defined in (1.14). 


Since ||w(t)||1 = ||w(O)||1 for all ¢ > O for non-negative and integrable solutions w to the p- 
Laplacian equation (1.9), we realize that the absorption term is not strong enough for g > qx to 
drive the L!-norm of u(t) to zero as t > 00, thus indicating a diffusion-dominated behaviour for 
large times. For g € (p — 1, p) Proposition 1.5 is already proved in [1, Theorems 1.3 and 1.4] by 
a different method. A similar result is already available for p = 2 [4,7,9]. 

We next turn to a property which marks a striking difference between the semilinear case 
p = 2 and the quasilinear case p > 2 corresponding to slow diffusion, namely the finite speed 
of propagation. Since the support of non-negative and compactly supported solutions w to the 
p-Laplacian equation (1.9) grows as t”, it is natural to wonder whether the absorption term will 
slow down this process. 


Theorem 1.6. Assume that uo fulfils (1.15) and is compactly supported, and denote by u the 
corresponding solution to (1.1), (1.2). For t > 0 we put 


o(t) :=inf{R > 0 such that u(t, x) =0 for |x| > R}. (1.21) 
Then o(t) < 00 for all t > 0 and: 


G) Ifg ed, p— 1) then 


lim sup Q(t) < oo. (1.22) 
100 
Gi) fg = p—1 then 
ot) <CU+Int) fort >1. (1.23) 
(i) Ifq € (p — 1, qx) then 
o(t) <Cr9-PtD/CQ—P) fort > 1. (1.24) 


(iv) If > dx then 


o(t)<Cr" fort>1. (1.25) 
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Here again, the absorption term seems to have no real effect on the expansion on the support 
of u(t) for g > qx as the upper bound (1.25) is exactly the growth rate of the support for non- 
negative and compactly supported solutions w to the p-Laplacian equation (1.9). But, as soon as 
q is below q,, the dynamics starts to feel the effects of the absorption term and the expansion 
of the support of u(t) slows down. It even stops for g € (1, p — 1). In that case, the support of 
u(t) remains localized in a fixed ball of R%: such a property is already enjoyed by compactly 
supported non-negative solutions to second-order degenerate parabolic equations with a suffi- 
ciently strong absorption involving the solution only as, for instance, 0;z — Apz +z’ =0 in Ooo 
when r € (1, p — 1) [15,22,27]. It has apparently remained unnoticed for second-order degen- 
erate parabolic equations with an absorption term depending solely on the gradient. In our case, 
this property is clearly reminiscent of that enjoyed by the solutions h to the Hamilton—Jacobi 
equation (1.10): namely, the support of h(t) does not evolve through time evolution [2]. Finally, 
for g € (p — 1, qx), compactly supported self-similar solutions to (1.1) are constructed in [26] 
and the boundaries of their support evolve at the speed given by the right-hand side of (1.24). 

As a by-product of the proof of Theorem 1.6 we obtain improved decay estimates for the 
L!-norm of solutions to (1.1), (1.2) with compactly supported initial data. 


Corollary 1.7. Assume that uo fulfils (1.15) and is compactly supported. 


G) fg €d, p—1) then 


Ju@|,<cer Ve, +22. (1.26) 
(i) [fg = p—1 then 
jee) |, <r Ve dane?» fort >2. (1.27) 
(ili) Ifq € (p — 1, qx) then 
Ju) I, < Ct NtDG-D)/CI-P) for t > 2. (1.28) 
(iv) Ifq = 4. then 
Ju@|,<Cdnr) "4"? fort > 2. (1.29) 


For g € (p — 1, qx], Theorem 1.6 and Corollary 1.7 are already proved in [1, Theorems 1.1 
and 1.2] by a completely different approach. In addition, for non-compactly supported initial 
data, temporal decay estimates involving the behaviour of uo for large values of x are obtained 
in [1, Theorem 1.3] for the L'-norm of u. Let us also mention that the decay rate of ||u(t)||1 for 
q € (1, p — 1) is the same as the one obtained in [2] for non-negative and compactly supported 
solutions to the Hamilton-Jacobi equation (1.10). The bound (1.26) then provides another clue 
of the dominance of the absorption term for g € (1, p — 1). That it is indeed true is shown in [24]. 

For q € (1, p — 1), it follows from Theorem 1.6(i) that the support of the solutions to (1.1), 
(1.2) with compactly supported initial data remains bounded through time evolution. A natural 
counterpart of this phenomenon is to study what happens to a solution to (1.1), (1.2) starting 
from an initial condition vanishing inside a ball of R' . It turns out that, if the radius of the ball is 
sufficiently large, the solution still vanishes inside of a smaller ball for all times, a phenomenon 
which may be called the persistence of dead cores. 
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Proposition 1.8. Consider a non-negative initial condition ug € BC (R™) such that 
ug(x)=0 if |x| < Ro (1.30) 


for some Ro > 0, and denote by u the corresponding solution to (1.1), (1.2) constructed 

in Theorem 1.1. If q € (1, p — 1) there is a constant 59 = 50(p,q) > 0 such that, if Ro > 
= = 

$0 lluollse YP then 


u(t,x)=0 iflx| < Ro —Solluollse |?!" andr > 0. 


The proof of Proposition 1.8 is in fact quite similar to that of Theorem 1.6(i). 

This paper is organized as follows. Gradient estimates for an approximation of (1.1) are es- 
tablished in Section 2 by a modified Bernstein technique with the help of a trick introduced in 
[10] to obtain gradient estimates for the porous medium equation. Theorems 1.1 and 1.2 are then 
proved in Section 3. Sections 4 and 5 are devoted to integrable initial data for which we prove 
Propositions 1.4 and 1.5. We focus on compactly supported initial data in Section 6 where Theo- 
rem 1.6 and Corollary 1.7 are proved. The persistence of dead cores is studied in Section 7 while 
the proof of a technical lemma from Section 2 is postponed to Appendix A. 


2. Gradient estimates 

As already mentioned the proof of the gradient estimates (1.6) and (1.7) rely on a modified 
Bernstein technique: owing to the degeneracy of the diffusion we cannot expect (1.1) to have 
smooth solutions and we thus need to use an approximation procedure. We first report the fol- 


lowing technical lemma. 


Lemma 2.1. Let a and b be two non-negative functions in C?({0,00)) and u be a classical 
solution to 


du — div(a(|Vul*)Vu) + B(|Vul?) =0 in Qoo. (2.1) 


Consider next a C>-smooth increasing function y and set v:= g~'(u) and w :=|Vv|*. Then w 
satisfies the following differential inequality: 


dw — Aw —V-Vw+2R w*+2Row <0 in Qo, (2.2) 


where A, Ri and Ry» are given by 


Aw :=aAw + 2a'(Vu)' D?wVu, (2.3) 
gy” : a " tN 2 / m2 yom 
Ri :=—a 7 (N — 1) = + 4a" |(y'9")w* — 2a'w(29"" + 9'9""), (2.4) 
yg" 
Ro i= oz eho" w —b), (2.5) 


while V is given by (A.2) below. Here and in the following we omit the variable in a, b and p 
and their derivatives. 
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Furthermore, if y is convex, a is non-decreasing and x +> u(t, x) is radially symmetric and 
non-increasing for each t > 0, then R, may be replaced by Ri given by 


nW\t 
Ri:=—a (5) — 4a" (g'9")?w? — 2a'w(29"* + 9'9"’). (2.6) 


The proof of Lemma 2.1 is rather technical and is postponed to Appendix A. We however 
emphasize that it uses a trick introduced by Bénilan [10] to prove gradient estimates for solutions 
to the porous medium equation in several space dimensions. It is also worth noticing that R; = 
R} for N=1. 

Consider next a non-negative function uo € BC(R™). There is a sequence of functions 
(uo0,k)k>1 Such that, for each integer k > 1, uo,x € BC® (RY), 


0 <uok(x) <uonei(x) <uo(x), x ER, (2.7) 


and (uo,,) converges uniformly towards ug on compact subsets of RY. In addition, if uo € 
W!(IR”) we may assume that 


Ky 
IIVuotlloo < (: + 2) IVuolloo, (2.8) 


for some constant K, > 0 depending only on the approximation process. Next, since & + |£|?~? 
and & + |&|? are not regular enough for small values of p and q, we set 


ac(E):=(e7 +8)" 7" and (&) = (e? +€)" — 67, E D0, (2.9) 


for e € (0, 1/2). Then, given 


3 2 
0<y <min| 28 pqa =I. (2.10) 
the Cauchy problem 
O;Uk,e — div(ae(|Vux,el”) Vuze) + de(|Vur.el?) =0, (t,x) € Ooo, (2.11) 
uz,e(0) =uon te’, x ER, (2.12) 


has a unique classical solution uz,¢ € C3+9)/2,3+5 (10, 90) x R) for some 5 € (0, 1) [23]. Ob- 
serving that e” and ||uolloo + €” are solutions to (2.11) with e” < uz,¢(0, x) < ||Uolloo + €”, the 
comparison principle warrants that 


e” <uge(t,x) < [Wolo +£”, (t,x) €[0,00) x R™. (2.13) 


We now turn to estimates on the gradient of ux,- and first point out that, thanks to the regularity 
of de, be and ux,¢, We may use Lemma 2.1. We first take g(r) = go(r) :=r for r > 0 so that 
w= |Vux.el and R, = Rz = 0. Therefore w satisfies 


jw—-Aw-V-Vw<0 inQo. 
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Since w(0) < ||Vuo,x (2, the comparison principle ensures that 
|Vure|.o <NVuo,cllo, 10. (2.14) 


We now establish gradient estimates similar to (1.6) and (1.7) for ux,¢. We first use the specific 
choice of a, and b, to compute Ry, and Ro. 


Lemma 2.2. Introducing g := (\Vux.e|* + €7)'/7, we have 


nyt Ny 2 
Ri=-(p- er} (&) +? (5) | +e*Ru (2.15) 
Q l-ay\@ 
with 
ewe —2)(p(N +3) -2(N +1 HNP S 
i= 20) a g? 4, 0 pC ) = 2( ») e gr-4 
Q 4 Q 
(p —2)(p(N +3) —2(N +7)) (9"\’ : 
ip (g? £2) gP 6. 
4 Q 
and 
yg" 
R= onl — gt +e4 — ge*gt?}. (2.16) 


After these preliminary computations we are in a position to state and prove the main result 
of this section. 


Proposition 2.3. There are positive real numbers C = C(p, N) and D,(k) = D,(k, p, N) such 
that, for ¢ € (0, 1/2), x € RN, andt € (0, e~!/4), 


ap 


[¥ (ug?),2)| < C+ DiWe"/4)”? ([fuolloo + eV) PMPe “UP, (2.17) 


There are a positive real number D2(k) = Do(k, p,q, N) and a positive function w € 
C({0, c0)) such that w(e) > 0 as e > 0 and 


Bo.q 
q— 141 — Bpq)4 


x (Il10,k loo Sad mg! (2.18) 


MIE <7 


1 1/q 
(- ap prtbwte)'”) 


fort €(0,a@(e)~'/*), x ERY, and ¢ € (0, min{q — 1, 1/2}). 


The proof of Proposition 2.3 relies on suitable choices of the function g in Ry, and R2. To 
motivate the forthcoming choices, we first note that, if g(r) = r!/> then Ry = €*Ry, and (2.17) 
will in fact be obtained by choosing a “small perturbation” of rH r!/%?, namely g(r) = g(r) = 
(2Kr — r*)'/%» for K sufficiently large. Such a choice has already been employed for the p- 
Laplacian equation in one space dimension N = | for the same purpose [17]. Next, previous 
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investigations for the case p = 2 suggest that g(r) = r?/4—" is a suitable choice in Rp [4]. 
However, with this choice of g, R, might give a non-positive contribution according to the value 
of p and a suitable choice turns out to be g(r) = @2(r) := Bp,gr'/Pra. 


Proof of Proposition 2.3. We first establish (2.17). Consider pz > 0 to be specified later and put 
K:=VJV1+uM”, M:=|luUo,xlloo +e” 
and g(r) := 2Kr — r?)!/» for r € [0, K]. Then v is given by 
1/2 
via K—(K*— uy?) (2.19) 
and satisfies 


1/2 < yg%p/2 (2.20) 


<u<K-—(K*-M”*) 


by (2.13). Thanks to the bounds (2.20), we can find ju large enough such that 9; enjoys the 
following properties: 


dd / 
C 
o> (4) (v) >- ee (2.21) 
1 
fea 
C 
(ens. (2.22) 
PY v 
v) \ ap gy 2 l+ap 1 
= — <- ——, 2.23 
(S) w+ ee G1 (v) 2ap Kv ( ) 


We then infer from (2.21) and (2.22) that 


C3(u) —4 
Ru 2z—— 78" . 


Therefore, by (2.20) and the elementary inequality g > |Vux,.|, we have 


2 
wR > — eee! C3(K) pray C4(K) pees. C5) op? 


(9})2(v) v2 a My2/% aa 627 
Combining the previous inequality with (2.15) and (2.23), we obtain 
2 Co(uyM? ny 1-y) . p-2 
w°R, 2 ——_——-gP°" “wr — Cs(ue sg? w. 


v 


Now, we have g < ||Vuo,xklloo + € by (2.14) and 


g? > |Vur.el? = (yj) (ww > C7(n)Mv2t-40)/4” wy 
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by (2.20). The previous lower bound for w7R then gives 


—2-ap)/2 
Caw) MP P20)? n4ay/2 
yp (P—Dap—(p—2))/ap 


wR1 > ~ Co(u, et w, 


Since (p — 1)a, > (p — 2) and v < M®?/? by (2.20), we end up with 
wR > C19 (ue) M PP-2)— Pep )/2 yy) (P+2)/2 — Co(p, Ket Y wy, (2.24) 


Next, since g > 1 and g > «, we infer from the monotonicity of g; and (2.22) that R2 > 0. 
Recalling (2.2) and (2.24) we have shown that 


Lyw = dw — Aw — V+ Vw t 2C1o(u) MCP?) Par)/? PF 2)/2 _ 2Co(u, ker Y w <0 


in Q.. It is then straightforward to check that 


1/4\ 2/p 
Si@e= (- + 2Co(u, Kel! ) (Pep—2(P-2))/P ,-2/P 
PCio(#) 


satisfies £,S, > 0 in (0, ety x R". The comparison principle then ensures that w(t, x) < 
S\(t) for (t,x) € (0,e7!/4) x R%. The estimate (2.17) then readily follows with the help 
of (2.20). 

To prove (2.18) we take g2(r) := Bp,gr/Po. , so that v = (u/Bp,q)Pr4 satisfies 


eVBp.q Mé : 
v with M := |luo,klloo + €”, (2.25) 
Pg Pq 


by (2.13). Concerning Rj , the computations are much simpler than in the previous case and it 
follows from the definition of Bp, and (2.14) that 


=e) 
Bp.g —%p 8? “w 


wR > Ci C1267 p.4-Y)/Bo.g gP—2 yw, 
ap Bp.g v? 
wR, > —C13(kyeCPr.4-)/P gw, (2.26) 
For R2, we first claim that 
(g — 1g? +64 —ge7gt * > g — 1—8)g? — Cyg(e@t?”? + €9). (2.27) 


Indeed, if g > 2, it follows from the Young inequality that 


Zn G2 


(q — 1)gt + €4 — qe7g?? > (q — 1g? — eg? — 2(g —2)9 MP 
> 


q—1—e)g? — 2g — 2) MP elet/2, 


If g € C1, 2], we have 


(q — gt +e4 — erg! ? > (q — 1g! +64 — get > (q—-1-2£)g4 -(q—- Vet, 
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which completes the proof of (2.27). We then infer from (2.16), (2.25), and (2.27) that 


1—-Bpq 1 
Bp.q v!/Bp.q KC 


Ro > 1 — €)(g3)4 (vw? — Cia(e?”? + £4)] 


i 
> ATP pd (g — 1 — e)yl-FraD/Bra yl? — Cy3(e92 27? 4 6-7) 
Bp.q 
i Bo.q 


> git-Pral (q —1—6)M@-Pp.a)-l yal? _ C15 (eG 202 +61’), 
Pd 


Recalling (2.26) we have thus shown that w satisfies 


fizz 
Low :=90,w —- Aw -—V-Vw+2 ; Pog (q-1 6)M40-Bp.a)—! yy qt2)/2 
pi ee 


— Cro(kjole)w <0 
in Qoo, where w(e) := 6 PBp.q-Y)/Bp.g 4+ ¢Gt2—27)/2 4 e4-Y _5 0 as € — 0 by the choice (2.10) 


of y. The function 


So(t) := 


2(1—Bp,q) 2 
Bog 2+ qC6(k)w(e)'/? (4 4 (20-G0-Bp.q))/4g-2/4 
2/4 (1 — By.qg)?/4(q — 1 —6)2/4 q 


satisfies L2S> > 0 in (0, w(e)~!/7) x R. We then deduce from the comparison principle that 
w(t, x) < Sx(t) for (t,x) € (0, w(e)~!/*) x RY. The estimate (2.18) then readily follows. 


3. Existence 
We are now in a position to prove Theorem 1.1 and proceed along the lines of [20]. 


Step 1: ¢ > 0. We first let ¢ > 0. For that purpose, we observe that the gradient bound (2.14) 
and (2.11) imply the time equicontinuity of (ux,¢)eso- 


Lemma 3.1. Fork > 1, ¢ > 0, x € RY, t) > 0, and tf > ty, we have 
-1 
|uee(t2, x) — uk elt, x)| < C(Vuoelloo + Vuoells ) (2 — 1:)'? + Vuo,cllSo(t2 — 1). 
The proof of Lemma 3.1 is similar to that of [20, Lemma 5] to which we refer. 
We next fix k > 1. Owing to (2.13), (2.14), and Lemma 3.1, we may apply the Arzela—Ascoli 
theorem to obtain a subsequence of (ux,¢)¢>0 (not relabeled) and a non-negative function ux € 
BC({0, 00) x R™) such that 


Uk,e —> Ux uniformly on any compact subset of [0, 00) x RY. (3.1) 


Furthermore, as ux,¢ is a classical solution to (2.11), (2.12), the classical stability result for con- 
tinuous viscosity solutions allows us to conclude that ux is a viscosity solution to (1.1) with 
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initial condition uo,x (see, e.g., [14], [13, Theorem 1.4] or [3, Théoréme 2.3]). By (3.1) and weak 
convergence arguments, we next infer from (2.13), (2.17), and (2.18) that 


0 <ux(t, x) < |lUolloo, (3.2) 
p+2— = 
|V (ue?) (¢,x)| < Clluo ore Pe, (33) 
5 Bp, (GBp.qt!—9)/4,— 
(ug G7) ( a lol rr DI4 1/4 (3.4) 


q? — 9q)"/4( — Bpq)'/4 
for all (t, x) € Qoo. Finally, (2.11) also reads 
IUk,e — div(|Vurel? ?Vur,e) = div( fie) + Bk,e iN Qoo 
with 
fice = {de ([Vurel*) —|Vurel? 7} Vuee and gee = —be(|Vur.el*). 


It follows from the definition of az and (2.14) that (gx,-) is bounded in L°(Qoo) and (fk.¢) 
converges to zero in L° (Qo) as € > 0. We may then apply [12, Theorem 4.1] to conclude that 


Vuk.e > Vug ae. in Qo. (3.5) 
Consequently, upon extracting a further subsequence, we may assume that 
Vuk.c > Vug a.e.in L’((0,7) x B(O, R)) (3.6) 


for every r €[1, 00), T > 0, and R > 0. It then readily follows that u, satisfies (1.8) with uo,x 
instead of ug. 


Step 2: k — oo. It remains to pass to the limit as k > oo. To this end we first observe that 
(2.7) implies that uo,4(x) — uo,44109) < ||Vuo,xllooly — x| fork > 1, x € RY, and ye RY. It 
then follows from the comparison principle [18, Theorem 2.1] that 

u(t, xX) Kugsit,x) for (t,x) € Ooo andk 3 1. (3.7) 


Therefore, by (2.7), (3.2), and (3.7), the function 


u(t, xX) := sup uz(t, x) € [0, Ilwolloo | (3.8) 


a 


is well defined for (t, x) € [0, 00) x R™. We next readily deduce from (3.2) and (3.3) that, for 
t>0O, 


2/p_— 2/p_— 
Veco SC lluollas?e-'/? <Clluollg?e-/? fort > c. (3.9) 
Thanks to (3.9) we may argue as in the previous step and conclude that 


ux — u uniformly on any compact subset of Qoo. (3.10) 
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Using again the stability of continuous viscosity solutions, we deduce from the convergence 
(3.10) that (¢, x) H u(t +T, x) is a viscosity solution to (1.1) with initial condition u(t) for each 
t > 0. In addition, denoting by u; the solution to the p-Laplacian equation (1.9) with initial 
condition uo,;, the comparison principle entails that 


uxt, x) <tg(t,x) for (t,x) € Ooo andk > 1. (3.11) 


Furthermore, (“x)x>1 converges uniformly on any compact subset of [0, 00) x R™ towards the 
solution u to the p-Laplacian equation (1.9) with initial condition uo [16, Chapter III]. This 
property and (3.11) warrant that u(t, x) < a(t, x) for (t,x) € [0, 00) x R%. Recalling (3.8), we 
thus obtain the following inequality: 


ux(t, x) <u(t,x) <ai(t,x) for (t,x) € Ooo andk > 1. (3.12) 


We then infer from (3.12) that (u(- + 1/7))j>1 converges towards u uniformly on any compact 
subset of [0, 00) x R% as j — oo. Using once more the stability of continuous viscosity solu- 
tions, we conclude that u is a viscosity solution to (1.1), (1.2). We next argue as in the previous 
step to deduce from (3.3) and (3.4) that wu satisfies (1.6), (1.7) and (1.8) for t > s > 0. In addition, 
u € L®(Q.) by (1.5) and we deduce from (1.5) and (1.6) that ||Vu(t) log < Clluollg?e-/? for 
t > 0. Consequently, Vu belongs to L?-!((0, T) x B(O, R)) for all T > 0 and R > 0. We then 
let s > 0 in (1.8) to conclude that Vu € L7((0, T) x B(O, R)) for all T > 0 and R > 0 which in 
turn warrants that (1.8) is also valid for s = 0. 

To complete the proof of Theorem 1.1, it remains to check the uniqueness assertion for ug € 
BUC(R ) which actually follows at once from [18, Theorem 2.1]. 


4. Temporal decay estimates 
This section is devoted to the proof of Proposition 1.4. Let us start with the following lemma. 


Lemma 4.1. Let u be a solution of (1.1), (1.2). Ift > s > 0, then 


Vue], < Chu |22e-s)-¥”, (4.1) 
Vue], < Chuo |@—9- M4. (4.2) 


Proof. We write 


\Vu(t)| = -u!-| vu? | 
Y 


for y =a, and y = Bp,q and use the estimates (1.6) and (1.7). 


Proof of Proposition 1.4. We first prove (1.16). Combining the Gagliardo—Nirenberg inequality, 
the time monotonicity of ||u||; and the previous lemma, we obtain 


Ju@|% <e] veneer?” Ju@y yar” 


< CI] Vu |e? wo fF? 
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—N/(N+1 N/(N+1) (N+1) 
eco VOM |s@| luo 


Integrating with respect to ¢ over (s, 00), we obtain 


lo) lee) 
; I|u(t) |S N/(N+1) g/(N+1) dt 
r()= f BONE a < Clu) |v Iluoll Gos NINE; 
AY S 


S N+1 N/(N+1) 
SO NO ag uae 


whence 


t(s) < Clluol| t/t? (—2/(s) MINTY s-NG-D/AWTD 
Introducing t(s) = t(s!/2) gives 
dt —4°/N = yq(N+1)/N 
as +Clluoll,* “ t(s)4 <0. 
2 
A direct computation shows that T(s) < C||uo R 5s from which we deduce that 


2 
t(s) < Clluollt §s 4%. 


Now, using the time monotonicity of ||u||oo, we obtain 
28 q 2s ) q 
2 t 
cs uot * > (9) > f MOR ars f MOOR a: —inafucs|s., 
Ss Ss 


whence (1.16). The estimate (1.17) then readily follows from (1.16) by (4.2). A similar proof 
relying on (4.1) gives the estimates (1.18) and (1.19). 


5. Limit values of ||u(¢) |l1 

In this section we investigate the possible values of the limit as t > 00 of the L!-norm 
of non-negative solutions to (1.1), (1.2) and prove Proposition 1.5. We first show that, if q¢ is 
small enough, the dissipation mechanism induced by the nonlinear absorption term is sufficiently 
strong to drive the L!-norm of u to zero in infinite time. 


Proposition 5.1. fg € (1, qx] then 


Jim Juco], =0. 


Proof. It first follows from the integration of (1.1) over (0, t) x R™ that 


t 
lucl, + [1 9W0s9[f as = hwo 6.1) 
0 


866 J.-P. Bartier, Ph. Laurencot / Journal of Functional Analysis 254 (2008) 851-878 


which readily implies that t +> ||Vu(t) Ig belongs to L! (0, 00). Consequently, 
[o,@) 
w(t) := / || Vu(s) If ds —> 0. (5.2) 
t 


We next consider a C®-smooth function 3 in R% such that 0 < 9 < 1 and 
v(x) =O0 if|x}<1 and v()=1 if |x| >2. 


For R> 0 and x € R™ we put dr(x) = 0(x/R). We multiply (1.1) by r(x) and integrate over 
(t, t2) x R% to obtain 


1) 
[ ueoonear< fun ovenar+ & ff [uo ?v0( 2) vues vas, 


RN RN t RN 


which, together with the properties of 7, gives 


i) 
1 s 
u(tr,x)dx < / winds +f f|vo(F)|[vus.s9)” "dxds. (5.3) 
1 RN 


{|x| 22R} {|x|2R} 


Case 1:¢ €[p—1,q,,]. By the Hélder inequality we have 


1 
1 x p-l 
— Vol = | Vu(s, x)| dx ds 
R R 
t) RN 


n (p-D/4 
< RNG PT)-a/4(p, — yee Tia IVP llq—p+t/¢ (| | Vacs) ||3 is) 


ty 


< CRN PHO 9G) YE (= Hy E-PDA, 


Combining the above inequality with (1.16), (5.3) and the time monotonicity of ||u||1 we obtain 


luca) I), = / u(t2,x)dx + i u(t2, x) dx 
{lx|<2R} {|x| 22R} 
< CR |u()| + / u(t), x) dx 
{|x| 2R} 
+ CRNG-PtD-9/4 Gy (4, )P-Y/4 (ty — 1) GPT D/9 


< i u(ty,x)dx + CRY (ty = yo 
{|x| 2>R} 
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+ CRNG-PAD—9/4 (4) P-D/4 (py — 4) G-PTY/, 


Choosing 


R= R(t, 2) = w(t) P~ P/N OD) gy — 1, GNEtE—PTD/GtN(P-D) 


we are led to 


u(t], < / u(t, x) dx 
{[xl>R(t.t2)} 


+. Cag yy Oo eNO) Gy EE OE aD) 


Since € > 0 and q, — gq > 0 we may let t2 > ov in the previous inequality to conclude that 
N(00) <0 ifq Elp— 1, 4x), 
I\(co) < Car(ty) A P~D)/Get N(P—D) if g = qx. 
We have used here that R(t), t2) > 00 as tf) > oo and that u(t,) € L' (RY). Owing to the non- 
negativity of 1, (co), we readily obtain that 1; (oo) = 0 if g e[p — 1, qx). When g = qx, we let 


t; — oo and use (5.2) to conclude that 7; (oo) = 0 also in that case. 


Case 2:q €(1, p—1). By (1.17) and (5.3) we have 


t2 
1 _je 
/ u(t2,x)dx < / ut. x)dx+ ZVI f [Vucsy| 2" “| Vu(s)|f ds 
{|x| 22R} {|x| >R} t 


1) 
C 
< 4 uanxds +5 fs pol DNEDE Wu(s)||% ds 
t 


{lx|2R} 


OC 2tecie 
< / u(t xdx + oh Fae ata 


{|x|2R} 
Taking ¢; = | and noting that w(t;) < w(0) < ||uoll1, we end up with 
Cc 
U(t2,x)dx < ee aah to > 1. 
{|x| 22R} {|x|2R} 
We then infer from (1.16) and the above inequality that, if to > 1, 


J ec), < CRONE + / u(l.aydx +S 


{lx|2R} 
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‘ N. N+1) .. 
and the choice R= R(t2) = ts SUA) gives 


v(m) ||, < i ul, x)dx + Cr NOMNID, 


{lx|2R(t2)} 


Since R(t2) > 00 as fy > oo and u(1) € L! (RY) we may let t2 — oo in the above inequality to 
establish that 1; (0o) = 0, which completes the proof of Proposition 5.1. 


We next turn to higher values of g and adapt an argument of [4, Theorem 6] to show the 
positivity of 1; (00). 


Proposition 5.2. Assume that ||uo||1 > 0 and q > qx. Then I,(co) > 0. 
Proof. Since uy € BC(R%) is not identically equal to zero there are x9 € R% and a radially sym- 
metric and non-increasing continuous function Up ¥ 0 such that up(x) > Up(x — xo). Denoting 


by U the solution to (1.1) with initial condition Uo it follows from the invariance of (1.1) by 
translation and the comparison principle that 


u(t,x) >U(t,x—xo), (t,x) €[0, 00) x RY. (5.4) 
Let t > Oand x € R%. Since 


=A 
VU(r,x)=2 5 Ue, x PPV (UE MOD, x) 
p= 


and q > qx > p — 1, we infer from (1.11) and the time monotonicity of ||u||oo that 


=~, q 
|VU(z, x)|* Pe ¢ 5) U(r, x)4/? Yv(u? 2)/(p DY (x, x)|? 
po 


(5) 


q(p—2)/p(p-1) 


< CU(t, x) U(r) (eeee-) 


T 
[oe 
r\ || @4-P)/P 
< CU(t, x) u(5) eae 
2 [oe 
whence, by (1.18), 
|VU(r, x)|? < CU(t, x). (5.5) 


Consider now s € (0, oo) and ¢ € (s, 00). It follows from (1.1) and (5.5) that 
t 
vol, =lvol,-f fivoenltaxar 


5 RN 
t 


>|ue|,—c fluc ae. 


Ss 
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Owing to the monotonicity of tT ||U(7)||1, we further obtain 


t 


Jue, >Ieeol,(1~c f evar). 


Ss 


Since q > qx we have n > & and the right-hand side of the above inequality has a finite limit as 
t — oo. We may then let t > oo to obtain 


Zi (00) := lim |U@|, > |UG)],-Cs"*),--s > 0. 


Consequently, for s large enough, we have 7; (co) = ||U(s)||1/2, while [1, Lemma 4.1] warrants 
that ||U(s)||; > 0 for each s > 0 since Up € 0. Therefore, Z; (00) > 0. Recalling (5.4) we realize 
that ||u() ||) > ||U(@)||1 for each t > 0 so that 1; (00) > TZ} (co) > 0. 


6. Compactly supported initial data 


This section is devoted to the proofs of Theorem 1.6 and Corollary 1.7. Let uo € L'(RY)N 
BC(R") be a non-negative initial condition with compact support in the ball B(O, Ro) for some 
Ro > 0. Denoting by u the corresponding solution to (1.1), (1.2) and by v the corresponding 
solution to the p-Laplacian equation 


d0—Apv=0, (t,x) € Qn, (6.1) 
with initial condition v(0) = uo, the comparison principle ensures that 
O<u(t,x) < v(t,x), (t,x) € Qo. (6.2) 


Since uo is compactly supported, so is u(t) for each t > 0 by [16, Lemma 8.1] and Supp v(t) C 
B(O, Cit"). Consequently, u(t) is compactly supported for each ¢t > 0 with Suppu(t) C 
B(O, Cit"). In particular, the support of u does not expand faster than that of v with time. A 
natural question is then whether the damping term slows down this expansion and the answer 
depends heavily on the value of g. We shall thus distinguish between three cases in the proof of 
Theorem 1.6. 

We first note that, since ug is non-negative continuous and compactly supported, there ex- 
ists a non-negative continuous radially symmetric and non-increasing function Up with compact 
support such that 0 < up < Up. Denoting by U the corresponding solution to (1.1) with initial 
condition U(0) = Uo, the function x > U(t, x) is also radially symmetric and non-increasing 
for each t > 0 and we deduce from the comparison principle that 


O<u(t,x)<U(t,x), (t,x) €[0,00) x R%. (6.3) 


Moreover, by comparison with the p-Laplacian equation, U(t) is also compactly supported for 
each t > 0 with Supp U(t) C B(O, o(t)) for some o(t) > 0. Clearly, 


Q(t)<o(t), t20, (6.4) 


by (6.3). 
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It next follows from (1.1) that, if y is a non-negative function in C ! ({0, 0©)), we have 


. i; U(t,x)dx = / 0,U (t,x) dx — y'(t) / U(t, x) dx 


{lx 2y(O} {Ix]2yO} {lxl=y@} 


< / div(|VU|? *VU)(t, x) dx 


{lx 2y(O} 


— y(t) / U(t, x) dx 
(ixl=y() 
we / |VU(t, x)? °VU(t, x) - ria 


|x 
{lxl=y@} 


— y(t) / U(t, x) dx 
{lxl=y@} 


< i {|\vu(t,x)|" | —y'OUG, x} dx, 
(l=y()} 


d 

dt / U(t, x) dx 

(x20) 
=1 = 

< / PEF Iv(ueMe-MVe, 2)! - yo UG ade. (6.5) 
a 


{lxl=y)} 


The next step is to use the gradient estimates established in Theorem 1.2 to find a suitable func- 
tion y for which the right-hand side of (6.5) is non-positive. The gradient estimates depending 
on the value of g, we handle separately the cases gq € (1, p — 1] andq € (p— 1, qx). 


Proof of Theorem 1.6: q € (1, p — 1]. In that case we infer from (1.13) and (1.16) that 


(p—1—q)/q 


yur as9)" <c|u( 5) 
2 [o,e) 


< Cpe ee: 


tp P-D/4 


so that (6.5) becomes 


d 
a / U(t,x)dx < / Ler Se OER Ny GO Cx) ae: 


{Ix 2y(O} {lxl=y@)} 
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Choosing y’(t) := Ct7 S((P—-DN+D-N) for¢ > 1 and y(1) =o (1), we conclude that 


U(t,x)dx < / U(1,x)dx =0 


{lx 2 yO} {|x|2o(1)} 


for t > 1. Consequently, o(t) < y(t) for t > 1 from which we deduce that g(t) < y(t) fort > 1 
by (6.3). Now, either g € (1, p — 1) and €((p — 1)(N + 1) — N) > 1. Therefore y(t) has a finite 
limit as t > oo from which (1.22) readily follows. Or g = p — 1 and y(t) =o0(1)+ C Int which 
gives (1.23). 


We next consider the case g € (p — 1, gx) which turns out to be more complicated as (1.13) 
is no longer available. We instead use (1.11) which somehow provides less information and thus 
complicates the proof. We shall also need the following lemma which is an easy consequence of 
the Poincaré and HOlder inequalities. 


Lemma 6.1. There is a positive constant k depending only on N and q such that, if R > 0 and 
w is a function in Wy4 (BO, R)) then 


-1 
B llr ise, R)) Ss <KIVullfacwo, R))" (6.6) 


Proof of Theorem 1.6: g € (p — 1, q,,). We fix fo > 0. It follows from (1.11) and (1.16) that 


(p—2) 
PA yy(ur 2a," <c|u( 42) P /p 
. [o,@) 


G= tg) (P— Dip 


—2 Spe a 
< Cllu(to) [EP >”? — 9) NEP-2/P 


for t > to. Since g > p—1> N(p—1)/(N + 1), we have 1 — N&(p — 2) > 0 and we choose 
YC) =o (1) + pC llu(to) PP"? @ = 19) NEP-2)/P 11 — NE(p — 2)) for t > to. The pre- 
vious inequality then reads 


Pali (y@-2-D)a,x)P <y), 1B Io. 


p-2 
Combining the latter estimate with (6.5) we realize that 


d 
ef / U(t,x)dx <0 fort >t, 
{Ix12y@} 


whence 


U(t,x)dx< i U(to,x)dx=0, tbo. 


{Ix]2yO} {|x| 20 (to)} 
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We have thus established that o(t) < y(t) for t > to from which we readily conclude that 
2 a = 
a(t) <o(to) + C|U (to) oP”? ( = ty I-MEP Pt > tp. (6.7) 


We next integrate (1.1) over RY and obtain 
d q 
HlIVOl. + Ivuol, =o. 


Since the support of U(t) is included in B(O, o (t)), we infer from Lemma 6.1 that 


vows = ween aes — Hexda\ — On 
q ’ 4 ele , = eee: 
{Ixl<o@} (Ixl<o(@)} 


Inserting this lower bound in the previous differential equality gives 


d 1 UCIT 
HUOh+ opr Roe 


(6.8) 


Before going on we introduce the following notations: 


E(T):= sup {4o(p}, Ave LOPE 
te[1,T] 2g —p 
N+1 4 
L(T):= sup {7 |U@|,}, 0 B= = 
te[1,T] pam 


for T > 1 and notice that X(T) and L(T) are well defined for each T > 1 while A and B satisfy 


—2 1-—N —2 A 
Ap PED » = SE) and 1 BSG he. (6.9) 
P P g 
Fix T > 1. We infer from (6.8) that, if t € [1, T], 
d rae |Uu@it 
—|U@|, + - 1 <0, 
dt Kk t Ala (tyl/s 
1 Ue) 


d 


which gives 
|O@| SCR Vo Gee aa) 9. be (1,7), (6.10) 
after integration. Consider next t € [1, 7]. Either ¢t < 4 and it follows from (6.7) with fo = | that 


AGG) <1 “ey CU) | OP Or G= e MeE Ae. 
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Or t > 4 and we infer from (6.7) with to = t/2 > 2, (6.9) and (6.10) that 


mance’) ee( 


<2-AD(T) + CLT) 4G P-2D/G-V) 


q§(p—2)/p 
pds (P—2)B/p 


Consequently, 
tAo(t) <2 4 X(T) +C(14+ LT)IP PWVOEDYD), te [1, TI, 
from which we conclude that 


E(T) <2AZ(T) + C(1 + STIG 2G), 


873 


Since A > 0 and q(p—2) < p(g —1) the above inequality entails that X(T) < C foreach T > 1, 
the constant C being independent of 7. Recalling (6.4) we have thus proved that o(t) < o(t) < 


Cr4 for t > 1, hence (1.24). 


Furthermore the boundedness of »'(T) and (6.10) ensure that ||U (t)||1 < C(@t#-— 1)~8 fort > 1 


which, together with (6.3), implies that 


Ju@|,<cr?, +22. 


We have thus also established the assertion (iii) of Corollary 1.7. 


(6.11) 


Proof of Corollary 1.7. Assume first that g € (1, p — 1). Then, on the one hand, it follows from 
(1.22) that there is 09, > 0 such that @(t) < Ooo for t > 1. On the other hand, we may proceed as 


in the proof of (6.8) to establish that 


1 waif 
K Q(ne 


d 
“Wwe, + 


Therefore, 


d 1 lucy |l4 
qeolt< ne <0; 4S hh 


from which (1.26) readily follows. 
Similarly, if g = p — 1, we infer from (1.23) and (6.12) that, for ¢ > 2, 


t —1/(q-l) 
Ju@|, < c( fu +Ins) VF i 
1 


Int -1/(q-1) 
< e( fu seg NE a? i) 


0 


<C(d ia“ yy ee, 


(6.12) 
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which gives (1.27). 
Since the case g € (p — 1, q,) has already been handled in the proof of Theorem 1.6 (recall 


(6.11)) we are left with the case q = qx. In that particular case, § = n and we infer from (1.25) 
and (6.12) that 


d Cc 
<ul, + =|uo|{ <0, 11, 


which gives (1.29) by integration. 


7. Persistence of dead cores 


Proof of Proposition 1.8. We first study the one-dimensional case N = 1. We consider a non- 
negative function y € C!([0, o0)) to be specified later and proceed as in the proof of Theorem 1.6 
to deduce from (1.1) that 


yt) 
ao: _| (22119 (,0-2/0-D pl. 
PF if uteayax=| (2 au” P )(t, x)| + y(t) Ju(t, x) 


—y(t) 


x=y(t) 
x=—y(t) 
(7.13) 


On the one hand, we infer from (1.6) that 


—1 = _ = —1 Ae 2 ait 
Fag lew OYE, OP! < SC Cm, PMs PPP 


—2 fines 
<crlluol| OOP 1 eV, 


On the other hand, since p — 1 > q, we have Bp.g =p = (p — 2)/(p — 1) and it follows from 
(1.7) that 


-1 = J a4, —1 _ aye ke 
-—|a,(u? OD), a)? * <4.) aol BP 
p-2 p-2 

-1- of pes 
Sollugler ee 
Consequently, choosing 
Ge p—-2_.—(p—1)/p (p—1—-4)/4 ,-(p-1)/¢ 
ee min{ci||wolléo t . c2|lwolloe 1 }, (7.14) 
y(O) = Ro, 
we have 
-1 = 
Pra, (uP-2/P-D) @, x)? Sy'@) (7.15) 
p-2 
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We then deduce from (7.13) and (7.15) that 


y@) 
g / (t,x)dx <0 
are) ull, xX XSY, 
dt 

—y(t) 


whence 


yt) Ro 
[ wanar< f widx=0 fort > 0. 


—yt) —Ro 
Now it is actually possible to compute the function y defined by (7.14) and to see that 


: me Pee ms 
y(t) > Yoo := lim y(s) = Ro — dolluol QPP? 
SOO 


for some 59 depending only on c1, c2, p, and g. Then u(t, x) = 0 for x € [—Yoo, Yoo] and t > 0, 
and yoo > O under the assumptions of Proposition 1.8. 
In several space dimensions N > 2, consider ¢ € (0, Ro/2) and put 


IlXolloo if |x;| > Ro, 
Iluoll 
Ug (1) = —— (la —Rot+e) if Ro—e<\|xil< Ro, 
0 if |x1| < Ro —€, 
Clearly, uo < uo in RY and the comparison principle entails that u(t, x1, .x2,...,xN) <u*(f, x1) 


for (t,x) € [0,00) x R™, where u® denotes the solution to (1.1) with initial condition up and 
N = 1. Choosing € appropriately small provides the expected result in the x;-direction. We 
proceed analogously in every direction to complete the proof of Proposition 1.8. 


Appendix A. Proof of Lemma 2.1 


Since 0,u = y'(v)d,v and Vu = g’(v)Vv we deduce from (2.1) that 


” tf: 
(ae RNAs 


b 
d,v —aAv aw 2a' gy w? — 2a'g!? (Vv)! D?vVv + — =0. 
g g 


Observing that 


1 
(Vv)! D’vVu = 5Vu- Vw and Aw =2Vv-VAv+2)_|9d;0I’, 
ij 


elementary, but laborious calculation shows that 


dw — Aw +2a )°|8;8j0|7 +. 2a'g'p"wVv- Vw —V- Vw + 28 w* + 2Row =0 
ij 
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with 
/ 


N\ Tt 
S:= -a(&) — 2a'g'g" Av — 4a" (g'9" Pw? — 2a'w(29"* + 9'9"), (A.1) 


and 


" 2. ” 
vi=2fae +a'p(av4 wv) |ve 
mo 72 


+ 49'9"[(a"o'?w + 3a’) +a"g'*wlwVv 
+ 2[a"g'*Vu-Vw—D'g'|Vu tag’? Vw. (A.2) 


In order to handle the term involving Av in S; we proceed as in [10]: more precisely we have 


2a oy |9;9;v|* + 2a'g'p" wVv- Vw — 4a'g'g" Avw? 
i,j 


1 
= ta'g'o"w(3Ve -Vw—- dr) +2a s |9;9;v|* 
ij 


= 4a'e'o'w( 9:9; vd;vdjv —w )~ spo) + 2a) > |ajajv/? 
LJ i igh 
= S-{2a|a7v|” + 4a'g'g" w(\dv|? — w) a7 v} 
i 


+ 5 {2a|ajajv/? + 4a'g’" wa;d;v9;v9;v} 
iFj 


/ 2 
= 20 | ou <9" w (3,0)? — )} 


i 
Z, 


/ 
ta! 20) — (g'p"-w" (\avP -_ w)” 
L 


! 2 
+ 2a Daa + = oo" wa,v3 jo} 
iZj : 
a’? Ny? 2 2 2 
— 297 — ('o" Pw" |aiv/718;01 
ij 


a2 


> —2(N —1)— @¢'e")*w?. 
a 


Consequently, 


2a) > \a;9ju|? + 2a'y'p" wVv- Vw + 2S\w? > 2Riw’, 
i,j 


J.-P. Bartier, Ph. Laurencot / Journal of Functional Analysis 254 (2008) 851-878 877 


which completes the proof of the first assertion of Lemma 2.1. 


In the case where x +> u(t, x) is radially symmetric and non-increasing for each t > 0, we 


have u(t, x) = U(t, |x|) for (t, x) € [0, 00) x RY and 0,U (t,r) <0 for (t, r) € [0, o©) x [0, ov). 
Introducing V = g (UU ) we have v(t, x) = V(t, |x|) and the monotonicity of g warrants that 
0, V(t, r) < 0. In addition, owing to the non-negativity of a’, y’ and y”, we have 


2a'g' gy" wVv- Vw —4a'g'o"w* Av 


r 


No 
= 2a'g'o"w| 10, vP@Pv —210,vP (@P¥ + av) | 


20, 


from which we deduce that 


and end the proof of Lemma 2.1. 


2a'g'p"wVv-Vw+2S,w? > 2Riw’, 
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Abstract 


A classification is given of certain separable nuclear C*-algebras not necessarily of real rank zero, 
namely, the class of separable simple C*-algebras which are inductive limits of continuous-trace C*- 
algebras whose building blocks have spectrum homeomorphic to the closed interval [0, 1], or to a disjoint 
union of copies of this space. Also, the range of the invariant is calculated. 
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1. Introduction 


It is shown in [10] that an important class of separable simple crossed product C*-algebras are 
approximately subhomogeneous. Recall that a C*-algebra is said to be subhomogeneous if it is 
isomorphic to a sub-C*-algebra of M,(Co(X)) for some natural number n and for some locally 
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compact Hausdorff space X. An approximately subhomogeneous C*-algebra, abbreviated ASH 
algebra, is an inductive limit of subhomogeneous algebras. 

This article contains a partial result in the direction of classifying all simple ASH algebras by 
their Elliott invariant. 

The first result on the classification of C*-algebras not of real rank zero was the classification 
by G. Elliott of unital simple approximate interval algebras, abbreviated AI algebras (see [4]). 
This result was extended to the non-unital case independently by I. Stevens [14] and K. Thom- 
sen [18]. Also, an interesting partial extension of this result to the non-simple case was given by 
K. Stevens [15]. It is worth mentioning that all these algebras are what are referred to as approxi- 
mately homogeneous algebras, abbreviated AH algebras, and that the most general classification 
result for simple AH algebras was obtained by Elliott, Gong and Li in [5]. 

One of the first isomorphism results for ASH algebras was the proof by H. Su of the classifi- 
cation of C*-algebras of real rank zero which are inductive limits of matrix algebras over non- 
Hausdorff graphs; see [17]. The classification of ASH algebras was also considered in [8,12,13]. 
(This list of contributions is intended to be representative rather than complete for the classifica- 
tion of ASH algebras.) 

An important work on the classification of ASH algebras not of real rank zero, and in fact one 
of the first ones, is due to I. Stevens [16]. The main result of the present paper is a substantial 
extension of Stevens’s work, to the class consisting of all simple C*-algebras which are inductive 
limits of continuous-trace C*-algebras with spectrum homeomorphic to the closed interval [0, 1] 
(or to a finite disjoint union of closed intervals). In particular, the spectra of the building blocks 
considered here are the same as for those considered by Stevens. The building blocks themselves 
are more general. 

The isomorphism theorem is proved by applying the Elliott intertwining argument. 

Inspired by I. Stevens’s work, the proof proceeds by showing an Existence theorem and a 
Uniqueness theorem for certain special continuous trace C*-algebras. (As can be seen from the 
proofs, it is convenient to have a special kind of continuous trace C*-algebra as the domain 
algebra in both these theorems. By special we mean having finite-dimensional irreducible rep- 
resentations and such that the dimension of the representation, as a function on the interval, is a 
finite (lower semicontinuous) step function.) 

The present Existence theorem, theorem 5.1, differs in an important way from that of [16, 
Theorem 29.4.1]. In fact Theorem 29.4.1 of [16] is false, as is shown in Section 5.1 below. 

The proof of the present Existence theorem is an eigenvalue pattern perturbation, as shown 
in Section 5, which is similar to the approach used in [16]. (Indeed, once the statement of [16, 
Theorem 29.4.1] is corrected, the argument given in [16] does not need to be essentially changed.) 

The proof of the present Uniqueness theorem is different from the one in [16]. It uses the 
finite presentation of special continuous trace C*-algebras that was given in [6] and [7]. Also the 
present Uniqueness theorem has the advantage that both the statement and the proof are intrinsic, 
i.e., there is no need to say that the building blocks are hereditary sub-C*-algebras of interval 
algebras as in [16]. 

In order to apply the Existence and Uniqueness theorems, it is necessary to approximate the 
general continuous trace C*-algebras appearing in a given inductive limit decomposition by spe- 
cial continuous trace C*-algebras, as described in [7, Theorem 4.15]. This is admissible since 
in [7] (and also more generally in [6]), it is shown that these special C*-algebras are weakly 
semiprojective, i.e., have stable relations. (A result of T. Loring [11, Lemma 15.2.2], allows one 
to conclude that the original inductive limit decomposition can be replaced by an inductive limit 
of special continuous trace C*-algebras.) 
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An important step of the proof of the isomorphism theorem is the pulling back of the invariant 
from the inductive limit to the finite stages. The invariant has roughly two major components: 
a stable part and a non-stable part. The pulling back of the stable part is contained in [4] or [16] 
and is performed in the present situation with respect to the unital hereditary sub-C*-algebras. 
The intertwining which is obtained at the level of the stable invariant will approximately respect 
the non-stable part of the invariant on finitely many elements, as pointed out in [16]. To be able 
to apply the Existence theorem it is crucial to ensure that the non-stable part of the invariant 
is exactly preserved on finitely many elements (actually, just a single element). It is possible to 
obtain an exact preservation of the non-stable invariant on finitely many elements because one 
can change the given finite stage algebras in the inductive limit decomposition in such a way 
that a non-zero gap arises at the level of the affine function spaces; see Section 8 below. It is this 
non-zero gap that will ultimately guarantee (after passing to subsequences in a convenient way) 
the exact intertwining on finite sets of the non-stable invariant, as shown in Section 9. It is worth 
mentioning that in the pulling back of the stable invariant, we must ensure, at the same time that 
the maps at the affine function space level are given by eigenvalue patterns. This is necessary in 
order to apply the Existence theorem and is possible by the Thomsen-—Li theorem. 

Now all the hypotheses of the Elliott intertwining argument are fulfilled and in this way the 
proof of the isomorphism Theorem 3.1 is completed. 

I. Stevens’s description of the range of the invariant is also extended to include the case of 
unbounded traces (Theorem 3.2). 

To conclude, the class of simple inductive limits of continuous-trace C*-algebras under con- 
sideration is compared with the class of simple AI algebras. 


2. The invariant 


The invariant is similar to the invariant I. Stevens has used in [16], usually summed up as the 
Elliott invariant, namely, (Ko(A), Aff 7+ A, Aff’ A), where Ko(A) is a partially ordered abelian 
group, Aff 7* A is a partially ordered vector space consisting of linear and continuous functions 
defined on the cone of traces T* A, Aff’ A is a certain special subset of Aff 7* A. The special 
subset Aff’ A is the most important part of the invariant for our purposes, and in an informal way 
it might be said to be the non-stable part of the Aff 7* A. Formally, the special subset Aff’ A is 
the convex set obtained as the closure of {a4 €¢ Aff T* A | a >0, a € Ped(A) and |/a|| < 1} inside 
Aff 7 A, with respect to the topology naturally associated to a full projection. Here @ is the linear 
and continuous function defined by the positive element a from the Pedersen ideal by a(t) = 
t(a) where t € T* A. As shown in [16, Remarks 30.1.1 and 30.1.2], the information given by 
Aff’ A is equivalent with that given by the trace-norm map, which is a lower semicontinuous 
function w:T* A — R, p(t) = ||t|| and oo if t is unbounded. 

It is a crucial fact that the trace-norm map is equivalent to the dimension function in the case 
of a building block algebra, cf. Section 4 below. The dimension function of a building block (i.e. 
the function that assigns to each point in the spectrum of the building block the dimension of 
the irreducible representation) can be viewed as a lower semicontinuous function on the extreme 
traces normalized on minimal projections in primitive quotients and hence we can compare it 
with functions from Aff 7* A. Then the subset Aff’ A is the closure of the set of all affine func- 
tions smaller than the dimension function. Conversely by taking the supremum over all elements 
of Aff’ A we recover the dimension function in the case of the building blocks. 


882 G.A. Elliott, C. Ivanescu / Journal of Functional Analysis 254 (2008) 879-903 


3. The results 


Using the invariant described above it is possible to prove a complete isomorphism theorem. 
Namely, 


Theorem 3.1. Let A and B be two non-unital simple C*-algebras which are inductive limits of 
continuous-trace C*-algebras with spectrum homeomorphic to [0, 1]. Assume that: 


1. There is a order preserving isomorphism Wo : Ko(A) > Ko(B). 
2. There is an isomorphism wr : Aff TtA— AffT*B, such that 


Wer (Aff! A) = Aff’ A. 


3. The two isomorphisms are compatible: 


o(lpl) =¥r((Pl). [ple KoA). 


Then there is an isomorphism of the algebras A and B that induces the given isomorphism at the 
level of the invariant. 


A description is given of the range of the invariant. More precisely, the following theorem is 
proved. 


Theorem 3.2. Suppose that G is a simple countable dimension group and V is the cone asso- 
ciated to a metrizable Choquet simplex. Let i: V > Hom*™(G, R) be a continuous affine map 
which takes extreme rays into extreme rays. Let f :V — [0, +00] be an affine lower semicon- 
tinuous map, zero at zero and only at zero. Then (G,V,i, f) is the invariant of some simple 
non-unital inductive limit of continuous-trace C*-algebras whose spectrum is the closed inter- 


val [0, 1]. 
4. Special continuous trace C*-algebras with spectrum the interval [0, 1] 

In this section we will introduce some terminology. A very important piece of data that we 
shall consider is a map that assigns, to each class of irreducible representations, the dimension 
of a representation from that class. Roughly speaking, the dimension function can be thought of 


as the non-stable part of the invariant when restricted to the building blocks. 


Definition 4.1. Let A be a C*-algebra and let A denote the spectrum of A. Then the dimension 
function is the map from A to RU +00, 


a +> dim(A;), 
where by dim(#H, ) we mean the dimension of the irreducible representation z. 
It was shown in [7, Theorem 4.13], that the dimension function is a complete invariant for 


continuous trace C*-algebras with spectrum the closed interval [0, 1]. Also concrete examples 
were constructed for each given dimension function, cf. [7, Section 7]. 
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Therefore given a lower semicontinuous integer valued (i.e., a “dimension function”) which 
is finite-valued and bounded we can exhibit a continuous trace C*-algebra 


Co(An) = Co(An) Co(An) —«.. ~— Co(An) 

Co(An) Co(An-1) Co(An-1) ~-- Co(An-1) 

Co(An) Co(An-1) Co(An—-2) ~.-. Co(An-2) CM, @ C0, 1]. 
AD QA COA) oe, LEON 


whose dimension function is the given function. Here A, C An_; C --- € [0, 1] and each A; is 
an open subset of [0, 1]. Moreover any trace on such an algebra is of the form tr @ v, where tr 
is the usual trace normalized on minimal matrix projections and v is a finite measure on [0, 1]. 
The extreme traces are parameterized by tf € [0, 1], and are given as (tr ® 6;)+eo,1], where 4; is 
the normalized point mass at t. Then the trace norm map is equal to the dimension function 
when restricted to the extreme traces. To see that the trace norm map is equivalent to the special 
subset Aff’() of the affine function space Aff 7*() we repeat the proof of I. Stevens from [16, 
Remarks 30.1.1 and 30.1.2]. 
Inspired by a construction of I. Stevens in [16] we make 


Definition 4.2. A continuous-trace C*-algebra whose spectrum is [0, 1] will be called a special 
continuous-trace C*-algebra if its dimension function is a finite-valued finite step function: there 
is a partition of [0, 1] into a finite union of intervals such that the dimension function is finite and 
constant on each such subinterval. 


Remark 4.1. Let A be a continuous trace C*-algebra with spectrum [0, 1] and with dimension 
function d:[0, 1] ~ NU {+00}. There exists a projection-valued function that if composed with 
the rank function gives rise to the dimension function d. To see this first we notice that because 
the Dixmier-Douady invariant of A is trivial, the C*-algebra A is a continuous field of elemen- 
tary C*-algebras over [0, 1], where the fibers are hereditary sub-C*-algebras of the algebra of 
compact operators. Then take the unit of the hereditary sub-C*-algebra in each fiber. In this way 
we construct a projection-valued function which is lower semicontinuous. By composing this 
constructed projection-valued function with the rank function we get the dimension function d. 


Remark 4.2. A priori our definition for a special sub-C*-algebra is more general than I. Stevens’s 
definition. As it is shown in [7], any special sub-C*-algebra in our sense is isomorphic to a special 
sub-C*-algebra in I. Stevens’s sense. 


Remark 4.3. It was shown in [7] that special continuous trace C*-algebras are finite presented 
and weakly semiprojective. Also a stronger result was proven in [2], namely that special contin- 
uous trace C*-algebras are strongly semiprojective. 


5. Balanced inequalities and the Existence theorem 
The proof of the isomorphism theorem 3.1 is based on the Elliott intertwining argument. 


Among the main ingredients of this procedure are the Existence theorem that will be described 
below as well as the Uniqueness theorem that is presented in Section 6. 
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It is worth noticing that for the Existence theorem and the Uniqueness theorem we require that 
the inequalities are balanced, i.e., independent of the choice we make for the normalization of the 
affine function space. We normalize the affine function spaces with respect to a full projection. 
Even though we fix a projection in the domain algebra for both the Existence theorem and the 
Uniqueness theorem, this choice does not make any difference when we apply the theorems 
to obtain an approximate commuting diagram. As was pointed out to us by Andrew Toms, we 
only need to consider a compatible family of projections when we go through the whole proof, 
provided that a corresponding projection is chosen in the codomain algebra. In fact, we can state 
the theorems without mentioning the choices of the projections as long as their Ko-classes are 
compatible with respect to the Ko-map under consideration even though they exist and some 
choices of them will be used during the proof. 

To be able to focus on the new aspects of the present Existence theorem as opposed to the 
Existence theorem for unital continuous trace C*-algebras proved by Elliott in [4], we will both 
state the theorem and prove it in terms of so-called eigenvalue pattern maps. In our situation 
an eigenvalue pattern map is a positive unital map from C((0, 1]) to C({0, 1]) which is a fi- 
nite sum of *-homomorphisms from C([0, 1]) to C((0, 1]). Using the Gelfand theory each such 
*-homomorphism is given by a continuous function from [0, 1] to [0, 1]. As follows from the 
intertwining of the invariant and will be explained below, Section 9, one can always obtain a 
(non-necessarily compatible) eigenvalue patterns maps. 

The proof of the Existence theorem is obtained by perturbing an eigenvalue pattern map be- 
tween the affine function spaces in a such a way that it defines an algebra map between the 
building blocks. 


Theorem 5.1. Let A be a special building block and by da denote the dimension function 
of A. Let a finite subset F contained in AffT* A, and € > 0 be given. There is f' € Aff A 
such that for any special building block B with dimension function dg, and maps k: D(A) > 
D(B) and T : AffT* A > AffT* B verifying the conditions: 


1. k has multiplicity Mx. 
2. T is given by an eigenvalue pattern and has the property 


T(f') < dp. 


3. k and T are exactly compatible, i.e., 


there is a homomorphism wy: A — B such that k = Wo and 
|r - wala <ellallp, aeF. 


Remark 5.2. Recall that Aff 7* A is a Banach space with a norm given by || f'| p = sup{| f(t)| | 
t(p)=1, t € TTA}, where f ¢ AffT*A and p is a fixed full projection of A. In addition, 
using the norm we just defined, Aff TT A is identified with C({0, 1]). This identification allows 
us to compare in the supremum norm the dimension function and elements of Aff Tt A. Also the 
norm of Aff 7* B is defined with respect to a projection from B which is Murray-von Neumann 
equivalent to k(p). Since our inequalities at the level of the affine function spaces are balanced, 
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Fig. 1. Dimension function d. 


which is the only theorem that makes sense, in particular they are independent of the choice of 
the projection p. 


Proof. The idea of the proof is to choose in a clever way a function f’ and then change within 
the given tolerance the eigenvalue functions that appear in the eigenvalue pattern T so that the 
image of the dimension function d, under the new eigenvalue pattern is smaller than or equal 
the dimension function of the algebra B, as desired. 

Let € > 0 and a finite set F C Aff TA be given. As already mentioned it is a crucial step 
how f’ is chosen. There is no loss in generality if we assume that the dimension function d, has 
only one discontinuity point, fg € [0, 1] (see Fig. 1). 

Choose f’ to be a continuous function such that f’(t) = da(t) for t € [0,t9 — 6] U 


[to + 6, 1], f(t) < da(t) for t € [0, 1], and f’(to) =da(to), where 5 < ee Hence f’ is a con- 
k 
tinuous function defined on the interval [0, 1] which approximates d4, namely f’ is equal to da 


except on a small neighbourhood around the discontinuity point (see Fig. 2). 

Next we proceed by showing how to change the eigenfunctions such that a desired eigen- 
value pattern is obtained. We will carry out this procedure in a very special case, namely all the 
eigenfunctions are assumed to be the identity function. 

In Fig. 3 we have the original eigenvalue function A which is the identity map. We define a new 
eigenvalue function, see Fig. 4. More precisely the new eigenvalue function 1:[0, 1] > [0, 1], 
A(t) =t for t € [0, t — 8) U (to +5 +84), 1], A(t) = to — 8 for t € [t — 4, to + 4], the linear map 
RS =h eG Sh 50 for t € [9 + 5,10 +6+5,], where 6,, is a strictly positive 
number such that f9 +6 +6, <1. 

A short computation or a geometric argument shows that the difference ||A — Mls = 26. 

Moreover the dimension function d,4 evaluated on the perturbed eigenvalue i is smaller then 
f’ evaluated on the given eigenvalue i 


da(A()) < f’(AW). 
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rr 


Fig. 2. Graph of f’. 


Fig. 3. Eigenfunction i. 


Hence by hypothesis 2 we have 


Here we say that one-dimension function is smaller than another one if the relation holds 
pointwise. 
The change of the eigenvalues is small because of the choice of 6: 
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Fig. 4. Eigenfunction i. 


My 
In -DOlg@ =D lacGi—Whee 
i=l 
Mx 2 
= )/sup{|ao (aj —Ai)(t)| | t(k(p)) = 1, te TTA} 
i=l 


Mk 
a sup Mi 
i=1 


me 1 
Peters w(s-7)| | «(p) = Mz, TE ral 
My 


Mk 
=O My a0 Gi -A)|5<2Mfllallp<elallp, ae F. 
i=1 


To obtain the inequality above we used the linearity of the function a o i — i;) and that an 
extreme trace t in Tt A has the property that t(k(p)) = 1 if and only if t(p) = Mx. 

We claim that the argument for the special case shown above can be extended to the case of 
piecewise linear eigenfunctions which is known to be equivalent to the general case of continuous 
eigenfunctions that arise in the inductive limits of interval algebras (see for instance [4]). 


5.1. An exact inequality is necessary between the non-stable part of the invariant 


As mentioned in the introduction, Theorem 29.4.1 of [16] is false. To prove the Existence 
theorem it is fundamental to have an exact inequality between the non-stable part of the invari- 
ant at the level of the affine function space, i.e., T(f) < dg for some continuous affine function 
f <dx4. A weaker inequality is required in the statement of the Existence theorem of [16, The- 
orem 29.4.1], i.e., T( f) < dg(1 + 4) for some small 6 > 0. Therefore it is possible to construct 
a counterexample to the I. Stevens Existence theorem. This counterexample is already assum- 
ing that the positive linear map T is given by an eigenvalue pattern. To reduce the proof of 
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[16, Theorem 29.4.1] to an eigenvalue pattern problem, one needs an extra assumption in hy- 
pothesis 2, for instance a positive gap 7 > 0 in the other side of the inequality described above 
T(f)+n<dg+6). 

Next we describe the counterexample. Let d4 be the lower semicontinuous function defined 
on [0, 1] which is equal to 2 on the subintervals [0, 1/2) and (1/2, 1], and equal to | at 1/2. 
Let €o be such that 0 < €9 < 1/4 and F = {a,(t) =t}. Let f be a continuous function which 
approximates d_4. Since they can not be equal everywhere around 1/2, we can assume that f(t) < 
2=d_,(t) for all t in (1/2 — n, 1/2 +7), where n > 0 can be chosen as small as needed. 

Let 6 > 0 be given. There exists a positive integer Mx such that 5 Wi 7 <6. Then choose T to 
be defined by M;, eigenvalue functions (A;);—1,...,4,, all being the identity functions, A; (t) = f, 
for alli =1,..., My. Next choose B to be a continuous trace C*-algebra with dimension func- 
tion constant equal to 2M; — 1. 

Note that the hypothesis 2 of the Existence theorem 29.4.1 from [16] holds 


My 


T(f)O) =o f ods) <2Me < (1 + d)dpq.- 
i=l 


Now we claim that among all perturbations of T which are within the given €9 with respect to the 
finite set F’, the particular one P which is given by the continuous eigenfunctions (4; )j=1,...,M; 
that have the property jj(t) = 1/2 for t € (1/2 — n, 1/2 +n), is the smallest in the sense that 
the value of P(d_,4) is the smallest. Here it is important to notice that because €9 < 1/4 it forces 
that (44;);(t) = A(t) = ¢ for ¢ close to 0 and | including 0 and 1. In particular we have (1; )(0) = 
4; (0) = 0. Therefore 


Mk 


P(d4)(0) =) d.4(ui(O)) = 2My > 2My — 1 = dg (0). 
i=l 


Therefore we cannot perturb the eigenfunctions to obtain a compatible eigenvalue pattern and 
the Existence theorem as stated in [16] cannot be proved. 


6. Uniqueness theorem 


It is important to notice that the conclusion of the Existence theorem is part of the hypothesis 
of the Uniqueness theorem; this makes sense since all inequalities are balanced (i.e. independent 
of the choice of projection with respect to which the normalization is done). 


Theorem 6.1. Let A be a special continuous-trace C*-algebra, F C A a finite subset and € > 0. 
Let B be a special continuous-trace C*-algebra and w,p:A— B be maps with the following 
properties: 


1. %o = Wo: Ko(A) > Ko(B), 

2. w and @ have at least the fraction 5 of their eigenvalues in each of the d consecutive 
subintervals of length 4 of (0, 1], for some d > 0 such that for Fr; the functions equal 
to 0 from 0 to 5, equal to | on (4, 1] and linear in between, for each 0 <i <d, 


er — Wr) FDIlK(p) < SllFillp, with respect to the norm of Aff TTB, 
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3. Then there is an approximately inner automorphism of the unitization of B, f, such that 


|(w- fo@|<«, aeF. 


Proof. Because of the isomorphism theorem 4.13 from [7], there is no loss of generality to 
assume that our building blocks are in a very special form 


Co(A1) Co(A1) Co(A1) ... ColAr) 
Co(A1) Co(A2) Co(A2) ... ColA2) 
AX| Co(A1) Co(A2) Co(A3) ... Co(A3) 
Co(Ar) ColA2) CofA) 2. C10, 1] 


Notice that the cancellation property holds for the unital sub-C*-algebra of A and any projec- 
tion of A is Murray—von Neumann equivalent to a projection inside of the unital sub-C*-algebra. 
Therefore the cancellation property holds for A. A similar argument shows that the cancellation 
property holds for any continuous-trace C*-algebra with the spectrum the closed interval [0, 1]. 

Since go = Wo, we can assume that g(p) = W(p), where p is the unit of the sub-C*-algebra 
C((0, 1]) of A. In other words the restrictions of the maps to the unital subalgebra share the same 
unit. 

The stable part of the Elliott invariant (i.e., the Ko group and the affine function space Aff TT) 
of A and of C({0, 1]) is the same. Let us restrict the two maps g and y to the unital sub- 
C*-algebra C((0, 1]). The image of C((0,1]) under g and y is up to a unitary a full matrix 
algebra over the interval. Then using assumptions | and 2 we notice that the hypotheses of the 
Elliott Uniqueness theorem [4, Theorem 6], are fulfilled. Hence we get a partial isometry V of B 
(a unitary inside of the full matrix sub-C*-algebra of B) such that 


eC fa; ® enn) — VW (fa; @ enn) V*||<e, TE {I,...,n}. 


We want this relation to hold for the case when the domain is A. We follow a strategy already 
present in the case of full matrix over the interval. An important data that we will use is that the 
domain algebra A has a finite presentation. In fact we will use the concrete description of this 
presentation that was given in [7, Section 8]. The set of generators consists of elements of the 
form f,4; ® @in which are certain positive functions tensor the matrix units. 

For each i let u; be a continuous function defined on [0, 1] which is equal to | on A; except 
near the end points of each open subinterval of A; and 0, otherwise. One can think of u; as an 


approximate unit of the functions f4;,7 € {1,...,n}, and later estimates depend on the size of 
the subset of A; where u; is not equal to 1. 
Define 


V=S- plu; ® eni)* Vi (Uj ® en’): 
i=l 


Then 
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Vw (fa; ® eni)V* 


= (= g(UK ® enk) Vv (ur ® -«) V(fa; ® ni) ( Yi ve (ui B em)*V* Gur ® “| 


k=1 l=1 


= 9(Un ® nn) V¥(fa;, ® a(S WU @ ein) V* 9 (u) ® “) 


l=1 


= 9(Un ®@ enn) VV fa; ® a(S vu @ en)V* ou @ “| 
l=1 
=9(Un ® enn) VFA; @ €ni Wu; ® in) V* (uj @ eni) 


=9(Un ® enn) Vi (fA; ® €nn) V* Qui @ €ni). 
Now we have that 
(fA; ® ni) = P(Un @ Cnn) OC FA; ® Cnn) PU: ® ni). 
Therefore 
|| oC fa; ® eni) — VW (fa; @ eni)V* | 


= | O(n ® enn) (9( fa; ® enn) — VC fa; ® enn) V*) (ui ® eni)| 
< pun ® enn) le |e (ui ® €ni) 


> 


i.e. it can be made as small as needed. 
We want to argue that V gives rise to a partial isometry. Let us calculate 


VV = D5 ou @ en)*V*G(u1 B ent) Y, PU @ eni)* VOU; @ eni) 
l=1 i=l 


= J W(ur @ ein) V* GU ® ent) Y_ G(Ui ® ein) VW (ui ® eni).- 


l=1 i=1 


Assuming that each u; is equal to 1 on the open intervals A; except small neighbourhood around 
the end points of A; we get 


n 
VV =o W(ui ® ein) V*G(Ui ® enn) VW (ui ® eni) 
i=1 
which is very close to 


Yo Ui @ ein) (U1 @ enn) W (ui @ eni) = Y) Wui @ eis) 


i=l i=1 
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which is the value of the projection-valued map of the hereditary sub-C*-algebra generated 
by (A) inside B. In other words V*V is as close as we want to be a projection. It is impor- 
tant to notice that this is true if we are not in a small neighbourhood of the singularity points 
of the dimension function of the hereditary sub-C*-algebra generated by (A) (i.e. whenever 
uj = 1). 

Similarly VV* is almost equal to the )>7_, y(uij ® e;i) if we are not in a small neighbourhood 
of the singularity points of the dimension function of the hereditary sub-C*-algebra generated 
by (A). Notice that any singularity point yo of the dimension function of the hereditary sub- 
C*-algebra generated by g(A) or (A) has the property that there is an eigenfunction A; such 
that A; (yo) is a singularity point of the dimension function d, of A. In addition 4; is uniform 
continuous function from [0, 1] to [0, 1]. Hence small neighbourhoods of yo correspond to small 
neighbourhoods of some singularity point of d,. 

From the polar decomposition V = W|V| we get a partial isometry W. We claim that W still 
intertwines approximately the two maps ¢ and 7, 1.e., 


|| eC fa; ® ens) — Wr fa; ® eniW* || < 3¢, 
|W*eC fa, ® eni)W — (Fa; ® eni)|| <3¢. 
This is true because 


oC fa; ® ni) — Ww (fa; ® eniW* | 
= | 9( fa; ® eni) — VW (fa; ® ent V* + WIV (fa; ® ens IVIW* — Wr fa; ® eni) W" | 


< ||0(fa; @ eni) — Vo (fa; ® eniV* || + [WIVIY fa; @ ent) IVIW* — WY fa; ® eni)W*|| 
<e+ Viv fa; ® eniIV| — ¥(fa; ® ens) | 

<€+ |IVivCfa; ® eniIVI — Vib fa; ® eni) + VIW (fa; ® eni) — W(fa; ® eni)| 
<ete+e=3e 


and similarly we get the other desired inequality. 

Hence we have constructed a family of partial isometries WV from the hereditary sub-C*- 
algebra generated by (A) to the hereditary sub-C*-algebra generated by w(A). In addition 
W induces an isomorphism between the two above mentioned hereditary sub-C*-algebras. In 
particular it implies that the two hereditary sub-C*-algebras have the same dimension function. 

Next we will show how to approximate WV with a unitary in the unitization of the codomain 
algebra. 

Let us start by applying Theorem 4.12 of [7] to the projection-valued function corresponding 
to the hereditary sub-C*-algebra generated by y(A). Hence we get a decomposition, possibly 
infinite, in terms of functions each of which is projection-valued of rank 1 on a certain open 
subset of [0, 1] and zero otherwise. Notice that the discontinuity points of the dimension function 
of the hereditary sub-C*-algebra generated by g(A) correspond to the discontinuity points of the 
functions appearing in the decomposition and the open sets are increasing in a suitable sense. 

Next we apply Lemma 6.2 for each point at singularity in the interval [0, 1], or, in other 
words, to each function appearing on the decomposition. Thus, we have a family of unitaries that 
preserves the continuity of the continuous elements of the hereditary sub-C*-algebra y(A) and 
at the same time has the property that it still intertwines the two maps. 
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Fig. 5. Dimension function of Hy and Hp. 


In the following lemma the hereditary sub-C*-algebras H; and Hp are assumed to be contin- 
uous bundles over [0, 1] (for more details about continuous bundles of C*-algebras see [9]). 
If A is a continuous bundle of C*-algebras over [0, 1] then A‘ stands for the fiber of A over f. 


Lemma 6.2. Let H, and Hy be hereditary sub-C*-algebra of Mz(C[0, 1]) with the same spec- 
trum [0, 1] and identical dimension function equal to 1 on the closed interval (0, to] and equal 
to 2 on the half-open interval (to, 1], to € (0, 1). Let W = (W(¢))tefo,1] be a family of partial 
isometries indexed by the points of [0,1]. For each t € [0,1], W;:M2(C) > M2(C) such that 
W(t)W(t)* = the unit of H{ and W(t)* W(t) = the unit of H}. Then there exists a family wt 
of partial isometries indexed by [0, 1] such that W + W? isa unitary inside of M2(C([0, 1]) and 
(W+ W+)(f)(t) = W,(f)(@) for any continuous function f € H, and t € (0, 1). 


Proof. Diagrammatically the dimension function of H; and H2 can be pictured as in Fig. 5. 

We construct the family Wt = (W2)reto.1] as follows. Fix a t in [0, 1], t < fo. W(£) is a par- 
tial isometry on some dimension-one subspace of M2(C). Hence W;(M) = c(M)M, where c(M) 
is aconstant depending on M and M, is a projection matrix in M2(C). Let w+ =c(M)(h-M,). 
Notice that W; + wt is a unitary operator on M2(C). If t > to then wt =0. 

The family of unitaries (W; + WwW) te[0,1] 18 continuous except at the point fo. Our work below 
shows that this family can be modified to be continuous overall [0, 1]. 

Extend (W;)re[o,1] to be a continuous family (W))teto, 1] Of partial isometries on dimension- 
one subspaces of M2(C). Wi and limy-+ t,1>1%9 (Wi — Ww?) are two partial isometries on the same 
dimension one subspace of M2(C), hence they differ by a constant of absolute value one, i.e. 


Wr=c_ lim (W,—W;). 


10 t> 10, t>t0 


Define the continuous family of unitaries (U;)+e[o,1] to be U; = W; + w+ if t < ft and U; = 
W! + c(W, — W;) if t > to. 
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Hence the continuous family of unitaries W; is given by U; and (U;(f)(t) = W;(f)(t) for any 
continuous function f € Hj; and t € [0, 1]. 


7. Inductive limits of special continuous trace C*-algebras 


Next let us show that the Existence theorem and the Uniqueness theorem presented above 
can be applied, i.e., that the hypotheses of the theorems can be fulfilled. As a first step in this 
direction let us show that an inductive limit of continuous-trace C*-algebras with spectrum [0, 1] 
(or disjoint unions of closed intervals) is isomorphic to an inductive limit of special continuous- 
trace C*-algebras. 

The basic tools in establishing this step are the fact that special continuous trace C*-algebras 
are semiprojective (cf. [7, Theorem 6.5]) and a result by T. Loring [11, Lemma 15.2.2] which for 
the convenience of the reader we state below: 


Suppose that A is a C*-algebra containing a (not necessarily nested) sequence of sub-C*- 
algebras An with the property that for all € > 0 and for any finite number of elements 
X1,...,X,% of A, there exists an integer n such that 


{X1,---, Xk} Ce An- 
If each An is weakly semiprojective and finitely presented, then 
AS lim(An,, Yk) 
for some subsequence of (Ay) and some maps yx: An, > Any: 


Proposition 7.1. Let A be a simple inductive limit of continuous-trace C*-algebras whose build- 
ing blocks have their spectrum homeomorphic to [0,1]. Then A is an inductive limit of direct 
sums of special continuous-trace C*-algebras with spectrum [0, 1]. 


Proof. In Proposition 5.4 and Theorem 6.5 of [7] it is proved that the class of special continuous 
trace C*-algebras with spectrum [0, 1] are finitely presented and have weakly stable relations. 
Each building block from the inductive limit decomposition of A can be approximated by special 
continuous trace C*-algebras (cf. [7, Theorem 6.14]). Then A satisfies Loring’s hypothesis where 
the sequence of semiprojective algebras is given by the special algebras from the approximation 
of the building blocks. Thus the Loring’s lemma implies that A is an inductive limit of special 
continuous trace C*-algebras. 


8. Getting a non-zero gap at the level of affine function spaces 


To be able to exactly intertwine the non-stable part of the invariant it is useful to know that 
the dimension function of any building block A,, or B,, is taken by the homomorphism $y +1, 
respectively Wnm+1, into a function smaller than or equal to the dimension function of Aj4+1 
or B+, such that a non-zero gap arises. In other words we want to exclude the possible cases 
when the dimension function is taken into the next stage dimension function such that equality 
holds at a point or at more points. We shall show this in the following lemma. Recall that because 
of Proposition 7.1, the algebras that we want to classify can be assumed to be inductive limits 
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of special continuous trace C*-algebras with spectrum [0, 1], i.c., A = lim(An, dum) and B = 
lim(Bn, Wnm), where Ay, B, are special continuous trace C*-algebras. 


Lemma 8.1. Let A = lim(An, dnm) be a simple C*-algebra, where each Ay is a special con- 
tinuous trace C*-algebra with spectrum the closed interval [0,1] and the dimension function 
assumed to be a finite-valued bounded function. Then there exist 5, > 0, a subsequence (An; )n;>0 
of (An)n and a sequence of maps $; : An; > An;., Such that: 

1 AS lim(Ap, »Pnjm;)> 

2. (briny) 7 Pan, )+ 6, < Pay,» 
where the inequality holds pointwise, (onm)r is the induced map at the level of the affine function 


Spaces, PAs and PAny are the units of the biduals of An, and An,, and P4,, and PAny denote 
the corresponding lower semicontinuous functions. 


ny 


Proof. Let A be equal to lim A, with maps $n,m:An > Am. 
The plan is to keep the same building blocks and to change slightly the maps with respect to 

some given finite sets such that the desired property holds. To do this we use the property that 

the building blocks that appear in the inductive limit decomposition are weakly semiprojective. 

Assume that the dimension function of ¢;2(A1) equals the dimension function of Az at some 
point or even everywhere and let € > 0, F; C A, be given. Because the largest value of the 
dimension function of the hereditary sub-C*-algebra generated by $12(A1) inside A2 is attained 
on an open subset U of [0, 1], let us construct another dimension function as follows: shrink one 
of the open intervals of the open set U to get U’ and in exchange enlarge the interval adjacent 
to that discontinuity point. U’ is constructed in a such a way that is as close as necessary to the 
given U. 

In this manner we find a sub-C*-algebra B which is as close as we want to the hereditary sub- 
C*-algebra generated by $12(A1) inside of Az. Next we use that A; is weakly semiprojective to 
find another *-homomorphism ~; : A; —> B which is close within the given € on the given finite 
set F). 

Then there exists some open interval between the dimension function of Az and the dimension 
function of the B. This open interval corresponds to a non-zero ideal /; inside of Az. Now the 
image of J; in the inductive limit is also a non-zero ideal. Since the inductive limit is simple, it 
implies that the ideal is the whole algebra. We know that there are full projections in the inductive 
limit. Therefore there is a finite stage in the inductive limit of the ideals coming from J; that has a 
full projection. Assume that the finite stage is inside of Ay. This means that at that stage the image 
of the ideal J; is Ag. Pick a strictly positive element a; in J;. Then the image of a; in Ax will 
be strictly positive at each point from [0, 1], k > 1. This shows that the image of the dimension 
function dg inside the dimension of Ax has a gap of at least 1 everywhere in [0, 1]. 

Because of the normalizations of the affine function, this gap of size 1 will correspond to some 
strictly non-zero 5;. To complete the proof we relabel B as An,, Ax aS An,, etc. 


Corollary 8.2. Let A = lim(An, ¢n,m) be a simple C*-algebra. Then there exist a sequence 
(Si)i>1, 6; > 0, a subsequence of algebras (An;)i>1 Of (Ai)is1 and a sequence of maps 
@: An; > An; Such that: 
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1.A= lim (An; > nj,m;)s 


nENi+1 Nit.” 


Proof. Follows by successively applying the previous lemma. 
9. Pulling back of the isomorphism between inductive limits at the level of the invariant 


Step 1. (The intertwining between the stable part of the invariant.) With no loss of generality we 
assume that the building blocks have the following concrete representation 


Co(A1) Co(A1) Co(A1) ... ColAr) 
Co(A1) Co(A2) Co(A2) ... Co(A2) 
Co(A1) Co(A2) Co(A3) ... Co(A3) 
Cy(A1) Co(d2) Co(A3) ... C10, 1] 


One can distinguish a full unital hereditary sub-C*-algebra 


0 0 0 0 
0 0 0 
0. C[0, 1] C[0, 1] 
0 ... CfO,1] ... C0, 1] 


The unital hereditary sub-C*-algebra has the same stable invariant (i.e., Ko, Aff 7* and the 
pairing) as the given C*-algebra. Moreover the unital hereditary sub-C*-algebra is a full matrix 
algebra over the closed interval [0, 1]. Using this fact we derive an intertwining between the 
stable invariant, as is shown in [16] or originally in [4]. 

It is important to mention the method of normalizing the affine function spaces. Pick a full 
projection p; € A;. Normalize the affine space Aff 7+ A, with respect to p,. Next consider a 
image of p, in Az under the map at the dimension range level, call it py. Normalize AffT* A2 
with respect to p2. Note that the map which is induced at the affine level is a contraction. Con- 
tinue in this way so that we obtain an inductive limit sequence at the level of the affine spaces, 
with all the maps being contractions: 


Aff Tt Ay > AffT* Az > ---—> Aff TTA. 
Let Poo denote the image of p; in the inductive limit A and denote by goo a representative 
of ¢0(Poo) in B. Then there exists g; € B, such that the image of q1 iS goo in the inductive limit. 


Normalize the Aff 7* B; with respect to g,, Aff7* Bz with respect to a image of q, in Bz and 
so on. Hence we obtain another inductive limit of affine spaces with contractions maps 


Aff T* A; > AffTt Az > --- > Aff TTA, 


Aff T* B, > AffT* Bo > --- > AffTTB. 
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As already mentioned above, we pull back the invariant for the unital hereditary sub-C*-algebras 
(i.e. full matrix algebras or the stable invariant). This will give rise to an exact commuting dia- 
gram at the Ko-level, an approximate commuting diagram at the affine function spaces level and 
an exact pairing. The compatibility can be made exact as shown in [3] by noticing that, because 
of simplicity, non-zero positive elements in both Ko and Aff7~ are sent into strictly positive 
elements and then normalize the affine function spaces in a suitable way. 

To summarize, we now have a commutative diagram 


on $ 
Coa LA +» ——> (Aff Tt A, Aff’ A) 
C[0, 1 (Aff T+ B, Aff’ B) 


where Aff7* A; and AffT*B; are identified with C({0, 1]) and each finite stage algebra A; 
and B; is assumed to have only one direct summand. 
For us it is very important to study the pulling back of the non-stable part of the invariant. 


Step 2. (The intertwining of the non-stable part of the invariant.) As I. Stevens mentioned in [16], 
at this moment we know that the non-stable part of the invariant is only approximately mapped 
at a later stage into the non-stable part of the invariant. 

To be able to apply the Existence theorem 5.1, one needs to check that hypothesis 2 can 
be ensured. Otherwise, a counterexample can be given to the Existence theorem, as shown in 
Section 5.1 above. The special assumption from the hypothesis of the isomorphism theorem, 
or (Aff! A) C Aff’ B, as well as Corollary 8.2 will be used to prove the above mentioned claim. 

By applying Corollary 8.2 to the given inductive limits A = lim(An,@n,m), B= 
lim(By, n,m) we get two sequences (4;)j>1, 5; > 0 and (6;)i>1, 5; > 0, respectively, and two 
subsequences of algebras such that after relabeling, we can assume that iis 1 (Pa;) + 6; < 
Paz 43> Wiit1(Pa;) + 63 < Paj.,, Wiit+1(Pa;) + 6) < Pa;,, and Wiit1CPa;) + 5; < Pa;,, for all 
i>. 

Reworking the intertwining of the stable invariant for the new sequences of algebras and the 
new maps that have gaps 6; we obtain the following intertwining: 


C((0, 1]) —~ — (Aff TT A, Aff’ A) 
Ty AA 4 
3 
C[0, 1] ——~ (Aff T* B, Aff’ B) 


As a consequence of the Thomsen-Li theorem, which in the present case states that the closed 
convex hull of the set of all unital *-homomorphisms of C([0, 1]) in the strong operator topology 
is exactly the set of positive of unital operators on C([0, 1]), we can assume that all the maps 
bii+1, Wii4+1, Tis ty are given by eigenvalue patterns. Because each such map takes the unit, say Pp, 
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into the unit, K(p), it follows that each map is an average of the eigenvalues, i.e., $;,;41(f) = 


Nj fori 
ial oN; etc. 


Let Pa , be the image in the affine function space of the unit in the bidual of A;. Take a 


continuous function f smaller than Py,. It is important to say that there are no extra conditions 
on f,i.e., f can be any element of the special set Aff T’A;. Then there exists 5; > 0 such that 


12(Pa,) + 81 < Pay. 
Since $12(f) < b12(Pa,) we have 
$12(f +81) < 12(Pa, +51) < Pay. 
Since 7 (Aff’ A) C Aff’ B, it follows that there exist a large N and €y < 5, such that 
TN OPn-2N-10°°°:9@12(f +41) < Pay +€y. 


It is important to say that a different choice for f will give rise to possibly different N. This 
is not a difficulty because we can always pass to subsequence. Equivalently we have 


TN OPn-2N-10°°°' 9 G12(f) +41 < Pay + én. 
Using 6; > €n we conclude 
Tv 0 ON-2nN-1 0°79 b12(f) < Pay. 

which is the desired strict inequality from the hypothesis 2 of the Existence theorem 5.1. 
10. The isomorphism theorem 

To complete the proof of the isomorphism theorem 3.1 for the algebras lim A; = A and 
lim B; = B, we have to construct an approximate commutative diagram at the algebra level in 
the following sense, as was defined by Elliott in [3], 

“for any fixed element in any A; (or B;), the difference of the images of this element along two 

different paths in the diagram, starting at A; (or B;) and ending at the same place, converges 

to zero as the number of steps for which the two paths coincide, starting at the beginning, 


tends to infinity.” 


At this stage because of Step 2 of the previous section, Section 9, we can apply the Existence 


theorem to generate a sequence of algebra homomorphisms v1, v2,... and Vis Vy, ... such that 
Hoe < 5 and WF eee < 5 for f € F and g € G;, where vj, v;,,, are the induced 


affine maps by algebra maps 1;, v/, and F; and G; are finite sets. 
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After relabeling the indices of the inductive limit systems we now have a (not necessarily 
approximately commutative) diagram of algebra homomorphisms: 


$12 $23 
A\ A2 A 
Ty 2 
Ty T 
wi2 y23 
Bi Bo nas B 


that induces an approximately commutative diagram at the level of the invariant. 

This will be done with respect to given arbitrary finite sets F; C Aj and G; C B;. 

To make the diagram approximately commuting we modify the diagonal maps by composing 
with approximately inner automorphisms and this will be done with respect to a given arbitrary 
finite sets F; C Aj and G; C B; with dense union in A and B, respectively. 

Here we notice that we can apply the Uniqueness theorem to the data obtained from the 
Existence theorem because our inequalities are balanced. 

For every € > 0 we find an increasing sequence of integers 1 = Mp < Li < M2 < Lo <--- 
and unitaries (Uyy,,,) € AM. (Vn € Bi, such that for f € Fy, and g € Gz, we have 


Omisitu, (tm. (P)UN,,, — Omni — € 
< 


If ll a 
Vis TL; (Ty, Vrs = PL Lis (Q) Ih e € 
Ils l 2 


In other words passing to suitable subsequences of algebras, it is possible to perturb each 
of the homomorphisms obtained in the Existence theorem by an approximately inner automor- 
phism, in such a way that the diagram becomes an approximate intertwining, in the sense of [3, 
Theorem 2.1]. 

Therefore, by the Elliott approximate intertwining theorem (see [3, Theorem 2.1]), the alge- 
bras A and B are isomorphic. 


11. The range of the invariant 


In this section we prove Theorem 3.2 which answers the question what are the possible values 
of the invariant from the isomorphism Theorem 3.1. It is useful to notice that the invariant con- 
sists of two parts. One part is the stable part, i.c., Ko, Aff 7, 4:T* t> S(Ko) which was shown 
by K. Thomsen in [18] to be necessary if one wants to construct an Al-algebra, and the other part 
which one may call the non-stable part, namely Aff’ or equivalently, as shown in [16, Remarks 
30.1.1 and 30.1.2], the trace norm map. It is the non-stable part of the invariant that one needs to 
investigate in its full generality. Next the definition of the trace norm map is introduced. 


Definition 11.1. Let A be a sub-C*-algebra of a C*-algebra B. The trace norm map associated 
to A is a function f :T7*(A) > (0, oo] such that f(t) = ||T|_4||, 00 if t is unbounded. 


Recall the following. 
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Definition 11.2. T* (A) is the cone of positive trace functionals on A with the inherited w*- 
topology. 


Remark 11.1. The trace norm map is a lower semicontinuous affine map (being a supremum of 
a sequence of continuous functions). 


Remark 11.2. The dimension range can be determined using the values of the trace norm map f, 
the simplex of tracial states S and dimension group G. A formula for the dimension range D is: 


D= {x €G/v(x) < f(v), vES, vA 0}. 


I. Stevens has constructed a hereditary sub-C*-algebra of a simple (unital) AI-algebra which 
is obtained as an inductive limit of hereditary sub-C*-algebras of interval algebras, and has as 
a trace norm map any given affine continuous function; cf. [16, Proposition 30.1.7]. Moreover 
she showed that any lower semicontinuous map can be realized as a trace norm map in a special 
case. Our result is a generalization to the case of unbounded trace norm map when restricted to 
the base of the cone. It is worth mentioning that our approach gives another proof in the case of 
any lower semicontinuous map as a trace norm map. Still our approach is using the I. Stevens’s 
proof for the case of continuous trace norm map. 


Theorem 3.2. Suppose that G is a simple countable dimension group, V is the cone associated to 
a metrizable Choquet simplex. Let .: V — Hom*(G, R) be a continuous affine map and taking 
extreme rays into extreme rays. Let f : V — [0, 00] be an affine lower semicontinuous map, zero 
at zero and only at zero. Then [G,V,i, f] is the Elliott invariant of some simple non-unital 
inductive limit of continuous trace C*-algebras whose spectrum is the closed interval (0, 1] or a 
finite disjoint union of closed intervals. 


Proof. The proof is based on I. Stevens’s proof in a special case and consists of several steps. 


Step 0. We start by constructing a simple stable AI algebra A with its Elliott invariant: 
[(G, D), V, A]. We know that this is possible (see [14]). By tensoring with the algebra of compact 
operators we may assume A is a simple stable AI algebra. 


Step 1. We restrict the map f to some base S of the cone T* (A), where the cone V is naturally 
identified with T* (A). Since any lower semicontinuous affine map f : S > (0, +00] is a point- 
wise limit of an increasing sequence of continuous affine positive maps (see [1]), we can choose 
f =lim fy, where f, are continuous affine and strictly positive functions. 

Moreover by considering the sequence of functions gy = fn4i— fn ifn > 1 and g; = fi we 
get that 


nas 
n=1 


Step 2. Next we use the results of Stevens [16, Proposition 30.1.7], to realize each such contin- 
uous affine map g, as the norm map of a hereditary sub-C*-algebra B, (which is an inductive 
limit of special algebra) of the AI algebra A obtained at Step 0. 
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Consider the L® direct sum @ B; as a sub-C*-algebra of A. The trace norm map of the 
sub-C*-algebra @ B; of A is equal to 772, gn = f. 
To see that @ 6; is a sub-C*-algebra of A we use that A is a stable C*-algebra: 


Bi 0 
BBs = By CAQK=ZA. 
0 ‘s 


Next denote with H the hereditary sub-C*-algebra generated by @ B; inside of A. 

To prove that the trace norm map of 1 is f is enough to show that the norm of a trace on 
@ 6; is the same as on H. 

It suffices to prove that an approximate unit of the sub-C*-algebra @ 6; is still an approximate 
unit for the hereditary sub-C*-algebra H.. 

We shall prove first that the hereditary sub-C*-algebra generated by G) 6; coincides with the 
hereditary sub-C*-algebra generated by one of its approximate units. Let (ua), be an approxi- 
mate unit of GB ;. Denote by U/ the hereditary sub-C*-algebra of H generated by {(u,),}. We 
want to prove that U/ is equal with 71. 

Since (uj), is a subset of GB 6; we clearly have 


UuUCH. 
For the other inclusion, one can observe that 


for all be DB: b= jim uj,buy. 
er 3. 


Now each u,bu, is an element of the hereditary sub-C*-algebra generated by (ua), and hence 
b €U. Therefore GB B; CU which implies H CU. 

We conclude that 71 =U and hence the trace norm map of H is f. Therefore 71 is a simple 
hereditary sub-C*-algebra of an AI algebra with the prescribed invariant. 


Remark 11.3. The approximate unit (u,), of GG; is still an approximate unit for the hereditary 
sub-C*-algebra U/. To see why this is true let us consider the sub-C*-algebra of A defined as 
follows: {hE A|h=limy +o uyh}. 

This sub-C*-algebra of A is a hereditary sub-C*-algebra. Indeed let 0 < k <A with h = 
lima—+o0 Uah. We want to prove that k = limy-.o0 uk. 

Consider the hereditary sub-C*-algebra hAh of A which clearly contains h (because h* = 
lim)_s 99 hu;h). Therefore k € hAh. 

Since h = lim)-+90 uy we obtain that ua is an approximate unit for hAh. In particular 


k= lim uk 
A> co 


and hence {h € A| h = limy-,.9 uyh} is a hereditary sub-C*-algebra of A. Since U/ is the small- 
est hereditary containing (u,), we get that 


Uc{heA|h= lim wh] 
A> 00 


and uy, is an approximate unit for U/. 
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12. Non-AlI algebras which are inductive limits of continuous-trace C*-algebras 


In this section we present a necessary and sufficient condition on the invariant for the algebra 
to be AI. We shall use this in the next section to construct an inductive limit of continuous trace 
C*-algebras with spectrum [0, 1] which is not an AI algebra. 

With [G, V,A, f] as before we observe that for an AI algebra with Elliott invariant canonically 
isomorphic to the given invariant the following equality always holds: 


f@W= sup{ v(g): ge D}, 


where D is the dimension range. This is seen by simply using the fact that any AI algebra has an 
approximate unit consisting of projections. 

Therefore a sufficient condition imposed on the invariant in order to get an inductive limit of 
continuous trace C*-algebra with spectrum [0, 1] but not an AI algebra is 


f(v) Fsup{v(g): ge D}. 


This condition is also necessary. Namely assume that we have f(v) = sup{vu(g): g € D} and 
we have constructed a simple C*-algebra A which is an inductive limit of continuous trace 
C*-algebras with spectrum [0, 1] and with the invariant canonically isomorphic with the tuple 
[G, V,A, f]. Consider D = {x € G: v(x) < f(v), ve S, v £0}, where S is a base of the 
cone V. For the tuple [G, D, V, S, 4] we can build (via the range of the invariant for simple AI 
algebras [14]) a simple Al-algebra B with the invariant naturally isomorphic with the given tuple. 

Note that the trace norm map which is defined starting from the tuple [Ko(5), D(B), 
T* B, Ap] is exactly f because of the equality 


f(v) = sup{v(g): g € D} 


and 6 is an AI algebra. 

It is clear that 6 is an inductive limit of continuous trace C*-algebras with spectrum [0, 1] 
and hence by the isomorphism theorem 3.1 we conclude that A isomorphic to B. Hence A is a 
simple AI algebra as desired and we have proved the following theorem. 


Theorem 12.1. Let A be a simple C*-algebra which is an inductive limit of continuous-trace 
C*-algebras whose spectrum is homeomorphic to [0, 1]. A necessary and sufficient condition for 
A to be a simple AI algebra is 


f(v) =sup{v(g): g € D}. 


13. The class of simple inductive limits of continuous trace C*-algebras with spectrum 
[0, 1] is much larger than the class of simple AI algebras 


To see this consider the simple AI algebra necessarily not of real rank zero with scaled dimen- 
sion group (Q, Q+) and cone of positive trace functionals a 2-dimensional cone; see [14]. Then 
the set of possible stably AI algebras, or equivalently the set of possible trace norm maps, may 
be represented as the extended affine space shown in Fig. 6. 

Each off-diagonal point in the diagram is the trace norm map of one of I. Stevens’s algebras. 
The boundary points of the first quadrant are removed (dotted lines) and the points with infinite 
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Fig. 6. 


coordinates are allowed. The dimension range is embedded in a canonical way in the extended 
affine space as the main diagonal consisting of the points with rational coordinates. 

The two bold lines represent the cases of inductive limits of continuous trace C*-algebras 
with unbounded trace norm map (points on these two lines have at least one coordinate infinity). 

If the point is off the diagonal and in the first quadrant, by Theorem 12.1 we get that the 
corresponding C*-algebra is an inductive limit of continuous trace C*-algebras which is not AI- 
algebra. It is clear that the size of the set of points off the diagonal is much larger then the size of 
the set of points on the diagonal. (For instance in terms of the Lebesgue measure.) 

This picture shows that the class of simple AI algebras sits inside the class of inductive limits 
of continuous trace C*-algebras in the same way that the main diagonal sits inside the first 
quadrant. 
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1. Introduction and the statement of Hamiltonian type identity 


Given a C! potential function H(p), p € R’”, and consider a solution p(t) to a system of 
second order ordinary differential equation 


—p'(t)+VpH(p(t)) =0, teR, (1.1) 


we always have the Hamiltonian identity 


1 
5|P'@|— H(p) =C. inR. (1.2) 
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Another way of writing the above equation is in the form of first order Hamiltonian system 


e 


te Hy(p.g),  t €l 
q'=—-H,(p.q), tel 


A 


where H (p,q) = 5l4 |> — H(p). It is a basic and fundamental fact that H(p, q) remains constant 
in the orbits of the solutions. 

On the other hand, consider the case of m = 1 and assume that H > 0 and u(x) is a bounded 
entire solution of the second order elliptic equation 


—Au(x) + H’(u(x))=0, xeR". (1.3) 


Modica proved in [17] a point-wise gradient estimate 
1 2 n 
ave —H(u) <0, xeER". (1.4) 


This inequality may be regarded as a generalization of the Hamiltonian identity to second 
order partial differential equations with higher spatial dimensions in the case of single equa- 
tion. It plays an important role in the study of entire solutions, and leads to properties such as 
monotonicity formula. However, it is only an inequality. This makes one wonder if there exists 
any identity which could be regarded as a more natural generalization of Hamiltonian identity 
to partial differential equations in higher dimensions. In particular, we would ask the following 
questions: 


e Is there any identity for partial differential equations which may be a generalization of (1.2)? 
e How about systems of partial differential equations? 


It is the intention of this article to provide a version of such generalization, which may be 
called Hamiltonian identity in higher dimensions, and to show some examples of its applications. 
It would be interesting to see other types of generalizations and applications. 

We first state a Hamiltonian identity for partial differential equations on two-dimensional 
planes, which can be generalized to higher-dimensional spaces. However, due to its simpler for- 
mulation and applications, we present it separately. 

Consider an entire solution u € C(R*, R”) to the system of partial differential equations 


—Au+V,H(u(x)) =0, xe R?. (1.5) 


Theorem 1.1. Jf u is bounded and u(x, x2) converges to a(x2), b(x2), respectively, as x, tends 
co and —o0, then the following Hamiltonian identity holds for u: 


LEI 


provided that the integral is finite for at least one value of x2. In general, the identity holds 
whenever the integral is finite for x2 € R and the limit in the right-hand side of (1.9) below is 
zeroas N,M goto ow. 


du |? 


ax, 


ou 


0x2 


2 
) + Huon) Jan =C, VER. (1.6) 
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Proof. Let us define 


; 1 
Pn,M(X2) = [laf 
—M 


Then, using the equation and integration by parts, we have 


du |? 


ax, 


ou 


0x2 


2 
) +H(w)| dx}. (1.7) 


N 


Pv m (22) = / (ux, *Uxy x9. — Ux, * Uxgxy + Vu (u) - Uxy) dx 
—M 
N 


= / [ux, . Ux 1x9 + Ux,x, Fi Ux, ] dx] 
—M 
= (Ux, + Ux) (N, X2) — Ux, + Ux») (—M, x2). (1.8) 


Without loss of generality, we may assume that the value of x2 for which the integral in (1.6) is 
finite is x2 = 0. We can rewrite the above equality as 


x2 


Pn,M(X2) — PN,m(O) = [les “Ux,)(N, 8) — (Ux, Ux) (—M, s)] ds. (1.9) 
0) 


Since u is bounded and H(u) is C!“, by the standard elliptic theory we know that wu is 
bounded in C?(R*, R’”). Furthermore, u(x; + N, x2) converges in C7.(R?, R”) to a solution 
uy(x) and uw; (x1, x2) = a(x). Similarly, u(x; — M, x2) converges in CRs R”) to a solution 
uz(x) and u2(x1, x2) = b(x2). Therefore u,, (x1, x2) converges to 0 uniformly in any compact 
set of x2 as x, goes to infinity. The Hamiltonian identity follows immediately by letting N, M 
in (1.9) go to ow. 

In general, if the right-hand side of (1.9) has zero limit, then the identity (1.6) holds. There- 
fore, we may write the Hamiltonian identity formally, and verify the limiting procedure in each 
application. 


The following identity may be regarded as the Hamiltonian identity for higher-dimensional 
spaces. 

Write x = (x’, x,) € R” and consider an entire solution u € C?(R”, R”) to the system of 
partial differential equations 


—Au+V,H(u(x)) =0, xe€R". (1.10) 


Theorem 1.2. The following Hamiltonian identity holds for u: 


J | 50 eem? = tas) + (eon) Jax’ =e, Vxn ER, (1.11) 


Re-l 
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provided that the integral is finite for at least one value of x, and the right-hand side of (1.14) 
below tends to zero as R goes to infinity along a sequence. 


Proof. Let us define 
1 
pr(%n) = i [5(ivur — [tay ?) + H(u()| dx’. (1.12) 
Br(O) 
Then, using the equation and integration by parts, we have 
/ / 
PR(Xn) = i; [Vir Vax, — Ux_ * Ua xn & VH (u(x) . Ux, | dx 
Br) 


= i, [Vu + Vyrx, + Ay Ux, | dx’ 


ou 
= / Ee sy | aS (1.13) 
OVy! 


We may assume that the integral in (1.11) is finite for x, = 0. We can rewrite the above 
equality as 


prin) — pr(0)= f / | (8) tas) ay | a (1.14) 


0 dBr(0) 


The formal identity becomes rigorous, by taking the limit of the above equality as R tends to 
infinity, under the condition that the limit goes to zero. 


As a special case, the Hamiltonian identity holds with C = 0 when the solution belongs to a 
Sobolev space H!. 


Corollary 1.3. Assume H is C? and u € H'(R", R”) is a solution to (1.10). Then the following 
Hamiltonian identity holds: 


J | 50m? = tg) + (woo) Jax’ =0, Vx, ER, (1.15) 
Rel 


where H is chosen so that H(O) = 0. 


Proof. We note that u is also a classical solution and u(x) — 0 uniformly as x — oo, according 
to the standard theory of elliptic equations. Hence VH(0) = 0. Then the integral in (1.15) is 
finite for at least a sequence of x, which goes to infinity, since u belongs to H'(R", R”). The 
same fact also guarantees that the limit condition in Theorem 1.2 holds true and therefore (1.11) 
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is valid. On the other hand, we know that o(x,,) tends to 0 at least along a sequence of x, tending 
to infinity. Therefore C = 0. 


A typical example of a H! solution is the unique positive radial solution of 


n+2 


—Au+u—u? =0, ER 1leps ; 
utu-u x D veo 


(1.16) 


when H(u) = zur - suet, 
We shall see below that Pohozaev identity can be derived immediately from the above identity. 
Integrating (1.15) in R with respect to x,,, we obtain 


[ [ple - ba) + HCW) dx =0. (1.17) 


2 
IR" 


Replacing x, with x;, we shall obtain n — 1 similar identities. Sum up all these identities, we 
derive 


n—2 2 
[|r + nt (uc) | dx =0. (1.18) 


IR" 


This is indeed Pohozaev identity in the entire space. We believe that identity (1.15) is a funda- 
mental property of solutions, which gives more detailed information in a lower dimension space 
and applies to a general class of problems in the whole space. 

When a solution u is not in H!(R”), we may still have Hamiltonian identity (1.15) even 
though Pohozaev identity (1.18) may not hold. A typical example is a solution u of degree d > 1 
to the following two-dimensional Ginzburg—Landau equation 


Au+u(1—|u|?)=0, u:R°> R&C, (1.19) 
with 
1 2\2 ee 
HW)dx=7 (1 — |u|) dx = 5nd" <ov. (1.20) 
R2 R2 


Indeed, we can prove 


Theorem 1.4. The solution u of (1.19) and (1.20) satisfies 


fl 


The identity basically follows from (1.6) and the following asymptotic behavior of u at infin- 
ity. 


du |? 


0x] 


ou 
0x2 


2; 
) Es “(i woo) | dx; =0, WoeR. (1.21) 
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Proposition 1.5. (See /8,20].) Suppose u is a solution to (1.19) and (1.20). Then there exists 
Ro > 0 such that u(x) = f (xyer Gere), Vx Ee Bs and 


(i) @)=1 . ae ) 
i f@= IE o( , as |x|— oo, 


o a 1 

(ii) Wro|= 35 +o), as |x| > 00, 

(iii) eins w(x) =, / |Vv(x)|" dx < 00. 
|x| Ro 


Proof of Theorem 1.4. We note that Proposition 1.5 leads to 


[Vul* <2IVfP? + C(\VOP? + |v?) < c( + vue). xéR*. (1.22) 


|x|? +1 


Therefore, the integral in (1.21) is finite for almost all x2 € R. It is also easy to see that 
u(x1,x2) > e!% as xj > co and u(x1, x2) > ei! (4n+) as x; > —oo for any fixed x2. There- 
fore, (1.6) holds. By (1.22) and Proposition 1.5, there exists at least a sequence {s,} such that 
limps oo Sy = OO and 


lim [isu sn)| dx, =0. 
n->Co 
R 


It is obvious from (1) of Proposition 1.5 that 


lim | (1—|u(x)|*)’dx1 =0. 


x2—>00 


R 


Hence (1.21) holds. The theorem is proven. 


We note that the solution wu to (1.19) and (1.20) does not belong to H '(R?) when d > 1. 

In next sections, more applications of the Hamiltonian identity and its modifications shall be 
discussed. The applications are less obvious and need more analysis. In particular, Section 2 deals 
with solutions to the vector-valued Allen—Cahn equation in R*, which needs some preliminaries 
in the formulation of the problem. Sections 3 and 4 deal with sign changing solutions to the scalar 
Allen—Cahn equation, which is conceptually easier to understand than Section 2, but contain 
technically harder analysis. It is arranged that Section 3 consists of the main ideas with simple 
formulation and Section 4 is devoted to some technical details. The reader may choose either 
Section 2 or Section 3 to start with. 


2. Triple junctions and the Young’s law 


In the study of multiple phase separation, a vector-valued Allen—Cahn model was proposed 
by Bronsard and Reitich in [9]. In this model, a physical state of material of multiple phases is 
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represented by an order parameter (vector-valued function) v € R*. The dynamics of the physical 
state may be modeled by an Allen—Cahn type system of partial differential equation 


1 
v, =€Av——-V,W(v), xe, t>0, (2.1) 
€ 


where W € C!*(R? -> R) is a triple well potential satisfying 


(H1) there exist three points a, b,c € R? such that W (a) = W(b) = W(c) = O and W(u) > 0 for 
u € R? \ {a,b,c}, and D*W(a), D* W(b) and D* W(c) are positive definite; 
(H2) there exists Ro > 0 such that VW(u) -u > 0 when |u| > Ro. 


Choose any two wells x, y € {a, b, c}, we may consider the minimization problem 


1 
exy = min{ [ 5h + W(v)dt\ve ALY’, v(—oo) =x, v(oo) = r. (2.2) 
R 
It can be shown that exy > 0 (see, e.g., [23,24]). It is also shown in [1] that there is at least one 
minimizer Uxy for (2.2) as long as the following partial wetting condition holds: 
Cxy <Cxz +eyz, 2 € {a,b,c} \ {x, y}. (2.3) 
The minimizer is a heteroclinic solution. See also [3] for more detailed discussion regarding the 
existence of heteroclinic solutions. 
To make our arguments more transparent, we assume in this section that 

(H3) the wetting condition (2.3) holds and uxy is unique up to translation for all x, y. 


We say that a triple well potential W is of symmetry of an equilateral triangle if it satisfies 


(H4) three wells a, b, c form an equilateral triangle and the potential W is equivariant under the 
group action of the isometry group I" of the triangle. 


An example of a triple well potential which satisfies (H1), (H2) and (H4) is 
W(u) = |u? - 1°, uER? XC. 
A special feature of multiple phase separation is the formation of triple junctions, which is 
analyzed formally in [9]. The finer structure of triple junctions may be demonstrated by an entire 
solution u to the following system of elliptic equations (vector-valued equation) 


—Au+V,W(u)=0, u:R? > R’, (2.4) 


with wu asymptotically close to a, b, ¢ in three separate sectors of R?. 

Under the conditions (H1), (H2) and (H4), Bronsard, Gui and Schatzman proved rigorously 
in [10] the existence of such a triple junction solution. To be more precise, a simple version of 
the main result of [10] may be stated as follows. 
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Fig. 1. The triple junction solution u with regions close to a, b, ¢, respectively. 


Theorem 2.1. (See [10].) Suppose W satisfies (H1), (H2) and (H4). Then: 


(1) There exists a nontrivial bounded I’-equivariant solution U in C3(R?,C) to (2.4). If we 
identify x = (x1, x2) with x1 +ix2 = rel then for any n € (0, 7/3), U(re'’) converges toa 
uniformly with respect to 0 € [(/2) + n, (7/6) — n] as r tends to infinity. 

(2) The solution U(x, x2) converges to Ugh uniformly on R as x2 goes to infinity. 


In other words, U is a solution with a triple junction structure, i.e., U has three transition 
layers separating the regions where U is close to a, b or ¢, respectively. (See Fig. 1.) 


It is natural to ask if there is any other solution to (2.4) which is not necessarily symmetric 
with respect to I”, but still displays a triple junction structure. This question seems very difficult 
to answer now. It would be interesting to ask whether a triple junction solution should be as- 
ymptotically symmetric. If we call the angles between the interfaces contact angles, the question 
would be whether the contact angles of any triple junction solutions must be the same. In physics 
theory regarding the interfaces of materials, the contact angles near a triple junction are deter- 
mined by the tensions at the interfaces between the different materials according the Young’s law 
(see [25]): 


ky a kp a k3 
sin@;  sin@>  sin63’ 


(2.5) 


where k; are the surface tension between two materials and 6; are contact angle of the corre- 
sponding two materials. Regarding the limiting problem of (2.1), which is a geometric evolution 
problem, a formal analysis leads to Young’s law, with exy being the surface tension between 
the phases represented by x, y. See [9,12]. We shall show rigorously below the counterpart of 
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Young’s law for system (2.4). In particular, we answer positively the above question of equal 
angles for symmetric triple well potential. 


Theorem 2.2. Suppose W satisfies (H1)—(H3) and u € C?(R*, R?) is a solution to (2.4) with the 
following triple junction structure: 


(1) if R* © C is divided into three sections S| := {x = re!’ |0 <0 < Oa}, Sz := {x =re!® | 
Oca <9 < Oca + Gap}, S3 = {x =re!® | Oca + Oa <9 < Oca + Gab + Phe = 27}, then u(re’®) 
converges to b in S, as the distance d(x) to the boundary of S\ goes to infinity. Similar 
statements holds for Sy and $3 with limits to ¢, a, respectively; 

(2) for any sufficiently small 5 > 0, u(x1, x2) converges to Wap(x2) uniformly in Se i= {x= 
rel? 10 €[—Obe +4, Oca — 6]} as x1 goes to infinity. Similar statement holds for nee Se, with 
limiting transitions Uae and Uch, respectively. 


Then the following Young’s law holds: 


Cab be CO ca 
SiNOah = SINOHe ~— SiN Aga 


(2.6) 


Proof. We shall use the Hamiltonian identity in Theorem 1.1 to prove this theorem. We shall 
first show that in S; the solution u is exponentially close to b in terms of d(x) as d(x) goes to 
infinity. Similar estimate can be proven for u in Sz, $3. Since u goes to b as d(x) goes to infinity 
in S,, and D?W(b) is positive definite, then 


(uw —b)-(VuW(u) — VuW(b)) > wlu—bl*, when d(x) > Do 


for some positive constants yz and Do. 
Then, from (2.4) we obtain 


Alu —b/? > 2A(u —b)- (u—b) 
> (u—b)- (VuW(u) — VuW(b)) 
>plu—bl?, Vd(x) > Do, x ES}. (2.7) 


Choose exponential function Ce~?®4) as a comparison function and apply the maximum prin- 
ciple to the above inequality for |u — b|* (see e.g. [14,15]). We obtain 


|u(x) —b] <Ce 4, x ES), (2.8) 
for some positive constant C, a. By the standard theory for elliptic equations, we can obtain 
| Vu(x)| < CeO). xe Si. (2.9) 


Then, u satisfies the condition of Theorem 1.1, and we can apply (1.6) to u (with x; and x2 
switched) to obtain 


Fetes ig 1 
p(x) = / El 


du |? 


ax2 


ou 


Ox] 


2 
) + wwe) | dxy=C, Vx eR. (2.10) 
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Fig. 2. The three sectors where the value of u is close to a, b, ¢, respectively. 


In the case that all angles Oap, Apc, Fea are in (7/2, 7), by using assumption (2) in Theorem 2.2 
it is easy to see that u(x; + 5,x2) converges to Uah(x2) in CLR?) Therefore, we derive (see 
Fig. 2) 


lim (x1) = eab. 
Xj 0o 
On the other hand, by assumption (2) in Theorem 2.2 we also have 


| || «x1, x2) — wbe(—x1 Sin(Gea) — x2 C0S(Gea)) || cigar) > 9 oan 


|] x1, x2) — wea(x1 SiN(be) — x2 C08(be)) || C1 > 9 


as Xj > —OOo. 
Then, in view of the exponential convergence of u to b, c in $2, $3, respectively, we have 


F i du |° au!) w(uco)|a 
im ={|—| -|— 
x1 —00 2 0x2 Ox] PN a 
0 
af 1} 9 (—x1 sin@ea) — x2 cos(4 yy) 
= 5 eo x1 ca x2 ca 
1 2 


2 Ox] 


0 ; 
—= | <—Ube(—X1 Sin(Bea) — x2 COS(Aca)) 


+ W (upe(—*1 sin(Oeq) — x2 cos(6y)) dx> 
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7 lL cos*(Oca) sin” (Aca) 1 
~ 2 P*T Cos(Gea) -COS(Oea) | COS(Bca) 
= —€pe COS(O¢a). (2.12) 
Similarly, we have 
0 
1/\au |? | du |? 
lim ={|<—|] -|=— + W(u(x) | dxz = —€ca COS(Ape). (2.13) 
X1—> —00 2; 0x2 Ox] 
—0o 
Therefore we obtain 
€ab = —Cbc COS(Gca) — €ca COS(Ohe)- (2.14) 


If we change the coordinates so that the x,-axis becomes the direction of 5 wn Sp and Sp a) 53, 
respectively, and apply the Hamiltonian identity as above, we can also obtain 


| Che = —Cca COS(Hab) — Cab COS(Oca), (2.15) 
€ca = —Cab COS(Mhe) — Che COS(Mab). 
In view of @ab + Ope + Pca = 277, we derive (2.6) from (2.14) and (2.15) immediately. 
Using the above procedure, we can indeed prove that 
4 
oY <Oab; Oe, Gea < 7. (2.16) 


This finishes the proof. 


An immediate corollary of Theorem 2.2 is that a triple junction solution for (2.4) with sym- 
metric potential W must have equal contact angles. 


3. Saddle solutions to Allen—Cahn equation in R? 


Allen—Cahn equation is a well-known model for bi-phase transition. It is stationary equation 
in entire space is 


—Au+ F'(u)=0, |u| <1, x ER", (3.1) 


where F'(u) is a double well potential with equal depths at u = 1, —1, and the scalar function u 
represents the physical state of a mixture of two materials, with u = +1 being two pure phases. 
A typical double well potential is F(u) = x ( 1 — u?)?. An entire solution to (3.1) represents a 
local structure of phase transition near interface or singularities. Regarding monotone solutions 
of (3.1), ie., ux, (x’, Xn) > 0 in R”, De Giorgi conjectured in [13] that all such solutions must 
depend on one direction when n < 8. The conjecture has been proved for n = 2 in [14] and 
n = 3 in [4]. For dimensions up to 8, the conjecture is essentially proved in [18], provided that u 
satisfies the limiting condition 


lim u(x’,x,)=+1, Vx’ eR"™!. (3.2) 


Xn OO 
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Related results can also be found in [2,5,7,19,22], etc. Therefore, all monotone entire solutions 
to Allen—Cahn equation for n = 2,3 or 4 <n < 8 with (3.2) are like g(x-v +a) for some a € R” 
and v € S”—!, where g is the unique solution (up to translation) to the corresponding ordinary 
differential equation 


—g"(t)+F(g(t)) =0, g/t) >0, teER. (3.3) 


We may fix g so that g(0) = 0. This solution can also be regarded as a minimizer of 


nia £00 = i so? + F(v(t)) dt:ve ALR), imu = «| (3.4) 


—oo 


with minimum energy 


1 
e=er = [ V2Fdu (3.5) 
Es 


When the potential Fu) is an even function, it is obvious that g is odd. 

There are also other types of solutions to (3.1) which are not monotone. In particular, saddle 
solutions are shown to exist in [11] for some even potential F’. Indeed, the following slightly 
more general existence theorem can be proven. For simplicity, below we will only discuss the 
two-dimensional case n = 2 and assume that F is a C function satisfying 


FO)=F(-1l=0, Flu) >0, Vue (1,1), 
F'(-l)=F'(0)=0, ~F”(-1)>0, F”(1) +0, (3.6) 
Fu) has only one critical point in (—1, 1). 


We define Q! t= {x = (41,42) € R? | x7 > 0, x2 > O} and similarly we can define 


7,070", 


Proposition 3.1. [f we assume that F is an even function and satisfies (3.6), then there exists a 
saddle solution w to (3.1) such that 


eee = —u(x},—x2) = —u(—x1,%2), Vx ER’; (3.7) 
u(x) > 0, VWxeQ!'UuQ?; u(x) <0, Wxe O?U 0%. 
It is easy to see that u is unique and has another symmetry: 

u(x}, %2) = u(x2, x1) =u(—x2, x1), x ER’. (3.8) 


The reader may use the direct variational method or the super—sub-solution method to solve 
the boundary value problem in Ok = {x = (1, x2) | x1 > 0, x2 > 0, |x| < R} with 0 boundary 
value on both axes and u = 1| on the remaining boundary, and hence obtain the desired solution 
as the limit by taking R to infinity. It can be easily proven that the limiting solution is not trivial 
by constructing a positive subsolution. 
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Remark 3.2. In [11], it is assumed that F satisfies an additional condition: 


F'(u) 


u 


is increasing in (0, 1). 


This condition can be dropped for both the existence and uniqueness of u, as in Proposition 3.1. 
See Corollary 3.9 below or [16] for a more detailed proof. 


Definition 3.3. We may call a solution of (3.1) a saddle solution if its 0-level set consists of 
exactly two non self-intersecting C! curves which intersect each other at most once. 


There are two natural questions regarding saddle solutions: 


e Does there exist any saddle solution to (3.1) when F is not even? 
e Are there any saddle solutions other than u ( and its rotation and translation) when F is even? 


If the answer to the second question is affirmative, can we classify all saddle solutions? Or 
can we show some properties of the solutions such as symmetry? 

Regarding the first question, it is claimed in [21] that a saddle solution with 0-level set being 
the two axes does exist. However, existence of such a saddle solution is very counter intuitive. 
There has been doubt of this result among researchers of Allen—Cahn equation, even though there 
is no counter example or argument to disprove it. Here we give a rigorous proof that the result is 
indeed wrong, by using the Hamiltonian identity (1.6). To be more precise, we have proved the 
following necessary condition for the existence of the above mentioned saddle solutions. 


Theorem 3.4. Suppose F satisfies (3.6) and u is a solution to (3.1) satisfying 
u(x) >0, YWxe O!UQ?: u(x) <0, YWxe O?UQ%. (3.9) 


Then F'(0) = 0 and 


1 0 
[ VF@au= f Fw au. (3.10) 
0 =] 


Proof. Let 
F" (1) =27, F"(-1) =23. 


A |x; 


For any € > 0, by using comparison functions of the form Ce | in proper region and the 


maximum principle, we can obtain 


|ue(x1, x2) — 1] < Cy ce" M1 milli x € QL U Q3, 
|u(x1, x2) + 1| <Cie e7 A2—e)min{lail.|21} ye Q? U Of. (3.11) 
The standard gradient estimate for elliptic equations lead to 
|Vul < Cr e719 mintlail bal} ye QIU Q3, 
[Vu| < C2 ce 2-6) min{ x11, L2)} xe Q? U of, (3.12) 
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xy 
u>0 ra ™ u<0 
Q oe 


Fig. 3. Applying Hamiltonian identity to saddle solutions. 


for some constants C;,< > 0,i = 1, 2. 
Furthermore, we have 


(3.13) 


|| w(x1, x2) + Fea) Fates >0O asx2> 00, 
|| w(x1, x2) + g(x2) lei@ >0 asxj> FO. 

We also note that such a solution is unique and u satisfies (3.8). 
We shall prove the (3.10) by applying the Hamiltonian identity to (3.1). For this purpose, we 
choose a new coordinates (1, y2) so that yj-axis and y2-axis coincide with the lines {x | x; = x2} 


and {x | x1 = —x2}, respectively (see Fig. 3). Now applying Theorem 1.1 (with x;, x2 replaced 
by y2, y1, respectively), we obtain 


fr 1/|a 

u 

poo f 5(| 
—oo 


A straightforward computation as in (2.12) leads to 


2 ou 


2 
ay ) + F(u(y))dy2=C, Vy ER. (3.14) 
1 


1 
oon po) = Ver =2 f VFa)du. (3.15) 
17 ~w 
-1 


Hence 


1 
2. 
(0, y2) + F(u(0, v»)| dyn =2 | VFla)du. (3.16) 
-1 


oft 
eer | 2 | ays 
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Note that in the above equality the derivative uy, vanishes on y-axis due to (3.8). Now we 
modify F to get an even double potential 


~. | Fl), u<o, 
Os a u>0. (3.17) 


It is obvious to see from Eq. (3.1) that F’(0) = 0. Hence F is also a C! function and satisfies 
(3.6). By Theorem 3.1, there exists a saddle solution uw to (3.1) with F replaced by F and u 
satisfies (3.7) and (3.8). The application of Hamiltonian identity to a leads to 


ie) 1 
1| ai |? z 
ao= f [5] + F(@)) |an=2 f Pana (3.18) 
—0o —1 


By the uniqueness of u# (see Remark 3.2), we know 


u(x) =a(x), Vxe O7U 0%, (3.19) 


and therefore (0) = 0(0). Then 


1 1 
[Vrwau= [ VFanau (3.20) 
-1 -1 


and (3.10) follows immediately from the definition of F. 
It remains a question whether F' must be an even function in order to have a saddle solution u 
of (3.1) satisfying (3.9). 


Now we discuss the contact angles at infinity for saddle solutions. 


Definition 3.5. If the two 0-level curves are asymptotically two intersecting straight lines at 
infinity, we call the acute angle 6 between these two lines the contact angle at infinity. 


We have the following partial result. 
Theorem 3.6. Assume that F is a double well potential satisfying (3.6) and (3.10). Suppose that 
u is a Solution to (3.1) with a contact angle @ at infinity. We further assume that u satisfies (3.8) 
and u(0) = 0. Then we have 
w/3<0< 7/2. (3.21) 


Proof. Without loss of generality, we may assume that the angle 0 is centered at y2-axis and let 
@ = 2a. Following the proof of Theorem 3.4, we can obtain 


(0) = i soe ap (9) | dys = Dep sina) (3.22) 
p -fls (wo) y2 = 2eF SIN(A). . 
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On the other hand, in view of u(0) = 0 we know 
(oe) 


1| du |? 
po= f [5|~ (0.90) + F(u0,y9)| dy2 > ef. (3.23) 
y2 


Hence sin(a) > 1/2 and the theorem is proven. 
We propose the following conjecture. 


Conjecture 3.7. The contact angle 6 = 2a should be exactly 1/2 under the assumptions of 
Theorem 3.6. 


So far, only for a very special case when F is even and the 0-level set of u consists of two 
intersecting lines, we can confirm the conjecture. For this purpose, we study positive solutions 
of Allen—Cahn equation in a sector 

Sy ={x=re'’|r>0, -a <0 <a} (3.24) 
with condition 
u(x) >0, Vx Ee Sy; u(x)=0, Vx €dSy. (3.25) 
Similar to the existence of a solution u in Q!, it is easy to prove the existence of a solution Uy 
to (3.1) with condition (3.25). Furthermore, as for the symmetric saddle solution we have the 
following estimates for uy: 
1—Ce 18) < uy(re!?) <1, Vx =re!® € So, (3.26) 
and 


Ug (re'”) — g(r sin(a _ A) —>0, uniformly in Sy as rcos(a — 6) > oo. (3.27) 


Now we prove a monotonicity property of ug in terms of a. Suppose a > f. For any 4 € 
[—(a — B), a — B], define 


uy(re’) =ug(re’?), Vx € Sh, (3.28) 
where 
Sj = {x=rel? |OeQ-B,A+ 8), r> 0}. (3.29) 
See Fig. 4. 
Lemma 3.8. [fa > B, then the following inequality holds: 


Ug(x) Sug(x), Wx =re' $5, WAe[—(a— B),a— Bl. (3.30) 
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ay 


Fig. 4. The translation and rotation of a cone inside a bigger cone. 


In particular, if the strict inequality holds if a > B. In other words, if we rotate the cone Sg inside 
the cone Sq, the graph of ug shall always be below that of Ug. 


Proof. We first consider a shifted cone Sg ,, := {x | (x1 — , x2) € Sg} and ug ,,(x) = ug(x1 — 
LM, x2), x € Sg. It is clear that ug ,,(x) is a solution to (3.1) in Sg. Below we shall use the 
sliding plane method to prove Ug(x) > ug(x) in Sg. From (3.6), there is an constant 6 > 0 
such that F’’(u) > 0 when u € (1 — 6, 1]. By (3.26) and (3.27), we know that when w is large 
enough, Ug (x) > 1—4d in Sg ,, and ug (x) > ug, (x) as x > oo in Sg, or as x > OSg,,,. By the 
maximum principle, we obtain 


Ug (x) 2 Ug p(x), Vx € Sey, (3.31) 


for jz large enough. 

Then, we can decrease pu to 0 while still keep (3.31) true by the so-called sliding plane method 
as follows: 

Let 


jo = min{u | inequality (3.31) holds}. 


We claim that jzo = 0. If this is not true, then there exist a sequence {j1,}{° and a sequence of 
points {7n}9° such that fn < Lo, limp—oo Mn = Mo and 


Ug (Mn) < UB, yu, (Nn); Vn. 


By the asymptotical behavior (3.27) for both ug and ug, it is easy to see that {7,} is bounded 
and therefore possesses a convergent subsequence with limit 7. 
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Then ug (7) < Ugo (7). Recall that by the definition of jo, (3.31) holds with pp = wo. Then, 
the strong maximum principle implies 


Ug (X*) = Ug yo (x), Wx € Sg 9: 


This is a contradiction due to the zero boundary condition for the solutions. Hence jzo = 0 and 
the lemma holds with 1 = 0. 

Then we rotate Sg and apply the above arguments (usually called the rotating plane method) 
to us in S 3 with A from 0 to a — 6 or to —(a — B). The lemma follows immediately. 


Corollary 3.9. It is easy to see from the above lemma that uy is unique, by choosing B = a and 
exchanging the order of two possible solutions. 


Theorem 3.10. Assume F is even and satisfies (3.6) and u is a saddle solution to (3.1) with 
0-level set being two straight lines with contact angle 60. Then @ = 1/2. 


Proof. Let « = 6/2. We just note that if 6 < 5, then 5 — a > a. By Lemma 3.8 we have 


3? 
52a 5 —2a 
uzig(®)>Ug (x), Wr e Sy : (3.32) 
By the Hopf’s lemma, we deduce 
ouz_ je a 
2" x) < (a), vx € 882 NaSz_y. (3.33) 
dv dv 2 


By the uniqueness of ug, we know that, after a proper rotation, u(re!”) = Uy in Sy and u(re!”) = 
/2 in gurl? Then, on 0SyM ast/? 


athe ey gy" a we have 


ou ou 
ay > aye (3.34) 


where v is the normal of See @ While v’ is normal of Sy. This is in contrast with u being a 


classical solution to (3.1). Therefore + — a = a, and hence 6 = 1/2. This finishes the proof. 


4. Further study of saddle solutions 


In this section, we consider a saddle solution u to (3.1) satisfying the even symmetry 
condition (3.8). Here we just assume that F is a double well potential satisfying (3.6). We 
shall use the Cartesian coordinates (1, y2) with y,-axis and y2-axis coinciding with the lines 
{x = (x1, X2) | x1 = x2} and {x = (x1, x2) | x1 = —x2}, respectively. In the new coordinates, the 
condition (3.8) becomes 


u(yis y2) =u(v1,—y2) =u(—y1, 92), y ER’. (4.1) 
We assume further that wu satisfies the following monotonicity condition 


uy, (y)>0, if yi > 0; Uy, (y) <0, if y2>0. (4.2) 
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Fig. 5. The y-level curve of u and the coordinates. 
Denote y = u(0, 0). We can expand u near y = (0, 0) as 


u(y) =y +.ayt — by; + o(lyl’), 


where a,b are positive constants. It is easy to see that F’(yv) = 2(b — a). Moreover, by the 
implicit function theorem the y-level set of wu near the origin in the first quadrant Q; = {y = 
(1, ¥2) | 91 > 0, yo > Of isaCc 2 curve which can be extended to infinity. Indeed, by (4.2) we 
know that the y-level set curve can be expressed as the graph of a strictly increasing C” function 
y2 = h(y1) which has an inverse function y; = k(y2). In the next several lemmas we shall show 
that the y-level curve is asymptotically a straight line. (See Fig. 5.) 


Lemma 4.1. The function y2 = h(y1) for the y-level curve is defined for all y, > 0 and the 
following limit holds 


lim h(y,) = 00. (4.3) 
yoo 


Proof. By the monotonicity property (4.2) of u and the implicit function theorem, we know 
that the y-level curve extends to infinity. Hence it suffices to show (4.3) when h(y1) is de- 
fined for all yj > 0. Suppose (4.3) is not true. We define uvoo(y) = lims.o.u(y1 + 5, y2), 
y €R? and A= limy,—+ 00 h(y1). Then ugg is C? in R? and satisfies (3.1). Furthermore, we 
have 32(y1, y2) =0, y € R? and woo(y1, A) = y. Then uoo(y1, ¥2) = (92 +b), y € R? for 
some constant b, where g is the unique solution of the ordinary differential equation (3.3). This 
contradicts the even symmetry (4.1) of Ugo in y2. The lemma is proven. 
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Lemma 4.2. There exists B € (0, 1/2) such that 


lim h'(y,) = tan B. (4.4) 
yj 00 


Proof. We shall use the (x;, x2) coordinates as well and write u(x1, x2) =u(y1, y2). Define 
p(x2) = Vi. 3 lF (a(x1, x2)) + x, (x1, x2) — se (1, | dx}. (4.5) 


Then 


_ 1_ — 
iy, (X2,X2) — <i, (%2, X2) + (Hx, hy) (2, x2) 


1 
V2p' (x2) = F(it(x2, x2)) + = 5 


2 


7 i 1_ on. J 
+ F(ii(—x2, x2) + 5h, (—¥2, 82) — Sith (—2, ¥2) — Uy ilag)(—¥2, 29) 


2 
= F (u(V2x2, 0) + 5, (V2x2, 0) + F(u(0, V2x2)) ris 5 us, (0, V2x2). (4.6) 
Then 
M 
Vapim v= | | F (u(s, 0) +40 sts, | + lF (u(0, yen 50, sas . (47) 
0 


On the other hand, we let (x1(s), 5/ V2) be the intersection of the line x2 = s/ /2 with the level 
set curve y2 = A(y) and write its y-coordinates as y = &(s) = (&(s), &o(s)). Define u*(y) = 
u(y + &(s)), y € R?. By the standard theory of elliptic equations, for any sequence {s,} there 
is a subsequence {s,,,} (which we will denote by {s;,} later) such that u,(y) := u(y) converges 
tO Ugo(y) in C7,.(R’) as k — oo, where ugg is a Solution of (3.1). In particular, if 5, — oo, by 
(4.3) we deduce &;(s,) — oo, i = 1,2. Hence, by (4.2) we obtain na = (y) 2 O, ye R?. By the 


strong maximum principle, we know either na =0 in R?* or du (y) > 0, y € R*. Then by 
[14, Theorem 1.1] (De Giorgi conjecture for n = 2) we conclude that ugo(y) = g(y-v +40), 
y € R’, where fo is the constant satisfying g(t9) = y, and v € R® is constant unit vector. We 
write v = (sin B, — cos #). Fix a large positive constant M. For any small € > 0, we have 


a(x, Sk) _ g((x1 — x1 (sx) sin(z /4 oh B) oF to) | C2(Lx1 (sp) —M, x1 (se) +M]) gE (4.8) 
when k is sufficiently large. Moreover, 


eT O14 1 (5K) sin /4 x1 >x1(s,) + M, 


|ii(x1, 5%) — 1 > 
naa (4.9) 
eH G1 (se) 41) sin / , xy <x (5K) — 


I<c 
ju(x1, %K) +I, <C 


where C, jz are positive constants independent of M, k and x;. The gradient estimates for elliptic 


equations yield 


(4.10) 


| [Vil] < Cems) Sin7/4 x > x1 (SK) + M, 
|Vii| < Ce (x1 (Sx) x1) sin /4 | xp <x] (sx) = 
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Using (4.5) and (4.8)-(4.10) and choosing M sufficiently large, we can obtain 
|A(sx) — er sin (1/4 + B)| <e (4.11) 


when k is sufficiently large. In view of (4.7), o(s) is increasing in s and then has a finite limit. 
Hence we derive that 


lim A (sx) = er sin(t/4-+ B). (4.12) 
Sk—>0o 


Note that the sequence {s,} is arbitrary and hence # in the above equality does not depend on the 
choice of the sequence. Therefore we conclude 


|w(y + &(s)) — g(y sin B — y2 cos B + 10) I cece) +0, ass—>oo. (4.13) 


Next, we show # € (0, 7/2). It suffices to show 6 > 0, since B < 2/2 can be proven similarly. 
Suppose 6 = 0. Following the proof of Theorem 3.4, we derive 


[Feo y2)) + 540, | dy =er. 


0 


By (4.7) and (4.12), we derive 


. 1 i 1 
{[F (u(s,0)) + = 5 AS 0) as+ [| F (u(0, y2)) + = 5 u;,,(0, | dy2 = ef. 
0 0 


Hence 


zy 


(u(s,0)) + =u2,(s, 0) 
[F ee 


This is a contradiction. The lemma is then proven. 


Next we shall show that the y-level curve is indeed asymptotically a straight line. We shall 
prove the following more general lemma regarding solution of (3.1) in a cone. 


Lemma 4.3. Suppose that u(y), y2) is a solution of (3.1) in a cone C := {y € R? | |yi| < 
y2tanag, y2 > M > 0} for some 0 < ag < 2. For some y € (—1, 1), the y-level set of u in 


C is given by the graph of a function y, = k(y2). Assume 


lim k’(y2) =0. (4.14) 
2700 


Then there is a finite number A such that 


lim k(y2) =A. (4.15) 
2700 
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Proof. We shall prove the lemma in three steps. First, we show that an energy of u on a line 
segment [—y2 tana, y2 tanag], a € (0, ao) is exponentially close to ef as y2 tends to oo. Second, 
we construct an optimal approximation of u by a shift r(y2) of the one-dimensional solution g, 
and show that the difference is exponentially small in L* norm as y> goes to infinity. Finally, we 
deduce that the shift r(y2) has a finite limit, and then conclude that k(y2) has a finite limit. 


Step 1. Without loss of generality, we assume that u(y1, y2) > y when y; > k(y2) and 


u(y1, y2) < y when yy < k(y2) inC. 
It is easy to show by the maximum principle (see, e.g., [14,16]) that for any fixed a € (0, a) 


lucy) — 1] < Cpe "1 01-KO2), for k(y2) < y1 < yz tana, ais 
Ju(y) +1] < Cpe O1-FO2, for —k(y2) > y1 > —y2 tana. , 
The standard gradient estimates of elliptic equations yield 
fe eee for k(y2) < y < y2 tana, (4.17) 
|Vul < Cpe OKO) for —k(y2) > y1 > —y2 tana. : 


For any sequence {s,,} there exists a subsequence, which we still denote by {s,}, such that u(y1 + 


k(sy), Y2 + Sy) converges in Ce (IR) to a solution Uoo(y) of (3.1) in IR?. Furthermore, we have 


Ugo (0, y=y, Vy2 ER, 
Ugo(V1,y2)>y, ify, > 0, Vy2 €R, (4.18) 
Ugo(¥1,¥2)<y, ify, <0, Vy ER. 


By symmetry results in half plane (see [6]), we know that uwoo(y) = g(y1 + to), y € R?. Since 
{s,} is arbitrary, we obtain 


lu(v1 + (5), yo +8) — 801 +60) I cz c3y —>0, ass—>oo. 


Then, 
“Or, y2) — 8(v1 — k(y2) + 0) Peat eas teainion piney =O, B82 => Oo. (4.19) 
Define 
y2 tana 
1 2 1 2 
pi(y2) = F(u(y1, y2)) + 5 ley = 5 lel dy}. 
—y2 tana 


It follows easily from (4.19) and (4.16) that 
lim p1(y2) = er. (4.20) 
y2> 00 


Combining (4.16), (4.17) and straightforward computations as in (4.6), we obtain 


|e; (y2)| < Cre“, wo > M, (4.21) 
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for some positive constants C2, k2. Hence we conclude that 


Cr _ 
|p1(y2) —er| < rai Y2 yo > M, (4.22) 


Step 2. We define 


2 
W(y2, r) a xe y2) 4 al: + to — r) l2q—yotanc,y2 tana)" 
By (4.16) and (4.19), we know that 
W(y2, k(y2)) —>0, asy2—> 00, 


and 


2 


a 
apa W (v2, k(y2)) = 2 f[-w — gg” +\g'|?]dyi > 0, (4.23) 


when yj» is sufficiently large. 
By the implicit function theorem, for y2 large there exists a unique r(y2) such that 


W(y2, r(y2)) = min W(y2, 1). 
reR 
Let 
v(y1, y2) =u(y1, 2) — 8(91 + —r(y2)), y1 € [—y2 tana, y2 tana]. 
It follows immediately from (4.19) that 
lim ||v(-, y2)|] =0. (4.24) 
y27 0&0 
Moreover, the function r(y2) is differentiable and 
lim r'(y2) =0, lim r(y2) — k(y2) = 0. (4.25) 
y2>0 y2>0 


It is also easy to see that 


y2 tana 


[u(y1, y2) — g(y1 +0 —12)) Je’ (91 + 0 — 72) dy = 0. (4.26) 


—y2 tana 


Differentiating (4.26) with respect to y2 leads to 


(ea - fw-se"dy) roa) + fused = O(c"). (4.27) 


Now we estimate the energy ¢(y2) in terms of ||v|| as follows: 
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y2 tana 
1 
pr(y2) — i F(a(v1 + 0-12) + 518’ (v1 + 0 - 702)) P| dy 
—yo tana 


y2 tana 


1 1 
F(u) — F(g) + 5 (lel? — Is’) sisal] 


—y2 tana 
y2 tana 
= / | Fe — F(g) — 5(F'e) + F'(u))(u— | dy, 
—y2 tana 
1 1 3 { 
+ 5 fate =p) ayy ae dy, + O(e 292) 


1 1 _ 
=} funte—adn—F faba + oe) +0(lWP) 


In the above estimate, we have used the following estimate: 


y2 tana 
(luy, 1? — |e"? dy 
—y2 tana 
y2 tana 
=- ft teu - way + Oe) 
—y2 tana 
y2 tana 


= i [-(F’ Ww) + F'(g)) (ug) + uyyy,(u — g)]dy1 + O(e2). 


—y2 tana 


Hence, in view of (4.22) we obtain 


[mn (u — g)dy — / us, dy1 = O(e?) + o( lull’). 


Furthermore, by the spectrum theory we have 


y2 tana 


[lo ? + F’'(g)b7] dy, > alll? 


—y2 tana 
for some positive constant 2 > 0 when ¢ satisfies 


y2 tana 


og'dy,=0, PEHy ([—y2 tana, yz tana). 


—y2 tana 


927 


(4.28) 


(4.29) 


(4.30) 


(4.31) 


(4.32) 
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Choosing ¢(-) = v(-, y2) in (4.31) for any fixed y2, we obtain 


y2 tana 


[-( — gyi + F'(g)(u — g)]@ — g)dy1 > Allul? + Of"). (4.33) 


—y2 tana 


Differentiating ||v||* twice leads to 
d? 2 1 2 
ahs 2 fh +8'r'On) dys 
mh 2 nw —Ky2 
+2 f [uy — 9" |r'Or)|" + 87" 2) ]@ — 8) dy + O(e-?”) 
2 
— 2 f lu» + g’r'(y2)| dy +2 f wrote om g)dy, 
2 = 
— 2(r'(y2)) / g"(u— g) dy, + 2r(y2) if g'(u — g)dy; + O(e ”) 


> [lute onPant fubzdnt fuyntu—sdy (by 4.30), 4.26) 


+ (r’(y2))"O (Ilull) + o(|lvll*) Bi O(e™2) 
ZS (ile" II? + O(\lvll)) (r’ (2)? se (a 4 o(1)) lv? 4 O(e-22), (4.34) 
Here it is essential to split the term 2 i Uy» yy (u — g) dy; to two terms: one is replaced by if us, dy, 


using (4.30) and the other is replaced by A||v||? using the following estimate: 


y2 tana 


/ i Gea = / [F'@) = ty) @= 2] ay 


—y2 tana 


a (FW -F'@)-F'@u—#)u-p]an 


n i [(P"(g) — 9) — Wg)» )@—g)] ay. (by 4.33)) 
> o(|lvll?) + Allull? + O(e™”). (4.35) 


Therefore we derive a differential inequality 
a ee ae — 
lull’ > Sul + Of”), v2 > M1, (4.36) 
dy; 2 


where M, is a sufficiently large positive constant. By choosing a comparison function of the form 
Ce~*?, it is easy to see that 


lvl <Ce“™, yw>M, (4.37) 
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for appropriately chosen constants C and k < min{k2, /A/2}. 


Step 3. From (4.37) and (4.30), we derive 


JrmPan sce, n> mM. (4.38) 
Then by (4.27), we obtain 
Ir'or)| <Ce??, yn > M1. (4.39) 
Therefore 
Bue r(yz)=A (4.40) 


for some finite number A. The lemma follows immediately from (4.25). 
Combining Lemmas 4.1—4.3, we can prove the following theorem. 


Theorem 4.4. Assume that u is a solution to the Allen—Cahn equation (3.1) where F is a dou- 
ble well potential satisfying (3.6). Assume further that u possesses even symmetry (4.1) and 
monotonicity (4.2). Then every level set of u approaches asymptotically a slant straight line with 
the same finite positive slope in the first quadrant as y goes to infinity. 


Proof. We just note that after rotating the coordinates clockwise by an angle 2/2 — f, then u 
satisfies the condition of Lemma 4.3 using Lemma 4.2. Hence we can apply Lemma 4.3 to con- 
clude that the y-level set of u approaches a straight line of slope tan 6 in the original coordinate. 
In view of (4.13), the other level set curves of u are essentially parallel to y-level curve of u 
asymptotically, the theorem then follows immediately. 


Remark 4.5. The result in Theorem 4.4 can be generalized to solutions of Allen—Cahn equations 
in a domain which is a cone at infinity, provided that the level set is a smooth curve contained in 
a strictly smaller cone near infinity. More details will be provided in a forthcoming paper. 


Remark 4.6. The condition that F has only one critical point in (—1, 1) stated in (3.6) can be 
dropped in most of the discussion. In the case when F has more critical points in (—1, 1), the 
one-dimensional heteroclinic solution of (3.3) may not be unique up to translation. In the case 
that F is even, the saddle solution satisfying (3.7) and (3.8) may not be unique either. However, 
we can state the following: 

1. For each heteroclinic solution g; of (3.3) there exists a pair of critical points [a;, bj] , which 
are the limits of g; at plus and minus infinity, respectively, such that 


F(u) > F(a;) = F(bi), Vu € (aj, bi). (4.41) 


If we assume that F”(a;) > 0, F’’(b;) > 0 at these points, then there are at most countable many 
of such pairs. 

2. Each saddle solution satisfying (4.1) and (4.2) corresponds to a heteroclinic solution g; of 
(3.3) and hence a pair of aj, b;. 
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3. For each pair aj, b;, the heteroclinic solution g; connecting a; and b; is indeed unique up 
to translation. Therefore, the discussion in this section as well as in Section 3 can be carried out 
with —1, 1 replaced by a;, b; and g replaced by g;, except for the uniqueness assertions. 

4. In the case F is even and a; = —b;, there exists a saddle solution as in Proposition 3.1 
associated with a;, b;. 


The proofs of the above statements are either easy or can be modified from the arguments in 
this paper, we leave them to the reader. 
Next we study u more carefully at each side of the y-level curve. For this purpose, we define 


1 1g 
et = [ V2FWwdu. e, = | V2F du. (4.42) 
Y —l1 


We also define 
lee) 
1 x7 2 
p2(y2) = F(u(y1, y2)) + 514 — glut | ay. 
k(y2) 


Since u(k(y2), y2) = y for y2 > 0, then 


uy, (k(y2), y2) +k’ (2) + Uy, (kQ2), ¥2) =0,  Vy2 > 0. 


Hence, by straightforward computations and the Allen—Cahn equation (3.1) we obtain 


/ 1 2 / 
Py (y2) = -[Fw) = 5H (k(y2), va) (y2). 


Hence 


y2 


1 
P2(y2) = - [Fo = 5lVul (kG), 5) ]Mras + p2(0) 
0 


k(y2) 
1 
=- ; [ For) = 51%Hl*(o1. 400) | dru + 000) (4.43) 
0 


Using (1.6) and computations as in (2.12), we can obtain 
p2(0) = esin B, lim 2(y2) = ey sin p. (4.44) 
y27 00 


Therefore 


, 1 
/ [Fo - 5IPH2(o1.400)| dy =e, sin. (4.45) 
0 
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Similarly, we can define 


[o-e) 
1 2 1 2 
p3(y1) = F(u(y1, ¥2)) + 5 leak? = shel | dye 
hoy) 


and obtain 
/ 1 2 / 
P3(V) = -[Fo) = al vul (v1, how) (y1). 


Hence 


JI 


1 
px(y) = — i; [Fo — 5|VuP(s, iis) }W ras + p3(0) 
0 


h(y1) 


1 
=—- / | For) = 5I¥ul*(&(2. 9) Jaya + oO (4.46) 
0 


Using (1.6) and computations as in (2.12), we can also obtain 


p3(0) = ecos B, lim 93(y1) = eo cos B (4.47) 
yoo 
and therefore 
CO 
—_gur —et 
F(y) 5 ive (k(y2), y2) dy2 = e, cos B. (4.48) 
0 


Combining (4.48) and (4.45), we can conclude the following result. 
Theorem 4.7. Under the assumptions of Theorem 4.4, if we assume further u(O) = y and the 
y-level curve yz = h(y1) is close to a straight line in C! norm globally in the first quadrant 


of R?, i.e., for some B € (0, 1/2) and small positive constant € 


Aor) — yi tan BI c1GQ0,00)) <& 


then we have 


oO 


(tan 8 —e€)tanB < a < (tan 6 + €) tan p. (4.49) 
y 


oO 


In particular, if y-level curve is a straight line, i.e., € = 0, then 


tan? B= (4.50) 


fo) oO 
N+] | 
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Remark 4.8. Theorems 3.4 and 3.10 are special cases of the above theorem. 
In general, we have the following estimate of the contact angle 6 = 26 of the y-level curves. 


Theorem 4.9. Under the assumption of Theorem 4.7, the angle B of the y-level curve with y,- 
axis at infinity satisfies 


et et e, 
— <sing< + /14+2—. (4.51) 
e e ey 
In particular, 
: ue : 
lim p=-, lim 6 =0. (4.52) 
yo>-l 2 yol 


Proof. We just note that p2(0) > ey and 93(0) > ey. Then (4.44) and (4.47) lead to (4.51) 
immediately. The limits of the angle in terms of y follows from the following fact: 


lim et =e, lim et = 0. (4.53) 


Remark 4.10. Theorem 3.6 is a special case of the above theorem. 
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Abstract 


The inverse spectral problem for Schrodinger operators on finite compact metric graphs is investigated. 
The relations between the spectral asymptotics and geometric properties of the underlying graph are studied. 
It is proven that the Euler characteristic of the graph can be calculated from the spectrum of the Schrodinger 
operator in the case of essentially bounded real potentials and standard boundary conditions at the vertices. 
Several generalizations of the presented results are discussed. 
© 2007 Elsevier Inc. All rights reserved. 
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1. Introduction 


The theory of differential operators on metric graphs is a rapidly developing area of modern 
mathematical physics. Interest to these problems can be explained not only by important appli- 
cations in the theory of quantum wave guides and nanoelectronics, but by discovered interesting 
phenomena putting these problems in the area between ordinary and partial differential operators. 
Indeed methods originally developed for both areas are successfully applied to study the prob- 
lems on metric graphs. The main aim of this paper is to study the relation between the spectrum 
of a Schrédinger operator on such a graph and geometric properties of the graph. This question 
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has already been studied for Laplace operators with standard boundary conditions at the vertices 
(see (1) below) and it was proven that the spectrum of the Laplace operator determines the to- 
tal length, the number of connected components and the Euler characteristics of the underlying 
graph (see Definition 3). To establish the relation between the spectrum and the Euler character- 
istics one used so-called trace formula (see (2)) connecting the spectrum of the Laplacian with 
the set of periodic orbits on the graph. Using this relation effective formulas for the Euler charac- 
teristic can be proven (see (6) and (7)). The main goal of the current paper is to generalize these 
results to the case of Schrddinger operators on graphs. Such operators are not uniquely deter- 
mined by the underlying graphs (like Laplacians with standard boundary conditions), but depend 
on the choice of real valued potential and may be other than the standard boundary conditions 
at the vertices. In the current article we are going to confine ourselves to the case of essentially 
bounded potentials and standard boundary conditions. The case of L; potentials and most gen- 
eral symmetric boundary conditions will be considered in the following publication, since these 
problems can be treated by similar methods. 

To obtain a connection between the spectrum of a Schrédinger operator and the Euler charac- 
teristic of the graph we use trace formula. A similar formula was first proven by J.-P. Roth [33] 
using the heat kernel expansion, but we are going to use the trace formula in the form (2) first 
presented (without a proof) by J.-P. Roth as well. The formula we are going to use was first given 
by T. Kottos and U. Smilansky, but without paying attention to the fact that the secular equation 
describing the spectrum using vertex and edge scattering matrices in general does not determine 
the correct multiplicity of the eigenvalue zero. Correction of this inaccuracy allowed us to prove 
that two isospectral graphs (the corresponding Laplacians have the same spectra) have the same 
Euler characteristic and provide an effective formula for it. In the current article we not only 
prove a slightly different formula for the Euler characteristic, but give an alternative proof of this 
formula without any use of the trace formula, but only for graphs with the edges being integer 
multiples of one length to be called the basic length. We hope that this approach provides a new 
insight in the spectral asymptotics for such operators. 

The new formula for the Euler characteristic obtained in this paper is valid not only for Lapla- 
cians but for Schrédinger operators with essentially bounded potentials and standard boundary 
conditions. To prove this fact we show first that the Euler characteristics is determined by the 
asymptotics of the eigenvalues only. Then it remains to prove that the spectra of a Laplacian and 
the corresponding Schrédinger operator are asymptotically close and therefore the formula for 
the Euler characteristic originally proven for Laplacians gives the correct result if the spectrum 
of the Laplacian is just substituted with the spectrum of the Schrédinger operator. 

Current paper extends the recent article [26] and therefore correct references and historical 
remarks can be found there. On the other hand, it is impossible not to mention that the theory 
of differential operators on graphs has been grown from the pioneering works by B. Pavlov, 
N. Gerasimenko [15,16], P. Exner, P. Seba [13] and Y. Colin de Verdiére [11,12]. Recent interest 
in this subject was initiated by papers by V. Kostrykin and R. Schrader [19-21]. Several articles 
have been devoted to differential operators on trees—special class of graphs without cycles. 
It is possible to state that this problem is fully understood now [1,3,4,9,27,34,36,37]. On the 
other hand, very few papers are devoted to operators on arbitrary graphs (with cycles) and here 
we would like to mention J. von Below [5], R. Carlson [10], L. Friedlander [14], B. Gutkin 
and U. Smilansky [18], V. Kostrykin and R. Schrader [22], J. Boman, P. Kurasov, F. Stenberg 
and M. Nowaczyk [6,24—26,30,31]. The results presented in this article can be considered as 
a natural generalization of the classical results on inverse spectral and scattering problems for 
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ordinary differential equations [7,8,28]. Similar questions for discrete operators on graphs have 
been discussed by S.P. Novikov [29] and Y. Colin de Verdiére [12]. 


2. Graph Laplacians: basic notations and trace formula 


We are going to consider here only finite compact metrics graphs, i.e. metric graphs formed 
by a finite number of compact intervals. 


Definition 1. A finite compact metric graph T = T(E, o) consists of a finite set E of compact 
intervals Aj, 7 =1,2,..., N, called edges, and a partition o of the set V = {x;} of endpoints x; 
of the edges, V = Je Vin. The equivalence classes V,,,m = 1,2,..., M, will be called vertices, 
and the number of elements in V,, will be called the valence of Vin. 


The distances on the edges and identification of the end points belonging to the same 
equivalence class induce naturally the distance on J” and allows one to introduce the space 
L2(Z’) of square integrable functions on the graph with the standard scalar product (f, g) = 
Af r f (x)g(x) dx. This space is independent of the connectivity of the graph, since 


N 
L(V) = @ L2(An). 


n=1 


Definition 2. The Laplace operator L(I’) is the operator of negative second derivative in L2(I") 
defined on the domain of functions f from the Sobolev space ae. 1 W3(An) satisfying standard 
boundary conditions at the vertices 


fees CIR OY i con Dee. ip (1) 


f is continuous atVj,); 
where 0, f(x;) denotes the normal derivative of the function f at the end point x ;: 


axed= f'(xj) _ if.x; is the left end point, 
a ae —f'(x;) if x; is the right end point. 


These boundary conditions reflect the connectivity of the graph in the sense, that two graphs 
formed by the same set of edges determine different standard boundary conditions if their vertex 
structures are different. It is important that the graph [” determines the operator L(J”) uniquely. 
One of important characteristics of graphs is their Euler characteristic. 


Definition 3. The Euler characteristic of a (not necessarily connected) graph I” formed by M 
vertices and N edges is 


x([)=M—N 


For connected graphs the Euler characteristic determines the number g of generators in the 
fundamental group on I" 


g=l—x. 


P. Kurasov / Journal of Functional Analysis 254 (2008) 934-953 937 


One of the main tools to study the spectral properties of graph Laplacians is the trace formula, 
which connects the spectrum of the Laplace operator on a finite compact graph with the set of 
periodic orbits on it. The first formula of this kind was proven by J.-P. Roth [33]. The formula we 
are going to use first appeared in the papers by B. Gutkin, T. Kottos and U. Smilansky [18,23], 
and later by P. Kurasov and M. Nowaczyk [24,26]. We refer to [26] for the proof of the following 
theorem: 


Proposition 1 (Trace formula, Theorem 2 from [26]). Let I. be a compact metric graph with 
Euler characteristic x and the total length L, and let L(I’) be the corresponding Laplace oper- 
ator. Then the following two trace formulae establish the relation between the spectrum {k?} of 
L(I’) and the set P of closed paths on the metric graph 


u(k) = 2m, (0)8(k) + Yo (8(k = kn) + 5k + kn)) 


kn XO 
jon | 
= xo(k) +--+ — Y¢ 1 (prim(p)) S(p) cos kl(p), (2) 
a us 
peP 
and 
J 27 ii(l) = 2m, (0) + as 2cosknl 
kn XO 
=x +2£5(1) + os I(prim(p)) $(p)(5(/ — 1(p)) + 6( + (p))), (3) 
pEeP 
where 


ms (0) is the multiplicity of the eigenvalue zero;” 

p is aclosed path on T’; 

I(p) is the length of the closed path p; 

prim(p) is one of the primitive paths for p; 

S(p) is the product of all vertex scattering coefficients along the path p. 


By aclosed path on a metric graph we understand any continuous closed path, which does not 
turn back in the interior of any edge, but which may turn back at any vertex. It is clear that if the 
graph has neither loops nor two edges with the same endpoints, then every closed path is uniquely 
determined by the sequence of vertices it comes across. Cyclic permutation of the sequence of 
vertices does not change the closed path, i.e. paths are viewed as geometric sets and do not have 
the start and end points. By a primitive path prim(p) we denote any closed continuous path such 
that the path p can be obtained by repeating the path prim(p). With each vertex V,, we associate 


2 Itis equal to the number C of connected components in accordance with Theorem | from [26]. 
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the vertex scattering matrix formed by reflection and transition coefficients which are determined 
by the valence of the vertex only 


2, iF, 
(Sy); =), (4) 


’ i= j, 


where v;, is the valence of V,,, i.e. the number of elements in the equivalence class V,,. Metric 
graphs can be viewed as billiards where point particles are moving along the edges. Coming 
to the vertices the particles may be either reflected or transmitted to a neighboring edge. Each 
closed path is just a periodic trajectory for such a particle. Therefore to each path one associates 
the product S(p) of all scattering coefficients along this path which represents in some sense the 
probability for the particle to take this particular trajectory. 

Formulas (2) and (3) allow one to prove that two Laplace operators on compact finite metric 
graphs having the same spectrum have also the same 


e number of connected components; 
e total length; 
e Euler characteristic. 


(Uniqueness Theorem 1, [26].) The number of connected components is equal to the multiplicity 
of the zero eigenvalue (Theorem 1 from [26]). The total length of the graph determines the 
asymptotics of the eigenvalues (Weyl’s law) 


jim Van/n = 2/L. (5) 


This formula can be proven if one takes into account that the Laplace operator on I" is a finite 
rank perturbation (in the resolvent sense) of the orthogonal sum of Laplace operators on separated 
edges. The same asymptotics holds for Schrddinger operators and can be proven using the same 
method (see e.g. [35] where this formula is proven even for weighted Laplacians). 

To calculate the Euler characteristic the following formula has been derived (see (4.1) 
from [26]): 


: 2t . ky Kn 2 
x = 2ms(0) + lim, p> "5 (200s : 1), k? = dp. (6) 


In what follows we shall need a modification of this formula. 


Theorem 1. Let I° be a compact metric graph and L(I’) be the corresponding Laplace operator. 
Then the Euler characteristic x (I") is uniquely determined by the spectrum {i,,} of the Laplace 
operator L(I’) 


sink, Pry 


knX0 


1 —2cosk,/t + cos 2k,/t 


= 2m,(0) = 2 lim 7 (kn /1? 


kn #0 


(7) 
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Proof. We present here a proof of this theorem based on trace formula (2), another direct proof 
for graphs with rationally depended lengths will be given in the following subsection. 
Consider the function g defined as 


l, O0</l<1; 
= ]2-1 I<l<2; 
0, otherwise. 
This function and any scaled function g(x) = t(tx) satisfy the following properties: 


+oo 
/ g;(x)dx =1 and g,(0)=0. 


—oo 


It is clear then that the Euler characteristic can be calculated from the Fourier transform of the 
distribution u using formula (3) and taking the limit t — +00, since the length of the shortest 
orbit is positive 


xL)=V2r lim alg]. 
t—-+00 


In fact %[y;] is just equal to x(I")/W2z for t > 2/min {dj}, where d; are the lengths of A;. The 
Fourier transform of the function g; can easily be calculated 


O1(k) = : cnn ( Sak 
Jin k/2t 


Now the Euler characteristic may be calculated by applying the distribution u to the test func- 
tion ¢; 


sink» /2t ) 


x()=V 20 iim ulér] = 2m,(0) + 2 jim DS cosky/( 


kn #0 


The second formula (7) is a result of direct calculation. 


The eigenvalues of L(J”) satisfy the Weyl asymptotic law, i.e. grow linearly with n and there- 
fore the sum in (7) is absolutely converging in contrast to one in (6). 


3. Graphs having basic length 
In this section we are going to study a very special class of graphs with rationally depended 
lengths of edges, namely the graphs with all edge lengths being integer multiples of one and the 


same length A to be called the basic length 


dj =njA, nj EN. (8) 
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Without loss of generality we may assume that A is the largest such number and we introduce 
the basic frequency 


_ 20 
ae 


2 (9) 
Such graphs will be called graphs with basic length A in what follows.* 

The spectrum of the Laplace operator on such a graph appears to be almost periodic with the 
period 9 if one considers the k-scale instead of the A-scale (k2 = A). 


Lemma I. Let ke be an eigenvalue of the Laplace operator L(I’) on a graph TI" with the basic 
length A. Then (ky + any? is an eigenvalue of L(I’) as well. The multiplicities of the eigenvalues 
coincide if both ke and (Ky + 2n ye are different from zero. 


Proof. To prove the first statement it is enough to show that if w(x) is an eigenfunction of 
L(Z’) corresponding to a certain eigenvalue ke, then there exists another function w, which 
is an eigenfunction corresponding to (ky + 22 Every eigenfunction w can be written as a 
combination of incoming waves 


(x) = anj_ peel $ aye, x © [x2j-1, x2]. 
Then the function v given on each interval [x2j—-1, x2;] by 
w(x) = ay jel Rat 2x /A)x— x3 ;-1| +4 az je! kat 2n/A)|x— 29) (10) 


is an eigenfunction corresponding to the eigenvalue A = (ky, + 27/A)’. Really, this function 
satisfies the necessary differential equation on the edges and is continuous at the vertices. Hence 
to show that yy is an eigenfunction it is enough to show that the sum of normal derivatives at each 
vertex is zero, which is obviously true, since the normal derivatives of yw and w are related by 


kn 


i, + 2a fare i). 


In (Xj) = 

If ky + 22/A = 0, then it is well known that the corresponding point A = 0 is always an eigen- 
value of the Laplacian (Theorem | from [26]). 

The second statement that the multiplicities of the two eigenvalues coincide follows from 

the fact that for 4 4 0 every eigenfunction is uniquely determined by the coefficients a;, j = 

1,2,...,2N. Therefore the transformation wth v is one-to-one. 


This lemma allows us to describe the structure of the spectrum of L(J”) for graphs having 
basic length. 


Theorem 2. Let L(I”) be a Laplace operator on a connected graph I" with the basic length A. 
Its spectrum is pure discrete 


[ee 


o(L(L)) = {An =e kn 2 0} 0 


3 Similar graphs have been studied recently in [32]. 
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and has the following properties: 


(1) Apart from the point k = 0 the set {kn}°° , is invariant under right shifts by 2 = 21/A. 

(2) The points ky inside the interval (0, 21 /A) are symmetric with respect to the center of the 
interval, i.e. if Ay = ie is an eigenvalue, then (22/A — ky)? is also an eigenvalue. 

(3) The point 4) = 0 has multiplicity 1. 

(4) The points . = (72m), m=1,2,..., have multiplicity 2 — x, where x is the Euler charac- 
teristic of I’. 


Proof. The proof of statement (1) follows immediately from Lemma 1. To prove the second 
statement we use again Lemma | for (—k,)? = es to conclude that if ke is an eigenvalue, then 
(—kn +27/A)? is also an eigenvalue. The third statement is valid for arbitrary connected graphs 
(Theorem | from [26]). 

Let us establish the last assertion. The proof we present here is a modification of the proof 
of Theorem | from [26]. Without loss of generality we assume that k = 22 = 21/A. Then it is 
easy to construct g + | linearly independent eigenfunctions corresponding to this particular k, 
where g is the number of generators in the fundamental group for J”. Let us denote by Wo(x, k) 
the eigenfunction given by 


Wol(x,k) =cosk(x —x2j;-1), x €[X2j;-1, x2,]. 


This function satisfies the differential equation on each edge, is continuous at all vertices (in fact 
it is equal to 1 at all vertices) and all normal derivatives are equal to zero, which implies that their 
sum at each vertex is also zero and the boundary conditions at all vertices are satisfied. 

If I” is not a tree, then it can be transformed to a tree T by removing exactly g = 1 — x = 
N — M +1 edges denoted by Aj, A2,..., Ay—jw+1 without loss of generality. Let us denote by 
1; the shortest nontrivial closed path on T U A; passing through A;. Note that every such path 
comes across exactly one removed edge. Consider the functions w; defined by 


Ko | + sink(x — x2j-1), provided xe Aj; and A; C];; 

0, otherwise; 
where the sign depends on whether the path /; runs along A; in the positive (++) or in the negative 
(—) direction. The function yw; is not only continuous along the path /; but its first derivative is 
continuous as well. 

Each function w; satisfies the eigenfunction equation, is continuous at all vertices (in fact 
equal to zero there) and the sum of normal derivatives at each vertex is zero (if the vertex is on 
the path 7; then only two normal derivatives are different from zero but cancel each other, if the 
vertex is not on the path, then all normal derivatives are zero). 

It is clear that the functions Wo, 1, ..., Wg are linearly independent and this implies that the 
multiplicity of the eigenvalue k is not less than 1 + g. It remains to prove that these functions 
span the corresponding eigensubspace up. 

Let w(x, k) be any eigenfunction of L(J”) corresponding to k = 27/A. First of all it is clear 
that this function attains the same value at all vertices, say fo. The function w(x, k) — foWo(x, k) 
is an eigenfunction of L(J") equal to zero at all vertices. Then the restriction of this function to 
the edge A; is proportional to sink(x — x2;-1) 


W(x, k) — fowo(x, ka; = fi sink(x — x2i-1). 
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Consider the function 


& 
V@H=VO,b) — folol®. — >> ftir.) 


i=l 


which is an eigenfunction of L(J) equal to zero at all vertices and on all edges A;,i = 
1,2,..., g. It follows that this function is supported by the tree T. It is easy to see that w(x, k) 
is identically equal to zero. First we note that Vv is equal to zero on all loose edges (satisfies zero 
Cauchy data at the loose end points). Then it follows that v is zero on all edges connected by 
at least one end point to only loose edges. Continuing in this way we conclude that wr, k) is 
identically equal to zero, which implies 


& 
Wek) = fololx. + Yo fivilx,b). 
i=l 


The last equality means that the spectral multiplicity of 4 = (27/5)? is equal to 1+ g =2—x. 
The proof for A = (2nm/6)*, m=2,3,..., follows the same lines. 


Now we are ready to give a direct proof of Theorem | formula (7) for the Euler characteristic 
under the additional condition that I~ has a basic length. 


Proof of Theorem 1. (For graphs having basic length.) Assume first that the graph I” is con- 
nected. Let us denote by 05, j=1,2,...,J the eigenvalues of L(J”) inside the interval (0, 2) 
(see (9)). Then the limit on the right-hand side of (7) can be written as follows: 


2 lim 1 —2cosk,/t + cos 2k,/t 


Io Lo (kn/t)2 


CO 


; 1—2cos 2m/t + cos22m/t 
=2—2(1+ g) lim )? / / 
m=1 


(Qm/t)? 


Ea > > 1 —2cos(wj + Qm)/t + cos2(w; + Qm)/t 


((@; + 2m)/t) On 


t>oo 
m=0 j=1 


where we used that all points k = m2,m=1,2,..., have multiplicity 1 + g and the point k =0 
has multiplicity 1. The first limit can be calculated using formula 


y 1—2cosm/t+cos2m/t = a (12) 
(m/t)? 2 


m=1 


since the limit obviously does not depend on the value of §2. To prove this formula we use the 
sum ((1.443.3) from [17]) 


00 2 2 
cosmx TEKS + % 
as a + 
m 
m=1 


6 2 4 
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to obtain 
[o@) 


ie) ie) 1 ee) 2 
5 LS ROOTES CORSE. m 1 py ey ee 
(m/t)? m2 m2 m2 


m=1 m=1l m=1 
pli 5 F mt 1 Le m2 14)_1 
- 6 6 2t 422 6 2t 42] 2 


To calculate the second limit let us use that the points w; are situated symmetrically with 
respect to the center of the interval (0, 2) 


3 y 1 — 2cos(w; + Qm)/t +.cos2(w; + Qm)/t 
((@j + Qm)/t)? 


m=0 j=1 
> 1 3 >| 1 — 2cos(m + @;/2)/(t/2) + cos2(m + w;/2)/(t/2) 
oes iver (im + @/2)/(t/D)yP? 
mm 1 — 2cos(m + (2 — @;j)/22)/(t/2) + cos2(m + (2 — w;)/2)/(t/2) 
((m + (2 = wj)/2)/(t/2)P 
i uy > > 1—2cos(m + w;/82)/(t/2) + cos2(m + @;/2)/(t/2) (13) 
Ep pore ((m + @j/2)/(t/2)) 
We are going to prove that the last sum is equal to zero using the formula 
i(m+a)x 2mia 2 2 ia 
e 21e (21)“e a ¢Z. (14) 


(m+ a)? = J— ponia~ d- e2mia)2 ; 

meZ 
To prove this formula one may exploit the following idea: find a linear function f(x) =ax + b, 
0 <x < 27, such that the series on the left-hand side of the formula is exactly the Fourier series 
for f in the orthogonal basis e!“’*+”*, The function f is represented by the following almost 
everywhere converging Fourier series 


1 , 
f= 5 DL fel, (15) 
at meZ 
where 
20 
fn = if (ax + bye I MtO* gy, (16) 
0 


The function f may be chosen equal to 


e2mia Qn e2tia 


Cee 


niga” (a rlaye: 
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Then the Fourier coefficients are given by 


20 
201i 2m 
1 e2Tia (1 _ e2mia)2 (m + a) 
0 


Thus formula (14) is proven and it implies in particular that 


P32, i(m+a)x 2i(m+a)x 
= i ais =0, provided a ¢ Z. (17) 
(m + a)? 


meZ 


Really using (14) we have: 


t= Jel lmra)x 4+ e2i(mta)x 


= 


meZ (m + a)? 
1 ei(m+a)x et (m+a)x 
SP emer D Bema ay (m+ a)? 
meZ meZ meZ 
(27)2e27!0 (27)*e27 0 Im e2mia (2m )2e27 Im e2Tia 
(1 — e2riay2 ( (1 — e2riay2 1 7 pinta *) (1 —e2niay? " [nia a 
=0, 


where to calculate the first sum we used that the series (15) at x = 0 converges to 5( Ff (+0) + 
e~ 2m lo F (277 — 0)). It turns out that 


1-2 2 
y cos(m + a)x + cos 2(m + a)x =0, provideda ¢Z, (18) 
(m+ a)? 


meZ 
and therefore the second sum in (11) (the sum (13)) is equal to zero. Finally we get 


1 —2cosk,/t + cos 2k,/t 
00 (k,/0? 


1 
=2 DAK Big POS Lae =X: 


Now it is straightforward to generalize this result to include not connected graphs to get (7). 


Thus we have proven the formula for the Euler characteristic for graphs having basic length 
without any use of the trace formula. It might be important to find a similar proof for arbitrary 
graphs. Such alternative to the trace formula approach may provide a new insight on the structure 
of the spectral asymptotics for L(’). 

We would like to present here few explicit examples illustrating formulas (7). 
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(1) Single interval. Let the graph I” coincide with the interval [0, 2] (with separated end points). 
The Euler characteristic is xy = 1. The spectrum of L(J”) is o(L) = {n2,n =0, 1,2, Laas 
Substituting k, =n,n=0,1,2,..., into formula (7) we get 


lee) 
1 —2cosnt 2n/t 
x =2-2 lim 7" COSI ya 
i004 (n/t)? 


where we used formula (12). 

Simple circle. Let the graph I” coincide with the circle having length zr, i.e. it can be treated 
as the interval [0, 2] with the end points identified. The Euler characteristic is x = 0. The 
spectrum of LW”) is o(L) = {n?,n =0, 2, 2,4, 4, ...}. Substitution k, =n into formula (7) 
gives 


(2 


wm 


[o,@) 
yo 2nt 4n/t 
pe a iia cos 2n aa n/ hoa 
ase (n/t) 


where we again used formula (12). 

(3) Symmetric star graph. Let I” be the star graph formed by m equal edges of the length z 
joined at one end point. The Euler characteristic is x = 1. The spectrum consists of simple 
eigenvalues n?,n=0,1,2,..., and eigenvalues (1/2 + n), n=0,1,2,..., having multi- 
plicity m — 1. The formula (7) gives then 


lee) 
: 1 —2cosn/t + cos2n/t 
n=1 
lee) 
a2 1/2)/t 2 1/2)/t 
—2(m — 1) lim > cos(n + 1/2)/ se (n + 1/2)/ 
a ((n + 1/2)/t) 


where we used formulas (12) and (17). 
4. Spectral asymptotics and Euler characteristic 


In this section we are going to show that the Euler characteristic is determined entirely by the 
asymptotics of the spectrum of the Laplace operator. The limit of each term in the series (7) does 
not depend on k, 


. 1L-2cosk,/t+cos2k,/t 
lim = 


[+00 (kn/t? 


Taking this into account it is clear that changing of any finite number of eigenvalues does not 
affect the limit (7). We are going to prove that the same is true even if the number of changed 
eigenvalues is infinite, but under certain additional restrictions. 
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Lemma 2. Let k;, and ko be two real sequences satisfying the following conditions 
1 wv 
iin He] = 0(-), kp = —n + O(1), (19) 
n L£ 


ae ul 


and the limit lim;—+o0 )-°<., cos kn/t (oe )? exists. Then the following limits coincide 


oo : 0 
. sink, /2t 0 sin k, OOEN? 
jim, d cos knje( Seal) = jim > cosk,, / Ou , (20) 


n=1 
Proof. Without loss of generality we assume that £ = z. It will be convenient to write estimates 
(19) in the form 
1 
[kn — ke] <A-, kn —n| < B, |e —n| <B, n=1,2,..., (21) 
n 


with certain positive constants A and B. In addition we shall use the following notations 


sink pa 


sin k°/2t \* 
k,/2t 


ay(t) = coskn/t( 19/21 


a°(t) = cos t/1( 


To prove lemma we are going to establish two estimates which will be suitable for terms with 
small and large indices respectively. 


Estimate 1. (Suitable for small values of n.) 


2 
lan) — a2] < eB EO (22) 


where c is a certain positive constant c > 0. Consider the function 


cos 2a(S22)?, a#0, 
f(@)= i i, 


The derivatives of f are 


sina a cosa — sina 
5) , 


‘ _ : sina \7 
f (@) = —2sin2a sae +2cos 2a 


a 


sina a cosa — sina 
2 


a cosa — sna) 
2 


eset sina \7 . 
f (a) = —4cos 2a aa — 8sin2a +2cos2a 


a a 


sina —a? sina — 2a cosa + 2sina 


3 > 


+2cos2a 
a 


and we see that f’(0) =0 and f”(q) is uniformly bounded. Hence Taylor’s formula gives 


2 
f(a) — f)— f'Oa= Os 
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and therefore 
|f(@)-1|< 5 max| f(a) |a°. 
This implies that 


B 
lan(t) — 1] < 5 max] f"(0| 2” x 


and similar estimate (22) for the difference |a,(t) — a? (t)| with c= i max | f’”’(a)|. 


Estimate 2. (Suitable for large values of 1.) 


|an(t) — aP(t)| < n>B, (23) 


ow 


where d is a certain positive constant d > 0. To prove the estimate we use that the function 
a* f(a) is uniformly bounded. Using the first mean value theorem we get 


dn (t) — ay (t) = f (Kn /2t) — f (ky/2t) = f' En/2t) (Kn /2t — kn /2t), 
where &,, satisfies the same estimate as k, and ke (see the second and third estimates in (21)) 
lfn —n| <B 
For n > B, it follows that 


1 1 t 


le) — an(0| < mano 10) a ans <4 GBP 


with d = 2A max |a? f'(a)|, which is exactly estimate (23). 


The limits appearing in (20) are equal if the following limit equals to zero 
oo : es + 7-0 
ky 2t k,2t 
lim ) cosky/t( 2 ) — cost /a( a } 
i004 ky /2t ky /2t 


Let us split the infinite series into the finite sum of the first K elements and the remaining infinite 
series as 


= lim 2 Dena (t)|. (24) 


To prove that the limit is zero it is enough to prove that for any € > 0 there exists tg = fo(€), such 
that for any t > fo(€) the number K = K (e, t) can be chosen in such a way that both the finite 
and infinite sums are less than €/2. 

The two sums can be estimated using (22) and (23) as 
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K 2 3 
K+B K+B 
> lant — a0 < D a ge 


n=1 
[o,@) 
0 t d t 
Dd, lan) — an] < 3 (= BS 2k = Be 
n=K+1 n=K+1 


Each of these sums is less than €/2 if the following two inequalities are satisfied 


et2\ 1/3 dt 
K(e,th< (=) —B and K(e,t)>,/—+B. 
Cc € 


Hence the series in (24) is less than ¢€ if 


dt er \ le 

—+B< (<) — B. 

€ 2c 
For any € > 0 there exists fo, such that for any t > fo the last inequality is satisfied and it is 
possible to choose integer K (€, t), such that both the finite and infinite sums are less than €/2. 


For such t we have that the infinite series in (24) is less than e. It follows that the limit in (24) 
holds. 


This result will be used in the following section to derive formula for the Euler characteristic 
using the spectra of Schrédinger operators on graphs. 


5. Schrédinger operators on compact finite graphs 
Consider an arbitrary essentially bounded real valued function g on I” 
qgELao(L). (25) 
Then the operator Q of multiplication by the function g is bounded in L2(I") 


OF lzsery = flere? p25: flare? dx 


j= La, 
N 
<lali cap fla) < lazy fll: 
j=l 


The Schrédinger operator with the potential g can be defined as the operator sum 
S=L)+Q (26) 
and it is self-adjoint on the domain of the Laplace operator (sum of a self-adjoint and a bounded 


self-adjoint operators), i.e. on the set of functions from We(r \ V) satisfying standard boundary 
conditions (1). 
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Theorem 3. Let I" be a compact finite metric graph and L(I’) be the corresponding Laplace 
operator with the spectrum h,(L) = ed); n=0,1,2,3,.... Let g bean Lx.(I’) function and 
S = L(I’)+ Q—the corresponding Schrodinger operator. Then the spectrum of S is pure discrete 
An(S) = k2(S), n=0,1,2,...,4 and satisfy the asymptotic formula 


ky,(S) =kn(L) + O(1/n), asn>o. (27) 

Proof. The statement that the spectrum of S is pure discrete follows from the fact that any 
bounded perturbation of an operator with pure discrete spectrum is pure discrete as well [2]. 

It is clear that the Schrédinger operator S is bounded from below by —||Q]||. Let us denote 


by Na(L) and Na(S) the number of eigenvalues in the interval A for the operators L and S 
respectively. Then the following inequalities hold 


Nao(L)-l0ll.an(L+eS) 22 and ~ Npro(s)-0i,am(s)+aiy(L) 2 m, 
which imply that 
[An(S) —A,(L)| < Ill. (28) 


In the k-scale this means that k,(S) and k,(L) are asymptotically close in the sense that (27) 
holds. 


We are able to establish now the formula connecting the spectrum of a Schrédinger operator 
on a graph with the Euler characteristic of the graph. 


Theorem 4. Let I be a finite compact metric graph and L(I”)—the corresponding Laplace 
operator (with standard boundary conditions). Let q € Loo(I) be a real valued potential and 
S = L(I’) + Q—the corresponding Schrédinger operator, where Q is the operator of multipli- 
cation by q. Then the Euler characteristic x(I") of the graph I" is uniquely determined by the 
spectrum h,(S) of the operator S and can be calculated using the limit 


ae sin /A,(5)/2t \* 
xP) =2 hin, 0s Ve )e( ER) . (29) 


where we use the following natural convention 


sin JAm(S)/2t , 
ARCS ILE. 7 


Proof. Theorem 3 together with equality (20) implies that formula (29) gives the same result 
if the spectrum A,,(S) of the Schrédinger operator is substituted by the spectrum A,,(L) of the 
corresponding Laplace operator. Then formula (7) implies that the Euler characteristic of I” is 
determined by (29). 


hn = 0 (30) 


4 The first several eigenvalues of S may be negative, but we are interested in the asymptotics of A, (S$) as n > oo. For 
large values of n the corresponding ky, are all positive reals. 
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The last two theorems state that two Schrédinger operators on graphs may have the same 
spectrum only if the underlying graphs have the same total length and Euler characteristic, in 
other words, if the graphs have the same size and complexity. 


Uniqueness Theorem 1. /f two Schrédinger operators on finite compact metric graphs have the 
same spectrum, then the underlying graphs have the same 


e total length; 
e Euler characteristic, 


provided the potentials are essentially bounded and the boundary conditions at the vertices are 


standard (see (1)). 
6. Generalizations and further developments 


The results of this paper can be extended to the case of most general boundary conditions at the 
vertices. This problem appears to be more sophisticated than it may be expected. The main reason 
is that each vertex scattering matrix in general is not energy independent but tends to a certain 
limiting matrix S>°. The limiting matrix in its turn corresponds to certain symmetric boundary 
conditions, but these conditions may be incompatible with the connectivity of the graph I’. In 
another words these new boundary conditions may not connect all edges joined at the vertex 
at the same time as the original conditions (corresponding to the energy dependent scattering 
matrix) do connect all the edges together. 

Let us study the following elementary example. Consider the interval A; = [—z, 2] turned 
into circle by joining together the end points —z and z with the help of the following boundary 
conditions 


v(m) =—-avCn), 
eae = a, (—n): GB) 


which are obviously properly connecting, i.e. connect together the boundary values of the func- 
tions from both edges. These boundary conditions can be written in the conventional form [19] 


v(m) anv) \ 
a Go) aus i) = 
10 


by choosing the matrices A and B equal to A = ( oi 


scattering matrix is 


) and B = (? y: The corresponding vertex 


and it tends to the unit matrix SC° = J as k — oo. The boundary conditions determining 
Sy(k) = I are just Neumann boundary conditions 0, (+77) = 0 = 0, W(—z), which obviously 
disconnect the two endpoints. Therefore it is natural to call the boundary conditions (31) by not 
asymptotically properly connecting. Such boundary conditions result in that the spectral asymp- 
totics for such graphs coincides with the one for graphs with boundary conditions having energy 
independent scattering matrices and different connectivity matrix, i.e. having different geometry. 
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We illustrate this idea by calculating the spectra of the operators appearing in the example 
P : ~ detail 2 
under consideration. Let us denote by L the second derivative operator - defined on the 


functions from W5i-z, x] and satisfying boundary conditions (31). These boundary conditions 
can be written as follows using standard derivative with respect to the variable x € [—z, zr] 


H(—m) = W'en), 
oe = er); a 


It is easy to see that the boundary conditions are invariant with respect to the change of the coordi- 
nate x > —x and hence the operator L commutes with the symmetry operator Py (x) = w(—x). 
Therefore all eigenfunctions of L are either even or odd. The dispersion equations for even and 
odd functions can be obtained by substituting the Ans&tze w(x) = coskx and Wy(x) sinkx into 
the boundary conditions 


1 


tank’ = ar (33) 
- 1 
cotk“z = arr (34) 


It is easy to see that the eigenvalues satisfy the following asymptotic conditions 


: 1 5 coed 1 
k=nt+O(—),  ki=—3—+0(—), 2=0,1,2,..., (35) 


where (k5)? and ae denote the eigenvalues for even and odd eigenfunctions respectively. 


These eigenvalues should be compared with the eigenvalues Ks0? = (n)? and Kao = en 
for the Laplace operator on the interval [—yr, 2] (with standard, i.e. Neumann boundary condi- 
tions at the end points w’(—zr) = 0 = W’(zr)). Let us try to reconstruct the Euler characteristic of 
the graph using formula (29). Lemma 2 implies that 


inky /2t ink /2t 
lim cosh /t( te) = lim Ss cosh (7 nt )- 1, (36) 
too 


100 ky /2t k9/2t 
kn=ks ka n/ KO =k80 Kad nf 


which is in contradiction to the fact that the Euler characteristic of the circle is equal to 0. It 
follows that formula (7) in general is not valid for Schrédinger operators on graphs with general 
(self-adjoint) boundary conditions at the vertices. An extension of this formula for the case of 
general boundary conditions will be the subject of our following publication. 

We decided to leave to the following publication another important generalization of the ob- 
tained results concerning Schrédinger operators with L; potentials. The proofs for g € L1(") 
and general boundary conditions at the vertices use similar methods and will be presented in a 
forthcoming publication. 


Acknowledgments 
The author would like to thank Prof. J. Boman and J.E. Bjérk for their interest and impress 


gratitude to Prof. R. Weder for hospitality at IMAS, UNAM, where this work has been accom- 
plished. 


952 


P. Kurasov / Journal of Functional Analysis 254 (2008) 934-953 


References 


{1 
[2 


[3 


[4 


[5 
[6 
[7 
[8 
[9 
10 


11 


12 
13 
14 
15 


16 
17 
18 
19 
20 


21 
22 


23 
24 
25 
26 
27 
28 
29 


30 
31 


32 


S. Avdonin, P. Kurasov, Inverse problems for quantum trees, preprint Newton Institute NI07022. 

M. Birman, M.Z. Solomyak, Spectral Theory of Self-Adjoint Operators in Hilbert Space, D. Reidel, Dordrecht, 
1987. 

M. Belishev, Boundary spectral inverse problem on a class of graphs (trees) by the BC method, Inverse Prob- 
lems 20 (3) (2004) 647-672. 

M. Belishev, On the boundary controllability of a dynamical system described by the wave equation on a class of 
graphs (on trees), Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 308 (2004) (in Russian); Mat. 
Vopr. Teor. Rasprostr. Voln. 33 (2004) 23-47, 252; translation in: J. Math. Sci. (N. Y.) 132 (1) (2006) 11-25. 

J. von Below, Can one hear the shape of a network? in: Partial Differential Equations on Multistructures, Luminy, 
1999, in: Lect. Notes Pure Appl. Math., vol. 219, Dekker, New York, 2001, pp. 19-36. 

J. Boman, P. Kurasov, Symmetries of quantum graphs and the inverse scattering problem, Adv. in Appl. Math. 35 (1) 
(2005) 58-70. 

G. Borg, Eine Umkehrung der Sturm—Liouvilleschen Eigenwertaufgabe. Bestimmung der Differentialgleichung 
durch die Eigenwerte, Acta Math. 78 (1946) 196. 

G. Borg, Uniqueness theorems in the spectral theory of y” + (A — qg(x))y = 0, in: Den 11te Skandinaviske Matem- 
atikerkongress, Trondheim, 1949, pp. 276-287. 

M. Brown, R. Weikard, A Borg—Levinson theorem for trees, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. 
Sci. 461 (2062) (2005) 3231-3243. 

R. Carlson, Inverse eigenvalue problems on directed graphs, Trans. Amer. Math. Soc. 351 (1999) 4069-4088. 

Y. Colin de Verdiére, Spectres de variétés riemanniennes et spectres de graphes (Spectra of Riemannian manifolds 
and spectra of graphs), in: Proc. ICM, 1986, vols. 1, 2, Amer. Math. Soc., Providence, RI, 1987, pp. 522-530 (in 
French). 

Y. Colin de Verdiére, Spectres de graphes, Société Mathématiques de France, 1998. 

P. Exner, P. Seba, Free quantum motion on a branching graph, Rep. Math. Phys. 28 (1989) 7-26. 

L. Friedlander, Genericity of simple eigenvalues for a metric graph, Israel J. Math. 146 (2005) 149-156. 

N.I. Gerasimenko, Inverse scattering problem on a noncompact graph, Teoret. Mat. Fiz. 75 (1988) 187-200; trans- 
lation in: Theoret. and Math. Phys. 75 (1988) 460-470. 

N.I. Gerasimenko, B.S. Pavlov, Scattering problems on noncompact graphs, Teoret. Mat. Fiz. 74 (1988) 345-359; 
translation in: Theoret. and Math. Phys. 74 (1988) 230-240. 

1S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series, and Products, sixth ed., Academic Press, Inc., San Diego, 
CA, 2000, translated from the Russian. 

B. Gutkin, U. Smilansky, Can one hear the shape of a graph? J. Phys. A 34 (2001) 6061-6068. 

V. Kostrykin, R. Schrader, Kirchhoff’s rule for quantum wires, J. Phys. A 32 (1999) 595-630. 

V. Kostrykin, R. Schrader, Kirchhoff’s rule for quantum wires. II. The inverse problem with possible applications 
to quantum computers, Fortschr. Phys. 48 (8) (2000) 703-716. 

V. Kostrykin, R. Schrader, Quantum wires with magnetic fluxes, Comm. Math. Phys. 237 (1-2) (2003) 161-179. 
V. Kostrykin, R. Schrader, The inverse scattering problem for metric graphs and the travelling salesman problem, 
arXiv: math-ph/0603010. 

T. Kottos, U. Smilansky, Periodic orbit theory and spectral statistics for quantum graphs, Ann. Physics 274 (1) 
(1999) 76-124. 

P. Kurasov, M. Nowaczyk, Inverse spectral problem for quantum graphs, J. Phys. A 38 (22) (2005) 4901-4915. 

P. Kurasov, F. Stenberg, On the inverse scattering problem on branching graphs, J. Phys. A 35 (2002) 101-121. 

P. Kurasov, Graph Laplacians and topology, Ark. Mat., doi: 10.1007/s11512-007-0059-4, in press. 

N. Levinson, On the uniqueness of the potential in a Schrédinger equation for a given asymptotic phase, Danske 
Vid. Selsk. Mat.-Fys. Medd. 25 (9) (1949) 29 pp. 

V. Maréenko, Some questions of the theory of one-dimensional linear differential operators of the second order. I, 
Trudy Moskov. Mat. Ob8é. 1 (1952) 327-420 (in Russian). 

S. Novikov, Discrete Schrédinger operators and topology, Asian J. Math. 2 (1998) 921-934. 

M. Nowaczyk, Inverse spectral problems for quantum graphs, Licentiate thesis, Lund Univ., 2005. 

M. Nowaczyk, Inverse spectral problems for quantum graphs with rationally dependent edges, in: J. Janas, 
P. Kurasov, A. Laptev, S. Naboko, G. Stolz (Eds.), Proc. of the International Conference: Operator Theory, Analysis 
and Mathematical Physics, OTAMP, 2004, in: Oper. Theory Adv. Appl., vol. 174, 2007, pp. 105-116. 

K. Pankrashkin, Spectra of Schrédinger operators on equilateral quantum graphs, Lett. Math. Phys. 77 (2) (2006) 
139-154. 


P. Kurasov / Journal of Functional Analysis 254 (2008) 934-953 953 


J.-P. Roth, Le spectre du laplacien sur un graphe (The spectrum of the Laplacian on a graph), in: Théorie du potentiel, 
Orsay, 1983, in: Lecture Notes in Math., vol. 1096, Springer, Berlin, 1984, pp. 521-539 (in French). 

A.V. Sobolev, M. Solomyak, Schrodinger operators on homogeneous metric trees: Spectrum in gaps, Rev. Math. 
Phys. 14 (5) (2002) 421-467. 

M. Solomyak, On the eigenvalue estimates for the weighted Laplacian on metric graphs, in: Mathematical Physics 
and Related Topics, I, in: Int. Math. Ser. (N. Y.), vol. 1, Kluwer/Plenum, New York, 2002, pp. 327-347. 

V. Yurko, Inverse spectral problems for Sturm-—Liouville operators on graphs, Inverse Problems 21 (2005) 1075— 
1086. 

V. Yurko, On recovering Sturm—Liouville operators on graphs, Math. Notes 79 (2006) 572-582. 


Available online at www.sciencedirect.com 


. . JOURNAL OF 
ScienceDirect Functional 
Analysis 


ELSEVIER Journal of Functional Analysis 254 (2008) 954-986 ——————————— 
www.elsevier.com/locate/jfa 


Spectral methods for orthogonal rational functions * 


Luis Velazquez * 


Departamento de Matematica Aplicada, C.P.S.I., Universidad de Zaragoza, C/Maria de Luna 3, 50018 Zaragoza, Spain 
Received 20 May 2007; accepted 6 November 2007 
Available online 26 December 2007 


Communicated by N. Kalton 


Abstract 


We present an operator theoretic approach to orthogonal rational functions based on the identification 
of a suitable matrix representation of the multiplication operator associated with the corresponding or- 
thogonality measure. Two alternatives are discussed, leading to representations which are linear fractional 
transformations with matrix coefficients acting on infinite Hessenberg or five-diagonal unitary matrices. 
This approach permits us to recover the orthogonality measure throughout the spectral analysis of an infi- 
nite matrix depending uniquely on the poles and the parameters of the recurrence relation for the orthogonal 
rational functions. Besides, the zeros of the orthogonal and para-orthogonal rational functions are identified 
as the eigenvalues of matrix linear fractional transformations of finite Hessenberg or five-diagonal matrices. 
As an application we use operator perturbation theory results to obtain new relations between the support 
of the orthogonality measure and the location of the poles and parameters of the recurrence relation for the 
orthogonal rational functions. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Orthogonal rational functions; Unitary Hessenberg and five-diagonal matrices; Linear fractional 
transformations with operator coefficients; Pairs of operators 


* This work was partially realized during a stay of the author at the Norwegian University of Science and Technology 
financed by Secretaria de Estado de Universidades e Investigacién from the Ministry of Education and Science of Spain. 
The work of the author was also partly supported by a research grant from the Ministry of Education and Science of 
Spain, project code MTM2005-08648-C02-01, and by Project E-64 of Diputacién General de Aragén (Spain). 

* Fax: +34 976 761886. 

E-mail address: velazque @unizat.es. 


0022-1236/$ — see front matter © 2007 Elsevier Inc. All rights reserved. 
doi: 10.1016/j.jfa.2007.11.004 


L. Velazquez / Journal of Functional Analysis 254 (2008) 954-986 955 
1. Introduction 


The connection with Jacobi matrices has led to numerous applications of spectral techniques 
for self-adjoint operators in the theory of orthogonal polynomials on the real line. The direct 
extension of these ideas to the orthogonal polynomials on the unit circle yields a connection 
with unitary Hessenberg matrices (see [3,15,20,32,34]) which has provided some results (see for 
instance [16—19,34]). Nevertheless, the authentic analogue of the Jacobi matrices for the unit 
circle is a class of unitary five-diagonal matrices which has been only recently discovered (see 
[12,36]). This discovery has caused an explosion of applications of spectral methods for unitary 
operators in the theory of orthogonal polynomials on the unit circle, among which the numerous 
results appearing in the monograph [32,33] have been only the starting point. 

The orthogonal polynomials (OP) are a particular case of a more general kind of orthogo- 
nal functions with interest in many pure and applied sciences: the orthogonal rational functions 
(ORF) with prescribed poles (see [11] and the references therein). An important ingredient in 
the theory of ORF are the linear fractional transformations z > (a ,z + a2)(a3z + as)! of a 
complex variable z, where a; are complex numbers. Hence, it is natural to expect the related 
spectral methods to have a close relationship with the operator version of such transformations, 
ie., the maps T > (A,T + A2)(A3T + Ag)! or T > (A3T + Ag)! (A, T + Az), acting on 
linear operators T on a Hilbert space, where the coefficients A; are now operators on the same 
Hilbert space. However, there is no spectral approach to the study of ORF at present. 

The ORF that appear as a natural generalization of the OP on the real line and the unit circle 
require the poles to be in the extended real line and in the exterior of the unit circle, respectively. 
The first situation presents special complications, an indication of this being the fact that the 
poles can lie on the support of the orthogonality measure. Indeed, considered as ORF, the main 
difference between the OP on the real line and the unit circle is not the location of the support 
of the measure, but the relative location of the poles with respect to this support. Actually, the 
Cayley transform maps the ORF on the unit circle with poles in the exterior of the unit circle onto 
the ORF on the real line with poles in the lower half plane, so both of them can be thought as 
generalizations of the OP on the unit circle. The purpose of the paper is to develop for this kind of 
ORF similar spectral techniques to those recently introduced for the OP on the unit circle. As we 
will see, the cornerstone of these spectral techniques is a matrix linear fractional transformation 
of the Hessenberg and five-diagonal unitary matrices associated with the polynomial case. 

The paper is structured in the following way. Sections 2 and 3 summarize the results that we 
will need about ORF and operator linear fractional transformations respectively. Sections 4 and 5 
develop the basics for the spectral theory of ORF on the unit circle. Section 4 is devoted to the 
approach based on Hessenberg matrices, while Section 5 deals with the approach related to five- 
diagonal matrices. Some applications of this spectral theory are presented in Section 6. Finally, 
Appendix A discusses the peculiarities of the spectral theory for ORF on the real line. 


2. ORF on the unit circle 


We use the notation: 


Taicec. i=}, D={zeC: |z| <1}, t= {zeC: |z|>1}. 
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In what follows a measure on the unit circle is a probability Borel measure with supp uw C T. 
ie denotes the Hilbert space of jz-square-integrable functions with inner product 


(f, Bu = / f@gduz), fig eli. 


Unless we say the opposite we will suppose that supp jx is an infinite set. 
For any a € D, the Mobius transformations Cy are defined by 


ba(z) = 


we (Z) ee 1— az, 


We(z)’ | wE(z)=ZHex(z) =Z—- a, 


and, up to factors in T, they are all the automorphisms of D. Indeed, they are automorphisms of C 
which leave invariant T, ID and E. The inverse transformation of fq is ee = f_q, and fgx = 1/ly 
where f(z) = f (2), Z= 1/z. We distinguish the value ag = 0 that gives Cy, (z) = z. 

To get rational functions with fixed poles in E we introduce a sequence (a )n>1 in D, which 
defines the finite Blaschke products (By )y>0 given by 


Bo=1; Bn = ba, °** Sans nol. (1) 


The orthonormalization of (By )n>0 in Ey gives the ORF (@,)n>0 with respect to jz associated 
with (@n)n>1 (in short, a sequence of ORF on T). For n = 0,1,...,00, the subspace Ly = 
span{ B}f—9 consists of those rational functions whose poles, counted with multiplicity, lie on 


(x )R1- We denote by £ the closure of £4, in Li. 
The ORF on T satisfy a recurrence relation which, with an appropriate normalization of 
(Pn)n>o, has the form (see [11, Theorem 4.1.3]) 


P), @Mn-1 1 An Znbn—-1Pn-1 
=e => a ZS 
Py = 1; ee On @ 1 ) ( o* > ne, (2) 


Dn (Qn) 1 
@n—1(Qn—1) 1 — |An|? 


DF = 2122+++ Zn Bn Pn, An € D, “=| 


where, for convenience, a, is substituted by n when used as a subindex, and z, = —|a,|/a, if 
Qn #0, while z, = 1 otherwise. Notice that we do not follow the standard notation f) = Znfa, 
and By = 21a, +++ ZnSa, (see [11]), but f = fq, and By = Sa, +++ Soy 

In fact, concerning the spectral approach to the ORF, it is more convenient to avoid the pres- 
ence of the factors z, in recurrence (2), something that we can get using the ORF (¢n)n>0 given 
by 


go = 0; On = 2122°+:ZnPn, nS. 


Then, (2) is equivalent to 


do=1; (J: ) en 2 (3 aller: sea n>1, (3) 
n On Yn n—l 
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Wn (An) 1 


@n—1(An—1) 1 — lyn |? 


d, =Bn@nx, Yn € D, en= / 


In the polynomial case corresponding to a, = 0 for all n, (3) gives the standard recurrence rela- 
tion. As in the polynomial situation, a Favard-type theorem also holds (see [11, Theorem 8.1.4]): 
given a sequence (Yn)n>1 in D, the functions (¢;)n>0 defined by recurrence (3) are orthonor- 
mal with respect to some measure on T. The measure is unique if the infinite Blaschke product 
B=[[P-y Sn diverges to zero in D, ie., if \°P°. (1 — |arn|) = 00. 

Notice that, given a measure yz on T and a sequence (@,,),>1 in D, the parameters (Y)n>1 


are uniquely defined. To see this, suppose that (Gn)n>0 is another sequence of ORF satisfying 
a recurrence like (3), but with parameters (Yn)n>1 instead of (Yn )n>1. Then, bn = €ngdn with 
€, € T and €p = 1. Comparing the recurrences for (,)n>0 and (Gn)n>0 gives 


Fort a) TC cd-yemely 1) 
Lae SO Sap ve ANY ely tae ee Ee 


Taking determinants in the above equality we obtain |?,| = |y,|. Therefore, €, = €,—-1 forn > 1, 
which yields €, = €9 = 1. Hence, ¢, = bn and Yn = Yn. 
The above results show that any sequence & = (@)n>1 in D defines a surjective application 


Sy: B—> DY 
L>y=(Mn)n>1 


between the set 58 of probability measures infinitely supported on T and the set D® of sequences 
in D. Sy is a bijection when }°°° ; (1 — |an|) = 00. The study of the application Sy is one of the 
main interests in a spectral theory for ORF. In the polynomial case, corresponding to « = 0, such 
a spectral theory has revealed to be a powerful tool in the study of So. 

To develop a spectral theory for ORF it is convenient to write recurrence (3) in a different 


way. For any a € D we define ny = Wy (a)!/2 = /1— \a|?. Denoting n, = , and introducing 


the parameters 
/ 1Mn-1 = u 
Pn = 1-|ynl?, Py == Pn; Pn = —~pn, (4) 


(3) can be rewritten as 


Dp Pn-1 = Pt Onn = Yn@n—-1P,_1> 
OnP, = YVnO@ndn + Pp On-192_1> 


3. Operator Mobius transformations 


As we will see, the matrix version of the scalar Mobius transformations ¢, appears in a natural 
way in the spectral theory of ORF on T. Analogously to the scalar case, the matrix generaliza- 
tion of the M6bius transformations is closely related to the theory of automorphisms with several 
complex variables, whose study goes back to the work of E. Cartan. The matrix M6bius trans- 
formations appear in [30] and [22] as the automorphisms of a Siegel space. An excellent and 
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comprehensive treatment of these results is in [21]. More recent and applied approaches to this 
matter, with relations to the Schur algorithm, the orthogonal polynomials on the unit circle and 
system theory can be found in [6] or [4] and the references therein. The extension of the matrix 
Mobius transformations to the case of operators on Hilbert spaces is of interest too. For instance, 
they appear in the theory of spaces with an indefinite metric (see [25,26]) as a particular case of 
the so called operator linear fractional transformations. Such an approach to the operator Mobius 
transformations can be found in [27] or in the most recent survey [5] and its references. In this 
section we will introduce the operator Mobius transformations summarizing the main properties 
of interest for us. 

Let (By, || - ||) be the Banach space of everywhere defined bounded linear operators on a 
separable Hilbert space H. We use the notation 


Dy={TeE By: ||T\| < L}; Ty={Te H: ||T||= 1}, Dy =DyUTy. 


If Ae Dy, A’ is its adjoint and 74 = /1 — AA’, the operator Mobius transformation ¢,4 is the 
map f,4: Dy — Dy defined by 


(T) (1)! X(T) RAT AST AS 
Cal) = naWa DA Wa wi(T)=T—A. 


Notice that 74 is positive with bounded inverse and, as in the scalar case, n4 = w4(A) 1/2 As we 


will see, the spectral theory of ORF is related to transformations ¢4 with A normal, so that 7 4; = 
na in such a case. €,4 leaves invariant D7, Ty, and the sets of isometries and unitary operators 
on H. Indeed, up to unitary left and right factors, the operator MGbius transformations are the 
only operator linear fractional transformations mapping bijectively Dy onto itself (see [27]). 

It is direct to see that S = €,4(T) iff T= fa (S), where 


es wa(T)=14+A'T 
ta(T) =, Wi(T)@A(T) nas, w(T)=T +A. 


Thus, C4 is the inverse of £4. Moreover, using the relation nA a An’ it is straightforward to 
verify the identities 


ca) =e (Tt), aT) = E44 (T), (6) 


so, ta(T) = = ae (T)' = ¢_4(T) as in the scalar case. Notice that the equalities €4 = Gs A and 
(a= eK provide alternative expressions for ¢4 and fA. 

Some formulas for the operator Mébius transformations will be of interest. From the rela- 
tions (nA )"A — As)" forn =0,1,2,..., and using the functional calculus for self-adjoint 
operators, we find that 74A = An,;. Thus, if we define 


Ta=ny Tnx 


for any linear operator T on H, then, for all T € D 77, 


ta(Ta) = aT) OMT), — Ea(T) = WR(Ta)@a(Ta)!. (7) 
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This, together with the immediate identity 
wa(T) — wa(T)S =Twa(S) — @4(S), (8) 
yields 


wa(T)(¢a(Ta) — Sa) = (T — €a(S))@a(Sa) (9) 


for all T, Se Dy. Substituting S by ¢4(S) in (9) gives 
T —S=walT)ng!(Ca(T) — Ca(S)) 0,1 B-A(S), (10) 


where we have used that a 4(¢4(S4)) = @a(C_a(Sa)) = OW a(S)"; If we take A =a and 
S =z with w € D and z € D, (10) becomes 


p= Pa (5 ey — ga(T)) aT). (11) 


= Wa(a) 


In particular, choosing T = 4 with A € D, 


@=t yea (12) 
Ca (Z Sw =e aay ; 


Notice that (11) and (12) actually hold for any z, A € C \ {a}. 
4. ORF and Hessenberg matrices 


We start fixing some notations for linear operators that will be used throughout the rest of the 
paper. Given a linear operator T on a Hilbert space H, o(T) denotes its spectrum and o,(T) 
its point spectrum. T | Ho means the restriction of T to a T-invariant subspace Ho. We will 
use the notation J‘) for the orthogonal truncation of T on an arbitrary subspace Hp, i.e., 
T ‘4o) — PT | Ho, where P is the orthogonal projection on Ho. 

If ¢? is the Hilbert space of square-summable complex sequences, the Banach spaces Ben 
and B,2 can be identified with the sets of n x n complex matrices and infinite bounded complex 
matrices, respectively. In this identification we associate any bounded square matrix M with the 
operator x — Mx, where x is a column vector of C” or ¢2. However, we could also consider the 
operator x —> x M, where x is a row vector of C” or £”. Both operators have the same spectrum, 
but their eigenvalues can be different in the case of £7. Nevertheless, we will normally work with 
normal or finite-dimensional matrices, for which the eigenvalues are the same in both situations, 
although, even in these cases, the eigenvectors are in general different. So, we will distinguish 
between right eigenvectors (or just eigenvectors) for x — Mx and left eigenvectors for x > xM. 
That is, right eigenvectors are the standard ones while left eigenvectors are the transposed of the 
eigenvectors of M7 (in particular, when M is normal, right eigenvectors are the adjoints of left 
eigenvectors). In the subsequent discussions, this convention often permits us to avoid the 7 
superindex, something convenient because many indices appear later. 
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The main tool for the operator theoretic approach to the ORF on T is the unitary multiplication 
operator 


72 2 
Ty: L2, > L?, 


f(z) > zf(z). 


It satisfies o (T,,) = supp and op (7,,) = {mass points of jw}. The eigenvectors of a given eigen- 
value 4. are spanned by the characteristic function A;,; of {A}. Besides, if E is the spectral 
measure of 7),, then w(-) = (1, E(-)1),,. All these properties are true no matter whether supp ju 
is finite or infinite. 

If (fn)n>0 is a basis of Ee, the matrix of 7,, with respect to (fn)n>0 is the matrix M whose 
(i, j)th element is Mj; = (fi, Ty fj). In other words, 


(zfo(z) zfi(z) ...)=(fol@) fi ...)M. (13) 


The x-involution f — f, defines an anti-unitary operator on Las thus (fi)n>0 18 a basis of i 
iff (fn)n>0 is a basis too. Moreover, since M is unitary, taking the *-involution in (13) shows 
that the matrix of 7,, with respect to (fnx)n>0 is the transposed M T of M. This relation holds 
when yp is finitely supported too, with the only difference that the basis of ay is finite. 

T,, is unitarily equivalent to the operator defined by M. On the other hand, if we choose as 
a basis a sequence of ORF with respect to yz, the matrix M will depend on the correspond- 
ing sequences & = (Q@n)n>1 and y = (Yn)n>1. Therefore, this matrix permits us to recover the 
orthogonality measure jz starting from the location of the poles and the parameters of the recur- 
rence relation for the ORF. Obviously, the utility for this purpose of the matrix M depends on 
its simplicity as a function of w and y. Following these ideas, our first aim is to find the matrix 
representation of a unitary multiplication operator with respect to a basis of ORF. 


Theorem 4.1. Let « be a sequence compactly included in D, 1 a measure on T and y = Sy (2). 
Then, L£ is T,,-invariant and the matrix of the isometric operator T, | £ with respect to the 
corresponding ORF (¢n)n>0 is V= c4(H), where 


ao 


A=A(a) = 


—Y1l —PIY2 —P1P2Y¥3 —P1/P2/P374 

Pl —V1¥2 —¥1p2¥3  —Y10203¥4 

H=Hy)=] 0 p2 -Y2y3 —V203¥4 
0 0 /3 —V3V4 


The isometric matrix V represents the full operator T,, iff any of the following equivalent condi- 
tions are fulfilled: 


ar, cos Pai ° logy’ ¢ L} & y¢l? & Visunitary, 
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with P the closure of span{z”}n>0 in L2,, dm(z) = dz/2miz the Lebesgue measure on T and 
pe! =dy/dm. 


Proof. ||.A|| < 1 because w is compactly included in D, thus ¢ A(H) is a well-defined isometric 
matrix because H is isometric (see [13,20,32]). 
To prove the theorem notice that the second relation in (5) yields 


n—-1 


Dn, =n Onbn + ¥ Pp Pp '* Peri Veo, NZI, (14) 
k=0 


where we set yo = 1. Identity (14) and the first relation in (5) give 
[oe 
Onn = > hk n@kk, 
k=0 


—Yn+1Pn Pp} Per Vk ifk <n, 


hie —Yn+1Yn ifk=n, 
am ifk=n+1 
Pu+i =nrtl, 
0 ifk>n+1. (15) 


If we define the matrix H = (h i,j)» equality (15) can be written as 


(do $1 ...)(@4— wa4H) =0. (16) 
Using (4) we find that the Hessenberg matrix 


—Y1 PP, ¥2 —Py P2 ¥3 Py Py P3 4 
. Py —¥iv2 —¥1~; V3 —V1e; es 4 
ESO spy -7273 7203 V4 + (17) 
0 0 pe -734 


can be related to H by H= nai Hn A =H. From this relation, (7) and (8) we see that (16) is 
equivalent to 


(do(z) di(z) ...)(z- F(A) =0. (18) 


This equality implies that £ is invariant under T,,, so the restriction T,, | £ is well defined, and 
Z ‘A(/) is its matrix representation with respect to (¢n )n>0.- 

T,, | £ is an isometry because it is the restriction of a unitary operator, which agrees with 
the fact that ¢ ‘A(7L) is isometric. Also, c ‘A(H) and 1 are unitary at the same time, that is, when 
y ¢ £* (see [13,32]). Besides, T, | £ is unitary iff 7,2 = £. This implies that 7/7L = L for 
any n € Z, so {z"}nez C L. Hence L= i because span{z”}nez is dense in Lae Conversely, 
if £= ie then 7,, | £ = T,, is unitary. Therefore, c ‘A(H) is unitary iff the ORF (¢,)n>0 is a 
basis of Li, i.e., iff ¢4(H) represents the full operator T,,. Finally, it is known that the condition 
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baa (1 — |an|) = 00, which is satisfied for « compactly included in D, ensures that £ = P (see 
[11, Theorem 7.2.2]) and so it implies the equivalence between L = L?,, P = Li and log ju’ ¢ ie 
(see [11, Corollary 7.2.4]). 


In the polynomial case A = 0 and V = H, so we recover the known Hessenberg representation 
of T,, | P with respect to the OP basis (see [3,15,20,32,34)). 

As a consequence of Theorem 4.1 and the spectral properties of the unitary multiplication 
operator, we have the following spectral interpretation of the orthogonality measure for ORF. 


Theorem 4.2. Let a be a sequence compactly included in D, 4 a measure on T such that 
log uw’ ¢ iL and (n)n>0 the corresponding ORF. Let V = tA(H) with A= A(w), H= H(y), 
y =Sq(u). If E is the spectral measure of V, 4 = E,,). Besides, o(V) = supp and op(V) = 
{mass points of 11}. 4 is a mass point iff (¢n(A))n>o0 € £7. Given a mass point 2, the related 
eigenvectors of V are spanned by (@o0(A) gi (A) .. .)* and LCA} = Ceo lfn 9) he ae 


Proof. Under the hypothesis of the theorem, V is the matrix representation of the full operator 7;, 
with respect to ($y )n>0. Hence, if E is the spectral measure of T),, then (-) = (60, E(-)¢0) pn = 
€1,1(-). Also, o(V) = o(T,,) = supp and op(V) = o,(T,,) = {mass points of ww}. If A is a 
mass point, 1;,} spans the related eigenvectors of Tj, so (@n—1, Cay)u = UCAGn-1(A) Is 
the nth component of a vector spanning the corresponding eigenvectors of V. This implies that 
(dn(A))n>o0 € 2. Conversely, if (¢n(A))n>0 € €?, relation (18) shows that (do(A) (A) ...) is a 
left eigenvector of V with eigenvalue 1. Due to the unitarity of V, A € T and the above statement 
is equivalent to saying that (@o(A) @1 (A) .. isa (right) eigenvector of V with eigenvalue A. 
Therefore, 4 is a mass point of jw. Finally, the identity w({A}) = Cs IPn aj! follows from 
WAY = (Mays Mayu = Deo (May, bn)ulOns Lay)e = Wrg MUA lon AD/?. 


The fact that the representation V is not a Hessenberg matrix, but a Mébius transformation 
of a Hessenberg matrix, makes the rational case more complicated than the polynomial one. 
However, the Hessenberg structure can be kept if we formulate the spectral results in terms of 
pairs of operators. 

Remember that, given a Hilbert space H and two operators T, S € By, the spectrum and point 
spectrum of the pair (J, S) are respectively the sets 


o(T,S)={ra eC: T —AS has no inverse in By}, 
0, (T,S)={r€ C: T —AS is not injective}. 


In the finite-dimensional case both sets coincide. The elements of op(T, S) are called eigenvalues 
of the pair, and the eigenvectors of (T, S) corresponding to an eigenvalue 4 are the elements 
x € H \ {0} such that (J — AS)x = 0. In these definitions T — AS must be substituted by S if 
AN=O. 

With the above terminology, the isometric matrix V and the Hessenberg pair (7% (7.4), 
EI 


wA(H,)) have the same spectrum and eigenvalues because w4(H,4)~ € By2 when a is 
compactly included in D. So, Theorem 4.2 can be obviously rewritten substituting V by 
the pair (a (HA), wA(H,)). Notice that, given an eigenvalue 2, (@o(A) ¢1(A) ...) is a 
left eigenvector of the pair, i.e., (o(A) G1 (A) .--)(@4 (AHA) — Am A(H,)) = 0. Moreover, 
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HA = nai Hn ‘A with 1. € By. Therefore, Theorem 4.2 also holds substituting V by the Hes- 
senberg pair (7 (H), wA(H)), but the left eigenvectors with eigenvalue 4 are spanned by 


(Po(A) O14) «J 


4.1. Zeros of ORF and Hessenberg matrices 


In this section we will prove that the zeros of the ORF have a spectral interpretation in terms 
of MObius transformations of Hessenberg matrices too. For this purpose we consider the operator 
multiplication by ¢, in Le 


bn(Ty): L2, > L? 
fotiif 


and the orthogonal truncation ¢,, (TE. We also remind that the nth ORF has the form ¢, = 
Pn/Ry With tp = W,-++-Wy and p, a polynomial of degree n with its zeros on D (see [11, 
Corollary 3.2.2]). The following theorem is the starting point for a spectral interpretation of such 
Zeros. 


Theorem 4.3. Let a be a sequence in D, 4 a measure on T and $n = Pn/Ty the related nth ORF. 


1. If Z, is the set of zeros of on, Sn(Zn) is the set of eigenvalues of tn( Ty) Er) and these 
eigenvalues have geometric multiplicity 1. 
2. If paz) « []pa1(z — Ax), the characteristic polynomial of &(Ty)4" is Tia (Z — Sn(Ax))- 


Proof. Let L,, be the orthogonal projection on Ly. f € Ly \ {0} is an eigenvector of f, (Ty 4 


with eigenvalue w iff (Lng, — w)f = 0, that is, Ln(f, — w)f = 0. This is equivalent to 


(, —w)f € pies = span{@,}, or, in other words, f « @n(on — w)!, Writing w = f(A) 


and using (12) we find that this condition can be expressed as f(z) « Pn(z)(z — I) stat (z) 
with A € Z,. This proves item 1. 

Item 2 is equivalent to assert that the algebraic multiplicity m, of any eigenvalue w = 
fn(A) of Sn (Ty)&) is equal to the multiplicity of A as a root of p,. Since the geometric 
multiplicity of w is 1, my > k iff there exists f € Ly such that (Lyt, — w)k f = 0 and 
(Ltn — w)*—! f £0. Analogously to the previous discussion, we find that these two conditions 
are equivalent to f € span{¢@n(on — wy Vy \ span{@n (fn — w) Toh, ie., to f = p/mM-1 
with p(z) € span{a! —'(z) pn(z)(z — AF }K_, \ spanfora | (2) pa(z(z — A)~F}EZ}, as can be 
seen using (12) again. Hence, by induction on k we find that m,, > k implies that the multiplicity 
of A as a root of p, is not less than k. Conversely, if the multiplicity of 4 as a root of py is greater 
than or equal to k, f(z) = Gn(z)(Gn(z) — w)* x wT (z) pn(z)(z — AY~*/ttn-1(z) € Ln and 
(Lngn — w)* f =0, Lngn — wy! f £0, 80 my > k. 


The next step is to obtain a matrix representation of ¢, (Ti )E”, so that we can give a matrix 
version of the above theorem. In what follows the subscript ,, on a matrix means the correspond- 
ing principal submatrix of order n. In particular, J is the infinite identity matrix, so J, means the 
identity matrix of order n. This notation will be used throughout the rest of the paper. 
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Theorem 4.4. Let a be a sequence in D, 4 a measure on T and (¢n)n>0 the related ORF: The 
matrix of Ep (T,) 4) with respect to Croyan is fy (V™), where VO = ive (H,,) and A= A(a), 
H=H(y), y = Sal“). 


Proof. From the factorization (see [13,20,32]) 


6, = & » (19) 


we see that ||H,|| = 1 because ©, is unitary. Hence, V = ¢ ‘A, (Hn) is well defined and 
| V || = 1 because ||.A, || < 1. A similar reason shows that ¢,,(V) is well defined too. 
To prove the theorem, let us write the first n equations of (16) as 


(Go ++ bn-1) (74, — DA,Hn) =Pn@nOn, bn EC". (20) 
Identities (7), (8) and Hy, = nA, HanA, = (Hn), transform (20) into 
(¢o(z) --- bn—-1@))(z —V™) = cn@n(Z)on(Z), Cn EC”. (21) 
Using (11) we get 


(¢o(z) .-- bn—1(2))(Gn(@) — Sn (V™)) =dnon(@), dn €C". 


Hence, if L, is the orthogonal projection on Ly, 


(Lnéndo ---  Lnbndn-1)=( G0 --- n—1) &n(V™). 


Theorems 4.3 and 4.4 give a spectral interpretation of the zeros of ORF. 


Theorem 4.5. Let a be a sequence in D, w a measure on T, (¢n)n>0 the related ORF and 
VO =F, (Hn), with A= A(a), H=H(y), vy = Sa(tL). 


1. The zeros of bn are the eigenvalues of V. If d is a zero of dn, the related left eigenvectors 


of V are spanned by (¢o(A) -.. bn—1(A)). 
2. bn = Pn with pn proportional to the characteristic polynomial of V™. 


Proof. From Theorems 4.3 and 4.4, the eigenvalues of ¢,(V™) have geometric multiplicity 1 
and o(fn(V™)) = fn(Zn), Zn being the zeros of ¢,. Also, the characteristic polynomial of 
in(V™) is [Tai (@ — Sa(Ax)), where pn(z) o TTpas(Z — An). 0GnV™)) = Eno (V™)), 80, 
bearing in mind that ¢,, is bijective, o(V) = Z,,. Furthermore, given an eigenvalue 2 of V™, 
the corresponding eigenvalue ¢, (A) of ¢,(V) has the same geometric and algebraic multiplic- 
ity. Therefore, | [;_, (z — Ax) is the characteristic polynomial of VY, Finally, if 4 is a zero of dn, 
(21) shows that (@9(A) ... @n—1(A)) is a left eigenvector of VY with eigenvalue A. 
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From (7) and (8) we get OA, (z) — WA, (z)Hn = 270A, (Hn) = one (Hn) =(z-y%). 
@.A, (Hn). In consequence, pn(z) x det(a% (2) — 7.4, (Z)Hn) = det(z@_4, (Hn) — @%4, (Hn)). 
The above expressions show that p, can be calculated as a determinant of a Hessenberg 
matrix. Furthermore, the last expression implies that the zeros of @, are the eigenvalues 
of the Hessenberg pair (a, he (Hn), DA, (Hn)). Besides, according to Theorem 4.5, the left 
eigenvectors of (wy (Hn), An (Hn)) corresponding to an eigenvalue A are spanned by 


(do(A) ... dn—1(A)). Since Hn = nA Hn nA,» the zeros of ¢, can be also understood as the 
eigenvalues of (@% (Hn), @A,(Hn)), the left eigenvectors with eigenvalue 4 being spanned 


by (Po(A) -.. bn—1A))ngl. Indeed, py(z) x det(a% (2) — 4, (ZYHn) = det(0.4, (Hn) — 
ty (Hn)). 

Apart from the sequence ($y )n>0 Of ORF, another remarkable rational functions arise in the 
theory of ORF. They are the so called para-orthogonal rational functions (PORF), given by 


QO’ =o, +vd*, veET. (22) 


The interest of the PORF relies on the fact that, contrary to the ORF, they have simple zeros lying 
on T which, thus, play an important role in quadrature formulas and rational moment problems 
(see [23] and [11, Chapters 5 and 10]). These quadrature formulas associate with each PORF 
Q} a measure 2) supported on its zeros with a mass (Simo |@e(A)|7)~! at each zero 2. Such 
quadrature formulas are exact in £Ly,—1Lyr—1%, 80 (bx) = : is an orthonormal basis of Lie: 

A spectral interpretation can be also obtained for the zeros of the PORF. Using (3) i in (22) we 
get 


 (tn—1dn—1 + uge_4), u=by,(v), (23) 


n 


OO; 
Ov =(1+ Ynv)en — 


which shows that, like ¢,, Q? is obtained from n steps of recurrence (3), but changing in the nth 
step y, € D by u = ¢,, (v) € T. From (19), such a substitution transforms 7, into the unitary 


Hessenberg matrix 
q 
O; In-2 Tn-1 
u_ i) eee " Le 
=| | me I ( ey | 4) 
n 


Therefore, ¢ ‘A, (H;,) is unitary too. The following result gives a spectral interpretation of the zeros 
of the Q? in terms of 7/7, as well as a connection of such a matrix with the unitary multiplication 
operator T,,». It can be understood as a limit case of Theorems 4.4 and 4.5. 


oo) 


Theorem 4.6. Let « be a sequence in D, a measure on T, (¢n)n>0 the corresponding ORF 
and A= A(a), H=H(y), y = Sq(). Consider v € T, u= oy. (v), OF = bn + vd and the 


associated measure |". 


1. The matrix of T,,» with respect to Cayman =o is you) — fA, (Hy)- 


2. The zeros of OQ}, are the sper of V"™), If d is a zero of Q”, the related eigenvectors 
aa are spanned by ($0(A) ... bn—1(A))'. 
30, = zx, with q} proportional to the characteristic polynomial of VY". 
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Proof. Using (14) in (23) we find that 


n—-1 


On 7 1Pn— p= 2 RPK + 5 


k=0 


On One 


+ Ynv 


fu = fe aie ifk<n—1, 
k,n-1 — = i 
—UuVn-1 ifk=n—1. 


This relation and the first n — 1 equations of (16) lead to the matrix identity 
(Go +. Gn-1) (4, — A, Hy) = PnDnQe, bn EC", 


where Ae = nA HANA, = (HY) 4, - So, (7) and (8) give 


(do(z) ...  dn—1(2))(z -— VO) = cn@n(Z)O2(Z), en EC”. (24) 


QO; =Oin Liye thus (24) implies that VY") is the matrix of Ty,» with respect to (Pk) a The 
rest of the statements are a consequence of this one and the properties of the multiplication 
operators, similarly to the proof of Theorem 4.2. Alternatively, they can be obtained directly 
from relation (24), the unitarity of Y“™) and the fact that Q? has n different zeros. 


Analogously to the comments after Theorem 4.5, if u = & (v), qp(z) « det(w% | (z) — 
A, (Z)Hn) = det(zo4, (Hy) — @% (Hy)), which gives q, as a determinant of a Hessenberg 
matrix. The zeros of Q” are the eigenvalues of the Hessenberg pair (oy, (Hi), @4, (Hy), 
whose left eigenvectors with eigenvalue 4 are spanned by (¢o(A) ... @n—1 (A))ng! 


5. ORF and five-diagonal matrices 


Apart from the presence of operator Moébius transformations, there are some drawbacks in the 
spectral theory of ORF previously developed: the appearance of a Hessenberg matrix 7 instead 
of a band one, the complicated dependence of 7 = H(y) on the parameters y, and the fact that 
the spectral interpretation of the measure jz works only when log wi’ ¢ be. We will not be able 
to avoid the operator Mébius transformations because they are linked to the ORF, but the other 
problems can be overcome by choosing a different basis of ORF in Lis 

The key idea is to use, instead of the ORF (¢n)n>0 with poles in E, other ones whose poles are 
alternatively in E and D. For this purpose we define the finite odd and even Blaschke products 


By = Bo = 1; By = 103+++Can-1,. Bh =bob4a-++ban, nBl. 
Consider the rational functions (Xn)n>0 given by 
X2n = Bi Pins X2n+1 = Br P2n4+1s n 2 0. (25) 


Let M, = span{ Xk }f—9 forn =0,1,...,00. Then, 
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Mon = Bo_,, Loy = span{ Bo, BY, By 


n—I|x« lxoce 


os By aus Bets 


n—1*? 


Moria = BE Conia = span] BE; BP, BY, «.5, Bo, Be}; 


lx? 
that is, Mo, and M2,+1 are the sets of rational functions whose poles, counted with multiplic- 
ity, lie respectively on (a1 , 02, 3, 4, ..., A2n—2, don—1) and (a1, 2, 013, 4, ..., H2n—1, 2p). 
M will be the closure of Moo in Lie 

The orthonormality conditions ¢,1£, and (¢n,¢n), = 1 can be rewritten using $7 
as Pr 1o,£, and (b7, 67), = 1. Hence, the orthonormality of (¢,)n>0 is equivalent to 
X2nL Bi, ConLon = Mon, Xon+1-L Bi, Lonti = Manzi and (Xn, Xn) = 1, ie., to the ortho- 
normality of (Xn)n>0. The sequence (Xn)n>0 is therefore the result of orthonormalizing 
(Bo, BP, Bi,» BS, BS,» ---) in ce Hence, relation (25) establishes a connection between the 
ORF associated with the sequences (@)n> 1 and (a, Q2, 03, @4,...). We can consider also the 
ORF associated with the sequence (@, a2, 3, 04,...), i.e., the ORF that arise from the ortho- 
normalization of (Bj, B?,, By, BS,, BS,...) in Ee This ORF are (Xn)n>0, Which are related to 


1x? 
(on)n>0 by 
X2n« = Br P2n> X2n+l*e = Brix Pint n>0. (26) 


The ORF (Xn)n>0 provide new matrix tools for the analysis of questions concerning the ORF 
(¢n)n>0. The reason is the different nature of the recurrence satisfied by (Xn)n>0, which, as we 
will see, is a 5-term linear recurrence relation. This provides a matrix representation of T,, in 
terms of five-diagonal instead of Hessenberg matrices, as the following theorem states. 


Theorem 5.1. Let a be a sequence compactly included in D, ts a measure on T and y = Sg (UL). 
Then, the ORF (Xn)n>0 associated with (a, G2, 3, O4,...) is a basis of Le and the matrix of 


T,, with respect to (Xn)n>o0 isu = cA(C), where A= A(a) and C =C(y) with 


—Y —ply2 = pip2 0 0 0 0 
Pl —Yiv2 Y1p2 0 0 0 0 
0 P2Y3  —Y2Y3 —P3¥4 = 34 0 0 
Ciy) = O 9203 ¥203 —¥3%4 34 0 0 
0 0 0 pays Vays P5Y% = P56 
0 0 0 (4 P5 Y4P5  —VY5¥6 V5P6 
0 


0 0 0 0 —p6yv7 —VY6v7 


Proof. Since w is compactly included in D, ¢4(C) is a well-defined unitary matrix because C is 
unitary (see [12,32,36]). 
Using (5) and (25) we get Dy X0 -_ b, Oxi — ¥1Woxo and, forn > 1, 
Wn —1X2n—1 = B°_ (3, @2nb2n = Y¥2n@2n—1P3n—1) 
= Be Pay (os D2n+1P2n+1 — Y2n+1 @2nP>p) 
— Br 44¥2n(¥2n-1P2n-192n—1 + P51 O2n-2P 3-2) 


NS ees + 
= Pon Pon 41 O2nt1 X24 — Pr_Y2n+1@2n X2n 
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— Y2n-1V2nW2n-1 X2n—1 — Pry 1 V2nW2n—2X2n-2; 
Wn X2n = Bi 1, (V2n@2nb2n + >, P2n—1P 1) 
_ BrxY2n (034.1 @2n41P2n41 _ Y2n+1@2n Pp) 
+ Be) ,P on (Y2n—102n—192n—-1 + Pan 1 P2n-2P 32) 
= V 2n Pry 4.1 P2n-41 X2n+1 — Y2nY2n+1M2n X2n 


+ Y2n—1 Pr, @2n—1X2n—1 + Pry | Pry D2n—2 X2n-2- (27) 


This is the 5-term linear recurrence for (Xn)n>0, Which can be written as 
(xo x1 ---)(w4— wal) =0, (28) 


where C is the five-diagonal matrix 


—V1 —Pr 2 Pym, OO 0 ® 
pi =-Viv2 F1P5 0 0 0 
_ | 9 —ery3s —Yors —pyv4 py py 0 
C=] 0 pes Y2p3 Vaya 730% 0 
0 0 0 —-p{ys —Yays —P5 ¥6 
0 


0 0 Py Ps aps = —Y5Y6 


Using (4) we find that C= naiCna = C4, so, bearing in mind (7) and (8), (28) becomes equiva- 
lent to 


(xo(z) x1(z) ...)(z-%aC)) = 0, (29) 


which shows that M is invariant under 7,, and c ‘A(C) is the matrix representation of 7, |. M 
with respect to (Xn)n>0- 

Similar arguments to those given in the proof of Theorem 4.1 prove that 7, [ M is unitary iff 
M= jie However, T,, | M is unitary whenever « is compactly included in D because in this 


case eA(C) is unitary for any sequence y in D. Therefore, M = L?, ie., the ORF (Xn)n>0 18 a 


basis of Lay which implies that c ‘A(C) is a matrix of the full operator 7;,. 


Remark 5.2. We know that (Xn)n>0 and (Xnx)n>0 are bases of i at the same time, and the 
corresponding matrices of T,, are related by transposition. Therefore, (Xnx)n>0 is a basis of he, 
whenever o is compactly included in D and, in this case, the related matrix of T,, is U T Notice 
that the second equality in (6) implies that U7 = ¢ ‘A(C") because A is diagonal. 


Theorem 5.1 states that, contrary to the case of the ORF (¢n)n>0, (Xn)n>0 and (Xn«)n>0 are 
bases of Li, for any measure jz on T if w is compactly included in D. Indeed, the completeness 


of (Xn)n>0 and (Xnx)n>o In Le holds even under a more general condition for a, as the next 
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theorem shows. Denoting F, = { fx: f € F} for any set F of complex functions, the problem is 
to find sufficient conditions for the equality M = Li or, equivalently, M,, = se 


Proposition 5.3. Let « be a sequence in D, s a measure on T and (Xn)n>0 the ORF associ- 
ated with (a1, &2, 03, d4,-..). (Xn)n>0 and (Xnx)n>0 are bases of L?, if SR, — lo2x-1)) = 
eee Cd — lar2x|) = 00. 


Proof. Given a sequence B = (By)n>1 in C\T, let Lo(B) be the set of rational functions with 
poles in B = (Bn)n>1s counted with multiplicity, i.e., 


span{z*}""_» 
WB, eae WB, ; 


Loo(B) = 


n>1 


(30) 


in 


where Woo (z) = z. Also, let £(B) be the closure of £.5(B) in Li Notice that £(B),. = L(B) and 
M = L(a1, 02, 03, 4, ...). We will show that 


(i) RL — lorre-11) = 00 => {z/}jen C Lai, G2, a3, A4,...), 
(i) TPL — lar) =00 = {2S} jen C L(@1, bz, 3, G4, ...). 


This demonstrates the proposition because span{z/ } jez 18 dense in Le Indeed, we only must 
prove (1) since it implies (11). To see this, apply (i) to (a2, a1, @4, @3,...). We find that Dyas ;d- 
|a2%|) = oO ensures {z/} jen C L(a2, Gy, 4, @3,...) = L(G], 2, G3, a4, ...), Which, using the +- 
involution, becomes {zJ} jen C La), G2, 03, Wy, ...). DRL (1 — |a2¢—1|) = CO means that the 
Blaschke product B° diverges to zero in D. Thus, we must prove that such a divergence implies 
{z/} jen € L(@1, 2, 03, 4, ...). 

According to (30), {z/} jen C Loo (a1, @2, 03, 04, ...) = Moo if a2) = 0 for infinitely many 
values k € N. Hence, we only need to study the opposite case that, without loss of generality, we 
can suppose is a = @3 =-++ = 25; = 0 and a2xx_; #0 for k > s. Then {z,..., 2°} C Moa, 


and it suffices to prove that inf ren, |zi — f@Mlleo 0 for j >s. The L%-distance between 
a polynomial and M,, can be measured using the following result (see [1, p. 243] or the more 
recent reference [11, p. 150]): denoting Py = span{z* pes 


= 1 
= CoN Sx: 
max{lwxl, ly a 


z\ +.q(z) 
(Z— w1)---(Z— wn) 


min | 
gePN 0 k=l 


Therefore, if B° diverges, taking n > s, 
inf 280" tami"! +--+ Faizst! — FOI, 


z2ntm—l 4 q(z) 


=] x 
Tai © — 2) Meas 4.1% — @2x-1) 


= inf 
qe Pon +m—1 


n 
n 
| = I] |or2x-1| > 0. 
oo k=s+1 


This result implies by induction on m that z5t” € M for any m EN. 
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When A = 0, =C and we recover the five-diagonal representation related to the polynomial 
case (see [12,32,36]). 

As in the Hessenberg case, the previous theorem provides a spectral interpretation of the 
orthogonality measure j. The arguments are similar to those given in the proof of Theorem 4.2, 
but now the restriction log yu’ ¢ ie is not necessary. 


Theorem 5.4. Let « be a sequence compactly included in D, 4 a measure on T, (¢n)n>0 the 
corresponding ORF and (Xn)n>0 the ORF associated with (a1, a2,03,04,...). LetuU = ERC) 
with A= A(a), C=C(y), vy = Sa(u). If E is the spectral measure of U, u = €\,1. Besides, 
o(U) = supp uw and o,(U) = {mass points of 4}. 4 is a mass point iff (xn(A))n>0 € £2. Given 
amass point x, the related eigenvectors of U are spanned by (x(a) x1 (A) ...)' and L(A} = 
OF Ola) =O 9 el 


We can formulate the above theorem in terms of the five-diagonal pair (wi (C), wA(C)). 
Theorem 4.2 implies that o(wy(C), @4(C)) = supp w and op (w(C), a@_4(C)) = {mass points 
of ju}. Also, given a mass point A, the left eigenvectors of (74 (C), w_,(C)) are spanned by 


(xo(A) x1) .. DF ee Furthermore, using the factorization (see [12,32,36]) 


QO; q 
03 O2 
C=C,Ce, Co= Os ; Co= O4 » GI 


we can write these results using the tridiagonal pair (74 (C), w. (cyyct = (Co+ AC? , ci + 
A'C,) instead of the five-diagonal one. 


5.1. Zeros of ORF and five-diagonal matrices 


The previous results suggest a possible spectral interpretation of the zeros of ORF and PORF 
in terms of five-diagonal matrices. Analogously to the Hessenberg case, an important ingredi- 
ent for this is the orthogonal truncation tn (Ty MM), Mn = Br,Ln, 1 = ((n — 1)/2], thus the 
following generalization of Theorem 4.3 is of interest to relate ¢,, (Ty) to the zeros of dn. 


Theorem 5.5. Let a be a sequence in D, 4 a measure on T, bn = Pn/Tn the related nth ORF 
and h:T — T a Borel function. 


1. If Z, is the set of zeros of yn, Sn(Zn) is the set of eigenvalues of oT, and these 
eigenvalues have geometric multiplicity 1. 
2. If pn(z) « [pay (z — Ax), the characteristic polynomial of Cn (Ty) 0”) is [ [ey (Z — Sn (Ak). 


Proof. The operator h(T,,), i.e., the operator multiplication by A in L?, is unitary because 
h(T) CT. When restricted in the following way: 


VilLnohLlLy 
f—hf 
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it yields an isometric isomorphism V. The orthogonal projection on HL, is h(Ty)Lnh(Ty)', 
Ly being the orthogonal projection on £,. So, Eh) = Vin(T) v=! and the result 
follows directly from Theorem 4.3. 


Taking h = Br, 1 =[(n — 1)/2], in the previous theorem we find that it holds for ET ee: 


Tx? 
To give a matrix version of this result we simply need a matrix representation of ¢,, (TM), 


Theorem 5.6. Let « be a sequence in D, a measure on T and (Xn)n>0 the ORF related 
to (a1, @2, 03, @4,...). The matrix of tn (Ty) with respect to Crm, is &,(U™), where 
U") =E4 (Cy) and A= A(w), C=C(y), y = Su. 


Proof. Factorization (31) gives Cn = ConCen, thus ||Cn|| = 1 andl = & 4, (Cy) is a well-defined 
matrix such that ||/ || = 1 because ||.A, || < 1. Hence, ¢,(U) is well defined too. 
Let us consider first an odd n. The first n equations of (28) read as 


(xo .-- Xn-1) (W4, — WA,Cn) = OnWn Xn, bn EC". 


Since Cc — nA. Cnn A, = (Cn)A,> identities (7) and (8) yield 


(xo(z) --. Xn—1(z))(z —U™) = cn@n(z)xn(z), cn EC". 
Using (11) we get 
(xo(z) .-- Xn—1(2))(En(2) — &nU™)) =anxn@), dn EC". 


Therefore, if M,, is the orthogonal projection on My, 


(Mnonxo +.» Mnonxn-1)=(X0 --- Xie (U™), 


proving the theorem for odd n. 
On the other hand, if is even, we consider the orthogonal truncation tn (Ty), Since C 
is unitary, the *-involution on (28) gives 


(xoe(2) Xie)... ) (WA — Wa@W(C7) 4) =0. (32) 


A similar reasoning starting from the ast n equations of this equality proves that the matrix 
of fn (Tu \Mn) with respect to Oe 9 18 Sn um), where Y= = ae (eae From (6), ue” = 
UT because A, is diagonal. 

The subspace M,, only depends on the parameters a1,...,@n,—1 of the sequence a, so the 
same holds for EAT VO and bn (Ty) Mr), Therefore, concerning the spectral properties 
of these truncations we can suppose without loss of generality that a is compactly supported 
on D. Then, the matrix representations of 7,, with respect to (xx)x>0 and (Xxx)e>0 are U and 
u. respectively. The representations of Fan a I cog and bn (Ty Mw) with respect to ( payee 
and ( rr ae, are the principal submatrices (¢,(/))n and (f,(U EN. respectively. The fact that 
(f,(U ‘Dn = (Cp U))r implies that, when n is even, the matrix of Cf, (TM) with respect to 


(xa tad is Cr Us?)? =U). 
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Remark 5.7. The proof of the previous theorem also shows that the matrix of ¢;, (Ty) Mr) with 
respect to Opes, is 6,(U™)?. 


We have the following immediate consequence of Theorems 5.5 and 5.6. 


Theorem 5.8. Let a be a sequence in D, a measure on T, (¢n)n>0 the corresponding ORF, 
(Xn)n>0 the ORF related to (a1, 2, 013, d4,...) anduU = CA, (Cn), with A= A(a), C=C(y), 
y= Sa (2). 


1. The zeros of bn are the eigenvalues of U™. If d is a zero of bn, the related left and right 
eigenvectors of U ) are spanned by X;,(A) and Y;, (a)!, respectively, where 


Xn = Bri (Xo +++ Xn-1), Yn = Brny (Xo +) Xn-1e)- 
[+] 2 


2. bn = ™ with py proportional to the characteristic polynomial of U™. 


= Ih 


Proof. X,, and Y,, are rational functions with the poles lying on E, so they can be evaluated at any 
zero 4 of dn since A € D. Besides, X;(A), ¥n(A) 4 0 because Br x2% = $3,, Be X2K-1% = Pry_1 
and @* has its zeros in E 

The proof of the theorem is similar to the case of Theorem 4.5, the only difference concerning 
the identification of the eigenvectors. To obtain the left eigenvectors of U/) we start writing the 
first n equations of (28) as 


(xo 2. Xn-1) (WH, — W.A,Cn) = dn On Xn + In Ons 1Xn41, (33) 
fe BE (Oaxe OD) PEs Yael). Oden; 
"Let yn (0... 0 1) even n, 
Z 0 odd n, 
=| tot. (0 ... O 1). evenn. 


(25), (26), and the first equation of (5) for even n, transform (33) into 
(xo. Xn-1) (@%4, — WA,Cn) = Of On Binns Un EC", (34) 


with J = [54]. (7) and (8) imply (¢ —U")e4, (Cn) = w%4, (2) — WA, (ZCn because Cy = 
ACh nA, Therefore, if A is a zero of ¢,, (34) proves that X,,(A) is a left eigenvector of U (1) 
with eigenvalue 2. 

Proceeding in a similar way with the first n equations of (32) we find that Y,, (A) is a left eigen- 


vector of U7 with eigenvalue A for any zero A of ,. Therefore, Y,(A)" is a right eigenvector 
of UM. 


For a unitary matrix, like V in the case y ¢ (7, V" or U, left and right eigenvectors are 
related by the +-operation. However, this is not the case of the matrices V™ or UU. Theorem 4.5 
only gives information about the left eigenvectors of VY), while Theorem 5.8 provides both, the 
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left and right eigenvectors of /. Apart from the simplicity of ), this is another advantage 
of using this matrix instead of V for the spectral representation of the zeros of ORF. 

As in the Hessenberg case, there are other alternatives to express py, as a determinant. In- 
deed, from (7), (8) and the identity C, = ma.Cn NAn> Pn(Z) & det(wo% (z) — WA, (Z)Cn) = 
det(z@4, (Cn) — © An (Cy)). SO py can be calculated as a determinant of a five-diagonal ma- 
trix. Furthermore, the last expression shows that the zeros of ¢, are the eigenvalues of the 
five-diagonal pair (oy (Cn), @A, (Cn)). The associated left eigenvectors with eigenvalue A are 
spanned by X;, angi? 

Besides, the factorization C, = ConCen permits us to ov Pn as a determinant of a tridiag- 
onal matrix. If n is odd, C., is unitary, thus p,(z) « det(z(Ci, + Al Con) — (Con + Age) and 
the zeros of ¢@, are the eigenvalues of the tridiagonal pair (Con + Apel. C. + Ales); with the 
same left eigenvectors as (Oy, (Cn), @A, (Cn)). On the contrary, if n is even, Co is unitary. In 
this situation we can use the fact that U™ and U™? =¢ An (cr ) have the same characteristic 
polynomial, and the left eigenvectors of one of them are the transposed of the right eigenvectors 
of the other one. Hence, py(z) « det(w% (z)- WA, (z)C) = det(zw4, (C7) = one (cl)) and, 
bearing in mind that C= =CenCon, Pn(Z) & det(z(Ci, + Ales) = (Cen + A Bees So, the zeros 
of ¢, are the eigenvalues of (Ce, + A, Cons eh + Alg.,), and the related left eigenvectors with 
eigenvalue 4 are spanned by Y,,(A)n Pil : 

The zeros of the PORF Q” have a spectral interpretation in terms of band Sen too. Such 
an interpretation has to do with the matrix representation of T,,» with respect (xx)j_— oy which is 
an orthonormal basis of Lie due to the exactness of the quadrature formulas associated with ph. 
Similar arguments to those appearing before Theorem 4.6 show that the zeros of the PORF should 
be related to the unitary matrix C} obtained from C,, when substituting the parameter y, € D by 
u € T. More precisely, we have the following result, which is a limit case of Theorems 5.6 
and 5.8. 


Theorem 5.9. Let « be a sequence in D, 4 a measure on T, (¢n)n>0 the corresponding ORF, 
A=A(a), C=C(y), vy = Sa(u). Consider v € T, u=,,(v), OF = bn + vdb™ and the associ- 


ated measure [L}.. 


1. The matrix of T,,» with respect to (xe pa9 9 is Ue = fA, (C;). 


2. The zeros of Q* are the eigenvalues ee ‘Y If dis a zero of Q”, the related eigenvectors 
one iy are spanned by (x0(A) ... Xn—1(A))". 
3. OV= tn with q} proportional to the characteristic polynomial of U"™, 


Proof. As in the case of Theorem 4.6, it suffices to prove item 1. For an odd n = 2/ + 1, using 
(23) in a similar computation to that of (27) gives 


Qn 
1+ Vnv 


— Yn-2Yn—1On-2Xn-2 — Py—2Y¥n—-1On-3Xn-3> 


Wr 9Xn—2 an Pn 1Pn On Bin 2x a Pe UAT 
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Vv 


onary Ce _ Vn—1Pp On Bin} — Yn-1UMn-1Xn-1 


ene 
1+ Vnv 
+ Vn—-20, 1 On—2Xn-2 + Py_2Py—| On—3 Xn-3- 
These relations, combined with the first n — 2 equations of (28), yield 
(Xo... Xn-1) (@%, — w4,C") = byw BY, O”, by € C", 
with ce = aa Cina, = (Cy)A,- Thus, using (7) and (8) we find that 


(xo(z) ...  Xn—1(2)) (2 —-U%™) = chon (2) BE) O2 (2), cn EC”, 


so, U4 is the matrix of T,» with respect to (xe p09 because QO} = 0 in L2,. 
If n = 21 is even, proceeding in a similar way with (23) and (28) we get 


(xoal2) Xn) )(Z-U"™") = cron (BEAD), cn EC", 


wl. ; : = ; : 
thus, U“"")” is the matrix of T,» with respect to ( Xi eR 5: Consequently, the matrix of T,,» with 


respect to Cae, isUM), 


The zeros of a PORF are eigenvalues of a pair of band matrices too. If u = on (v), 
qn (z) « det(a%y (z) — wy, (z)Ch) = det(zw a, (Ci) — ome (C})) gives gq? as a determinant 
of a five-diagonal matrix. The zeros of Q} are the eigenvalues of the five-diagonal pair 
(oy, (Ci), oA, (CH)) and, given an eigenvalue A, (xo(A) ... Ong : spans the related 
left eigenvectors. 


4 1 Uu __ u u 
We have also a factorization C? = C$,,Cg,, 


where Cg, and Cy, are the result of substituting 
Yn by u in Co, and Cen, respectively. C¥, and Cf, are both unitary, so py(z) « det(z(Cut + 
Aic®) = (Ce Ace )) and the zeros of ¢, are the eigenvalues of the tridiagonal pair 


(Co, + Ace cl AO, which has the same left eigenvectors as (wh (Ci), wa, (CH)). 
6. Applications 


In this section we will present some applications of the spectral theory previously developed 
for ORF on T. We will use the results involving five-diagonal matrices due to their advantages. 
The corresponding spectral theory associates with each sequence of ORF a five-diagonal unitary 
matrix C(y) depending on the parameters y of the recurrence relation, and a diagonal matrix 
A(a) depending on the sequence a which defines the poles @,. These band matrices keep all the 
information about the ORF since they generate the full sequence of ORF through the associated 
recurrence. The importance of these matrices is that they act as a short cut that connects directly 
the parameters y, a to the ORF and the related orthogonality measure. 

An essential difference with the polynomial case is that the matrix directly related to the ORF 
and the orthogonality measure is not the five-diagonal one, but an operator Mobius transform of 
it, namely, U(y, we) = ¢ ‘A(a) (C(y)). This introduces important difficulties when trying to apply 
the spectral theory in the rational case. However, in spite of these difficulties, the matrix tool 
U(y, oa) becomes powerful enough to deal with hard problems even in the rational case. To 
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understand the scope of the rational spectral theory, we will use it to solve some non-trivial 
problems about the relation between the behavior of the sequences y, a and the properties of the 
corresponding orthogonality measure jz(y, «). The answers to these problems are known for OP, 
but the generalizations to ORF are new. 

The strategy will be to apply standard results of perturbation operator theory to the unitary 
matrix U/(y,@), comparing it with another normal matrix, eventually with the form U/(6, B). 
A useful remark for this is that, for 8 compactly supported in D, 2/(6, 8) defines a unitary op- 
erator for any sequence 6 in D since, then, C(6) is unitary. However, U/(5, 8) only represents a 
multiplication operator on T when 6 lies on D. When 4, € T for some n we know that C(6) de- 
composes as a direct sum of an x n and an infinite matrix (see [13,32,36]). Taking into account 
that A(B) is diagonal, a similar decomposition holds for /(6, B). 

The results of operator theory that we will apply state that two operators T, S on H have 
some common spectral property provided that the perturbation T — S belongs to certain class 
of operators. We will deal with two kinds of perturbations: compact and trace class operators. 
Both are subsets of By, that are closed under sum, left and right product by any element of By 
and also under the t-operation, that is, they are Hermitian ideals of B;,. This fact is the key that 
permits us to use techniques of band matrices in the spectral theory of ORF, according to the 
following result. 


Proposition 6.1. Let 3 be a Hermitian ideal of By. If A, B € Dy are normal and AB = BA, the 
condition A — B € 93 implies the equivalences 


T-SEX & CA(T)-GR(SVET & CA(T)—CB(S)ET, VT,SEDzy. 


Proof. It suffices to prove the first equivalence because c A = ¢_4. The identities 7, 72 — S| $2 = 
(T, — S1)T + S\(T2 — So) and T~! — S-! = —-T—!(T — S)S“! show that T;, S; € By, T; — 
S,€ 937,81} —- DS. €3 and T7!,S'e€ By, T—-SetdaT'!—-S'e7%. Suppose now 
A, B € Dy normal such that AB = BA and A — B € 3. Then a - ne = BB — AAt €3. 
The functional calculus for normal operators shows that nang = nBNnA, SO NA — NB =(NMA+ 
np) (n> = ne) € 3 since (n4 + ng)! € By because nq and nz are positive with bounded 
inverse. If, besides, T, S € Dy are such that T— S € J, then w4(T) —wp(S)=SB'—-TA' ES 
and w4(T) — a(S) =T —S+ B-—Ae€ZJ. Inconsequence, T— S €3= C4(T) — €B(S) € 3. 
Substituting in this result A, B by —A, —B and T, S by €,4(T), €p(S), respectively, we also find 
the opposite inclusion. 


A(q) is diagonal, thus we have the following immediate consequence. 


Corollary 6.2. Let 3 be a Hermitian ideal of B,2, y,6 sequences in D and o, B sequences 
compactly included in D. If A(a) — A(B) € J, then 


Cy) -COeT & Uly,a)—UCS, B) E35. 


The perturbation results that we will use are the invariance of the essential spectrum for normal 
operators under a compact perturbation (Weyl’s theorem: see [35] and [8,31]), and the invari- 
ance of the absolutely continuous spectrum for unitary operators under a trace class perturbation 
(Kato—Birman theorem: see [9,24] and [10]). The compactness of an infinite band matrix is 
equivalent to stating that all the diagonals converge to zero. Besides, any infinite matrix (K;, ;) 
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such that ii |ki,;| < 00 is trace class. The essential and absolutely continuous spectrum of 
an operator T are denoted o,(T) and ogc(T), respectively. An important result is Krein’s theo- 
rem (see [2,16]): given a unitary operator T, o¢(T) C {A1,..., An} iff Ar — T)---Qn — T) is 
compact. 

For any measure yz on T, o¢(T,,) is the set {supp 1}’ of limit points of supp w and oac(T),) is 
the support of the absolutely continuous part fac of 44. Concerning the compactness and trace 
class character of U(y, «) — U(6, B), it is a consequence of the same property for A(@) — A(B) 
and C(y) — C(6), as follows from Corollary 6.2. The diagonal matrix A(a) — A(B) is compact 
iff lim, (@, — By) = 0, and is trace class iff A lan — Bn| < 00. Besides, the factorization C(y) = 
Co(y)Ce(y) shows that the compactness and trace class character of C(y) —C(6) is a consequence 
of the same property for Co(y) — Co(6) and Ce(y) — Ce(S). The compactness and trace class 
arguments for C(y) — C(6) in the following applications are taken from [32]. 

As a first group of applications in the study of the dependence p(y, a), we will analyze the 
extreme behaviors corresponding to a sequence y converging to zero or (subsequently) to the 
unit circle. In what follows Lim, x, means the set of limit points of a sequence (x7 )n>0 in C. 


Theorem 6.3. Let « be compactly included in 


1. lim, yy» =O > supp“(y,a) =T. : 
2. limy |yn]} = 1 > {suppu(y, o)}’ = Limn fn (—YnYn+1)- 
3. limsup, |¥n| =1 => u(y, a) singular. 


Proof. For any sequence a in D, the ORF corresponding to the Lebesgue measure m are given by 


do = 1 and od, = nn OB, 1 forn > 1, which satisfy recurrence (3) with y, = 0. Therefore, when 
a is compactly supported in D, U/(0, «) is a representation of T;,. So, o(U(0, «)) = suppm = T. 
Now, suppose a sequence y in D such that lim, y, = 0. Then C(y) — C(O) is compact, 
thus U(y,a) — U(0,@) is compact too. Hence, Weyl’s theorem implies {supp u(y, @)}’ = 
{supp m}’ = T, that is, supp u(y, a) = T. 
If lim, |yn| = 1, C(v) — D(y) is compact, where 


~Yi 
—Viyv2 
PO —¥2¥3 


Therefore, U/(y, «) — CA) (D(y)) is compact too, and Weyl’s theorem states that {supp jz (y, o)}’ 
= Limy fn (-YnYn+1)- 

Finally, assume that limsup, |y,| = 1. Then, there is a subsequence (y,),ez such that 
lim,eZ Yn = y € T. Without loss of generality we can suppose )~,,<7 |¥n — y|!/2 < 00, so that 
ner (lYn — YI + On) < 00 because pn < /2[Yn — y]. Let 6 be defined by 5, = y ifn €Z and 
bn = Yn if n ¢ TL. The condition )) ez (lv — Ynl + Pn) < 00 ensures that Co(y) — Co(6) and 
Ce(y) — C.(8) are trace class, so the same holds for U(y, w) — U(4, w). The Birman—Krein theo- 
rem states that supp [ac(Y, &) = Oac(U(6, &)). 5, € T for infinitely many values of n, so U(4, a) 
decomposes as a direct sum of finite matrices. Therefore, oa-(U(8, w)) = 0. 
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We can also obtain general conditions for the invariance of {supp u(y, «)}’ and supp [ac(y, &). 
Theorem 6.4. Let « be compactly included in D. 


1. limy (On _ Bn) = lim, (Yn = bn) =0> {supp u(y, oe)}’ = {supp (6d, B)y. 
2. yn (en — Bnl + |¥n — bn|) < CO => SUPP Mac (Y, &) = SUPP Hac (4, B). 
3. Let &) =AnVn» An € C. Then 
lim |An|=limdnpian =1 => — {supp u(y. e)}' = {supp 6, «)}’, 
Do (lanl? = 1] + lAnstdn — 1]) <0 = supp Mac(y, 0) = supp Hac(S, a). 


n 


{supp (y, w)}’ = {supp (6, B)}’, 


4. Bn =On+Nn, on = vo | 
n= On+N> On = Ynt SUPP Mac(Y, &) = SUPP Hac (5, B). 


Proof. First, notice that any of the hypothesis of the theorem ensures that B is compactly in- 
cluded in D when & satisfies the same property. 

The first two properties follow from the fact that C(y) —C(6) is compact when lim, (Yn) — 6n) = 
0 and trace class when )~,, |¥n — 5n| < 00 (see [32, Theorems 4.3.5 and 4.3.6]). 

Consider 5, = An Yn With lim, |An| = limy An+iAn = 1. We can write Ay = |Anle! with 0, € 
[On—1 — 1, On—1 +7), So that lim, |6,41 — O)| = 0. Define 


uy 


UC(y)U* — C(6) is compact (see [32, Theorem 4.3.8]), hence UU(y,a)U' — U(6,a) = 
EA(a) (UC(y)U*) — € Aa) (C(4)) is compact too, which proves the first part of item 3. Besides, 
>, (An? —1|+|Ansidn — 1) < co ensures that UC(y)U* — C(6) is trace class (see [32, The- 
orem 4.3.9]), which similarly proves the second part of item 3. 

Finally, let 6, = ¥n4+n and B, = a,+N for some N € N. Consider the sequences y and @ given 
by 


. fl ifn<n, . f0 ifn<n, 
Yyn=)y, ifn>N, "Van ifn>N. 


A(a) — A(@), Co(y) — Co(y) and Ce(y) — Ce(y) are finite rank, therefore U(y, a) — U(y, a) 
is compact and trace class. Besides, we have the decomposition U(y, @) = —Iy @U (64, B), so 
U(y, a) and U/(4, B) have the same essential and absolutely continuous spectrum, which proves 
item 4. 


Combining the different results of the previous theorem we can obtain a more general one. 
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Theorem 6.5. Let « be compactly included in D. 
1. Tf lity (ntn — Bn) = lity AnYntn — $n) =O, lim |An| = limy Any1An = 1, then 
{supp 1(y, &)}’ = {supp (8, B)}’. 
2. If, (lentn — Bal + AnYn+n — Sxl + [Anl? — 1] + |An+14n — 1]) < 00, then 
SUPP /ac(Y, &) = SUPP Hac(4, B). 


A particular case of this theorem is worthwhile to be emphasized. 


Corollary 6.6. Let w €D, r € [0, 1], 4 €T, Dy, = {re!*: |6| < 2arcsinr}. 


1. [flimy &, = a, limy |Y,| = 7 and lim, Te =, then 


{supp x(y,@)}' =T\ fa(Dh.r) 


2. If Lp(lan — al + Il¥nl — rl + Bt — Al) < 00, then 


SUPP Hac(y, ct) =T \ ey (Tir). 


Proof. Let us write yy, = |Y_|Un, Un € T. Notice that « is compactly included in D because it 
is convergent in D. Applying Theorem 6.5 to u(y, @) and (6, B), with B, =a, d, = A"r and 
An =A" Uy, we find that {supp u(y, w)}’ = {supp (6, B)}’ under the assumptions of item 1, and 
SUPP [Lac(y, &) = SUPP ac(6, B) under the hypothesis of item 2. On the other hand, (6, B) = ve, 
where v = (6,0) is the measure on T whose OP have parameters A”r and vy is defined by 
Va(-) = V(Sa(-)). Therefore, {supp Ve}’ = fa ({supp }’), SUPP(Va)ac = Sa (SUPP Vac) and the corol- 
lary follows from the well-known result {supp v}’ = supp Vac = T \ I4,,, (see [7]). 


Corollary 6.6 of Theorem 6.5 can be understood also as an example of the following general 
result. It says that, when @ is convergent in D, the analysis of {supp (y, w)}’ and supp flac(y, @) 
can be related to the much more known polynomial case, corresponding to « = 0. 


Theorem 6.7. Let a € D. 


1. lim; =a => {supp u(y, @)}! = fa ({supp u(y, 0)}’). 
2. Yo, len —a| <CO => SUPP Mac(y, &) = Fa (Supp Mac(y, 0)). 


Proof. Again, a is compactly included in D because it is convergent in D. So, if By, = a, Theo- 
rem 6.4 implies that {supp 4(y, w)}’ = {supp w(y, B)}’ when lim, a, = a, and supp [lac(y, @) = 
SUPP [ac(y, B) when >, |an — @| < oo. Following the notation in the proof of Corollary 6.6, 
LY, B) = ve with v = w(y, 0). The result follows from the relation between v and vy. 


The importance of the above theorem is due to the numerous known results for the relation 
between jz and y in the case of OP on T. Theorem 6.7 permits us to translate some of these results 
to those ORF on T whose poles converge in E. For instance, Corollary 6.6.1 can be understood 
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as the translation to this kind of ORF of a result for OP on T due to Barrios and Lépez (see [7]). 
This result was generalized later on in [28] as an improvement of a partial extension appearing 
n [14]. The corresponding translation of this generalization to ORF states that Corollary 6.6.1 
holds even if we substitute the condition lim, |y,| =7 by the more general one liminf, || =r. 

All the above results provide only sufficient conditions on the sequences « and y to ensure a 
certain property for the measure jz(y, o). On the contrary, Krein’s theorem permits us to charac- 
terize exactly those measures j1(y, o) with a fixed finite set {supp u(y, w)}’. The characterization 
is in terms of the compactness of a matrix depending on y and a. The fact that, contrary to the 
polynomial case, this matrix is not banded makes difficult to translate its compactness into equiv- 
alent conditions for the sequences y and «. Nevertheless, in the case of {supp (y, «)}’ with at 
most two points we can find explicitly such equivalent conditions. 


Theorem 6.8. Let a be compactly included in D and h1, 2 € T. 


1. {supp u(y, o)}' = {Ar} iff littn on (—Yn ng) = An. 
2. {supp u(y, o)}’ C {A1, Ao} iff 


lim Pn Pn+1 =0, 


lim pn ( Dn(A2) 5 (A1) Pail ky-1()) =0 


Dn (Qn) @n—1(n—1) 


lim (kn (2 )kn (A) + (0, ) o*_, Oa)*_, (1) + (0 1) G41 2) On41A1)) = 
where ky(z) = Yn (Z) + Yn41On(Z)- 


Proof. From Krein’s theorem, {supp 4}’ = {1} iff 41; — U is compact. (9) yields A; —U = 
AL cA(C) = ng DAA EAL) — C)@,4(C)~!ny. Bearing in mind that n,4, w.4(A1) and 
a_4(C) are bounded with bounded inverse, the above expression shows that the compactness 
of A; —U is equivalent to the compactness of ¢4(A1) — C. On the other hand, €4(A1) — C 
is compact iff lim, o, = 0 and lim, (f)(A1) + YnYn41) = 0. However, the first of these condi- 
tions is a consequence of the second one because |f;(A1) + Yn Yn+1\ > 1 —|y| since A; € T. 
Also, taking into account (9), @n(A1)(Gn(A1) + YnYn+1) = (Al — Sn(—¥nVn41))@n(-YnYnt1)- 
Therefore, limy (n(A1) + Yn Yn-+1) = 0 iff limn (At — En(—FnYn41)) = 0 because 2 > |zn(A)], 
|@n(—YnYn+1)| > 1 — |on| and « is compactly supported in 
As for the case of two limit points, from Krein’s theorem, feinp wy C {Ay, Ag} iff A2 —U)- 
(A; — U) is compact. To express this condition as the compactness of a band matrix we 
use the previous expression for the factor 4; — UW, but for A2 — U we use the equality 
do —-U=)2 —- & AO = naw_aC) |! (Caz) - C)a@_a(a2)ng', obtained from (9) and 
the identity c A = 6_,A. We find that (A2 — U)(A1 — U) is compact iff the 9-diagonal matrix 
(4(A2) — C)w.4(A2)@4(A)7! a 4(A1)(C4(A1) — C) is compact. This compactness condition 
can be equivalently formulated using a simpler band matrix obtained multiplying the above one 
on the left and the right by the unitary matrices ci and C , respectively. Taking into account 
the identity ow (Z) = zw4(z)', z € T, we find in this way that {supp w}’ C {A1, Ao} iff the five- 


diagonal matrix K (A42)'w@.4(A)~! K (A1) is compact, where K (z) = w%(z)C2 —@wA(z)Co. Now, 
it is just a matter of calculating the diagonals of K (o)io A (A)—! K (41) to obtain the conditions 
given in the theorem. 
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The implication lim, tp (—YnYnti) = A1 € T => {supp 1}’ = {A} was in fact a consequence 
of Theorem 6.3.2. Krein’s theorem adds the opposite implication. Concerning the case of two 
limit points notice that, although the third condition is symmetric under the exchange of 1 
and 42, the second one does not show explicitly such a symmetry. However, a detailed analysis 
of the second condition reveals that it is symmetric too. 

It seems that there is no simple way to generalize the arguments given in the proof of Theo- 
rem 6.8 to the case of more than two limit points. The reason is that, for n > 3, the identities for 
the Mobius transformations are not enough to reduce the compactness of (A; —U)--- (Ay —U) to 
the compactness of a band matrix. So, contrary to the polynomial situation (see [16] and [13,28]), 
the characterization in terms of the sequences y and « of those measures on T whose support 
has a finite set of more than two limit points remains as an open problem in the rational case. 
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Appendix A. ORF on the real line 


In what follows, a measure on the real line will be probability Borel measure jz supported on 
an infinite subset supp z of IR. When oo is not a mass point of jz we will refer to jz as a measure 
on R. Notice that we are considering all these measures as measures on R, no matter whether 
they have a mass point at oo or not. This means that oo € supp 4 when oo is a mass point of w 
or when jz is a measure on R with unbounded standard support, so that supp jz is always closed 
inR. 

Analogously to the case of the unit circle, for any measure p on the real line it is possible to 
consider ORF in i with poles in the lower half plane L = {z € C: Im(z) < 0}. For this purpose 
we introduce for any a € U = {z € C: Im(z) > 0} the linear fractional transformation 


AO he =<-@, 


Wa(z)’ | wgZ)=z-4@, 


which maps R, U and L onto T, D and E, respectively, and has the inverse 


ee: (z) | @o(z)=1—z, 


Woz)’ Wa (z) =a — az. 


Notice that 7 = Wox, where the *-involution is now defined by f(z) = f@, but nothing 
similar holds for w. Besides, for the distinguished value ag = i, = fq, is the Cayley transform 
and ¢ = Cap its inverse. 

Any sequence a in U defines the products (By )n>0 as in (1), but with the new meaning for Cy, . 
The orthonormalization in Ee of (Bn )n>o leads to a sequence (¢7)n>0 Of ORF with respect to 
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with poles in (@,)n>1, which will be called a sequence of ORF on the real line. The study of 
ORF on the real line can be carried out in a completely analogous way to the case of the unit 
circle, so most of the results described for the last ones translate directly to the first ones with 
an obvious change of the meaning in the notations. In particular, the sequence (¢,)n>0 can be 
chosen such that it satisfies a recurrence like (3) depending on a sequence y in D. This establishes 
a surjective application S,, : 8 —> D®, where 8 means now the set of probability measures on R. 
This application is a bijection when B = [[°~, ¢, diverges to zero in U, but this is equivalent 
now to )-°°, Imap/(1 + |an|*) = 00. 

Following the same strategy as in the case of the unit circle, we can develop a spectral theory 
for ORF on the real line. The starting point is again (5), but now the factors ny, a € U, are defined 
by na = (Wa(a)/2i )!/2 — /Ima. Both, the expressions for the unit circle and the real line, can 
be combined in ng = (Wa(@)/Way (ag))!/*. The form (5) of the recurrence is the key tool to 
obtain the matrix representation with respect to the ORF for the multiplication operator T,,, 
where yu is the corresponding orthogonality measure on the real line. If suppyz is bounded, T,, 
is an everywhere defined self-adjoint operator on ae In general, T,, is a densely defined self- 


adjoint operator on Ee when the function z is finite -a.e. (see [29, p. 259]), i.e., when oo is 
not a mass point of jw. In this case, o,(7),) = {mass points of j4} and o (7,,) = supp jz under the 
convention that oo € o(T,,) when T,, has an unbounded standard spectrum. A way to deal with 
measures with a mass point at oo is to work with the operator multiplication by ¢ in Le 


.72 2 
Seid, Ly 


ea 


This operator is unitary for any measure 2 on R and verifies the identities Op(Sp) = 
¢(mass points of 4) and o(S,) = ¢(supp). The matrix representations of 7, and S, with 
respect to the corresponding ORF are related to the operator analogs of the new linear fractional 
transformations fy. 

Let us introduce the notations Re T = 53(T +T*) and ImT = x(T —T") for an operator T 
on a Hilbert space H. The operator linear fractional transformations of interest for ORF on the 
real line are 


wa(T)=T— A’, 
ox(T)=T—A, 
oa(T)=1—-T, 

wi(T) =naAnz' —naA'n,'T, 


ta(T) =nawa(T) 'wi(T)n;', | 


tq(T) =n, OA(T)@AT) na, | 


where n4 = (WA (A) /2i)!/? = VImA and A € By is such that ImA 2 ¢ for some positive num- 
ber ¢ (in short, Im A > 0), so that 74 is bounded with bounded inverse. When A is normal, as it 
is the case related to ORF on the real line, wx(T) =A-A'T. 

¢, is the composition of the Cayley transform ¢ with an operator transformation depending 
on A which maps onto theirselves Uy ={T € By: ImT > 0}, Ug ={T € By: ImT > 0} and 
the set of self-adjoint operators on H. More precisely, taking into account that ie wa(T)n, = 


ng (I —ReA)ng! +i and n,'wi(T)n,' =n4'(T — Re A)n,' —i, we obtain 


ca(T) =6(ng'(T —Re A)nj'). (A.1) 
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Due to the properties of the Cayley transform, ¢, is a bijection of Uy onto {T € Dy: 1 ¢o(T)} 
which maps Uy onto Dy. Furthermore, €,4 is also a bijection between the set of (bounded 
or unbounded) self-adjoint operators and the set of unitary operators whose point spectrum 
does not contain 1. ¢4 is the inverse of ¢4. Relation (A.1) expresses €4 as a product of 
Ne commutative factors. This provides an alternative representation of €4, namely, €4(T) = 
NA lo A *(T)oa(T)~ 'n A, giving rise to another expression for ¢4 too. From the above result we 
get ta(T)t = far) and ta(T)i = ae is ), as in the case of the unit circle. 

Finally, if 3 is a Hermitian ideal of By, similar arguments to those given in the proof of 
Theorem 6.1 prove that, for any normal operators A, B € Uy such that AB = BA, the condition 
A — B &€7% implies 


T-Se3 <= C,4(T)—Cp(S)E35, VT, S self-adjoint, 
To Set Ss eT es, VT, S unitary, 1 ¢o,(T)Uo,(S). 


Both implications are equivalent because ¢4 and ¢4 are mutually inverse transformations. The 
opposite implications cannot be ensured because J is supposed to be an Hermitian ideal of By, 
while the self-adjoint operators involved can be unbounded. These results, although weaker than 
the ones obtained for the unit circle, are enough to apply perturbative techniques to the spectral 
theory of ORF on the real line, even if the support of the orthogonality measure is unbounded. 

With all these operator tools at hand we can develop the spectral theory for ORF on the real 
line following the same steps as in the case of the unit circle. In fact, the results for the unit circle 
are formulated throughout the paper in such a way that the translation to the real line is just a 
matter of changing the meaning of the symbols according to the previous discussion, together 
with some other obvious modifications. Nevertheless, two of the main results need a special 
discussion. The first one concerns the representation of the self-adjoint multiplication operator 
T, for a measure ~ on R, and the other one is related to the representation of the self-adjoint 
multiplication operator T,,» corresponding to the finitely supported measure j1,, associated with 
the PORF Q}. 

Following the same steps as in Theorem 5.1, we would find that, if 2 is a measure on R, for 
any sequence « compactly included in U, the matrix representation of T,, with respect to the 
ORF (Xn)n>0 associated with (a1, @2,03,@4,...) isu = &4(C), where A = A(a), C = C(y) 
and y = Sqg(z). However, since the matrix C is unitary, we can assure that c ‘A(C) is a well- 
defined (self-adjoint) operator only when | is not an eigenvalue of C. That is, in the case of the 
real line, the matrix representation U// = c ‘A(C) is valid provided that | ¢ o,(C). To understand the 
meaning of this condition we will relate C to the matrix representation with respect to (Xn)n>0 
of S,. When | ¢ op(C) the matrix of S,, = ¢(7,) is ¢@), but, as we will see, an expression for 
the matrix representation of S,, can be obtained for any measure yz on the real line, even if it 
has a mass point at oo. This discussion will lead also to a relation between the operator linear 
fractional transformations in the real line and the unit circle. 

Since we are going to consider at the same time the linear fractional transformations used on 
the real line and on the unit circle, in what follows we will distinguish between both cases with a 
superscript or 7, respectively. Let A € Uy. Then, B = ¢(A) € Dy. A direct computation gives 
Im A = (1 — B)~'(1 — BB*)(1 — B*)~!. Therefore, n= = |n 2 (1 — B‘)~'| and, using the polar 
decomposition, 


nh(1— Bt) '=Un®,  U unitary. (A.2) 
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If we change A by —A', then B changes to B’, thus, 
nae (l = By v= Vink, V unitary. (A.3) 


When A is normal, B is normal too and 7 =(|1- B\~' ni, soU = V' =é, = (1—B)|1—B|"!. 
In the general case, using (A.2) and (A.3), we find that ch(E(T)) = UCR(T)VI, hence 


c(ERcr)) =eF (UTV'). (A.4) 
Denoting w = ¢(z) and S = UTV', a straightforward calculation gives 


2i 


i 


wR (z) — oR TR = a (wj' (w) — wy (w)Sz)— BY" (A.5) 


where t= (nt \~ TH and che — (nh) PSH As Since Eqs. (7) and (8) hold for the real line too, 
the shove equality can be written equivalently as 


e a 2i “d at 2 
w4R(Ts) — 4" (TR) = (weep (Sp) — 5" (Sp))U- BY". (A8) 


Using (A.2) and (A.3) we obtain se =(1— B")"! ie (1 — B). Taking this relation into account, 
a direct computation yields 


1 — Ep (S) = 1-5" (Sp) (Sp) = (na) (1 —T)VTeR(S) np 


which implies that, for any T € Dy, 
leo(és(S)) = leo(T), leo,(fs(S)) = 1eo,(T). (A.7) 


Assume now that @ is compactly included in U and yz is a measure on R such that | ¢ op(C). 
From (A.4) we see that the matrix representation ¢ (c® a (C)) of S, can be expressed alternatively 
as a (&gCépB), with 6 = ¢(A). Nevertheless, contrary to ech (C)), a T (ECE) is always a well 
defined (unitary) matrix, no matter whether | is an eigenvalue of Ci or not, because &gCép is 
unitary and ce maps unitary operators into unitary operators. Actually, we are going to prove 
that, if « is compactly included in U, a (gCég) is the matrix representation of S,, with respect 
to (Xn)n>o0 for any measure jz on R. Following similar arguments to those given in the proof of 
Theorem 5.1 we find that, for any measure uw on R, the ORF (Xn)n>0 Satisfy Eq. (28) too, but 
substituting C= Cy by C= aa and ws oil by on, on, respectively. Applying (A.5) and 
using (7) and (8) we conclude that, for @ compactly included in U, 


(xo(z) x12) ...)(¢(@) — 6% EpCéw)) =0, B=e(A), 


which means that ig T'(&gC&p) is the matrix of S, with respect to (Xn)n>0. AS a consequence of 
this result and (A. y, we have the equivalences 
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leo) © leo(ég(éeCé&)) & 1eo(S,) & Le e(suppy), 


leopC) & lea, (&4 (EBCEp)) = leop(S.) &  1¢€¢(mass points of py). 
Thus, we have reached the following result. 


Theorem A.1. Let « be a sequence compactly included in U, ju a measure on R and C = C(y) 
with y = Sq (LL). 


leo) S oesuppy, leo,(C) <& cw isamass point of w. 


Therefore, jz is a measure on R iff its related sequence y satisfies 1 ¢ o,)(C). In consequence, 
u= ch (C) provides a well-defined matrix representation of T,, for any measure jz on R. More- 
over, the measures on R with bounded support are characterized by the fact that y is such that 
l¢o(C). 

In the case of an arbitrary measure jz on R, including the possibility of a mass point at 00, 
we can study the relation j4(y, «) throughout the spectral analysis of the matrix representation 
cf (§gCég) of S,, or, alternatively, we can deal with a pair of operators. More precisely, relation 
(A.6) implies that the spectra of ce (€gC&g) and the pair Cra (C),@ A (C)) are related by the 
Cayley transform, so 


supp Ll = o(@*(C), wii(C)) — a(AC} SANG Gg - Got 


Also, the eigenvalues of the pair are the mass points of yz and the related left eigenvectors with 
eigenvalue 4 are spanned by (xg(A) ..- Xn—-1 (yng! > That is, while the spectral methods that 
use linear fractional transformations ce of five-diagonal matrices only work for measures on R, 
their formulation in terms of pairs of band matrices is valid for any measure on R. 

Similar results hold too for the finitely supported measures associated with the PORF. Given 
an arbitrary measure jz on R, consider the measure 4” supported on the zeros of the PORF 
QO} = gn + vg; v € T. As in the case of the unit circle, Q} has n different zeros, but now they 
lie on R. Besides, if u = ae , the matrix representation") = ¢ ‘A, (C;,) of T,» with respect to 
( pra ae is well defined whenever | ¢ o (C;}}). Concerning this condition, an analogous argument 
to that of the measure jz proves that 1 € a(C}) < oo € supp}, i.e., the matrix representation 
UY of T,» is valid for any measure j1;,, except for the value v = —¢7(00)/bn (Co) which 
locates a zero of Q? at oo. Nevertheless, analogously to the previous discussion, the spectral 
interpretation of the PORF in terms of pairs of band matrices given for the unit circle after 
Theorem 5.9 holds for any PORF on the real line too. 

Concerning the applications of the spectral theory for ORF on the real line, we know that, if 3 
is an ideal of B,2, for any sequences w, B compactly included in U and any sequences y, 6 in D 
such that 1 ¢ op(C(y)) Uop(C(8)), Aa) — A(B), C(y) —C(6) ET = U(y, a) —U(6, B) E73. 
This permits us to extend to the real line the applications discussed in Section 6. 

Equation (A.4) provides a connection between the real line and the unit circle representa- 
tions. Let « be a sequence compactly included in U, and consider the sequence 6 in D given 
by Bn = ¢(an). Following the previous notation we also have a =i, so Bo = 0. Consider two 
sequences y and 6 in D related by 6, = &oe? tee EP his &, = Tae We have the identities 
Co(8) = ATEBCo(y)T and C.(5) = Y'Ce(y EBA, where B = ¢(A), A= A@), 
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Do £252... £2 
Y= 1 i= L eS §969°° E51 odd n, 
; &2&? : HE, even n, 
0 dd 
A= A ee | ae ORs (A.8) 
7 Un—-1én, evenn. 
Therefore, C(8) = A’ EgC(y)ég A and, thus, Eq. (A.4) implies that 
c(U*(y,«)) = AU" (6, BA’. (A.9) 


Relation (A.9) can be understood taking into account that the ORF on the real line and the 
unit circle are related by the Cayley transform. More precisely, ¢,(z) are ORF on the real 


line iff yp (C (z)) are ORF on the unit circle. If x is the orthogonality measure on R, the 
corresponding measure v on T is given by v(-) = wc (-)). Also, the parameters a, and By, 
associated respectively with the poles of ¢,(z) and dy (c (z)) are related by 6, = €(a,). More- 
over, @,(z) satisfies the analogue of recurrence (3) on the real line with coefficients y, iff 
On (z= Eoe? tee EB Endn (€(z)) satisfies such a recurrence on the unit circle with coefficients 


on = &&? . bon If x, and X;, are the associated ORF given by the corresponding version 


of (25) on R and T, respectively, then ¥:(z) = AnXn(C(z)) with A» as in (A.8). Therefore, if o 
is compactly included in U, the matrix UR(y, a) of T, with respect to (X%n)n>0 and the matrix 
U"™ (6, B) of T, with respect to (Xn)n>0 are related by (A.9). 
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Abstract 


Let A be a semisimple and regular commutative Banach algebra with structure space A(A). Generalizing 
the notion of spectral sets in A(A), the considerably larger class of weak spectral sets was introduced and 
studied in [C.R. Warner, Weak spectral synthesis, Proc. Amer. Math. Soc. 99 (1987) 244-248]. We prove 
injection theorems for weak spectral sets and weak Ditkin sets and a Ditkin—Shilov type theorem, which 
applies to projective tensor products. In addition, we show that weak spectral synthesis holds for the Fourier 
algebra A(G) of a locally compact group G if and only if G is discrete. 
© 2007 Elsevier Inc. All rights reserved. 
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Introduction 


Let A be a regular and semisimple commutative Banach algebra with structure space A(A) 
and Gelfand transform a — @. For any subset M of A, the hull h(M) of M is defined by h(M) = 
{pg € A(A): g(M) = {0}}. Associated to each closed subset E of A(A) are two distinguished 
ideals with hull equal to EF, namely 


k(E)={ae A: ay) =0 forallge E} 
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and 
j(E) = {ae A: @has compact support disjoint from F}. 


Then k(£) is the largest ideal with hull E and j(£) is the smallest such ideal. Recall that E is a 
spectral set (or set of synthesis) if k(E) = j (E) (equivalently, k(E) is the only closed ideal with 
hull equal to FE’). One says that spectral synthesis holds for A if every closed subset of A(A) is a 
spectral set. Moreover, EF is a Ditkin set if a € aj(E) for every a € k(E). 

In connection with the union problem, that is, the question of when the union of two sets of 
synthesis is a set of synthesis, Warner [19] introduced and studied the class of weak spectral 
sets. Motivation certainly also arose from the fact that such sets appeared earlier in the work of 
Varopoulos [17,18] and others. The definition, although this is not the original one, can be given 
as follows. A closed subset E of A(A) is called a weak spectral set if there exists n € N such that 
a” &€ j(E) for every a € k(E). Adopting the notation of [19], we let &(£) denote the smallest 
such number n. When this happens for each F, we say that weak spectral synthesis holds for A. 
Generalizing the notion of a Ditkin set, we call E a weak Ditkin set if there exists n € N such 
that a” € a” j(E) for all a € k(E), and n(£) will then stand for the minimal such n. So E is a 
spectral set (Ditkin set) if and only if €(E) = 1 (n(E) = 1). Subsequent to [19], the study of weak 
spectral sets and of the weak synthesis problem gained considerable attention [7,11,12,20], the 
more so because there are many commutative Banach algebras for which weak spectral synthesis 
holds, whereas spectral synthesis fails (compare Section 1). 

The purpose of this paper is to investigate weak spectral sets and weak Ditkin sets under var- 
ious aspects. We start in Section 1 by mentioning some examples of algebras for which spectral 
synthesis fails, but weak synthesis holds. These examples are followed by some preliminary re- 
sults concerning countable unions, localness and a sufficient condition for a weak spectral set to 
be weak Ditkin. In Section 2 the setting is that of a closed ideal J of A together with the embed- 
ding i of A(A/T) into A(A). So-called injection theorems for spectral sets and Ditkin sets relate 
either of these properties of closed subsets E of A(A/J) to the corresponding property of their 
images i(Z) in A(A). We prove injection theorems for weak spectral sets (Theorem 2.2) and 
weak Ditkin sets (Theorem 2.5), at the same time providing estimates for the values of € and 7. 

The classical Ditkin—Shilov (or Helson—Reiter) theorem states that if singletons in A(A) are 
Ditkin sets, then every closed subset of A(A) with scattered boundary is a spectral set. A remark- 
able extension was obtained in [1, Theorem 1.2]. Here we establish, under somewhat weaker 
hypotheses, an analogous result for weak spectral sets (Theorem 3.1). Like [1, Theorem 1.2], 
Theorem 3.1 admits an application to projective tensor products (Theorem 3.5). Again, there are 
upper bounds for €(£). Modifying Varopoulos’ proof [18] of Malliavin’s celebrated theorem [9], 
it was shown in [12, Theorem 3.1] that weak spectral synthesis fails for the Fourier algebra A(G) 
of every non-discrete abelian locally compact group G. We conclude the paper by extending this 
result to arbitrary locally compact groups (Theorem 4.3). 


1. Preliminaries, examples and some basic properties 


Let A be a semisimple and regular commutative Banach algebra. In [19] a closed subset E of 
A(A) was defined to be a weak spectral set if every element of the quotient algebra k(E)/j(E) 
is nilpotent. Then, as shown in [19, Theorem 1.2] and [3, footnote 7, p. 885], there exists n € N 
such that x” € j(£) for all x € k(E). So this latter property can equally well be taken as the 
definition. One of the important features of the class of weak spectral sets is that it is closed under 
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the formation of finite unions. Actually, for any two weak spectral sets E; and E2, €(E, U E2) < 
&(E\) + €(E2) [19, Theorem 2.2] (see [11, Corollary 3.11] for a different approach). Although 
the class of weak spectral sets shares this finite union property with the class of Ditkin sets, in 
contrast to the latter a closed countable union of weak spectral sets need not be a spectral set [19, 
Theorem 2.6]. 

We point out that, throughout this paper, the most important fundamental tool is the local 
membership principle which we briefly recall for the readers convenience. Let J be a closed 
ideal in A. An element x € A is said to belong locally to J at g € A(A) (at infinity) if there exist 
a neighbourhood V of g in A(A) (a compact subset K of A(A)) and an element y of 7 such that 
x(W) = (yr) for all we V (W € A(A) \ K). If x belongs locally to J at every point of A(A) 
and at infinity, then x € J. As general references to spectral synthesis we mention [4,13,14]. 

In this section, we first present three illustrative examples and then give some basic results on 
weak spectral sets and weak Ditkin sets. Concerning notation, we make the following convention. 
If E C A(A) is a singleton, say {gy}, we write k(g) and j(@) in place of k({g}) and j({¢}), 
respectively. 


Example 1.1. (1) For n € N, the unit sphere S”~! in R” = A(L!(R")) is a weak spectral set with 
&(S"~!) = | 441 | [18, Theorem 3]. 

(2) For eachn EN, TP = A(L|(T™)) contains a weak spectral set E with €(E) =n [20, 
Corollary 2.5(d)]. 

(3) Let C”[0, 1] be the algebra of all n-times continuously differentiable functions on [0, 1] 
and identify A(C”[0, 1]) with [0, 1]. Then &(£) =n +1 for every non-empty proper closed 
subset EF of [0, 1] [7, Example 2.4(i)]. 


Example 1.2. Let X be a compact metric space with metric d and let 0 < a < 1. Then Lip, X is 
the space of all complex-valued functions f on X such that 


If@)- fol. 
CTS) ae 


pol f) =| x,yeXx, «#y| 


is finite. With pointwise multiplication and the norm || f || = || flloo + Pa(f), Lip, X is a commu- 
tative Banach algebra. These Lipschitz algebras were first extensively studied by Sherbert [15]. 
All the facts relevant to us, can now also be found in Section 4.4 of the monograph [5]. The map 
xX — x, where ¢,(f) = f(x) for f € Lip, X, is a homeomorphism from X onto A(Lip, X). 
With this identification of X and A(Lip, X), we have K(E)? = J(E) for every closed subset 
E of X, whereas E is a spectral set if and only if E is open in X. Consequently, if X is not 
discrete, then spectral synthesis fails for Lip, X, but weak spectral synthesis holds. Actually, 
inspection of the proof of Theorem 4.4.31 of [5] shows that f? € f2j(E) for every f € k(E), 
so that n(E) < 2. Moreover, if E is open and closed in X, then lg € Lip, X, and hence E isa 
Ditkin set. Thus Lip, X provides an example of a semisimple and regular commutative Banach 
algebra A for which €(E£) = n(E) < 2 for each closed subset E of A(A). 


Example 1.3. Let M be the Mirkil algebra which was introduced in [10] as a counterexample 
to discrete spectral synthesis. Identifying [—z, 2) with the torus T, M is defined to be the space 
of all functions f € L?(T) such that f is continuous on [—2/2, 2/2]. With convolution and the 
norm || f || = || fll2+ Il flt—2/2,2/2| lloo, M is a regular and semisimple commutative Banach alge- 
bra, and A(M) can be identified with Z. Every subset E of Z is a weak Ditkin set with n(E) < 2 
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[20, Theorem 1.4]. On the other hand, no finite subset of Z is a Ditkin set [10, Section 5], [20, 
Corollary 2.2]. The Mirkil algebra also serves as a counterexample to the union question. In fact, 
the sets 4Z and 4Z + 2 are spectral sets, whereas their union, 2Z, is not [2, Theorem] (see also 
the exposition in Section 4.5 of [5]). Since translates of Ditkin sets in Z are Ditkin sets [20, 
Theorem 2.1], it follows that 


E(4Z) = €(4Z +2) =1, E€(2Z)=2 and n(4Z)=n(4Z+4+2)=7nQ2Z)=2. 


This in particular shows that the inequality €(E; U E2) < &€(E,) +&(E2) mentioned above cannot 
be improved. 


As is shown by the sets 4Z and 4Z + 2 in Example 1.3, in general spectral sets need not 
be Ditkin sets. However, if E C A(A) is a spectral set satisfying some additional hypothesis, 
which might be termed bounded regularity, then E is a Ditkin set. The analogous conclusion 
(Lemma 1.4), which will be used in Section 3, holds for weak spectral sets. We include the 
simple proof. 


Lemma 1.4. Let E C A(A) be a weak spectral set. Suppose that there exists a constant C > 0 
such that for every compact subset K of A(A) which is disjoint from E, there exists a € j(E) 
such that ||a|| < C and@=1 on K. Then E is a weak Ditkin set and n(E) = &(E). 


Proof. Let n = &(E) and let x € k(E) and € > 0. There exists y € j(E) with ||x” — y|| < e. By 
hypothesis, there exists a € j(£) such that ||a|| < C and@= 1 on supp ¥. Then y = ya since A 


is semisimple and ya = ¥. It follows that 


|x" —x"al| <x" —y] + [ya —2"al] <4 Oe 


This shows that x” € x” j(E), and hence n(E) < &(E). 


A closed countable union of Ditkin sets is a Ditkin set. Refined arguments allow to show the 
following version for weak Ditkin sets. 


Proposition 1.5. Suppose that % is a weak Ditkin set. Let E be a closed subset of A(A) which is 
a union of closed subsets E;, i € N. If n(E;) < N for some N € N and alli, then n(E) < Nn(@). 


Proof. Let m = n(@). Then there exists a sequence (u,), in A such that x”u, — x” and each 
it, has compact support. It suffices to show that (x un)’ € (x™un) J (E) for all n. It therefore 


suffices to show that if y € k(E) is such that 7 has compact support then y" € y% j(£). Since 
A is semisimple and regular, this will follow once we have verified that y" belongs locally to 
yN j(E) at every point of A(A). 

To that end, fix g € A(A) and a compact neighbourhood U of g in A(A). There exists u€ A 
such that # = 1 in a neighbourhood of g and supp @ C U. We claim that yu € yN j(E). Let 
€ > 0 be given. Since all E; are weak Ditkin sets with n(£;) < N, we can construct by induction 
a sequence (z;); such that z; € j(E;), ly — yV zy |< aq and 


N N € 
yoy zl < ———— 
| ale 2 full «TZ! tov 
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for i > 2. For each i, let V; be an open set containing E; such that Z; vanishes on V;. Now, since 
EU iscompact, ENU C eg V; for some n EN. Let z= 71 -...+ Zn, then z € j(E NU) and 
hence uz € j(E) since @ vanishes on A(A) \ U. Finally, 


n 
|y%u — yNuz| < |y%u—y%uzi| +> y% uz ee PEPSI — yNuzi ete || 
i=2 
n i-1 
< |lul (15" —yalt oly” —y"all[] i 
i=2 l=1 


Since yNuz € y\ j(E) and € > 0 was arbitrary, it follows that yu € y j(E). This shows that 


y™ belongs locally to y" j(E) at g because # = | near g. 


It is well known that the property of being a spectral set is local in the sense that if A satisfies 
Ditkin’s condition at infinity and E is a closed subset of A(A) such that every point of E has a 
closed relative neighbourhood in E which is a spectral set for A, then E is a spectral set. The 
corresponding result for weak spectral sets does not hold (see Example 1.7 below). We have, 
however, the following 


Proposition 1.6. Let A be a regular and semisimple commutative Banach algebra satisfying 
Ditkin’s condition at infinity and let E be a compact subset of A(A). Suppose that each point 
of E has a closed relative neighbourhood in E which is a weak spectral set for A. Then E is a 
weak spectral set for A. 


Proof. Let x € k(E). Since A is semisimple and x belongs locally to j(£) at every point of 
A(A) \ E, it suffices to show that there exists n € N such that x” belongs locally to j (E) at every 
point ¢ of E. 

By hypothesis, there exist a closed subset Ey of E and an open neighbourhood Ug of ¢ in 
A(A) such that Up N E C Eg and x" € j(Eg). A being regular, there exists ug € A such that 
supp uy © Uy and wy = | in a neighbourhood of g in A(A). Since Ey is a weak spectral set, 
there exist yy € j(Ey) and ng € N such that ||x"" — yg|| < €/||ug||. Then |lugx”’ — ugygll < € 
and ig Yo vanishes in a neighbourhood of E since ¥, = 0 in a neighbourhood of Ey and 1, =0 
in a neighbourhood of A(A) \ Ug and E € Eg U(A(A) \ Ug). So ygug € j (E). Since € > 0 was 
arbitrary, it follows that x""u, € j(£). Finally, x"eug =x" ina neighbourhood of g and hence 


x" belongs locally to j(E) at g. 

Thus for each g € E, there exist an open neighbourhood Vy of g € A(A) and zy € j(E) such 
that x”° = Zp on Vy. Since E is compact, there exist ¢1,...,@m € E such that E C Li Vo; « 
Let n = max{ng,: 1 <i <m}. Then x” belongs locally to j(£) at every point of E. 


If the appropriate minor modifications are made, the proof of Proposition 1.6 applies to closed 
subsets EF provided that the values (Ey), y € E, are bounded. 
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Example 1.7. Let (A,,), be a sequence of unital and semisimple commutative Banach algebras 
and A their cg-direct sum. Then A(A) is the topological sum of the sets A(A,) and A satisfies 
Ditkin’s condition at infinity. Now suppose that for every n € N there exists g, € A(An) such 
that {g,} is a weak spectral set with &(y,) >n, and let E = {g,: n € N}. Then each singleton 
{@,} is open in E and there exists x, € k(@,) such that xe €¢ j(gn) for all k <n. Viewing x, as 
an element of A, we have x, € k(E) and ne ¢ j(E) for all k <n. It follows that €(E) > n for all 
neéeNn. 

As an example of such sequences (Ay) and (¢;)n, simply take A, = C”[0, 1] and, after 
identifying A(A,) with the interval [0,1], g, = 0. In fact, &(t) =n + 1 for each ¢ € [0, 1] 
(Example 1.1(3)). 


2. Injection theorems for weak spectral sets and weak Ditkin sets 


Let G be a locally compact abelian group and H a closed subgroup of G. Then L!(G/H) is 
a quotient of L'(G) and G/H -_ A(L'(G/H)) embeds canonically into G= A(L!(G)). Then 
a closed subset of G/H is a spectral set (Ditkin set) for L'(G/H) if and only if it is a spectral 
set (Ditkin set) for L!(G) (see [13, Theorems 7.3.15 and 7.4.13]). For the obvious reason, these 
results are referred to as injection theorems. The same problem naturally arises in the general 
context of a regular and semisimple commutative Banach algebra A and a closed ideal J of A, 
and it is worthwhile to consider weak spectral sets and weak Ditkin sets rather than just spectral 
sets and Ditkin sets. In this section, we establish such injection theorems. However, as the reader 
might expect, some additional hypotheses, which are automatically satisfied in the group algebra 
situation, have to be placed on A and /. 

We start with a lemma which is needed to prove the injection theorem for weak spectral sets. 
In what follows, if J is a closed ideal of A, theni : A(A/J) > A(A) will denote the embedding 
defined by i(g)(x) = g(x + 1) for g € A(A/T) and x € A. 


Lemma 2.1. Let A be a regular commutative Banach algebra and I a closed ideal of A such 
that h(1) = A(A). Let E be a closed subset of A(A/I) and suppose that k(E)" © j(E) and 
I™ © jG(E)) for some n,m EN. Then 


k(i(E))"" & j(i(B)). 


Proof. It suffices to show that given x € k(i(E)) such that ||x|| < 1 and 0 <e€ < 1 — ||x||, there 
exists y € j(i(E)) with ||x””” — y|| < em. By hypothesis, there exists y € A such that y+ / 


has compact support disjoint from EF and ||(x” + J) — (y+ J)|| < e. Since y+1(9) = V(i(@)) 
for all g € A(A/J) and since i is a homeomorphism from A(A/J) onto h(1) = A(A), we have 
y € j(i(E)). Choose z € I so that ||x” — (y + z)|| < €. Then || y + z|] < 1 and 


m—-1 
em ~(y+z)” | = (x" ~(y+ z)) > x (y At zy t-i 
j=0 
m—-1 
<€ >> [xl lly +z" 
j=0 


<em. 
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Since both z” and y are contained in j(i(£)), it follows that 


(ytz"=zh + ba ()ytens € j(i(E)). 


j=l 


So u=(y +z)” has the desired properties. 


Theorem 2.2. Let A be a regular and semisimple commutative Banach algebra, I a closed ideal 
of A and E a closed subset of A(A/T). 


G) If i(E) is a weak spectral set for A, then E is a weak spectral set for A/I and &(E) < 
§(i(E)). 

(ii) If E is a weak spectral set for A/I and h(1) is a weak spectral set for A, then i(E) is a weak 
spectral set for A and E(i(E)) < €(E)&(h()). 


Proof. (i) Let n = €(i(E)) and let x € A be such that x + J € k(E). Then x € k(i(E)) 
and hence given € > 0, there exists y € j(i(E)) such that ||x” — y|| < €. It follows that 
lv + 1) — ("+ 1)|| < € and ytl has compact support disjoint from EF. Since € > 0 was 
arbitrary, (x +1)" € j(E). 

(ii) Note first that j(1()) C I since A is semisimple and regular. Let Ay = A/j(h(U/)) and 
I, =1/j(hU)). Then h(1) = A(A}1), so that Lemma 2.1 applies to A; and its ideal /;. Hence, 
with 7; denoting the embedding A(A;/I,) > A(A}), ki, (E))"” © jG (E)). Letq: A> Ay 
denote the quotient homomorphism and i2 : g > gog the embedding of A(A1) into A(A). Since 
i(E) Ch(), we have j(h(1)) C j(i(E)), and since i = i2 0 i1, it follows that 


JE) =q7'(a(i(i(B))) 247! (Gi )) 
~N(k(i(E))"") 2 (q"(k(i(B))))"" 
(i(E))"", 


24 
k 


as was to be shown. 


We continue with two consequences of Theorem 2.2. 


Corollary 2.3. Let A be a semisimple and regular commutative Banach algebra and suppose 
that @ is a Ditkin set. Let E © A(A) be a weak spectral set for A and F an open and closed 
subset of E. Then F is a weak spectral set and €(F) < &(E). 


Proof. Let J = k(E) and let F’ and E’ denote the sets in A(A/J) corresponding to F and E’, 
respectively. Then A(A/J) = E’ and F’ is open and closed in A(A/T). Since A/I is semisimple 
and regular and satisfies Ditkin’s condition at infinity, it follows that F’ is a spectral set for A/T. 
Theorem 2.2(ii) now implies that F =i(F’) is a weak spectral set and 


E(F) = &(i(F’)) < E(F’)E(h()) = E(B), 


since (F’) = 1 and E=A(J). 
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For a locally compact group G, let A(G) denote the Fourier algebra of G as introduced and 
studied extensively by Eymard [6]. A(G) is a regular and semisimple commutative Banach al- 
gebra whose spectrum can be identified with G. In fact, the map t > g;, where ¢;(u) = u(t) for 
u € A(G), is ahomeomorphism from G onto A(A(G)) [6, Théoréme 3.34]. Recall that when G 
is abelian, A(G) is isometrically isomorphic (by means of the Fourier transform) to L'(G), the 
L!-algebra of the dual group of G. An injection theorem for spectral sets of Fourier algebras was 
shown in [8, Theorem 3.4]. The following corollary generalizes [19, Corollary 2.5(c)]. 


Corollary 2.4. Let G be a locally compact group, H a closed subgroup of G andi: H = 
A(A(A1)) > G = A(A(G)). Then &(E) < €(i(E)) for any closed subset E of H. 


Proof. Let J = {u € A(G): u|y = 0}. Then the map u + J > u|y is an isometric isomorphism 
between A(G)/I and A(#Z). The statement now follows from Theorem 2.2 and the fact that H 
is a set of synthesis for A(G) [16, Theorem 3]. 


We now proceed with the injection theorem for weak Ditkin sets. Note that the hypothesis 
in part (ii) of the following theorem implies that (7) is a weak Ditkin set with n(h(W)) <m. 
When A = L!(G) and J is the kernel of the quotient homomorphism L'(G) > L(G /F), this 
condition, with m = 1, is always satisfied [13, Lemma 7.4.14]. 


Theorem 2.5. Let A be a regular and semisimple commutative Banach algebra, I a closed ideal 
of A and E a closed subset of A(A/T). 


(i) [fi(E) is a weak Ditkin set for A, then E is a weak Ditkin set for A/I and n(E) < n(i(£)). 

(ii) Suppose that there exist m € N and a constant C > 0 with the following property: For every 
aéAande > 0, there exists b € A such that ||a™ —a™b|| < Cla” + I|| +€ and b vanishes 
in a neighbourhood of h(1). If E is a weak Ditkin set for A/I, then i(E) is a weak Ditkin 
set for A and n(i(E)) < mn(E). 


Proof. In the following, g denotes the quotient homomorphism from A onto A/J. 

(i) Let n = n(i(E)) and let x € A be such that g(x) € k(E). Then, given € > 0, there exists 
y € j(@i(E)) such that ||x” — x” y|| < €. It follows that ||g(x)” — q(x)"q(y)|| < € and qQ) has 
compact support and vanishes in a neighbourhood of E in A(A/J). Since € > O was arbitrary, 
q(x)" € ga)" 7B). 

(ii) Let n = n(E) and let x € k(i(E)), x £0, and € > 0 be given. Choose 6 > 0 such that 


nm—1 


B.S payioP (Ila ll" +8)! <e. 
j=0 


Then q(x) € k(E) and hence there exists u € A such that 


l]a(x" —x"u) || = |a@)" -a@)"qw)|| <5 
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and q(u) vanishes in a neighbourhood of F in A(A/J/). For arbitrary Banach algebra elements s 
and ¢t andk € N, we have 


k-1 k-1 
st -2*| =]@-1 do s* Fe] < lls —t- 2 dst (sil + le — sl)’. 
j=0 j=0 


Setting s = q(x”), t= q(x"u), and k =nm and using that ||g(x” — x”u)|| < 6, it follows from 
the choice of 6 that 


nm—1 
a(x" aa < 5. » Il" ([[01" +6)! < €. 
j=0 
By Theorem 2.2(ii), i(E) is a weak spectral set for A and 
E(i(E)) < €(E)E (AC) < n(E)n(h()) =nm. 


Since u € k(i(E)), there exists v € A such that ||w’”” — v|| < €/||x ym and ¥ has compact support 
and vanishes in a neighbourhood of i(£) in A(A). Then 


lar —x""v)|] < farm — a”) | + a(x) q(w™ — v) | 
< la(x™ ee ca) | 4 Wl lu" — v| 
<2e. 


Nowleta =x" ™—x" ™y EA. By hypothesis, there exists w € j (A(/)) such that ||a” —a” w|| < 
C\lg(a’)|| + €. Write 


m 


a” —a"we= SS ) (—1ixrm? (v/ _ v/w) 
J 


j=0 


Finally, let 


Then y has compact support since both ¥ and # have compact support. Moreover, ¥ vanishes in 
a neighbourhood of i(£) in A(A) since ¥ does so and w vanishes in a neighbourhood of h(/). 
So y € j(i(E)) and 


jx — x” yl <Clq(a”) || +e <CRe” +e. 
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Since € > 0 was arbitrary, we conclude that xm? Ex j(@i(E)). This finishes the proof of the 
theorem. 


3. A Ditkin-Shilov type theorem and an application to projective tensor products 


The classical Ditkin—Shilov (or Wiener—Ditkin) theorem asserts that if A is a semisimple and 
regular commutative Banach algebra such that singletons in A(A) are Ditkin sets, then every 
closed subset of A(A) with scattered boundary is a set of synthesis. 

We remind the reader that a topological space X is called scattered if every non-empty closed 
subset of X has an isolated point in the relative topology. Clearly, a countable locally compact 
Hausdorff space is scattered. Conversely, if X is a second countable locally compact Hausdorff 
space and X is scattered, then X is countable. 

In [1, Theorem 1.2] Atzmon established, for unital A, a generalization which admits applica- 
tions to projective tensor products. The first purpose of this section is to extend Theorem 1.2 of 
[1] to weak spectral sets and not necessarily unital A. In the sequel, for a closed subset E of a 
topological space, 0(E) will denote the boundary of E. 


Theorem 3.1. Let A be a regular and semisimple commutative Banach algebra, T a locally 
compact Hausdorff space and f : A(A) — T a continuous, surjective and proper mapping. 
Suppose that for each t € T, every closed subset of f—'(t) is a weak Ditkin set and that 


N =sup{n(F): FC f-'(), F closed, te T} 


is finite. Let E be a closed subset of A(A) such that f (0(E)) is scattered. Then E is a weak 
spectral set and &(E) < N. 


Proof. Let a € k(E) and let S denote the set of all t € T with the property that a% does not at 
all points of f~!(t) belong locally to j(E). Since a belongs locally to j(E) at every point of 
A(A) \ 0(E), we have ee N 0(E) ¥ @ for every tf € S and hence S$ C f(0(E£)). 

We first observe that S is closed in T. To see this, let (Sy)q be a net in S converging to some 
t € T and, towards a contradiction, suppose that t ¢ S. For each a, choose ¢y € f ze (Sq) such 
that a% does not belong locally to j(E) at gy. Fix a compact neighbourhood U of t. Since 
f—'(U) is compact, after passing to a subnet if necessary, we can assume that gy € f~!(U) for 
all a and gy — @ for some g € A(A). Then g € ff" @ since f(@q,) —> t. Hence an belongs 
locally to j(E) at g and since gy — ¢, the same is true at ¢ for large a. This contradiction 
shows that S is closed in T. 

Suppose that S 4 J. Then S has an isolated point s since f(0(£)) is scattered and S is closed. 
Choose an open subset V of T such that VM S = {s}. Since C = 0(E)N fl) is compact, we 
find an open neighbourhood W of C such that W C f~!(V). Moreover, A being regular, there 
exists u € A such that @ = 1 in a neighbourhood of C and i= 0 on A(A) \ W. 

By hypothesis, C is a weak Ditkin set and n(C) < N. Therefore, there exists a sequence (Un) n 
in j(C) such that aN — aN uy|| > 0 and hence ||a% u — a™ uun|| > 0. Now, aX belongs locally 
to j(E) at every point of A(A) \ f~!(S) and of A(A) \ d(E) and a; has compact support and 
vanishes on open sets containing C and A(A) \ f~!(V), respectively. Since 


WENA HAF W)=C, 
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this means that a™ uuy, belongs locally to j j(E) at every point of A(A) and at infinity. Semisim- 
plicity of A implies that a“ uu, € j(E) and therefore a" u € j(E). Say u = | in a neighbour- 
hood of C, it follows that a% belongs locally to j (E) at every point of f~!(s). This contradiction 
shows that S = Y and finishes the proof of the theorem. 


One situation in which Theorem 3.1 applies is as follows. Let A be a unital, regular and 
semisimple commutative Banach algebra. Let J be a closed ideal of A and let X = A(/)U {a}, the 
one-point compactification of A(/). Define f : A(A) > X by f(g) = |; for g € A(A) \hU) 
and f(g) =o for g € h(Z). Then f is continuous. In fact, every compact subset C of A(/) is 
closed in A(A) since A is regular, and hence tee (X \ C) = A(A)\C is open in A(A). We leave 
the reformulation of Theorem 3.1 in this situation to the reader. A more important application 
concerns projective tensor products. In preparation for this, we need the following two lemmas. 

In passing we remind the reader that the structure space of the projective tensor product 
A ® B of two commutative Banach algebras A and B identifies naturally with the product space 
A(A) x A(B). More precisely, given g € A(A) and w € A(B), there is a unique homomorphism 
Q @ wa ® B > C such that (pg re) w)(a® b) = g(a)w(b) for alla € A and be B, and the map 
(Q,WwW)—-@ @ w is ahomeomorphism from A(A) x A(B) onto A(A ® B). 


Lemma 3.2. Let F be a closed subset of A(B) and g € A(A). Then 
k({p} x F) =k(g) @ B+ A@K(F). 


Proof. Since obviously k(g) QB+A® k(F) Ck({g} x F), we only have to show the reverse 
inclusion. Let u = )°?°, a; ® bj € k({y} x F), ai € A, bj € B, °?°, |lai|| - ||; || < 00. Choose 
e € A such that g(e) = 1 and write a; = x; + Aje, where x; € k(g) and A; € C. Then, since 
|Ai| = 1p(ai)| < |lai|| and ||x; || = lai — Avell < lla: |]. + llell), 


for) or) 
v= @bi +e@ > Ajbi. 
i=l i=1 


Now, for each w € F, 


“( Yat = “( Yeah = (9 ® p)(u) =0. 
i=1 i=l 


Thus )°%. , Aibj € K(F) and hence, since x; € k(g), u € k(g) @BL+LA@K(F). 
Lemma 3.3. Let F and g be as in Lemma 3.2. Then 
E({g} x F) <&(y) + €(F)—-1. 


Proof. It suffices to show that if n = €(y) < 00 and m =&(F) < ow, thenu"*”! € j({g} x F) 
for every u € k({g} x F). First, let u be of the form u = bear x; ® yi, x1 © k(), vi € B. Since 
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x” € j(y) for every x € k(p) and every n-fold product of elements of k(@) is a linear combination 
of nth powers of elements in k(@), it follows that 


ue = ss (xj, +... Xi,) @ Oi, + Yin) € FQ @B. 


Secondly, let z € k(F) and v = e @ z, where e € A is such that p(e) = 1. Then v” =e” @ ze 
A® J (F). By the proof of Lemma 3.2, each element of k({g} x F) is of the form u + v, where 
u and v are as above. Then 


I 


n+m—1 
(u+ yo = ye (" +m — ee 


i=0 
n+m—1 n—-1 
n+m—-l1\ ,_ 1s n+m—-l1\,;, 1; 
=," » ( ya nyntm '+u") ( uiy" 1-i 
l Ul 
i=n i=0 


Ci(F)@B+AQ j(F). 


Now, by Lemma 1.5 of [7], 7 (g) @B+A @ j(F) C j({g} x F), and this finishes the proof. 


By simply taking spectral sets for {g} and F, it is clear that the estimate in Lemma 3.3 cannot 
be improved. 

We say that a closed subset E of A(A) satisfies condition (D) (D referring to Ditkin) if there 
exists a constant C > 0 such that for every neighbourhood U of E, there exists b € A such that 
|b|| < C, supp bc U andb=1ina neighbourhood of EF. The relevance of this notion is due to 
the fact that for unital A, (D) is equivalent to the condition appearing in Lemma 1.4, as we point 
out next. 


Remark 3.4. Suppose that A has an identity e. For a closed subset E of A(A), the following are 
equivalent. 


(i) E satisfies condition (D). 
(ii) There exists a constant c > 0 such that for every compact subset K of A(A) which is disjoint 
from E, there exists a € j(E) such that ||a|| <c and@=1 on K. 


To see this, suppose first that (ii) holds and let U be an open set containing E. Choose an 
open set V such that EF C V and V CU and let K = A(A) \ V. By (i), there exists b € j(E) so 
that b= 1 on K and |D|| < c (with c only depending on E). Let a = e — J, then |la|| < 1 +c, 
supp @ C V CU and@=1 ina neighbourhood of E. 

(1) > (ii) is even easier. 


Theorem 3.5. Let A and B be regular commutative Banach algebras such that both are unital 
and A® B is semisimple. Suppose that the following conditions (1) and (2) are satisfied. 


(1) Every closed subset of A(B) is a weak spectral set and satisfies condition (D) and 


N= sup{&(F): FCA(B) closed } < OOo. 


E. Kaniuth / Journal of Functional Analysis 254 (2008) 987-1002 999 


(2) Each singleton {pg}, g € A(A), is a weak spectral set and satisfies condition (D) and 
M= sup{E(¢): gE A(A)} < OO. 
Let E be a closed subset of A(A) x A(B) such that the set 
{p € ACA): A(E)N ({y} x A(B)) #9} 
is scattered. Then E is a weak spectral set and §(E) << N+M —1. 
Proof. We apply Theorem 3.1 to A ® B, T = A(A) and the map 


f : A(A® B) = A(A) x A(B) > A(A), GH) > @. 


By hypothesis, f(0(£)) is scattered. It follows from conditions (1) and (2) and Lemma 3.3 that 
for every closed subset F of A(B) and g € A(A), {g} x F is a weak spectral set and 


E({g} x F) <E(@) +E(F)-1< N+M—-1. 


Now, let c and d denote the constants occuring in condition (D) for {g} and F, respectively, and 
let U be an open neighbourhood of g in A(A) and V an open neighbourhood of F in A(B). There 
exista € A and b € B with the following properties: ||a|| <c, ||b|| <d, supp acu, suppb c CV, 
a@= 1 near y and b=lina neighbourhood of F. Then the element x = a @ b of A @ B satisfies 
\|x || < cd, supp C U x V and X= 1 ina neighbourhood of {g} x F. It follows from Remark 3.4 
and Lemma 1.4 that {g} x F is a weak Ditkin set and n({g} x F) =é({g} x F) < N4+M—-1. 
Thus Theorem 3.1 applies and yields that E is a weak spectral set and (FE) < N+ M—1. 


Theorem 3.5 applies, for instance, to the projective tensor product of any two of the Banach 
algebras C(X), X acompact Hausdorff space, A(G) for a compact group G, C”[0, 1] and Lip, X 
(see Section 1). 


4. Weak spectral synthesis for Fourier algebras 


It was shown in [12, Theorem 3.1] that weak spectral synthesis fails in A(G) = L'(G) for 
every non-discrete locally compact abelian group G. Employing this result as well as a deep 
theorem due to Zelmanov [21], we settle in this final section the weak synthesis problem for the 
Fourier algebras of arbitrary locally compact groups. 

It is easy to see that weak spectral synthesis holds for A(G) when G is discrete. In fact, A(G) 
is Tauberian [6, Corollaire 3.38] and hence by [19, Corollary 2.4] (see also [11, Corollary 3.10]), 


&(E) <1+€(a(E)) =1+é@) = 
for every subset E of G. Alternatively, one can appeal to the following simple observation. 
Lemma 4.1. Let A be a semisimple and regular commutative Banach algebra. Suppose that A is 


Tauberian, and let E be an open and closed subset of A(A). Then E is a weak spectral set and 
§(E) <2. 
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Proof. Let x € k(E£). Since A is Tauberian, x7 ExXAC xj (@). It therefore suffices to show that 
xy € j(E) for every y € j(M). Now, xy belongs locally to j(E) at infinity, at every point of E 
since E is open, and at every point of A(A) \ E anyway. Thus xy € j(£) since A is semisimple 
and regular. 


The next lemma will be needed to carry out a projective limit argument in the proof of Theo- 
rem 4.3 below. 


Lemma 4.2. Let K be a compact normal subgroup of G and identify G and G/ K with A(A(G)) 
and A(A(G/K)), respectively. Let q: G— G/K denote the quotient homomorphism. Then 
E(E) < é(q7} (E)) for every closed subset E of G/K. 


Proof. We can assume that n = é(q7\(B)) < oo. Let u € A(G/K) such that u|~ = 0 and 
€ > 0. Then u og € A(G) and u o q|,-1(¢) = 0. By hypothesis, there exists v € A(G) such 


that ||(u oq)” — v||Acc) < € and v vanishes on some open set U which contains q (EB) and is 
such that G \ U is compact. Since g~!(E) = q7!(E)K and K is compact, a simple topological 
argument shows that we can assume that U = UK. For v € A(G) andke K, let Ryv € A(G) be 
defined by Ryu(x) = v(xk), x € G. Then the element fe Ryudk of A(G) vanishes on U. Define 
we A(G/K) by 


work) = f Rev(x) dk, xeEG. 
K 


Then w vanishes on the neighbourhood g(U) of E, G/K \ q(U) is compact and 


|e" ~ wh acer) = lH" og - weal = ]@09" — woah acy 


= | [ Rea oaak— f Revak 
K K 


= fl Ry((uoq)" —v) laces dk 
K 


A(G) 


Z |(og)” = VN ace: 


So w € j(E£) and ||u" — wllace/K) <€. 


Theorem 4.3. Let G be an arbitrary locally compact group. Then weak spectral synthesis holds 
for A(G) if and only if G is discrete. 


Proof. Since A(G) is Tauberian, by Lemma 4.1 we only have to show that G is discrete when- 
ever weak synthesis holds for A(G). As mentioned above, this conclusion is true if G is abelian 
[12, Theorem 3.1], and our proof is a reduction to this case. 

In the first instance, assume that G is a connected Lie group and that the radical R of G, 
the maximal connected solvable closed normal subgroup of G, is non-trivial. Then R contains a 
non-trivial connected abelian closed normal subgroup H, namely the last non-trivial member of 
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the commutator series of R. By Corollary 2.4, weak synthesis holds for A(#) and hence H has 
to be discrete. This contradiction shows that R = {e}. So G is semisimple. If G is non-trivial, it 
contains an infinite compact subgroup K, and by a theorem of Zelmanov [21, Theorem 2], K in 
turn contains an infinite (closed) abelian subgroup H. As above, this leads to a contradiction. 
Consequently, G is trivial. 

Now, drop the hypothesis that G be a Lie group. The connected group G is a projective limit 
of Lie groups G/Ky. Since Kg is compact, by Lemma 4.2 weak spectral synthesis holds for 
G/ Ky. By the preceding paragraph, Ky = G for all a and hence G = {e}. 

Turning to the general case, let Gp denote the connected component of the identity of G. 
Then weak synthesis holds for Go and then Go = {e} by what we have already shown. So G is 
totally disconnected. Finally, fix a compact open subgroup K of G and suppose that K is infinite. 
Applying Zelmanov’s theorem again leads to a contradiction. Thus G is discrete. 


The reader should compare the preceding theorem with Proposition 2.2 of [8], where it was 
shown that: 


(i) local spectral synthesis holds for A(G) if and only if G is discrete; 
(ii) spectral synthesis holds for A(G) if and only if G is discrete and u € uA(G) for every 
ue A(G). 


So weak spectral synthesis and local spectral synthesis are equivalent for Fourier algebras. 
It is not unlikely that these properties already force spectral synthesis to hold for A(G) since 
no example seems to be known of a discrete group G for which the condition u € uA(G) (the 
existence of an approximate identity in A(G) in the weakest possible sense) is not satisfied. 
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Abstract 


In this paper, we initiate the study of a class D”’ (H) of noncommutative domains of n-tuples of bounded 
linear operators on a Hilbert space H, where m > 2, n > 2, and p is a positive regular polynomial in n 
noncommutative indeterminates. These domains are defined by certain positivity conditions on p, i.e., 


D(H) := {X:=(X1,...,Xn): (1 — p)*(X, X*) 3 0 for 1 <k < m}. 


Each such a domain has a universal model (W1,..., Wy) of weighted shifts acting on the full Fock space 
F 2(An) with n generators. The study of Dp (H) is close related to the study of the weighted shifts 
W,..., Wn, their joint invariant subspaces, and the representations of the algebras they generate: the do- 
main algebra Ay (Di). the Hardy algebra F0° (Dy). and the C*-algebra C*(W),..., Wn). A good part of 
this paper deals with these issues. 

The main tool, which we introduce here, is a noncommutative Berezin type transform associated with 
each n-tuple of operators in D?” (H). The study of this transform and its boundary behavior leads to Fatou 
type results, functional calculi, and a model theory for n-tuples of operators in Dp (H). These results extend 
to noncommutative varieties Ve. gh) G DD (7H) generated by classes QO of noncommutative polynomials. 
When m >2,n >2, p= Z,+---+ Zn, and QO = 0, the elements of the corresponding variety vg) 
can be seen as multivariable noncommutative analogues of Agler’s m-hypercontractions. 

Our results apply, in particular, when Q consists of the noncommutative polynomials Z;Z; — Z;Z;, 
i, j =1,...,n. In this case, the model space is a symmetric weighted Fock space F2 (Di). which is identi- 
fied with a reproducing kernel Hilbert space of holomorphic functions on a Reinhardt domain in C”, and the 
universal model is the n-tuple (M),,..., Mj,,) of multipliers by the coordinate functions. In this particular 
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case, we obtain a model theory for commuting n-tuples of operators in DD (HL), recovering several results 
already existent in the literature. 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Multivariable operator theory; Noncommutative domain; Noncommutative variety; Dilation theory; Model 
theory; Weighted shift; Wold decomposition; Fock space; von Neumann inequality; Berezin transform; Creation 
operators 


0. Introduction 


Let F* be the unital free semigroup on n generators gi,...,g, and the identity go, 
and consider a polynomial g = q(Z1,..., Zn) = >> caZq in noncommutative indeterminates 
FAs ives Zns Where we denote Zy = Z;j, ..025, 1 w= gee EFS y tisk.ede fly xin} 


and Z,, := J. We associate with g the operator 


GOON =). eek Xs, 


where X := (X1,..., Xn) € B(H)” and B(H) is the algebra of all bounded linear operators on 
a Hilbert space H. Let p = p(Z1,..., Zn) = )> daZw, da € C, be a positive regular polynomial, 
L.€., dq 2 0, dg, = 0, and dg, > 0,i = 1,...,n. Given m,n € {1,2,...}, we define the noncom- 
mutative domain 


D(H) = {X := (X1,..., Xn) € BCH)": (1 — p(X, X*) > O for 1k <m}. 


In the last fifty years, these domains have been studied in several particular cases. Most of all, 
we should mention that the study of the closed operator unit ball 


[BO], = {X € BCH): I- Xx* > 0} 


(which corresponds to the case m = 1,n = 1, and p = Z) has generated the celebrated Sz.-Nagy— 
Foias theory of contractions on Hilbert spaces and has had profound implications in function 
theory, interpolation, prediction theory, scattering theory, and linear system theory (see [11,21, 
22,51], etc.). The case when m = 1, n > 2, and p= Z; + --- + Z,, corresponds to the closed 
operator ball 


[BCH)"], = {(X%1,..., Xn) € BQH)": I — XX] —---— Xn X32 > 0} 


and its study has generated a free analogue of Sz.-Nagy—Foias theory (see [10,13,19,23,30-43,46, 
47], etc.). The commutative case, which corresponds to the subvariety of [B(#1)"], determined 
by the commutators Z;Z; — Z;Z;, i, j =1,...,m, was considered by Drurry [20], extensively 
studied by Arveson [7,8], and considered by the author [39] in connection with noncommutative 
Poisson transforms. More general subvarieties in [B(H1)”];, determined by classes of noncom- 
mutative polynomials, were considered by the author in [43,46]. The study of the unit ball 
[B(H)"], was extended, in [45], to noncommutative domains dD), (71) (respectively subvarieties) 
when m = 1, n > 1, and p is any positive regular noncommutative polynomial (respectively free 
holomorphic function in the sense of [44]). 
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In this paper, we initiate the study of noncommutative domains D’”’ (H), when m > 2, n > 2, 
and p is any positive regular noncommutative polynomial. What makes the case m > 2 quite 
different from the case m = | is that Dd), (H) is not a ball-like domain, when m > 2. This can 
be seen even in the single variable case (n = 1) (see [1,2,26,27]). We introduce a class of non- 
commutative Berezin transforms associated with any n-tuple of operators in D, (7H). The study 
of these transforms and their boundary behavior leads to Fatou type results, functional calculi, 
and a model theory for n-tuples of operators in Dd, (H). Our results extend to noncommutative 
varieties Ve g(t) generated by classes Q of noncommutative polynomials, 1.e., 


Vi (A) = {(X1, +... Xn) € DG (A): q(X1,..-, Xn) =0, g € Q}. 


In Section 1, we associate with each m,n € {1, 2,...} and each positive regular noncommu- 
tative polynomial p = p(Z1,..., Zn) = D> dqZq, a noncommutative domain Dy, (H) Cc BCA)" 
and a unique n-tuple (W),..., Wn) of weighted shifts acting on the full Fock space F?(H,) with 
n generators. They will play the role of the universal model for the elements of Di (71). We 


also introduce the n-tuple (A1,..., A,) associated with D” (71), which turns out to be the uni- 
versal model associated with the noncommutative domain D5 (H), where p = p(Z1,..., Zn) = 
>> 4%Zq and & denotes the reverse of w = gj, +++ 8i,,1.¢., @ = Bi, +++ Bi. 


In Section 2, we introduce a noncommutative Berezin transform Br associated with each n- 
tuple of operators T := (Tj,...,T) € dD (H) with the joint spectral radius rp(T1,..., Tn) < 1. 


More precisely, the map Br: B(F2(Hy)) > B(H) is defined by 
(Br[g]x. y) 


=((1- 2 a Ai ® Ta (¢@ 44,,,,)(I- ta Aa ®T3) (1.x), 1}, 


jo|21 jo| 21 


where AT mp = [1 —p)"(T, T*)]'/? and x, y € H. We remark that in the particular case when: 
m=1,n=1, p=Z,H=C, and T=A€D, we recover the Berezin transform [12] of a 
bounded linear operator on the Hardy space H?(D), ice., 


Bylg]=(1—|Al?)(gks, ka), gg € B(H?(D)), 


where k,,(z) := (1 — Az)~! and z,a € D. The noncommutative Berezin transform will play an 
important role in this paper. a 

First, we show that the Berezin transform has an extension Br : B(F 2(H,)) > B(A) to any 
n-tuple T € Dd, (H). This is used to prove that the restriction of Br to the operator system S := 
span{ Wa We: a, 8 € F*} is a unital completely contractive linear map such that 


Br[WeWs|=TaTj, «BEES, 
when T := (7|,..., Tn) € Dy, (H) is a pure n-tuple of operators (i.e. pcr, T*) > 0 strongly 
as k — oo). We obtain a similar result for n-tuple of operators with the radial property, i.e., 


(rT,,...,rTy) € D, (H) for any r € (6, 1] and some 6 € (0, 1). In this case, we show that 


W(g):= _ B,r[g], g€S, 
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exists in the norm operator topology and defines a unital completely contractive map ¥:S > 
B(H) such that W(WyW3) = Ty Tz’, a, B € Fr. 

In Section 3, we introduce the Hardy algebra F°° (D7) (respectively Ro° (D7, )) associated 
with the noncommutative domain D’” and prove some basic properties. We mention that an n- 
tuple of operators T := (T),..., Tn) € Dy, (H) is called completely non-coisometric (c.n.c.) if 
there is no vector h € H, h £0, such that (pk (T, T*)h, h) = ||h\|? for any k = 1,2,.... The 
main result of Section 3 is an F>° (D*, )-functional calculus for (c.n.c.) n-tuples of operators in 
the noncommutative domain Dy, (H). More precisely, we show that if T := (7|,..., 7) is a 
c.n.c. n-tuple of operators in a noncommutative domain Df, (1) with the radial property, then 


®(g) := SOT- lim g(rT,...,7Tr), g=e(W,...,Wr)€ F,° (D>). 
r=». 


exists in the strong operator topology and defines a map @ : F.>° (D7) — B(H) with the following 
properties: 


i) }(g) = SOT-lim,-_,; B,7[g], where B,7 is the Berezin transform at rT € Dy, (H); 
Gi) ® is WOT-continuous (respectively SOT-continuous) on bounded sets; 
(iii) ® is a unital completely contractive homomorphism. 


In Section 4, we find all the eigenvectors for wr. ..., Wx, where (W1,..., Wn) is the uni- 
versal model associated with the noncommutative domain D’”’. As consequences, we identify 
the w*-continuous multiplicative linear functional on the Hardy algebra F°° (D7) and find the 


joint right spectrum of (Wj, ..., W,). We introduce the symmetric weighted Fock space F2 (Di) 
and identify it with H*(D!. ,(C)), the reproducing kernel Hilbert space with reproducing kernel 
Kp :Di,,.(C) x Di,,o(C) — C defined by 


1 
dd — » Gujtaha)™ 


Ke Uiste= for all A, we Dio), 


where 
Dj,,o(C) = {a= Cinveanec™ aaa? ms if cD*©), 


New = hiss Ai, Uf = Bi, + * + Sim eFt, and Ag, = 1. 

We show that the algebra H®D,,.(©) of all multipliers of the Hilbert space H?(Dj,,.C)) 
is reflexive and coincides with the weakly closed algebra generated by the identity and the mul- 
tipliers M),,..., @y,, by the coordinate functions. Moreover, the multipliers M),,..., M,, can 
be identified with the operators L;,..., L,, where 


Lj = Procpm Wil r2~m)> i=l,...,n, 


and (W,,..., W,,) is the universal model associated with the noncommutative domain D”’. Sec- 
tion 4 will play an important role in connecting the results of the present paper to analytic function 
theory on Reinhardt domains in C”, as well as, to model theory for commuting n-tuples of oper- 
ators. 
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In Section 5, we consider noncommutative varieties a (HM) C dD, (H) determined by sets 
OQ of noncommutative polynomials. We associate with each such a variety a universal model 
(B,,..., Br) € vin.QWo), which is the compression of (Wj,..., W,) to an appropriate sub- 


space No of the full Fock space F > (H,). We introduce the constrained noncommutative Berezin 
transform By : B(Ng) > B(H) and use it to obtain analogues of the results of Section 2, for sub- 
varieties. We also show that, if the constants belong to the subspace No, then the C*-algebra 
C*(B,,..., Bn) is irreducible and all the compacts operators in B(Vg) are contained in the op- 
erator space span{ By Ba: a, 8 € F*}. These results are vital for the development of model theory 
on noncommutative varieties. 

In Section 6, we obtain dilation and model theorems for the elements of the noncommutative 
variety ves g(t). First, we prove that an n-tuple of operators T := (T|,...,7,) € BCH)” isa 
pure element of ye gq (71) if and only if 


T;* = (BF @ Ip) |). i=l,...,n, 


where H is an invariant subspace under each operator B* @lp,i=l,...,n, D:= Ap mH, 
and Apm,r -=((1 — p)"(T, T*)]!”. 

When (7|,..., 7) € vig is an n-tuple of operators (on a separable Hilbert space 1) 
with the radial property and Q is a set of homogeneous noncommutative polynomials, we 
show that there exists a *-representation 7 :C*(B,,..., B,) > B(K,,) on a separable Hilbert 
space K’,,, which annihilates the compact operators and 


p(x (B), m(B)*) =I, where 1(B):= ((B1), bias m(Bn)), 


such that T;* = Ve |H fori = 1,...,n, where the operators 


B; ® Ip 0 : 
V; — 5 i Prone 5 
0 al , 


are acting on the Hilbert space K:= (Vo ® D) ®K, and H is identified with a *-cyclic co- 
invariant subspace of K under each operator V;,i=1,...,n. 

In the single variable case, when m > 2,n=1, p = Z, and QO = 0, the corresponding vari- 
ety coincides with the set of all m-hypercontractions studied by Agler in [1,2], and recently by 
Olofsson [26,27]. When m > 2,n >2, p= Z, +---+Z,, and QO =0, the elements of the cor- 
responding domain Dd), (7) can be seen as multivariable noncommutative analogues of Agler’s 
m-hypercontractions. 

In the particular case when Q, coincides with the set of polynomials Z;Z; — ZjZ;, i, j = 
1,...,”, we can combine the results of Sections 4 and 6 to recover several results concerning 
model theory for commuting n-tuples of operators. The case m > 2,n >2, p= Z,+---+Zn, 
and QO = Q,, was studied by Athavale [9], Miiller [24], Miiller, Vasilescu [25], Vasilescu [52], 
and Curto, Vasilescu [14]. Some of these results concerning model theory were extended by 
S. Pott [48] to positive regular polynomials in commuting indeterminates. 

We should mention that most of the results of this paper are presented in a more general set- 
ting, namely, when the polynomial p is replaced by a positive regular free holomorphic function 
(see Section | for terminology). In a future paper, we expect to use these results to obtain func- 
tional models for the elements of the noncommutative domain Di (71) (respectively subvariety 
Ve. gH), based on characteristic functions. 
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1. Noncommutative domains and universal models 


In this section, we associate with each positive regular free holomorphic function f on 
[B(H)" lp, e > 0, and each m,n € {1,2,...}, a noncommutative domain Di (H) Cc BCH)” and 
a unique n-tuple (W),..., W,) of weighted shifts. This n-tuple of operators will play the role 
of the universal model for the elements of D? (H). We also introduce the n-tuple (A1,..., An) 
associated with D” (1), which turns out to be the universal model for the elements of the non- 
commutative domain D”. 


Let H,, be an n-dimensional complex Hilbert space with orthonormal basis e), €2,..., en, 
where n € {1, 2, ...}. We consider the full Fock space of H,, defined by 


F?(H,) = Dae, 
k>0 


where H®®° := C1 and H,®* is the (Hilbert) tensor product of k copies of Hy. Define the left 
creation operators 5S; : F?(H,) > F?(H,),i =1,...,7, by 


Sig:=e,@9, ge F(A), 


and the right creation operators R;: F?(Hy) > F?(Hn), i=l,...,n, by Rig :=9@e,gpe 
F? (Hn). 

The algebra f° and its norm closed version, the noncommutative disc algebra A,, were 
introduced by the author [34] in connection with a multivariable noncommutative von Neu- 
mann inequality. f° is the algebra of left multipliers of F ?(H,) and can be identified with 
the weakly closed (or w*-closed) algebra generated by the left creation operators S),..., Sp act- 
ing on F*(H,), and the identity. The noncommutative disc algebra A, is the norm closed algebra 
generated by S,...,.5,, and the identity. For basic properties concerning the noncommutative 
analytic Toeplitz algebra F°° we refer to [4,15—18,32,33,35-37,39]. 

Let F* be the unital free semigroup on n generators g1,..., 8, and the identity go. The length 
of aE Ft is defined by |a| := 0 if a = go and |a| :=k if a = gj, --- gi,, where ij,..., in € 
{1,...,n}. If X := (X1,..., Xn) € BCH)”, where B(H) is the algebra of all bounded linear 
operators on the Hilbert space H, we denote Xy := Xj, --- Xi, and Xg. := I. 

We say that f = f(X1,..., Xn) c= eaekt Au Xu, da € C, is a free holomorphic function on 
the noncommutative ball [B(71)"] for some p > 0, where 


[B)"], = {(X1,..., Xn) © BCH)”: || Xi XP +---+ X,XF| <p}, 


if the series )°7°9 » w|=k 4aXq iS convergent in the operator norm topology for any (Xj,..., 
Xn) € [B(H)"]p. According to [44], f is a free holomorphic function on [B(71{)"], if and only 
if 


1/2k 
tim sup( > ul) < 


1 
k>00 \ oink p 


Throughout this paper, we assume that dy > 0 for any a € Fe, dg, = 0, and dg, > 0O,i = 1,...,n. 
A function f satisfying all these conditions on the coefficients is called a positive regular free 
holomorphic function on [B(H)"], for some p > 0. 
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Lemma 1.1. Let f be a positive regular free holomorphic function on [B(H)"]p, p > 0, with the 
representation f(X\,...,Xn):= aekt Av Xu, Ay € C. Then there exists r € (0,1) such that 
I f@S,,...,7Sp)|| < 1 and, for anym=1,2,..., 


[1- f(rS1,....7Sn)] = ye brs, 


k=0 |a|=k 
where pb” =1 and 
&0 


|e 


j+m—1 ; 
yD > am ay, (7 i ) if|o| > 1. (1.1) 


m 
Yi yj=oe 
[el beets lyjl21 


Proof. Due to the Schwartz type lemma for free holomorphic functions on the open unit ball 
[B(H)"], (see [44]), there exists r > 0 such that f(rS,,...,75,) is in the noncommutative 
disc algebra A, and || f(rS1,...,7Sp)|| < 1. Therefore, the operator J — f(r S$ ,...,7S,) is in- 
vertible with its inverse g(rS},...,7Sn) = [J — f(rS1,...,7Sp)|7! in An C F°. Assume that 


g(rS1,...,7S,) has the Fourier representation )°, -¢+ pW plals for some constants pw EC. 


Consequently, using the fact that play) — PcSig(rS1,...,7Sn)(1), we deduce that 


g(rSi,...,7Sn)=1+ f(rSq,..., rSn) + f(rS81,...,7Sn)? + 


oe 5 > oy) 


k=1 lal=k \ j=l Mie vj=ee 
Iml21,...lyjlel 


Due to the uniqueness of the Fourier representation of the elements in F,°°, we deduce relation 
(1.1), when m = 1. Now, we proceed by induction over m. Assume that relation (1.1) holds for 
m and let us prove it for m + 1. Notice that 


= FSi dSare 
=[I—f(rS1,...,7Sp)]"[T— FCS, ---.7 Sp] 


= {14 ps 3 aaa (7287) rms] 


lo|2IL j=l &1--§j=@ 
6112 1,..../E 121 
lo 
a>) pap San aod 
jol>tL k=l e1eKe=o 
le |21,...,lex21 
ly lv faa el 
TED |p aD aE CD SED Ud Oe 
lyIzIL k=l J=1 &1-§j=7 


J 
jer > Lo nletl >I [ér[ 51. 1&j/ 21 
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lol lol 


De 2 », u 
id) = k=1 &-- 
lol|>1, ialpt? Pe cs ep 
sy j+m-1 
s Cee * eee : S : 
éee ( m—1 ) a dg, de ea ° 


le|21,...,Jexl21 


If we look closer to the sums in the brackets, we notice that each product a, --+ dy ao where 


Me Np =y with n,...,Np € FF and |nj| > 1,...,|np| > 1, occurs p + 1 times. This is be- 
cause 
An, *** Any 
de, *** Ae if (m1,...,p) = (€1,---, €k), 
= 4 de, ++ de Ae, ++ de if (m1,...,Np) = (1,...,€),€1,-..,e) and j=l,...,p—1, 
ag, +++ Ae; if (m1,...,p) = &1,..-, €)). 


Moreover, at each occurrence, the product a; +--+ dy, has a coefficient which is equal to 


boon) if (M1, ..-, Np) = (1, «+5 €b)s 


m— 1 


j+m—1 : ; 
(/ 4 ) if (m1,...,p) = &1,..-,€),€1,-.-,&) and j=1,...,p—1, 


aoe) if (M1, ---. Mp) = 1, -+-»§)). 


Hence, we deduce that the coefficient of ay, ---d,,, 1s equal to 
Poy, 
Bea) 
m—1 > m . 
j=0 


The latter equality can be easily deduced using the well-known relation 


Ce) (ee) or) 

= E 

m m m—1 

for any j =1,..., p. Therefore, we have [J — f(rS1,...,rS,)]~@t) = = Vii pen pelisee, 
where 


ly| 
+m ; 
a ~ anya, (7 ) if |y|>1 


p=1 1 Np=V 
In |21,....\7pl|21 


This completes the induction and the proof. 


G. Popescu / Journal of Functional Analysis 254 (2008) 1003-1057 1011 


Lemma 1.2. Let f be a positive regular free holomorphic function on [B(H)"]p, p > 0, with 
the representation f(X\,..., Xn) := wert AuXq, Ay € C, and let g:=1—(1— ff)", m= 
1,2,..., have the representation g(X1,...,Xn):= eyert Neo ae ay € C. Then the following 
relations hold: 


Bee OI: iB S andi 1 cig (1.2) 
ya=B 
weFH |y|>1 
and 
Bm = Be D+ YS ba, ifm > 2andaeFy. (1.3) 
yoru 
oeF}ly|>1 


Proof. Since 
{1—[1- f(rS,...,78n)]"} [7 — £81, ....7Sn)] ” = [7 — £1... 7 Sn) PO" - 7 
and using Lemma 1.1, we have 
[o.@) [o,@) [o,@) 
k=0 |a|=k p=1 |lvyl=p q=! |Bl=¢ 


Hence, using the uniqueness of the Fourier representation for the elements in F,°°, we obtain 
relation (1.2). To prove (1.3), assume that m > 2 and notice that 


[1 — f(rS1,....7Sn)]" — fS1,--.. 7S) [TL — £S1,.-.,7Sn)] ” — 


SiS fOSicursal ST. 


Consequently, we have 


3 Sy aerials, (1 


k=0 |a|=k 


[o,@) 
- aprivs,\( ss 
l=4 


p=0 |o|=p 


ST pen Dplel sy, 


k=0 |a|=k 


Using again the uniqueness of the Fourier representation for the elements in F>°, we deduce 
relation (1.3). This completes the proof. 


According to Lemma 1.1, we have bi” > 0 for any a € Fr and m= 1,2,.... We define now 


the diagonal operators D; : F2(Hy) > F?(H,), i=1,...,n, by setting 
@ 
Djeq := meer € Fr. 
8ia 
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Due to Lemma 1.2, we have 


D> So ba Sag be” 
YoO=giad 
oeFy, |y|>1 


Since dg, > 0 for eachi = 1,...,, we deduce that 


1 
|| Dj || = sup if Sd 
aeFt ag; 
Now we define the weighted left creation operators W; : F?(Hy) > F?(H,), i=1,...,n, asso- 


ciated with the positive regular free holomorphic f by setting W; := S;D;, where S,..., S, are 
the left creation operators on the full Fock space F?(H,,). Therefore, we have 


Wiea = ———egian HE Fr, (1.4) 


where the coefficients Eb”, ae Fr, are given by relation (1.1). 
Throughout this paper, we denote by id the identity map acting on the algebra of all bounded 
linear operators an a Hilbert space. 


Theorem 1.3. Let f be a positive regular free holomorphic function on [B(H)"]p, p > 0, and 
m =1,2,.... The weighted left creation operators W,,..., Wn associated with f and m, and 
defined by relation (1.4) have the following properties: 


(i) Vile agpWe We < I, where the convergence is in the strong operator topology; 
(ii) (id — Bp w)” 1) = Pc, where Pc is the orthogonal projection of F?(H,) on C, and the 
map ® 7,w: B(F?(Hn)) > B(F?(Hn)) is defined by 


Pp w(X)= >> dgWaX We, 
lal>1 


where the convergence is in the weak operator topology; 
(iti) limp—oo Di w (I) = 0 in the strong operator topology; 


(iv) +b” w, [Gd — Br w)"(1)] We = I, where the coefficients b”” are defined b (1.1), 
beri 2p "6 f B B y 
and the convergence is in the strong operator topology. 


Proof. Using relation (1.1), a simple calculation reveals that 


pi”) Ca 
Y *», —_) —e ifa=By, 
Wpey = i epy and Wpeg = [ym y (1.5) 


By 0 otherwise 
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for any a, B € i. Due to (1.5), we deduce that 


(m) 
Y q — 
WaWhea= | paver ita = By, (1.6) 
0) otherwise. 


Since the case m = | was considered in [45], we assume that m > 2. Notice that 


1 

* a 

(:- > apWpWj Jeo = 5 Kw ao 
1<|BISN o 


where Ky. = be” ifa= go, and 


Ky. =b”™ — ye apb” if |a| > 1. 
py=a, 1</B|<N 


Due to relation (1.3), if 1 < ja] < N, we have 
Kya = be) <b™, 


On the other hand, since ag > 0, be > 0 for any a,y € FF, we have Ky. < pb” if |a| > 1. 
Hence, we deduce that 0 < Kyg < bp”, whenever |a| > N. On the other hand, notice that 
if 1< NM) < No < |a|, then Ky, < Kyn,,q. Consequently, {7 — i<ipl<n apWpWe thai is 
a decreasing sequence of positive diagonal operators which converges in the strong operator 
topology. Hence, we deduce that vay pi>1 48 We We < I, where the convergence is in the strong 
operator topology. 

We prove now part (ii). By (1.6), the subspaces Cey, a € Fe; are invariant under Wg W;, 


Be E, and, therefore, they are also invariant under (id — © ¢ w)" (1). Consequently, it is enough 
to show that (id— ®¢ yw)" (1)1 = | and 


((id— Bp)" Dea, ea) =0 


for any a € F* with |a| > 1. The first equality is obvious due to (1.6). Using Lemma 1.2, we 
deduce that 


((id - P yw)” ea, eq) = (« ae > ee We Weea, ea) 
[B21 


i (m) 
_ (ou 3 ee 19") =0 


a 
ba py=a, |pI>1 


if w € Ft with |a| > 1. Therefore, (id — Of w)" (1) = Pc. 

To prove part (iii), notice that relation (1.6) implies Dr wea = 0 if p > |a|. This shows 
that limp— oo Ph wy (Dea = 0 for any a € F*. By part (i), we have Or wD || < 1 for any pe N. 
Now item (iii) follows. 
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It remains to prove (iv). To this end, notice that 


Pa, Bee 
PoWieg =} Ve ae (1.7) 
0 otherwise, 


and therefore >> BeFt bgWgPc Ws €q = ey. Using part (ii), we complete the proof. 


We can also define the weighted right creation operators Aj; : F 2(H,) > F?(H,) by setting 
Aj := R;G;,i=1,...,n, where R,,..., R, are the right creation operators on the full Fock 
space F?(H,,) and each diagonal operator G;,i = 1,...,, is defined by 


be 
Gj eq cm C@? ack, 
agi 


where the coefficients bm”, ae eae are given by relation (1.1). In this case, we have 


aa e and A%e as ey ifa=y£, (1.8) 
5 = (m) ; 
"in vB pro a 


Apey = 


otherwise 


for any a, 8 € F*, where B denotes the reverse of B = Bi, °° * Siz, Le. B= Si, °° + gi,;- Using 


n? 


Lemma 1.2 and (1.8), we deduce that 


Wf a 
* * = 
(:- 2 apps eu = Rate, 
1<IBI<N a 


where King = bw” if aw = go, and 
Ky. =b™ — Se agb™ if |a| > 1. 
yB=a, 1<|BI<N 


As in the case of weighted left creation operators, one can show that 


s agApAg <I and (id—@; ,)"(1) = Pe, (1.9) 
iBI>1 


where Fi: ee, Gr) Vial>1 Xa; a@ denotes the reverse of a, and Pz (X) = 
Vial>l di AgX Ax, X € B(F (H,)), with the convergence is in the weak operator topology. 


Since 


1 . 3 
ifa= B, 
Pc Agen =? jo” 


0 otherwise, 
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we deduce that 


x bs” Apl(id — Bz "(D5 = 1, 
peFr 
where the convergence is in the strong operator topology. Therefore, we obtain a result similar to 
Theorem 1.3 for the n-tuple (Ay1,..., Ay). 
A linear map g: B(H) — B(H) is called power bounded if there exists a constant M > 0 such 
that ||p*|| < M for any k @N:={1,2,...}. 


Lemma 1.4. Let g: BCH) > B(H) be a power bounded, positive linear map and let D € B(H) 
be a positive operator. Ifm €N, then 


(id—)"(D) >0 ifandonly if (id—y)*(D)>0, k=1,2,...,m. 
Proof. One implication is obvious. Assume that m > 2 and (id— gy)” (D) > 0. Due to the identity 
wa—ohoy= Deve (*) gry keN 
p=0 2 : 


and the fact that ¢ is a positive linear map, we deduce that x; := (pi (id — v)"—!(D)h, h) is a 
real number for any h € Hand j =0,1,.... Note that, we have 


xj — xj+1 = (9! (id — g)" (Dh, h) > 0. 
Therefore, {x;}S°) is a decreasing sequence of real numbers. 


On the other hand, using the fact that g is a power bounded linear map, there exists a constant 
M > Osuch that ||g*|| < M for any k € N. Therefore, we have 


P 
Y-((o/ — gi*")Gad — gy" 2(D)h, h) 


j=0 j=0 
= |((id — yg)" (D)h, h) — (?*" (id — gy"? (D)h, h)| 
< |((id — pt!) (id — gy"? (D)h, h)| 
< (1+ M)]||(id — g)"~*(D) || |h||? < 00 
for any p=0,1,.... Hence, we deduce that x; >0 for any j =0, 1,.... In particular, we have 


xo := ((id — y)y"—|(D)yh, h) > 0 for any h € 7H. Therefore, (id — gy"—!(D) > 0. Iterating this 
process, one can show that (id — g)*(D) > 0 for any k = 1, 2,...,m. The proof is complete. 


Corollary 1.5. [f y is a positive linear map on B(H) such that p(1) < I and (id — g)" (1) > 0 
for some m €N, then 


O< Gd—g)"D) < (id- 9)" "WD <--< Gd-g—\D<L 
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Given m,n € {1,2,...} and a positive regular free holomorphic function f := yi ait daXua> 
we define the noncommutative domain 


DY (H) = {X:=(X1,..., Xn) € BH)": (id — Bf x)*(1) 30 for 1 <k < m}, 


where ® fy: BCH) > B(H) is defined by Of x(Y) := Viale1 GaXaY Xe, Y € B(H), and 
the convergence is in the week operator topology. For the next result, we need to denote by 
(wit ) neds wit )) the weighted left creation operators (Wj, ..., W,) associated with DY”. The 


notation (Ay, acted AW) is now clear. 


Theorem 1.6. Let we, eas wi?) (respectively Ce lain A\W)) be the weighted left (re- 
spectively right) creation operators associated with the noncommutative domain Di. Then the 
following statements hold: , 


@) (Wi?,..., Wr?) © D"(F?(H,)); 
GY AG? cs Ae D’!(F?(Hn)); 


(iii) UrAr'u = wi, i=1,...,n, where U € B(F?(Hn)) is the unitary operator defined by 
equation U ey := e%, AE Fr; 
(iv) WAP SAWS? prig= L,o..wn. 


Proof. Items (1) and (ii) follow from Theorem 1.3, Lemma 1.4, and relation (1.9). Using relation 
(1.5) when f is replaced by f, we obtain 
/b 


; (mn) 
(Fa tl Y 
Wr ey = i) Cgiy: 
Di 3; 


x 


On the other hand, due to relation (1.8), we deduce that 


(m) (m) 
bz ,/b. 
(f) Y y 
wae vey =u"( “ma) = == gy. 


Therefore, Any — Ww”: i=l,...,n. 
Now, using relation (1.4), (1.8), we obtain 


for any a € Ft andi, j =1,...,m. Similar calculations reveal that AP WY ey = WP AM eq, 
which proves (iv). The proof is complete. 
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2. Noncommutative Berezin transforms 


In this section, we introduce a noncommutative Berezin transform associated with each n- 
tuple of operators T := (T,,..., T,) in the noncommutative domain Di} (71), and present some 
of its basic properties. 

Let f be a positive regular free holomorphic function on a noncommutative ball [B(H)" Ip, 
p > 0, with representation f(X1,..., Xn) := Vials dqyXq. Let T := (Ti,...,T,) € BCH)” be 
an n-tuple of operators such that the series a a|>1 4a To T,* is WOT-convergent, and consider the 
bounded linear map ® 7 : B(H) > B(H), given by 


@71(X):= Y> daTaXTz, X € B(K), (2.1) 
jal>1 


where the convergence is in the week operator topology. The joint spectral radius of T € Di (H) 
is defined by 


a> os k 1/2k 
FECT ge deg) = lim |%%7| ; 
We recall that the model n-tuple (A,,..., An) associated with Di} was defined in Section 1. 


According to the results of that section, the series » a|>1 4 Ag Ag is SOT-convergent and, there- 
fore, so is the series Vial>l dg Ag ® Ts. Notice also that 


Y> ag Aq ® T; | eS | S> ag Aq Ax | aig 
lal lal lal 
and 
k 
( ye cada ® TS) < ok OP ero. KEN, (2.2) 


jo|21 


where f(X1,...,Xn):= Vall ag Xq and P74) = Pai dg Ag Y Ax. Hence, we deduce 
that 


r( > ta Aa ®T} <r7(Ai,.--, An)rp (1, ete Ey, Th), 
Jol 21 


where r(A) denotes the usual spectral radius of an operator A. Due to the results of Section 1, 
we have I|P 7 aW)Il < 1, which implies r7(At, ..-, An) < 1. Consequently, we have 


r( es ta An ®T3) SET cela: 
|a|>1 


Therefore, if r¢(T1,..., Tn) < 1, then the operator 


=| lee) k 
(1 — S0 agAu® 13) = >a \) aAg® 73) (2.3) 
la|>1 k=0 * |a|21 


is well defined, where the convergence is in the operator norm topology. 
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For each T := (T,...,T) € D? (H) with r¢(T1,..., Tn) < 1, we introduce the noncommu- 
tative Berezin transform at T as the map Br : B(F 2(H,)) > B(H) defined by 


(Briglx, y) = (1 — 5 HAZ ® Ta) (¢ ® AF», 7) 


Jol 1 


x (1- yy ca An ®TE) (19x), 189}, (2.4) 


jo| 21 


where Arm, ¢ :=[Gd—@®p,7)"(1)] 1/2 and x, y € H. We remark that in the particular case when: 
n=1,m=1, f(X)=X,H=C, and T =) € D, we recover the Berezin transform of a bounded 
linear operator on the Hardy space H*(D), i.e., 


B,lg]=(1—Al’)(gka. ka), gg € B(H?(D)), 


where k,(z) := (1 —Az)7! and z,a €D. 

The noncommutative Berezin transform will play an important role in this paper. We will 
present some of its basic properties in this section. First, we need a few preliminary results about 
positive linear maps on B(7). 


Lemma 2.1. Let g: B(H) > B(H) be a linear map and k, q € N. Then 


; k-1 . 
H(A T orad—otad-T (M4 orid-e. es 


p=0 7=0 


Proof. Since ee, gy? (id — y) = id — p41", Eq. (2.5) holds for k = 1. We proceed now by 
induction over k. Assume that (2.5) holds for k = m. Since g(id — ~) = (id — y) and 


(5°)-042-(2279) 


(72 )era— on 


p=0 
‘ +m . +m 
255 ae ) orda—om - 0 (?# ) ora 9m 
p=0 p=0 
q 
=d- om D[(PEM)—(P AMON) Vprcia— oom — (45) ot Mid — 0” 
pal 


q 
+m-1 + 
= Gene ) ora om — (92) ot ado” 
p=0 


Using the induction hypothesis, we complete the proof. 


we have 
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Lemma 2.2. Let g: BCH) > B(H) be a power bounded, positive linear map and let D € B(H) 
be a positive operator such that (id — vy)" (D) > 0 for some m €N. Then the following limit 
exists for any he Handk =0,1,...,m—1: 


lim, soo(g?(D)h,h) ifk =0, 

1 Ko? (id — p)*(D)h, h) = ie 

pee ee Oyen te FPSO me 
Proof. For each h € H, p=0,1,..., andr =0,1,...,m, denote x¥” := (y? (id — g)" (D)h, h) 


and notice that, due to Lemma 1.4, re > 0. When k =0,1,...,m — 1, using the same lemma, 
we obtain 


k : 
xO _ a =(y? (id — g)**!(D)h, h) > 0. 
Therefore, a Dal g is a decreasing sequence of positive numbers. In particular, when k = 0, we 
deduce that limp.» oo(@?(DYh, h) exists. 

It remains to prove that 


lim_ p*(y? (id — g)*(D)h, h) =0 (2.6) 
prow 
for any k=1,...,m— 1. As an intermediate step, we will also prove that 
CO 
ye DP AX 26 (2.7) 
forr =1,...,m. Notice that this relation holds true if r = 1, due to the fact that the series 
Ce 
Y\(e? (id —g)(D)h, h) =(Dh,h) — lim (p? (D)h, h) 
i prow 
p= 


is convergent. We proceed now by induction over 7. Assume that 1 < N < m— | and that relation 
(2.7) holds for r = N, ie., Be pi < oo. We shall prove first that relation (2.6) holds 
for k = N. Due to the Cauchy criterion, we have 


1. (N 
yqgi= qu XM) + (q+ 1)"- : x te sO ge iy" aes as g > ©. 


Since ead cay isa ee sequence of positive numbers, we have ares a yq- Now, it is 


clear that (2g — 1x5 ou 1 > 0as gq — ov. On the other hand, since (2g) xi" de (2q Neo IP 


we have (2q)% x ere ‘0 as gq — oo. Consequently, relation (2.6) holds for k = oN y 
Now, we prove that if (2.6) holds for k = N (where 1 < N <m — 1) and relation (2.7) holds 
for r = N, then (2.7) holds also for r = N + 1. Notice that 


yes 4D = pl (y? (id — g)X*!(D)h, h) 
p=1 


q 
NV(N NAN) 
= Serta Fe oh 
r=1 
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(N) N_ (N) N,(N) 
= x\ +¥I (p+ 1% — pX]x0) -@+ rx 
p=1 


N N N 
x en p+D* 1 xy @ tN xi. 
p=1 


Using our assumptions, we conclude that (2.7) holds for r = N+ 1. This completes the proof. 


Let f be a positive regular free holomorphic function on a noncommutative ball [B(H)"],, 
p > 0. In what follows we introduce the noncommutative Berezin kernel associated with any 
n-tuple of operators T := (7, ..., T,) in the noncommutative domain Di} (71), and present some 
of its basic properties. 


Lemma 2.3. Let T:= (T1,...,T) € D(H) and let kr? >H > F?(Hn) ® Afm.r(H) be the 
map defined by 


Kyph = \) be ea @ AgmrTeh, hen, (2.8) 
aeFf 


where A f.m,r :=[U — ® pr)" (1)]!/?, the positive map ©® f,7 is defined by (2.1) and the coeffi- 
cients bo” are given by (1.1). Then 


(i) aay at =I — Of.r, where Q pr := SOT- lim +0 PF 9 (I); 
(ii) Kit = =(WF @1 W)KY?, i=1,...,n, where (W,,..., Wn) is the n-tuple of weighted left 


eon operators associated with the noncommutative domain D?. 


Proof. Since ®@f7(1) < I and ®,-7(-) is a positive linear map, it is easy to see that 
{i val yor pai is a decreasing sequence of positive operators and, consequently, O fr := 


SOL lim poo P+ 7() exists. Due to relation (1.1) and using Lemma 2.1, we deduce that 


os POT Ars. rTjh.t) 
peFt 


= (By rhs) + 


a 


| (DS? ThA* mr TA, h) 


= (4% nr) + S5(E00) ae ont 


= Me Vji= 
In|21,...lyl21 


2 
ay Sy ey ) 
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2 pPrm— 2 
= (in rth) + ( ad ) Me. Maytag Teg??? Ta A pr Te, TS, 
p=1 lay |21,...,]ep|21 
k 4 1 
oe Pare P . 
= fim (PRT!) Her steer yen }nnn) 
m—1 pas 
= ||Al|? — li J \ (pd — Spr) \Dhyh 
Il im > ( j yt pr LU — pr)! ]h, h) 
j=0 
for any h € 1. Now, applying Lemma 2.2 to ®¢7, we deduce that 
(m) 2 
YS bs TRAF mr Th = Iu — Opr- (2.9) 
Bey 
Due to the above calculations, we have 
(m) 1 \)2 (m) 1/2 
[PPh = So Oe (Tp AG mr TBR. h) = Wl? — |O/rA|? 
BeFt 
for any h € H. Therefore, K He is a contraction and 
Ko k= =Ihy— Ofr. (2.10) 
On the other hand, one can show that 
KS (W* @ In ce i=1,...45n, (2.11) 
where (Wj,..., W,,) is the n-tuple of weighted left creation operators associated with the non- 


commutative domain D?. Indeed, notice that, due to relation (1.5), we have 


[pm 
ifa = g; 
Wea = Tien 8iY; 
0) otherwise. 


Hence, we deduce that 


(Wi @In)KV Ph = \> yds Wrea ® Apr Teh 
aeFr 
Be 
by) + —— sey @ Agim, Tlyh 
- 


— Kk™ 
=KypTih 


for any h € H andi =1,...,n, which proves our assertion. 
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We can define now the extended noncommutative Berezin transform Br at any T € Di} (H) 
by setting 


Brlgl:= KVP (g@hoK yp, g €B(Fe(n)), (2.12) 


where the noncommutative Berezin kernel Ky Nee :H — F?(H,) @ H is defined by 


KER = > be ea @ ApmrTeh, HEH, (2.13) 


ackt 


the defect operator Ap m, ¢ := [Cid — @p7)"()] 1/2 and the coefficients bm”, a € F*, are given 
by relation (1.1). 


Proposition 2.4. The noncommutative Berezin transforms Br and Br coincide for any n-tuple 
of operators T :=(T,,..., Tn) € Di} (H) with joint spectral radius r¢(T,,..., Tn) <1. 


Proof. Due to Lemma 1.1 and relation (2.3), the operator (J — yy esi ag Aa & Ts )~™ has the 
Fourier representation is )> BeFt (Ag ® bp T;). Consequently, using relations (1. 8) and (2.13), 


we obtain 
Kyph = \) bu ea @ Agm.rT gh 
ack, 
x : (m) * 
=1@Apmrh+ D7 bP Ap) ®@ AfmrTzh 


[B|21 


—m 
= p24) ® Sem p)(T- > tala ® Te) (1 @h) 
jo|>1 


for any h € H. Taking into account relations (2.4) and (2.12), we complete the proof. 


Let us recall some definitions concerning completely bounded maps on operator spaces. We 
identify M;,(B(H)), the set of k x k matrices with entries in B(H), with BCH), where H™ 
is the direct sum of k copies of 71. If Y is an operator space, i.e., a closed subspace of B(H), 
we consider M;(¥) as a subspace of M;,(B(H)) with the induced norm. Let 1, Y be operator 
spaces and u: ¥ — Y be a linear map. Define the map ux: My(¥) > My(Y) by 


ux(Lxijlk) = [u@iy)],- 


We say that u is completely bounded if ||u||cp := supgsy ||Wxe|] < 00. When |lu||ch < 1 (respec- 
tively ux is an isometry for any k > 1) then u is completely contractive (respectively isometric). 
We call u completely positive if uz is positive for all k > 1. For more information on completely 
bounded maps and the classical von Neumann inequality [53], we refer to [28,29]. 

Let f(X%,..., Xn) = iis 14aXq be a positive regular free holomorphic function on 
[B(H)"lp, e > 0, and let T := (7),..., T,) be an n-tuple of operators in the noncommuta- 
tive domain Di} (H). Recall that the positive linear map ®¢7: B(H) > B(H) is defined by 
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Per (X)= » a|>1 Galo XT, T,;, where the convergence is in the weak operator topology. In the 
proof of Lemma 2.3, we saw that Q ¢7 := SOT- limy_, 9 pk UZ) exists. We call an n-tuple T 
pure (or of class C.o) if Qfr =0. We remark that if | Dp rd)|| <1, then T is of class C.o. 
This is due to the fact that jo POI < IDpr (Dk. Note also that, due to Theorem 1.6, the 
model n-tuple W := (Wj,..., i, ) is in the noncommutative domain Di? (F 2(H,,)) and, due to 
Theorem 1.3, it is of class C.. J 

We introduce the domain algebra A,(D”) associated with the noncommutative domain D? 
to be the norm closure of all polynomials in the weighted left creation operators W1,..., W, and 
the identity. Using the weighted right creation operators associated with D*, one can define the 
corresponding domain algebra R, (D7). , 


Theorem 2.5. Let T := (7T,...,T,) be a pure n-tuple of operators in the noncommuta- 
tive domain Di} (H). Then the restriction of the noncommutative Berezin transform Br to 


span{ Wa W; ; a, B € F*} is a unital completely contractive linear map such that 
Br[WeWj|]=ToTj, a, BF. 


In particular, the restriction of Br to the domain algebra Ay (D*) is a completely contractive 
homomorphism. 


Proof. According to Lemma 2.3, K Me is an isometry if and only if T:=(T),...,T)) € Di} (H) 
is a pure n-tuple. Part (ii) of the same lemma and relation (2.12) imply 


Br [WoW] = Kip" [WaWg @ In)K i? =TaTj, 0, BERS. 


Now, one can easily deduce that Br isa unital completely contractive linear map. This completes 
the proof. 


We say that an n-tuple of operators X := (X1,..., Xn) € Di} (71) has the radial property with 
respect to Di (H) if there exists 5 € (0,1) such that rX = (ex lyee, 7 Xn) € Di (H) for any 
ré(6, 1). 


Proposition 2.6. Any noncommutative domain Di} (H) contains a ball [B(H)"],, y > 0, and, 
therefore, n-tuples of operators with the radial property. 


Proof. Since f = » w|>1 4a Xo is a free holomorphic function on a certain ball [B(H)"]s, 


6 > 0, we have lim SUP A> o0(2 a= _4|de|)!/** < oo. Consequently, there exists a constant M > 0 


such that |ag| < M* for any a € Ft with ja| =k. Let r € (0, 1) be such that Mr < | and let 
(X1,..., Xn) € [B(H)”],. Then we Wave 


oo 2 
M 
@ px (I M*| S\~ xX X* Mey 
Jecxt] <M] Yo XoxG] < Dot = 
k=1 lo|=k 
which converges to zero as r —> 0. Since f*, k = 1,...,m, is a free holomorphic function with 


f*(0) = 0, a similar result holds. Therefore, there exists a ball [B(H)"],, y > 0, such that 


1024 G. Popescu / Journal of Functional Analysis 254 (2008) 1003-1057 


IP ex ()|I|,-.-, || Ppn_x CZ) || are as small as needed for any X € [B(H)"],. On the other hand, 
we have Py (I) = P pe x1) and 


(d—-Opx)"D=1-Yo-y! () ® px x(1). 
k=1 


Now, it is clear that 7 — ® x)” (J) > O for any X in an appropriate ball [B(H)"],, y > 0. The 
proof is complete. 


We remark that one can easily prove that if p is a positive regular noncommutative polynomial 
and T := (Tj,..., T,) € B(H)” is such that (id — ®p,7)* > cI for some c > 0 and any 1 < 
k<m, then (T1,...,7,) € Dd, (H) has the radial property. 

The next result extends Theorems 3.7 and 3.8 from [39] to our more general setting. We only 
sketch the proof. 


Theorem 2.7. Let T :=(T,...,T,) be an n-tuple of operators with the radial property in the 
noncommutative domain D? (H) and let S := span{ Wy We: a,BpeE FF}. Then there is a unital 
completely contractive linear map Vf.m,r :S — B(H) such that 


W¢m,T (8) =e Brig], g€S, (2.14) 


where the limit exists in the norm topology of B(H), and 
Wem. (WaWz) =ToTf, o, BEF. 


In particular, the restriction of V¢,m,7 to the domain algebra Ap (D’') is a completely contractive 
homomorphism. If, in addition, T is a pure n-tuple, then 


lim B-r[g]=Brlgl, g€S. 


r>1 


Proof. Since 0 <r <1, (rTj,...,rT,) € Di} (7H) is a pure n-tuple. Indeed, it is enough to see 
that Op (1) < pl p< r*I for k € N. Therefore, due to relation (2.10), K ¢,7 1s an isom- 
etry. Now, Lemma 2.3 implies 


KOM [WaW§ @ by) KM, =rITATS, 0, B EFT. 2.15) 


Hence, we deduce that 


> Ca,pWa Wp | (2.16) 


re 
a,BeEA 


a,BEA 


for any finite set A C Ft and cy,g € C. For each g € S, let {qx (Wi, Wi)}Ro9 be a se- 
quence of polynomials of the form D8 Be A Ca,B Wa W; which converges to g, as k > o. 
Define W¢n,7(g) := limg—soo gx (Tj, T;*). The von Neumann type inequality (2.16) shows that 
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Wrm,7 (g) is well defined and ||W¢m,r(g)|l < llg||. Using the matrix version on (2.15), we de- 
duce that Y¢,,7 is a unital completely contractive linear map. To prove the second part of the 
theorem, one has to use the relation 


Brilgl=Kyrp(g@lw)Kyrp, gS, 


and standard approximation arguments (see [39]). 


We say that a noncommutative domain Di} has the radial property if each n-tuple X € D” (H) 
has the radial property, where 7 is a separable infinite-dimensional Hilbert space. Notice that, 
if m = 1, then the noncommutative domain D!. has always the radial property. When m > 1, we 
have the following class of noncommutative domains with the radial property. 


Example 2.8. If p(X1,..., Xn) := a, X1 +---+anXn, q > 0, then the noncommutative do- 
main D(H), m = 1,2,..., has the radial property. Indeed, let X := (X1,..., Xn) € D(H), 
0 <r <1, and note that 


(id — ®p rx) =[(id — ®,x) + =) ®p x] 
k 
f= 


for any k = 1,...,m. By Corollary 1.5, we have (id — Pp,x)/ (1) > 0 for j = 1,...,m. Now, 
using the fact that &/ x is a positive linear map, we deduce that (id — Poi) > 0 for j = 
1,...,m andr e€ (0, 1], which proves our assertion. 


Assume that p is a regular positive noncommutative polynomial and D” is a noncommutative 
domain with the radial property. Under these conditions, one can prove the following. 


Corollary 2.9. An n-tuple of operators (T,,..., Tn) € BCH)” is in the noncommutative domain 
D‘, (H) if and only if there exists a completely positive linear map W : C*(W1,..., Wn) > BCH) 
such that V (W,, Ws) = Ty Tp a, B € F*. In particular, the result holds if p = a,X\+---+anXp 
with a; > 0. 


Proof. The direct implication is due to Theorem 2.7 and Arveson’s extension theorem [5]. For 
the converse, use Theorem 1.6, and notice that W[(J — pw) (I = (UJ - ® pp) (ID) fork = 
l,...,m. 


3. The Hardy algebra F.° (Dr) and a functional calculus 


In this section, we introduce the Hardy algebra F°° (D") (respectively R?° (D")) associated 
with the noncommutative domain D’ and present some basic properties. The main result is an 
Fee (D’;)-functional calculus for completely noncoisometric n-tuples of operators in the non- 
commutative domain D”’. 

Let f be a positive regular free holomorphic function on a noncommutative ball [B(H)"]p, 
p > 0, with representation f(X1,..., Xn) := Vials AqyXq. As preliminaries, we need some 
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inequalities concerning the coefficients pe associated with f (see Section 1). According to 


Lemma 1.1, if |w| > 1 and |6| > 1, then we have 


lal Il, . 
(m) p(m) _ j+m—1\(k+m—-1 
ee 


j=lk=1 


x ) ) ty ay“ 


Yi yj 01: OK=B 
Imf21,...lyj/21 loy|21 sis jog |>1 


and 


a6 |o|+|B| emai 
: 
B= CR )L Lea 


€]--€p=aB 
le: |S1,..., lepl21 


Note that, for any j = 1,...,|a| andk=1,...,|6|, 
j -—1 k -1 i+k+m—1 
ati pag < Mipim |? - , 
m— 1 m—1 m—1 


where M\g),m ‘= ( 18 ey A closer look at the above-mentioned equalities reveals that 


bebe? < Mig, Pe a € Ft, (3.1) 


Similarly, we obtain 


be bY” < Miaj.mbos, BEF. 


ap? 


Let p(W1,..., Wn) = >> pert C6 We be a formal sum with the property that 


Pe lepl” om < 


BeFt bp 


where the coefficients bg, B € Fr, are given by relation (1.1). Using relations (1.5) and (3.1), 
one can see that > pert cpW,(p) € F?(H,) for any p € P, where P is the set of all polynomial 


lp (m) 
in F?(H,). Indeed, for each y € F, we have Vipert cpWeley) = pert CB i egy and, due 


to inequality (3.1), we deduce that 


SS lop? 5) Mi De lea” pom) 


BeFt bby BeFy bs 
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If 
sup a cp Wp(p)|| < 09, 
peP, \lpil<1 pert 
then there is a unique bounded operator acting on F 2(Ah), which we denote by g(Wj,..., Wn), 
such that 


e(W,..., Wa)p= YS cpWp(p) forany peP. 
peFy 


The set of all operators g(W1,..., Wn) € BUF 2(An)) satisfying the above-mentioned proper- 
ties is denoted by Fo (D’;). When f = X,+---+ X, and m= 1, F° (D’) coincides with 
the noncommutative analytic Toeplitz algebra F>°, which was introduced in [34] in connection 
with a noncommutative multivariable von Neumann inequality. As in this particular case, one 
can prove that F°° (D") is a Banach algebra, which we call Hardy algebra associated with the 
noncommutative domain D”. 

In a similar manner, using the weighted right creation operators (A;,..., A,) associated 
with Di. one can define the corresponding the Hardy algebra R?° (D’;). More precisely, if 


8(Aq,..., An) = Vigert cp Ap is a formal sum with the property that Dipert leal? sim <O, 


where the coefficients bm”, ae ES are given by relation (1.1), and such that 


sup 
péP, |lpil<l 


<M, 


Dd. p4a(r) 


beFy 


then there is a unique bounded operator on F 2(H,,), which we denote by g(Aq,..., An), such 
that 


g(A1,..., An)p= > cg Ap(p) for any p € P. 
BeFn 


The set of all operators g(A1,..., A,) € BUF 2(An)) satisfying the above-mentioned properties 
is denoted by Ro° (D7). 


Proposition 3.1. Let f be a positive regular free holomorphic function on a noncommutative 
ball [B(H)"]», p > 0, and let Di} be the associated noncommutative domain. Then the following 
statements hold: 


(i) Fo (Di) = U" (Fr (DE))U = RY (D"), where ' stands for the commutant and U € 


B(F?(Hy)) is the unitary operator defined by Uey = eg, a € Fr; 
(ii) Fo De)" = F% (D’) and Re (De )” = R (D7). 


Proof. Let (wit y dy wit dy (respectively (AY ?, Pay A‘f y) be the weighted left (respectively 
right) creation operators associated with the noncommutative domain Di. Due to Theorem 1.6, 
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part (iii), we have U*(F7° (Di;))U = Ry (D'). On the other hand, since Wars Awe 
for any i, 7 =1,...,n, it is Riots that Rp (Di) S Cc Fe (Di)’. To prove be reverse inelasibas 


let AE Ee CDMy. Since A(1) € F?(Hy), we have A(1) = pert Cf for some coef- 


Sa 
bs 


ficients {cs} pert with pert Icpl? a < oo. On the other hand, since AW? = WPA for 


i=1,...,n, relations (1.5) and (1.8) imply 


Aey = V be” AWy (1) = y¥ bo? Wy ACL) 


pw”) 
= op lap = Dy pAplea) 
BeFt b™ BeFt 
ap 


for any a € Ft. Therefore, A(q) = >> peF, CpAB (q) for any polynomial q in the full Fock space 
F?(H,). Since A is a bounded operator, g(Aj,..., An) = fer, cg Ag is in RY D") and A = 
g(Aj,..., An). Therefore, R>° DF) = =F (Di ny! The item (ii) follows easily falas part (i). 
This sonipletes the proof. 


An obvious consequence of Proposition 3.1 is that F,° (D’) is WOT-closed (respectively w*- 
closed) in B(F2(H,)). 

Let Qx, k > 0, be the orthogonal projection of F7(H,) on the subspace span{ey: |a| = k}. 
For each integer j, define the completely contractive projection @; : B(F 2(H,)) > B(F2(Hn)) 
by 


@(A)= DY) OAQu;. 


k>max{0,—j} 


According to Lemma 1.1 from [15], the Cesaro operators on B(F ?(H,)) defined by 


D(A) := oa (1 = DY @ A) ke 
lil<k 


are completely contractive and »;(A) converges to A in the strong operator topology. Now, 
let Ae F* (D’) have the Fourier representation >> weFt Aa W.,. Due to the definition of the 
weighted left ee aton operators (see (1.4)), one can check that 


Oxn+jAQ; a( = tuWa) k>0, j 20, 
lo |=k 
and Q;AQx+; =Oifk > 1 and j > 0. Therefore, 


Z,(A) = s (1- aa We 


lo|<k—-1 
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converges to A, as k — oo, in the strong operator topology. Therefore, we have proved the 
following result. 


Proposition 3.2. The algebra F°° (D’; ) is the sequential SOT- (respectively WOT-, w*-) closure 
of all polynomials in W,, ..., Wn, and the identity. 


Now, we have all the ingredients to extend the corresponding results from [17,45], to our more 
general setting. More precisely, one can similarly prove that the following statements hold: 


(i) The Hardy algebra F,°° (DY) i is inverse closed. 
Gi) The only normal elements in Fy (D’) are the scalars. 
(iii) Every element A € F°° (D’) has its Send o (A) ¥ {0} and it is injective. 
(iv) The algebra Fo (D’) ue no non-trivial idempotents and no nonzero quasinilpotent 
elements. ! 
(v) The algebra F ade is semisimple. 
(vi) If Ae FD), n > 2, then 0(A) =o¢(A). 


We recall that an n-tuple (7), ..., Tn) € Di} (71) has the radial property with respect to D (H) 
if there exists a constant 6 € (0, 1) ich that G T,,..-,7Ty) € Di} (H) for any r € (6, 1). : 


Lemma 3.3. Let (T|, ..., T,)be an n-tuple of operators with the radial property in the noncom- 
mutative domain D? (H). Then 


PCTieuut Kp = KeO*(g (rW1,...,7Wn) @ In) foranyr€ (5,1) B.2) 
and g(W,,..., Wi) = Y pert cp We in FY (D"), where 
[o,@) 
g(rTi,...,°Tn) = 2 > cyr!*| Ty 
k=0 |a|=k 
with the convergence in the operator norm topology. 


Proof. According to relations (1.6) and (3.1), the operators {Wg}\g|=x have orthogonal ranges 
and 


1 
|| Wex|| < ——— 
yee” 


where Mg) m ‘= (1? Hae E Consequently, we deduce that 


Mig) mlx, xE F?(Hn), 


m—1 


| bpWpW, 
|Bl=k 


aa) for any k=0,1,.... (3.3) 


Since g(W1,..., Wn) € FD), we have pert lel? 55 < oo. Hence and using (3.3), we 
deduce that, forO <t <1, 
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ok + Los (m) ue 
m * 
ae: cael <3 B03 Ica an) yo by WeWp 
k=0 | |pl=k k=0 = |Bl=k |Bl=k 
00 1 1/2 
2 RE k+ 1 
<)( > te =m) ( m= ) 
k=0 *|pl=k B 
1 2 = 2k k+tm-—1 1? 
I) ea) 
which proves that 
k 
g(tW,...,tWn) = jim DO ye tl cy Wey (3.4) 


p=0 |a|=p 


is in the noncommutative domain algebra A, (D";), where the convergence is in the opera- 
tor norm. Consequently, Theorem 2.7 implies that g(r7|,...,7T,) = apenas: Car!“ Ty 
is convergent in the operator norm topology. On the other hand, due to Lemma 2.3, we have 
T.K@* — KO)" (WW; ® In) for any i = 1,...,n. Now, one can deduce (3.2). This completes 


fT 
the proof. 


In what follows we show that the restriction of the noncommutative Berezin transform to 
the Hardy algebra F,°° (D’') provides a functional calculus associated with each pure n-tuple of 
operators in the noncommutative domain Di} (7H). 


Theorem 3.4. Let T := (T),...,T,) be a pure n-tuple of operators in the noncommutative do- 
main D? (H) and define the map 


Wr: F°(Dt) > BCH) by Wr(g):=Brlgl, 
where Br is the noncommutative Berezin transform at T € Di (H). Then 


(i) Wr is WOT-continuous (respectively SOT-continuous) on bounded sets; 
(ii) Wr is a unital completely contractive homomorphism and V7 (Wy) = Ty fora € Ft. 


If, in addition, the universal model (W,,...,W,) has the radial property with respect to 
Di (F*(Hn )), then 


Wr (g) = SOT- _ g(rT),...,7Th) 
rr 


for any g:= pert cp We in FD’), where g(rT},...,7Tn) = Dp ee Car!!Ty and 
the convergence is in the operator norm topology. 


Proof. According to Section 2 (see relation (2.11)), we have 


Wr(g)= Kvn (g@IKC?, ge Fe(D"), (3.5) 
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where the noncommutative Berezin kernel K we is given by relation (2.13). Using standard facts 


in functional analysis, we deduce part (i). 


Now, we prove part (ii). Since T is a pure n-tuple of operators, by Lemma 2.3, K He is an 


isometry. Consequently, relation (3.5) implies 


[regi]. | < [Laie 


for any operator-valued matrix [g;;]x in My (Fo (D")), which proves that Wp is a unital com- 
pletely contractive linear map. Due to Theorem 2.5, Wr is a homomorphism on polynomials in 
Ee (D*;). By Proposition 3.2, the polynomials in W;,..., W, and the identity are sequentially 
WOT-dense in F°° (D’;). On the other hand, due to part (i), Wr is WOT-continuous on bounded 
sets. Now, one can use the principle of uniform boundedness to deduce that Wr is also a homo- 
morphism on F,°° (D";). 

Now, we prove the last part of this theorem. Assume that the model n-tuple (Wj, ..., W,,) has 
the radial property with respect to Di} (F?(H,)). First, we show that 


g(Wi,..., Wn) = SOT- lim g(tWi,...,tWn) (3.6) 
t> 


for any g(Wj,..., Wn) := pert cpWp € F°(Dy). According to Lemma 3.3, 
k 
g(tW, Wa) i= lim So tl cg Wa (3.7) 
k=0 |a|=p 
is in the noncommutative domain algebra A, (D’)), where the convergence is in the oper- 
ator norm topology. Fix now y,o,¢ € F* and consider the polynomial p(Wi,..., Wn) := 
pert IBl<ly! cpg Ws. Since Wpey = 0 for any 6 € F* with |B| > ||, we have 


g(rW,...,7Wn)*ey = p(rWi,...,7Wn)* ex 


for any a € F* with |a| < |y| and any r € [0,1]. On the other hand, since rW := 
(rWi,..-,7Wr) Ee DY (F?(Hn)) for r € (6, 1), Lemma 2.3 implies 


Key (TW, 7 Wa)* =[p(W1, «6. Wa)* ® Lpaceny Ker 
for any r € (6, 1). Using all these facts, careful calculations reveal that 
(Ke yar, TWh)" ey, Cg ® €e) 
= (Key POW, 1. 7Wh)*ey, Co ® ec) 
= (pM, w+, Wn)* ® Tro) Ker wer eo @ ee) 


= S> rl /b™ (DOM, ..., Wn)*ep, €o)(Whey, Aprwee) 
BEE 
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= Se Bl bsg, ..+5 Wn)*eg, €a)(Wpey, A fprwee) 
peFy 


— ([g(W1, Satie W,)* ® Troy |K ee wey: eg ® ee) 


for any r € (6,1) and y,o,€ € Fr. Hence, since g(rW),...,7W,,) and g(Wj,..., W,) are 
bounded operators, we deduce that 


Ke yg (rW1, 7 Wa)* =[g(W1,.... Wa)® ® prc, |K pew: 


Since the n-tuple rW := (rWj,...,7Wn) € DY (F?(Hn)) is pure, the Berezin kernel Loire is 
an isometry and, therefore, the equality above implies 


|g@Wi,....7Wn)|| <|g(Wi.....W,)|| for any r € (y, 1). (3.8) 
Hence, and due to the fact that g(W1,..., WnJeo =lim-+1 g(rW1,..., 7Wn)eq for any a € F;, 


an approximation argument implies relation (3.6). 
According to Lemma 3.3, we have 


BUTI, 0. Tn) KEP = KEP (g(rWi,....7Wn) @ In) for anyr€ (5,1). (3.9) 


On the other hand, since the map Y +> Y @ Jy is SOT-continuous on bounded sets, relations 
(3.6) and (3.8) imply that 


SOT- lim [g(rW1, ...,7Wn) @ In|=8(Wi,..., Wn) @ IH. (3.10) 
F See 


Hence, using relation (3.9) and that K ie is an isometry, we deduce that 


SOT- lim g(rTi,..., PTS EGP 8 Wis 32s Wr) ® Ing] Ky =Brlg]. (3.11) 
rT 


This completes the proof. 


We need now the following technical result concerning the Berezin transform and the radial 
property. 


Lemma 3.5. Jf T := (T|,...,T,) € D; (H) and the universal model (W,,..., Wy) have the 
radial property, then there exists 8 € (0, 1) such that the noncommutative Berezin kernel satisfies 
the relation 


Ker (g (Wi,...,Wn) ® In) =90Th, ..., eo (3.12) 


for any g(Wi,..., Wn) € FD") andr € (6, 1). 
If, in addition, T := (Ti, ..., Tn) € D? (H) is a pure n-tuple of operators, then 


B-rlg]=Brlig-l, re (5,0, 


where g-(W1,..., Wn) :=g(Wi,...,7 Wp). 
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Proof. First, notice that Lemma 2.3 implies 
Ker LPM, Wr) @ In] =pCT,..., Pi)Ker (3.13) 


for any polynomial p(Wj,..., Wn) andr € (6, 1). Since rT := (rT), ...,7Tn) € DY (H), rela- 
tion (3.7) and Theorem 2.7 imply 


jim lr lley Ty = 9(rT1,...,7Tn) for any t €[0, 1), re (5, 1), 
—> oo 
lal <k 


where the convergence is in the operator norm topology. Using relation (3.13), when 
k 
p(w, wee Wa) = > > t “ley Wa, 
q=0 |a|=q 
and taking the limit as k > oo, we get 
Key [se(Wi,---. Wn) @ In] =Bi(rTi,....7Tn) Kee for r € (5, 1). (3.14) 
On the other hand, let us prove that 


lim ge(rT),...,7 In) = BT, ....7In), (3.15) 
t> 


where the convergence is in the operator norm topology. Notice that, if € > 0, there is mo € N 
such that 


Cc 
k -—1 
pa r*( nie \<G where M := ||g(W,,..., W,)(1)|. 
=m0 


Since (Ti, ..., J») € D¢” (H), Theorem 2.7 and relation (3.3) imply 


geen 
m—1 


| 3 tens) <] Yo ba wows 
|Bl=k |Bl=k 


Now, we can deduce that 


oo oo 1\1/2 1/2 
Le | Cem] < ( Lee) [wrens 
k=mo*|Bl=k k=mo |B|=k P |Bl=k 
c(k+m-1 € 
<M yor ( cu )<§ 
k=mo 


Consequently, there exists 0 < d < | such that 
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3 ye (Myles t, J oe r 


k=0 |a|=k k=0 |a|=k 
é mo—1 
S5r yo k(t -1) Y-> cpTp 
k=1 |Bl=k 


mo—1 
€ kik k+tm—1 
<ptM hf ae )<e 


for any t € (d, 1). Hence, we deduce (3.15). Using relations (3.10), (3.15), and taking the limit in 
(3.14), as t > 1, we obtain (3.12). Now, assume that T is a pure n-tuple. Based on Proposition 2.4 
and relations (2.12), (3.2), and (3.12), we deduce that B-7r[g] = Br[g;] for r € (6, 1). The proof 
is complete. 


Using Theorem 3.4 and Lemma 3.5, we can deduce the following Fatou type result. 


Corollary 3.6. Let T := (T),..., Tn) € D? ; (1) be a pure n-tuple of operators and assume that 
(W,,..., Wy) has the hdital property Then 


SOT: lim B,r[g] = Br[g] for any g € F°(D"). 
= . 


Proof. Recall that @¢7(X) := Vial>l dqyTyXT,*, where the series is WOT-convergent. Since 


the sequence wacinict Agr?! W. W is bounded and SOT-convergent to Pyrw(l), ask > oo, 
the proof of Theorem 2.5 implies 


® p71) = Kp [P pw) @ In] Ky? 
and, consequently, 
(= Bp pr)"1) = KEP LT = Gp pw)"(D @ In] Ky 


Since (W1,..., W,) has the radial property, so does (7), ..., J,). Using now Theorem 3.4 and 
Lemma 3.5, we can complete the proof. 


An n-tuple T := (T),...,T) € D? (H) is called completely non-coisometric (c.n.c) with 
respect to the noncommutative aie D’; (H) if there is no vector h € H, h £0, such that 


(G5 (Dh, h) = ||A||? for any k=1,2,.... Spas to relation (2.10), we have 


|KePal =a? -oyral?, nen, 


where Q ¢,7 := SOT- limg—o0 oY 7 (1). Notice that T is c.n.c. if and only if the noncommutative 


Berezin kernel K ea is one-to-one. 


Now, we can present an f° (D")- functional calculus for c.n.c. n-tuples of operators in the 
noncommutative domain Di} (H). 
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Theorem 3.7. Let Di} be a noncommutative domain such that the universal model (W,, ..., Wn) 
has the radial property. If T :=(T,,..., Tn) € Di} 7 (it) is a completely non-coisometric n-tuple 
of operators with the radial property, hen 


P(g) = SOF lim gr(Fi,-.+5 Tn); g=a(Wi,..., Wi) € F.°(D"), 


exists in the strong operator topology and defines amap ® : F,-° (D") — B(H) with the following 
properties: 


i) }(g) = SOT-lim,-_,1 B-7[g], where B,7 is the noncommutative Berezin transform at rT € 
D'" (11); 
Gi) ® is WOT-continuous (respectively SOT-continuous) on bounded sets; 
(iii) ® is a unital completely contractive homomorphism. 


Proof. Let 5 € (0, 1) be such that (r7),...,7T,) € D7 (H) and (r Wi, ....7Wn) € D?(F? (Hn) 


for any r € (6, 1). Due to (3.8) and taking the limit in relation (3.2), as r > 1, we Loe that 
the map G : range Le — H given by Gy :=lim,_,1 g-(T, ..., Tn) y, y € range Key i is well 
defined, linear, and 


[KP ol <timsup eM... WLLL? "OL < [OM WoTLK EP "el 
| oe 


for any g € F?(Hn) @H. 

Now, assume that T = (7),...,T,) € D(H) is c.n.c. Since the Berezin kernel Ke is one- 
to-one, its range is dense in H. Consequently. the map G has a unique extension to a bounded 
linear operator on 7, denoted also by G, with ||G|| < ||g(W1,..., Wn) ||. Let us show that 


lim gr(71,.-+,Injh = Gh for any h eH. (3.16) 
rt 
Let {yx}?2, be a sequence of vectors in the range of K tT? which converges to y. According to 
Theorem 2.7 and relations (3.7), (3.8), we have 

le-(T1, ee | T,)| < |e-(Mi, a¥ 4-9 W,)|| < lem, ue eS W,)|| 


for any r € (5, 1). Let {yx}72, be a sequence of vectors in the range of K * which converges 
to y, and notice that , 


||Gh— gM... Tr)h|| < |Gh — Gygll + || Gye — gr (T1,-.-, Tr) Ye | 
+ |ler(T1,.--s Tr) ye — 8r(T1, «+s Trl 
<2 g(W1,..., Wn) ||I/A — yell + || Gye — ge (T1,--., Tn) ye |. 


Since lim,_.1 g-(7), ..., Tn) yk = Gyx, relation (3.16) follows. Due to Lemma 3.5, we have 
Br(T1, 25 Tn) = Keer [8(W1, «5 Wn) @ Ly] Ker (3.17) 


which together with (3.16) imply part (i) of the theorem. 
Now let us prove part (ii). Due to relation (3.17), we have 


|¢-(71,..-,T)|| < |g, -.., Wa) 
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and, therefore, ||®(g)|| < ||g|| for g € F7° (D’'). Taking r — | in relation (3.2) of Lemma 3.3 
and using part (i), we obtain , 


P(g) Ky = KE (g@1), ge F(D"). (3.18) 


Let {g;} be a bounded net in Foo (D'; -) such that gj > g € FP (D’;) in the weak (respectively 
strong) operator topology. Then g; 3 T converges to g @ J in the vane topologies. By (3.18), 
we have P(gi)K yp = KE (g g; ® 1). Since the range of ay is dense in H and {®(g;)} 
is bounded, an aepiianon argument shows that }(g;) — ®(g) in the weak (respectively 
strong) operator topology. 

To prove (iii), note that (3.17) and the fact that K ¢,7 is an isometry for r € (6, 1) imply 


I[sis@Ti.---.7 To) Je | < [Laie 


for any operator-valued matrix [jj], € Mx(Fy° (D’)) and r € (6,1). Hence, and due to the 
fact that }(g;;) = SOT-lim,., g;j(rT, ...,7Tn), we deduce that ® is completely contrac- 
tive map. On the other hand, due to Theorem 2.7, ® is a homomorphism on polynomials in 
W,..., W, and the identity. Since these polynomials are sequentially WOT-dense in F.°° (D’') 
(see Bronosition 3.2) and ® is WOT-continuous on bounded sets, we deduce part (iii). The prot 
is complete. 


Consider the particular case when the domain D’””’, m > 1, is determined by the noncommuta- 
tive polynomial p = a, Z, +---+4nZn, aj > 0. Due to Example 2.8, Dy, has the radial property. 
Therefore, according to Theorem 3.7, there is an F>° (Df, )-functional calculus for any c.n.c. n- 
tuple of operators in Di, (7H). When m 2 2, n = 1, and p = Z, we obtain a functional calculus 
for Agler’s m-hypercontractions. On the other hand, if m= 1,n=1, and p= Z,+---+Zhy, 
we obtain the F°°-functional calculus for row contractions [35]. Moreover, if m = 1, n = 1, and 
p = Z, we obtain the Nagy—Foias H®-functional calculus for c.n.c. contractions. We remark 
that the H°°-functional calculus works for a larger class of contractions (see [51]). 


4. Weighted shifts, symmetric weighted Fock spaces, and multipliers 


In this section, we find all the eigenvectors for wi ,-.+, W*, where (Wj,..., Wy) is the uni- 
versal model associated with the noncommutative domain D" As consequences, we identify the 
w*-continuous multiplicative linear functional on the Hardy inet ee (D’') and find the joint 
right spectrum of (Wj, ..., W,). We introduce the symmetric weighted Fock space Fe (D’) and 


identify it with a reproducing kernel Hilbert space H?(D!. ,(C)). We also show that the algebra 
of all its multipliers is reflexive. This section plays an important role in connecting the results of 
the present paper to analytic function theory on Reinhardt domains in C”, as well as, to model 
theory for commuting n-tuples of operators. 

Let f= » w|>14aXq be a positive regular free holomorphic function on [B(H1)"], p > 0, 
and define 


Di(C) = {a= Once eo" Ss dy|Aw|* < 7 cD¥(C), 


jo| 21 


where Ay := Ai, +++ Ai, if a = gi, ++ Bi, E Ft, and Ag, = 1. 
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Theorem 4.1. Let (W1,..., Wn) (respectively (A1,..., An)) be the weighted left (respectively 
right) creation operators associated with the noncommutative domain Di. The eigenvectors for 
Wi, ..., Wy (respectively AjT,..., Aj) are precisely the vectors , 


—m 
a= (1 = > taka An) (I)€F°(H,) ford =(A1,...,4n) €D}(C), 
|o|21 
where a denotes the reverse of a. They satisfy the equations 
Wiz. =Aizr, Az, = diz fori=1,...,n, 


and each vector z) is cyclic for Rp° (D’;). 
Tf := (Aq, .--,An) € D}.C) and p(W,,..., Wn) := pert cg Wg is in the Hardy algebra 
FD’), then pert Icg||Ag| < 00 and the map 


&,:F (Dr) > C, ®1(~(W1,..-, Wn)) = ga), 
is w*-continuous and multiplicative. Moreover, p(W,, ..., Wn)*z, = 9(A)Z,, and 
pa) = (eM, ae W,)1, za) = (oW1, ees Wr)ua, Un), 
Za 


where uj, := Tal: 


Proof. Since Pres dj Ag Ay is SOT-convergent and, for any 4 = (A1,...,An) € D!. (©), 


( ys caltel®) 


pa dare Ao 


< | ys dg Ay A* 


la|21 la|>1 la|21 
1/2 
2 
<( Ye da laa ) <l, 
la|>1 


the operator (J — PS eat dwdgAa) is well defined. Due to the results of Section 1 (see 
Lemma 1.1), we have 


=. 
a Gite 
(:- y taka An) =) b Ap, 
|a|>1 BeFt 


where the coefficients bg, B € FF, are defined by relation (1.1). Hence, and using relation (1.8), 
we obtain 


ceed {4 3 
gp (1 -»> taka An) a= >> be Ag Ap) = S by” Kpep. (4.1) 


la|>1 peFt BeFt 


The fact that z, € F?(H,) isa cyclic vector for RP°(D ) is obvious. 
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Now, notice that if A = (A1,...,An) € D‘.,(C), then A is of class C.o with respect to Dj. (C). 
Using relation (2.9) in our particular case, we get 


(1 -» calbal?) ( Ss of inp?) =1. 


la|>1 BeFt 
Consequently, we have 
1 
Za ll = (4.2) 
f= Dyas ala” 
Due to relation (1.5), we have 
By 
oe 
Wea = Jo It a &iy, 
0 otherwise. 
A simple computation shows that Wiz, =)jz, fori=l1,...,n. Similarly, one can use relation 


(1.8) to prove that A*z, = Riz, fori=1,...,n. 

Conversely, let z = pert cpep € F?(H,) and assume that Wez= hiz, i=1,...,n, for 
some n-tuple (Aj,...,An) € C”. Using the definition of the weighted left creation operators 
W,..., Wn, we deduce that 


Cu = (2, eg) =(z, be” Wa (1)) 


for any a € F*, whence z = ag pert og Apes. Since z € F?(H,), we must have 
>> bf” Agl? < 00. 
peFr 
On the other hand, relation (1.1) implies 
k i\™ 
(3( T sett?) < of gl? <o0 
j=0 *|e|21 peFt 


for any k € N. Letting k — oo in the relation above, we must have Vial>l AalAw \ < 1, whence 


(A1,.--,An) € Di (C). A similar result can be proved for the weighted right creation operators 
Aj,..., Ap if one uses relation (1.8). 
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Now, let us prove the last part of the theorem. Since g(Wj,..., Wn) = pert cg Wg is in 
the Hardy algebra F°° (D''), we have pert leal Sr < oo (see Section 3). As shown above, 


if A= (Aq,...,An) € D}.,O), then pert by” lAgl? < oo. Applying Cauchy’s inequality, we 
have 


1/2 1/2 
SS eslie( Stler=) (pee) 28 
BIABIS B pb p lB : 
Bert peFt B BeFy 


Note also that 


(o0Wi. +, Wataza)=( >) ¢s———= 


= Ss CpAg = (A), ong Ae 
beFn 


Now, for each B € F*, we have 


1 


4/ be” 


(von, es Wore: es) =(z1,,9(Wi,..., Wn) Wp (1)) 


a —— 1 
=Agpl(a) = (Fe. es) 
be 


Hence, we deduce that 
g(W1,..., Wn)*z. = @(A)za. (4.3) 


One can easily see that 


1 * 
(o(W1, 12+, Wr)uy, uy) — lee g(Wi,..., Wn) za) 


1 rnenes 
= lee p(A)za) = g(A). 


The fact that the map ®, is multiplicative and w*-continuous is now obvious. This completes 
the proof. 


As in [17], in the particular case when m = | and f = X; +---+ Xp, one can similarly prove 
(using Theorem 4.1) the following. 


Proposition 4.2. A map 9: F.>° (D") — Cis a w*-continuous multiplicative linear functional if 
and only if there exists . € D}..(C) such that 
g(A) = gy (A):= (Auy,u,), AER (De), 


where ux, := ENE 
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We recall that the joint right spectrum o,(7|,..., T,) of an n-tuple (7),..., 7;,) of opera- 
tors in B(7) is the set of all n-tuples (A1,..., An) of complex numbers such that the right ideal 
of B(H) generated by the operators Aj 7 — T,,...,AnJ — T, does not contain the identity oper- 
ator. We recall [47] that (A1,...,A,) €o,(7|,..., T;,) if and only if there exists 6 > 0 such that 
YL Ail — T)Gil — 7) > al. 

Theorem 4.1 implies the following result. Since the proof is similar to the proof of [37, The- 
orem 5.1], we shall omit it. 


Proposition 4.3. If (W,,...,W,) are the weighted left creation operators associated with the 
noncommutative domain D’;, then the right joint spectrum o;(W,, ..., Wn) coincide with Di (C). 


Now, we define the symmetric weighted Fock space associated with the noncommutative 
domain Di. We need a few definitions. For each 4 = (A1,..., An) € C” and each n-tuple k := 


(ki, ...,kn) € NG, where No := {0, 1, ...}, let AK = ree ee ie For each k € No, we denote 
A, = {oe EFT: Ag = i for all A € c"}. 


For each k € No: define the vector 


1 
wr my ey by eg € F°(H,), where x.” == D> Bg 
k 


ac A, aeA, 


and the coefficients Bb”, ae Fr, are defined by relation (1.1). Note that the set {wk: ke No} 


consists of orthogonal vectors in F?(H,) and ||w*|| = — . We denote by F?2 (D’;) the closed 
Y 


k 
span of these vectors, and call it the symmetric weighted Fock space associated with the non- 
commutative domain D?. 


If QO is a set of noncommutative polynomials, we define the subspace Mo of F 2(Hn) by 
setting 


Mog := Span{ Wagq(Wi,...,Wn)We(1): ge 9O, a, BEF}. 


Theorem 4.4. Let f = ars 14aXq be a positive regular free holomorphic function on 
[B(H)"], p > 0, and let Q, be the set of all polynomials of the form 


ZiZ; —ZjZj, i, f=l,...,n. 
Then the following statements hold: 


(i) F?(D") = §pan{zy,: Ae Di} = No, := F?(Hn) © Mg.. 

(ii) The symmetric weighted Fock space F; (D7) can be identified with the Hilbert space 
H?(D}, ,(C)) of all functions @: ae) — C which admit a power series representation 
9A) = ken CkAX with 


1 
= > 2 
lg|l2= Ick| (m) < Ow. 
keNo “« 


G. Popescu / Journal of Functional Analysis 254 (2008) 1003-1057 1041 


More precisely, every element 9 = Ve keNo cy in PA (D’) has a functional representation 
on Di.) given by 


GA) = (9,22) = Do dK, A= (A1,...,An) ED} (CO), 
keNo 
and 


Illia 


|ea)|< 
yf = Lap ae al?) 


A= (1, ...,A4n) € D(C). 


(iii) The mapping K ¢ :D}.(C) x Di. 3(C) > C defined by 


1 


Ky (uA) = = 
; dd — Vial>1 dabora)” 


forallr, we Di.(C) 


is positive definite, and K ¢(wW,A) = (24; Zp): 
Proof. First, we prove that 
span{z,: 4€D},(C)} C Fo (D%) C No,. 


Notice that the first inclusion is due to that fact that z, = DkeN® MKywk for A € Di. ,(C). To 
prove the second inclusion, note that, due to relation (1.5), we have 


1 
(wk, Wy (WW; — WiW;)We(1)) = =| > V0.2 eu 


1 1 
e OM Cyo-o: 
7 (oO ap vgjsiB nm) vast) 
weak vgjsiB vsigjB 


=0 


for any ke No, a, BE Ft, i,j =1,...,n. This shows that w¥ € No, and proves our assertion. 


Mowe s 


To complete the proof of part (i), it is enough to show that 
No, € span{z,: 4€D),(©)}. 


To this end, assume that there is a vector x := pert cpep € No, and x 1 z, for all Ae 
Dj.(C). Then, using (4.1), we obtain 


(X cvene)= Oo (E 


CB 0g? Jak =0 
BeFr keNj * BE Ak 


for any 4 € D!. _(C). Since Di ,(C) contains an open ball in C”, we deduce that 


>> cay bg” =0. for all k € Nj. (4.4) 
Be A, 
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Fix Bo € Ax and let 8 € Ax be such that f is obtained from fo by transposing just two generators. 
So we can assume that fo = ygjgiw and B = ygjgjw for some y,w EFS andi 4 j,i, j = 
1,...,n. Since x € Ng, = F?(Hn) © Mg,, we must have 


(x, Wy (Wj Wi — Wi W;)Wo(1)) = 


which implies 


Since any element y € A, can be obtained from fo by successive transpositions, repeating the 
above argument, we deduce that 


Cc c 
aed for all y € Ax. 


(m) (m) 
bg, V by 


Setting t := cg,/ Fe , we have c, =¢ bee y € Ax, and relation (4.4) implies t = 0 (remem- 
ber that bg > 0). Therefore, c, = 0 for any y € A, and k € NG, so x = 0. Consequently, we have 
Span{z,: A€ D}.,(©} ao. 

Now, let us prove part (ii) of the theorem. Since the set {wk: ke No} consists of orthogonal 
vectors in F?(H,) with ||w*|| = 1 ae and F. . (D") the closed span of these baa, any 
ge Fo (D") has a unique representation g = SENG cxw* with ||g||2 = Rene lex |? ra <O. 


ak, z;) =-(> ae ep. n)= = yo gee 


BEA, nm De 


Note that 


for any A € Di-.(C) and k e€ No: Hence, every element g = yi keNy cqw* in F2 (D") has a func- 


tional representation on Dl. ,(C) given by 
g(a) = (9,20) = > cea¥, A= G1,...,4n) €DE ©), 
keNo 
and, due to (4.2), 


Illia 


ja = Vai 1 Gale |?)™ 


|pA)| < Hlellalizall = 


The identification of F. . (D) with H *(Di. (C)) is now clear. 
As in the proof of Theorem 4.1, we dédiice that 


(v- oe caked) I a be ag Ap 


|o|21 beFn 
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if (A1,...,An) €D},(C). Similarly, if (W1,..., fn) € DD} ,(C) = Dj},.(C)ND; ,(C), we deduce 
that 


—m 
Fiaeie= (1 25) ta taha | 
BeFt la|>1 


Since 


Kp. = >> by wpdp = (za zu)s 
peFy 


the result in part (iii) follows. The proof is complete. 


Let J, be the w*-closed two-sided ideal of the Hardy algebra F°° (D’?) generated by the 
commutators 


WiW;-W;jWi, i,jHl,...,n. 
Since W;W; — W; W; € Jc and every permutation of k objects is a product of transpositions, it is 
clear that WaWp — Wp Wz € Je for any a, B € Fi. Consequently, Wy) (Wa Wp — Wg Wa) Wo € Je 
for any a, B, y,@ € F*. Since the polynomials in Wi,..., W, are w* dense in F°° (D*), we 


deduce that J, coincides with the w*-closure of the commutator ideal of F°° (D"). 


Define the operators on F2 (D’) by 
b= Prod, Wil rp)» PS 123.0575 
where W,,..., W,, are the weighted left creation operators associated with Di. Let 
g(Wi,..., Wn) € F°(D'?) 


and denote My := Pro wei, ..+> Wr) F200"): According to Theorems 4.1 and 4.4, the vector 
z, is in F?(D") forrA € D'. (©), and g(W,,..., Wn)*za = Y(A)z,. Consequently, we have 


[My W]Q) = (Mo¥, za) 
=(9(W1,..., Wa), za} 
=(¥,9(W1,..., Wa)*Za) 
=(¥, Aza) = GAWA) 


for any w € F2 (D") and 2.€ Di ,(C). Therefore, the operators in Proapm Fine (D")| F2(pm) are 


“analytic” multipliers of F2 (D’). Moreover, 


|| Moll = sup{llgflla: f ¢ FD), Ifill <1}. 
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In particular, for each i = 1,...,n, L; is the multiplier M,, by the coordinate function. Let 
H™ (Di. (C)) be the algebra of all multipliers of the Hilbert space H?(D},,(C)). In what fol- 
lows, we show that the algebra H ~(D}., (C)) is reflexive. 

First, we need to recall some definitions. If A € B(H) then the set of all invariant subspaces 
of A is denoted by Lat A. For any U/C B(H) we define 


Lat U= () Lat A. 
ACU 


If S is any collection of subspaces of HH, then we define Alg S by setting 
AlgS := {A € B(H): SC Lat A}. 
We recall that the algebra U/ C B(H) is reflexive if U/ = Alg Lat U. 


Theorem 4.5. The algebra H™ Di. (C)) is reflexive and coincides with the weakly closed alge- 
bra generated by the operators L 1,..., Ln and the identity. 


Proof. First we show that H°(D!. ,(C)) is included in the weakly closed algebra generated by 
the operators L;,..., Ly and the identity. Suppose that g = )°ycyy » Ck w is a bounded multiplier, 
ie., Mg € BUF? (D )). As in Section 3, using Cesaro means, one can find a sequence of poly- 
nomials py = >~ cl wk such that M,,, converges to M, in the strong operator topology and, 
consequently, in thie WOT-topology. Since M,,, is a palsnicrnial’ in Lj,..., Ly, and the identity, 
our assertion follows. 

Now, let X € B(F2 (D7) be an operator that leaves invariant all the invariant subspaces under 
each operator L;,..., L,. Due to Theorem 4.1, we have L* zy, = jz, for any A€ Dj-.(C) and 
i=1,...,n. Since X* leaves invariant all the invariant subspaces under Li, ..., L*, the vector 
Za must be an eigenvector for X*. Consequently, there is a function ¢ : Di ,(C) > C such that 
X*z, = ()za for any A € D}, ,(C). Notice that, if f € F;(D), then, due to Theorem 4.4, Xf 
has the functional representation 


(Xf)A) =(Xf.za) =(f, X*2a)=@A FA) forallA€ D(C). 


In particular, if f = 1, then the functional representation of X (1) coincide with g. Consequently, 
gy admits a power series representation on Di. ,(C) and can be identified with X (1) € F, .(D? ). 


Moreover, the equality above shows that of E H (Di. (C)) for any f € F, » (Ds). This pe 
that g is in H™ (Di, (C)) and Seca the proof of reflexivity. Hence, H 00 ol. o(C)) is a 


WOT-closed alsebea containing [y,..., Ly, and the identity. This implies the eon part of the 
theorem. 


5. Noncommutative varieties, Berezin transforms, and universal models 


In this section, we consider noncommutative varieties Veg) € Di (7) determined by 
sets Q of noncommutative polynomials, and associate with each such variety a universal 
model (B,,..., Bn) € ve QW Q), where Nog is an appropriate subspace of the full Fock space. 
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We introduce a constrained noncommutative Berezin transform and use it to obtain analogues of 
the results of Section 2, for subvarieties. We also show that, under a natural condition, the C*- 
algebra C*(B,,..., By) is irreducible and all the compacts operators in BIN Q) are contained 
in the operator space span{ By Ba: a, B € Ft}. These results are vital for the development of a 
model theory on noncommutative varieties. 

Let f:= a «|>14aXq be a positive regular free holomorphic function on [B(H)"]p, p > 0, 
and let W,,..., W, be the weighted left creation operators associated with the noncommutative 
domain Di. Let O be a family of noncommutative polynomials and define the noncommutative 
variety 


(HM) = {(%1,...,Xn)e€ D7 (H): q(X1,.-., Xn) =0 for any g € Q}. 
We associate with Vio the operators By, ..., B, defined as follows. Consider the subspaces 
Mog := §pan{ Wog(Wi,...,Wn)We): g€ OQ, a, BEFT} (5.1) 


and No := F?(Hn)OMog. We assume that Vo # {0}. It is easy to see that Vo is invariant under 
each operator Wy',..., W, and Aj,..., Aj. Define Bj := Pry Wilng and Cj = Py AilNo 
for i= 1,...,n, where PNo is the orthogonal projection of F 2(Hy) onto N g- Notice that 
q(B1,..., Bn) =0 for any g € Q. By taking the compression to the subspace No, in Theo- 
rem 1.3, we obtain similar results, where the universal model (Wj,..., Wn) is replaced by the 
n-tuple (B,,..., By). In particular, we deduce that (B,,..., Bn) € Ve QWo) is a pure n-tuple 
of operators which will play the role of universal model for the noncommutative variety vio: 

For each n-tuple T := (T),..., Tn) € VF QM) with r¢(T1,..., I) < 1, we introduce the 
constrained noncommutative Berezin transform at T as the map BS. : B(Ng) > B(H) defined 
by 


x (:- :e waCu Ts) (19x), 189}, (5.2) 


lo| 21 


where Azim, ¢ := [Cid — Ppp)" I? and x, y © H. We define the extended constrained non- 
commutative Berezin transform B§, at any T € Vi QA) by setting 


Belg] := Kir o(8 @ OK ing, 8 € BNO), (5.3) 


where the constrained noncommutative Berezin kernel associated with the n-tuple T € Vig 


is the bounded operator K o git No ® Af.m,rH defined by 


(m) (mn) 
Kr 7.Q = (PN SIZ WK rr 


where K Ye is the Berezin kernel associated with T € D? (H). 
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Using the results from Section 2 (see Proposition 2.4), one can show that the constrained 
noncommutative Berezin transforms BS. and B§. coincide for any n-tuple of operators T := 
(Ti,..., Tn) € VE QM) with joint spectral radius r¢(71,..., Tn) < 1. 


Theorem 5.1. Let f be a positive regular free holomorphic function on [B(H)" lp, p > 0, and 


let Q be a family of noncommutative polynomials such that No # {0}. If T := (TN, .--, Tn) 
is a pure n-tuple of operators in the noncommutative variety ve gH), then the restriction of 


the constrained noncommutative Berezin transform By, to span{ Ba Bs: a, B € FT} is a unital 
completely contractive linear map such that 


BS. (By BS) = ToT}, 0, BEF. 
Proof. Using Lemma 2.3, we have 


(Kix, Wag (Wi, ..-,Wn)We(1) ® y)=(x, Tag (Tis ---s Tn) TpK yp (1 @ y) =0 


for any x € H, y € Agm,rH, and q € Q. Hence, we deduce that 
range Kp CNo @ Apm,rH. (5.4) 


Due to the definition of the constrained Berezin kernel associated with the n-tuple T € Vig, 
and using Lemma 2.3 and relation (5.4), we obtain 


Kir ola =(Bi@ In)Ky'r.g, «Fr. (5.5) 


Since (5.4) holds and K 7 is an isometry, so is K ie Q° Consequently, using relation (5.5), we 
deduce that , 


BS (Ba BS) = Kit (Ba Bs ® In)K yp =TaTf, 0, BE FY. 


Now, one can easily deduce that BS. is a unital completely contractive linear map on 
span{ By Ba: a, 8 € F*}. The proof is complete. 


We recall that an n-tuple of operators T := (Tj,...,T)) € ve g(t) has the radial prop- 
erty with respect to the noncommutative variety Vig) if there is 5 € (0,1) such that 
rT = (rT, ...,1Ty) € V"'g(H) for any r € (5, 1). 


Theorem 5.2. Let f be a positive regular free holomorphic function on |B(H)"|p, e > 0, and let 
QO be a set of homogeneous polynomials. Let T := (T,,..., T,) be an n-tuple of operators with 
the radial property in the noncommutative variety VE QTD and let S := span{ By Bas a, Ber}. 
Then there is a unital completely contractive linear map V7.9 :S — B(H) such that 


Ve7,Q(g) = lim BY rls], g és, (5.6) 
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where the limit exists in the norm topology of B(H), and W¢,7,9(Ba Bz) = = Ty Tp. a,BpeE Fr. If, 
in addition, T is a pure n-tuple of operators, then 


lim Bf;[g]=BF [gl g €S, 


r>1 


where the limit exists in the norm topology of B(H). 


Proof. Let 6 € (0, 1) be such that rT := (r7j,..., rT) € D(H) for any r € (6,1). Since Q 
consists of homogeneous polynomials we also have rT € Vi oH). Moreover, we can show, as 


(m) 


fT is the 


in the proof of Theorem 5.1, that range K oF CN Q @H for any r € (4, 1), where K 
Berezin kernel associated with rT € D’; (H). Moreover, 


(m) (m) + 
Keer rlely* — (By @ In) K pyro» aeFt, 
where K i ae q:= =(PNo @ In) K 5, Ms y is the constrained Berezin kernel and Bj := Pg WilNo, 


i=1,...,n. Since rT is pure, K im a Q is an isometry. Consequently, as in the a of Theo- 
rem 2. 7," we deduce that there is a uniaue unital completely contractive linear map WY, 7.9 :S > 
B(H) such that YW, 7,9( Bu Bs 2) = = TyT;, a, B € F*. The rest of the proof is similar to that of 
Theorem 2.7. We shall omit fe 


Assume now that p is a positive regular noncommutative polynomial and let Dd, be the non- 
commutative domain it generates. The next result will play an important role in Section 6, where 
we develop a model theory on noncommutative subvarieties of D’,. 


Theorem 5.3. Let Q be a set of noncommutative polynomials such that 1 € Nog, and let 
(Bi,..., By) be the universal model associated with the noncommutative variety VQ Then 
all the compact operators in B(Nog) are contained in the operator space 


Spani{ By Bg: a, B € Fy}. 
Moreover, the C*-algebra C* (By, ..., By) is irreducible. 


Proof. Since 1 € No and Nogi is an invariant subspace Wei j = 1,...,n, we use Theorem 1.3 to 
obtain 


: : Ni 
(id — Py.B)" UNo) = PNo [ (id _ Pp.w)"” Tr24H4,))| vo = PNo PelNo = Po se 
where pe ® is the orthogonal projection of Nj g onto C. Fix 


g(Wi,...,Wn)= D> daWa and £:= )° cpegeNy C F*(Hn), 
lor|<m pert 


and note that 


PX? g(By,..., Ba)*E =(E, 9(B1,---, Bn)(I)). 
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Consequently, we have 
q(Bi,..., Bn) PAY g(By,..., Bu)"& =(E, g(Bi,-.-, Bn)())q(Bi, «+, Bn) QD) (5.7) 


for any polynomial q(B,,..., By). Hence, we deduce that the operator g(B1,..., Bn) PN g(Bi, 
..., By)* has rank one and, since pe = (id — Ppp)" INo)> it is in the operator space 
span{ By Ba: a,BpeE Fr}. On the other hand, due to the fact that the set of all vectors of the form 
tel<e dy Ba (1) with m EN, dy € C, is dense in Vo, relation (5.7) implies that all compact 
operators in B(Ng) are included in the operator space span{ By Ba: a,BeFT}. 

To prove the last part of this theorem, let M 4 {0} be a subspace of No © F ?(H,), which 
is jointly reducing for each operator Bj, i = 1,...,n. Let p e M, » £0, and assume that g = 
co + Vial>l Cag. If cg is a nonzero coefficient of g, then PcBEp = Tago Indeed, since 


1 € No, one can use relation (1.5) to deduce that 


1 
(Pc Bge. 1) = (Px, Wee. 1)=(Weg. 1) = Cp. 
by” 


Since (Pc BBP: éy) =0 for any y € Ft with |y| > 1, our assertion follows. On the other hand, 


since pre = (id—® pp)" Ino) and M is reducing for B},..., Bn, we deduce that cg € M, so 
1 e M. Using once again that M is invariant under the operators B,,..., By, we have E C M. 
On the other hand, since € is dense in Vo, we deduce that No C M. Therefore No = M. This 
completes the proof. 


We say that two n-tuples of operators (7, ..., T,), T; € B(H), and (T/,..., 7), T/ € BCH’), 
are unitarily equivalent if there exists a unitary operator U :H — H’ such that 


RaU TU  foranyi Sly. 53; 


If (Bi,..., By) is the universal model associated with the noncommutative variety ve Q° then 
the n-tuple (B; @ yz, ..., Bn ® 1) is called constrained weighted shift with multiplicity dim. 
Using Theorem 5.3, one can easily prove that two constrained weighted shifts associated with 
the noncommutative variety ve g are unitarily equivalent if and only if their multiplicities are 
equal. 

We remark that all the results of this section are true in the commutative case, 1.e., when 


QO. = {Z;Z; — ZjZ): i,j=l,...,n}. 


According to the results of Section 4 (see Theorem 4.4 and the remarks preceding Theorem 4.5), 
the space Vo, coincides with the symmetric weighted Fock space F2 (Ds), which can be 
identified with the Hilbert space H °(D}.,(C)). Moreover, under this identification, the opera- 


tors Bj, i = 1,...,n, become the multipliers M), by the coordinate functions on the Hilbert 
space H?(D), (©). 


G. Popescu / Journal of Functional Analysis 254 (2008) 1003-1057 1049 


6. Model theory on noncommutative varieties 


In this section, we obtain dilation and model theorems for the elements of the noncommutative 
variety Vi QH) Cc Di} (H) generated by a set O of noncommutative polynomials. 


We recall that Vo := F?(Hn) © Mo, where the subspace M g is defined by (5.1). We keep 
the notations of the previous sections. Our first dilation result on noncommutative varieties is the 
following. 


Theorem 6.1. Let f be a positive regular free holomorphic function on [B(H)"]», p > 0, and 
let Q be a family of noncommutative polynomials such that Ng # {0}. If T := (11, ..., Tn) is an 
n-tuple of operators in the noncommutative variety ve gQ(H), then there exists a Hilbert space K 
and n-tuple (U,..., Un) € Vi Q(K) with ® gu Uk) = Tk and such that 


(i) H can be identified with a co-invariant subspace of K = Wo ® Agm,rH) ® K under the 
operators 


8. @1-—— 0 
ve| AfmrH i. an eee 
0 U; 


where A pm,r = Wid — Bp r)™(DI!; 
(ii) T* = VA|H fori=1,...,n 


Moreover, K = {0} if and only if (T,..., Tn) is pure n-tuple of operators in Vig, i.e, 
Pi (1) — 0 strongly, as k + 0. 


Proof. We recall that the operator Q ¢7 := SOT-limg—+o0 pi 7(/) is well defined. We use it to 
define - 


Y:HoK:= Orn by Ya:= Qi[rh, hE H. 
For eachi = 1,...,n, let L;: OfFH> K be given by 
Le¥heSVTCh,. RET. (6.1) 
Note that L;, i =1,...,, are well defined due to the fact that 
2 * 1 
|LiYAll- =(TiOprT*h,h)< ea 
8i 
1/2 
== loyrl? = rm 
Since f is positive regular free holomorphic function, we have ag, # 0 for any i= 1,...,n. 


Consequently, L; can be extended to a bounded operator on K, which will also be denoted by L;. 
Now, setting Uj := Li, i=1,...,n, relation (6.1) implies 
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Using this relation and the fact that ¢ 7(Q ¢,r) = Q ¢,r, we deduce that 
Y*@ pu) Y = Gyr (YY*) =YY*. 
Hence, 
(PeuUk)Yh, Yh) = (Yh, Yh), heH, 
which implies ® ¢,y Uc) = I. Now, using relation (6.2), we obtain 
Y*q(Ui,...,Un)=q(N,..., Jm)¥* =0, gqeQ. 


Since Y* is injective on K = YH, we have q(Uj,...,Un) = 0 for any g € Q. Let V:H > 
[Vo ® H] @ K be defined by 


(m) 
Vis Ree. 
Y 


Notice that V is an isometry. Indeed, due to relations (2.10) and (5.4), we have 
2 
Val? = | Ke oh + PAI? 
= ||h\|? — SOT- lim (5 -(Dh, h) + IPAIP = Mall? 


for any h € 1. Now, using relations (5.5), (6.1), and (6.2), we obtain 


(m) (m) 
VIN = Ker oh ® YT; h = (BF @ In) Kp gh BUFYA 


e ia SIH «0 oe 
0 U; 


I 


for any h eH andi =1,...,n. Identifying 7 with VH we complete the proof of (i) and (ii). 
The last part of the theorem is obvious. 


We need the following result concerning power bounded positive linear maps on B(H). 


Lemma 6.2. Let y : B(H) — B(H) be a power bounded positive linear map and let D € B(H) 
be a positive operator such that p(D) < D. Ifm 2 1, then 


(id—)"(D)=0 ifandonlyif g(D)=D. 


In particular, if g is a positive linear map such that p(1) < I and (id — yg)" (1) = 0, then 


Proof. According to Lemma 2.1, we have 
q i 1 m—1 4G 
m— . : 
ye G ae ) y? (id — g)"(D)=D- )~ (! j 7) ota y)!(D) 


m 
p=0 j=0 
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for any gq € N. Consequently, if (id — g)'"(D) = 0, then 
m—-1 ae 
D= lim )~ € cd ) gt! (id — y)(D). 
qo m0 J 


Using Lemma 2.2, we deduce that D = limy_,.9 g7(D). Since ¢ is a positive linear map and 
g(D) < D, we have 


D= lim g4(D) <---<g?(D) < g(D) < D. 
q7>~w 


Hence, we deduce that y(D) = D. The converse is obvious. 


Let C*(I”) be the C*-algebra generated by a set of operators  C B(K) and the identity. 
A subspace H C K is called «*-cyclic for I if K = span{Xxh, X € C*("),h € H}. The main 
result of this section is the following model theorem for the elements of a noncommutative variety 
Ve gf). 


Theorem 6.3. Let p be a positive regular noncommutative polynomial and let Q be a set of 
homogeneous polynomials. Let H be a separable Hilbert space, and T := (T\,...,T,) be an 
n-tuple of operators in the noncommutative variety ve. g(t) with the radial property, i.e., 


rT :=(rT\,...,rTn) € V5.9) for any r € (6, 1) 


and some 6 € (0, 1). 
Then there exists a *-representation m : C*(B,,..., Bn) > B(K,) on a separable Hilbert 
space K,,, which annihilates the compact operators and 


Py n(ByUk,) =!k,> 


such that: 


(i) H can be identified with a *-cyclic co-invariant subspace of K = Wo ® Ap. m,rH) ® Kz 
under each operator 


Bj ®l;-—y_~Cé«OO 
ie Ap.m.rH |; PS Anes A 
0 1 (B;) 


where Apm,7 = [Gd — ®y,r)™(D)"?; 
Gi) T* = V7 |H fori=1,...,n. 


Proof. Applying Arveson extension theorem [5] to the map WY, 7,.9 of Theorem 5.2, we 
find a unital completely positive linear map Wp,7,9 : C*(Bi,..., Bn) — B(H) such that 
Wy,7,Q(Ba Bs) = Ta Tp for a, B € Ft. Let t : C*(Bi,..., Bn) > B(K) be a minimal Stine- 
spring dilation [49] of Y, 7,9. Then 


Yp.7,Q(X) = PHm(X)|H, Xe C*(Bi,..., Bn), 
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and Ki = span{z(X)h: h € 7H}. Now, one can easily see that Py7(B;)|y1 =0,i =1,...,n. 
Consequently, H is an invariant subspace under each 7 (B;)*, i =1,...,n, and 


l 


WB Spo HT Pa aah (6.3) 


Since 1 € Ng, Theorem 5.3 implies that all the compact operators CWVg) in BWVg) are 
contained in the C*-algebra C*(B,,..., B,). Due to standard theory of representations of C*- 
algebras [6], representation 7 decomposes into a direct sum 7 = 79 ®t on K= Ko ®K,,, where 
ty, % are disjoint representations of C*(B,,..., By) on the Hilbert spaces 


Ko := Span{i(X)K: X€C(Ng)} and Kyz:=Ky, 
respectively, such that 7 annihilates the compact operators in B(Vg), and zo is uniquely deter- 
mined by the action of 7 on the ideal C/V) of compact operators. Since every representation 
of C(Nog) is equivalent to a multiple of the identity representation, we deduce that 

Ko x No @G, To(X)=X@Ig, XEC*(B,..., Bn), (6.4) 

for some Hilbert space G. Using Theorem 5.3 and its proof, one can easily see that 

Ko := span{7(X)K: X €C(Ng)} 

= Span{7 (Bp pe B)K: a, BE FT} 


= span{7(Bp)|[ (id -— ©, (p=) Uk) |K: BE FT}. 


According to Theorem 5.3, the operator (id — ®p,p)"”" IN) = oe © is a projection of rank one 
in C*(B,,..., By). Hence, we deduce that (id — Py x(B))”" Uk) = 0 and 


dimG = dim[range x (P2’°)]. 


Since the Stinespring representation z is minimal, we can use the proof of Theorem 5.3 to deduce 
that 


range # (P2’°) = span{a (P22) #(BS)h: BeFt he H}. 
On the other hand, it is easy to see that 
(a (Pa) (Ba)n. # (Po?) (BADR) 
=(h, Ty[ (Gd — ®p,7)” (In) | Teh) = (Ap.m.7 Teh, Ap.m,.t Tk) 


for any h,k € H and a,B € Ft. This implies the existence of a unitary operator A: 
range it (P2°) —> Ap,m,rH defined by 


Al (Po °)%(Bz)A] = ApmrTgh, heH, aeFy. 
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This shows that 
5 No Sh Sane , 
dim[range x (Pe ) = dim Ap m,rH = dimG. 
Using relations (6.3) and (6.4), and identifying G with Ap m,r71, we obtain the required dilation. 


On the other hand, due to the fact that (id — ®p (By) Uk,,) = 0, we can use Lemma 6.2 to 
deduce that ®p x(a) Uk, ) = Ic, . The proof is complete. 


A few remarks are needed. A closer look at Theorem 6.3 reveals that one can replace the 
polynomial p with a positive regular free holomorphic function f and obtain a model theorem 
for any n-tuple (7|,..., Tn) € VE QA) with the radial property. More precisely, one can show 
that there is a *-representation 7 :C*(B,,..., By) > B(K,,) such that 7 is an invariant subspace 
under each operator 7 (B;)* and T* = 7 (B;)*|71 fori =1,...,n. 

On the other hand, notice that using the proof of Theorem 6.3 and due to the standard theory of 
representations of C*-algebras, one can deduce the following Wold type decomposition for non- 
degenerate «-representations of the C*-algebra C*(Bi,..., Bn), generated by the constrained 
weighted shifts associated with ve g: and the identity. 


Corollary 6.4. Let p be a positive regular noncommutative polynomial and let Q be a set of 


noncommutative polynomials such that 1 € No. Let (Bi, ..., Bn) be the universal model associ- 
ated with the noncommutative variety Veo. If w:C*(By,..., Bn) > B(K) is a nondegenerate 
*-representation of C*(B,,..., B,) on a separable Hilbert space K, then nx decomposes into a 
direct sum 


KR=m Om onK=Ko@ki, 
where 19 and 7 are disjoint representations of C*(B,,..., By) on the Hilbert spaces 
Ko := Span{x(Bp)[(id—®pnc—)"U)]K: BeEFT} and Ki :=Kg, 
respectively, where m(B) := (1(B1),...,7(Bn)). Moreover, up to an isomorphism, 
Ko ~~ No ®G, mo(X)=X @Ig for X €C*(By,..., Bn), 


where G is a Hilbert space with dimG = dim{range[(id — ®p7(By)" Uk) |}, and m is a *- 
representation which annihilates the compact operators and 


P p21 (B)UK,) = 1k): 
If x’ is another nondegenerate *-representation of C*(B,,...,Bn) on a separable Hilbert 
space K’, then x is unitarily equivalent to x’ if and only if dimG = dimG’ and my is unitar- 


ily equivalent to 1}. 


We remark that under the hypotheses and notations of Corollary 6.4, and setting V; := 2(B;), 
i=1,...,n, the following statements are equivalent: 


(i) V:=(Vj,..., Vz) is a constrained weighted shift in the noncommutative variety ye Qk); 
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(ii) SOT-limg_+o6 P* (1) = 0; 
(iii) K = span{Vgl(id — ©,.v)"(DIK: B € Ft): 
(iv) Dgewt by” Val (id -— pv)" (LIVE = Ihc, where bf”? are the coefficients defined by (1.1). 


We mention that, under the additional condition that 
span{ By Bs: a, B € Fy} =C*(Bi,..., Bn), 


the map W,, 7g in the proof of Theorem 6.3 is unique. The uniqueness of the minimal Stinespring 
representation [49] and the above-mentioned Wold type decomposition imply the uniqueness of 
the minimal dilation of Theorem 6.3. 


Corollary 6.5. Let V := (Vi,...,Vn) € Vig) be the dilation of T := (T,...,T,) € 
Ve g(H), given by Theorem 6.3. Then, 


Gi) V is a constrained weighted shift if and only if T is a pure n-tuple of operators; 
(ii) Ppv Up) = Te if and only if Bp 7 Uy) = 1y. 


Proof. According to Theorem 6.3, we have 


k 
P BUN) ® Ton 


0 
ON (hy =P H fork=1,2,..., 
p.t nH) | 0 “al 


which implies 


0 0 
T- lim &* .(,) =P. 
Sor im Ohrthd=Pr| 5 ye. || 


Consequently, T is pure if and only if Pz, Px, |H = 0. The latter condition is equivalent to 7H L 

(0@ K,,), which, according to Theorem 6.3, is equivalent to H c N Q ® Ap.m,rH. On the other 

hand, since Vo ® Ap.m,TH is reducing for V;,..., V,, and K is the smallest reducing subspace 

for V},..., Vy, which contains 11, we must have K = N, Q ® Ap.m,rH. Therefore, item (i) holds. 
To prove part (ii), note that 


(id — ® py)" Ug) = be ~ #78)" INQ) 8 lan FH | 


0 0 


Hence, we deduce that (id — ©, vy)” (7) = 0 if and only if 
[(id — ®p.z)”" Ing) ] ® Ix = 0. 
On the other hand, we know that (id — ®p, 8)" (Ig) = pw 2 Consequently, 
(id — Bp vy)" Te) =0 


if and only if Apm,r = 0. Now, using Lemma 6.2, we obtain the equivalence in part (ii). The 
proof is complete. 
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We mention now a few remarkable particular cases, when Theorem 6.3 applies. 
Remark 6.6. 


(i) In the particular case when m = 1,n=1, p= X, and Q= 0, we obtain the classical iso- 
metric dilation theorem for contractions obtained by Sz.-Nagy (see [50,51]). 

Gi) Whenm=1,n >2, p= X,+---+X,, and QO = 0 we obtain the noncommutative dilation 
theorem for row contractions (see [13,23,31]). 

(iii) In the single variable case, when m > 2,n=1, p= X, and Q = 0, the corresponding 
domain coincides with the set of all m-hypercontractions studied by Agler in [1,2], and 
recently by Olofsson [26,27]. 

(iv) When m > 2,n >2, p= X,+---+ Xn, and QO = 0, the elements of the correspond- 
ing domain Dd, (71) can be seen as multivariable noncommutative analogues of Agler’s 
m-hypercontractions. 

(v) In the particular case when Q, consists of the polynomials Z;Zj; — Z;Zj, i,j =1,...,n, 
we recover several results concerning model theory for commuting n-tuples of operators. 
The case n > 2,m >2, p= X,4+---+ Xn, and O = Q,, was studied by Athavale [9], 
Miiller [24], Miiller, Vasilescu [25], Vasilescu [52], and Curto, Vasilescu [14]. 

(vi) When p is a positive regular noncommutative polynomial and Q consists of the polynomials 


WiW;-WjWi, i,j=1,...,n, 


we obtain the dilation theorem of S. Pott [48]. 
(vii) When m = 1, n > 1, and p is any positive regular noncommutative polynomial we find the 
dilation theorem obtained in [45] (see also [3]). 


We expect to use the results of the present paper to obtain functional models for the elements 
of the noncommutative domain Di} (71) (respectively subvariety VE QM), based on character- 
istic functions. 
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Abstract 


In this paper, we study some quantitative properties of positive solutions to a singular elliptic equation 
with negative power on the bounded smooth domain or in the whole Euclidean space. Our model arises 
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equation. A uniform positive lower bound for convex positive solutions is also obtained. We show that in 
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related integral equations are also given. 
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1. Introduction 


In this paper, we study some properties of positive solutions of the following elliptic equation: 


Au=u', in, (1) 


where t < 0 and §2 C R” is a regular domain. 
Problem (1) arises in many branches of applied sciences. For example, it can be considered as 
steady states of thin films. Equations of the type 


uy = —V-(f(u)VAu) — V- (g(u)Vu) (2) 


have been used to model the dynamics of thin films of viscous fluids, where z = u(x, f) is the 
height of the air/liquid interface. The zero set X,, = {u = 0} is the liquid/solid interface and 
is sometimes called set of ruptures. Ruptures play a very important role in the study of thin 
films. The coefficient f (uw) reflects surface tension effects—a typical choice is f(u) = u>. The 
coefficient of the second-order term can reflect additional forces such as gravity g(u) = u>, van 
der Waals interactions g(u) = u™, m <0. For backgrounds of (2), we refer to [2,3,25—27], and 
the references therein. 

In general, let us assume that f(u) = u?, g(u) =u’, where p, m € R. Then if we consider 
the steady-state of (2), we see that u satisfying 


uPVAutu"Vu=C 


is a steady state of (2). Here C = (Cj, Co,..., Cy) is some constant vector. By assuming C = 0 
(which prevents linear term on x), we obtain 


ue 
Au+—-C=0 ing, (3) 


where t = m — p+ 1 and C is some constant. (Here we have assumed that t # 0. If t = 0, we 
have to replace we by logu.) Note that solutions to (1) are steady-states of (3) but the reverse is 
not true. 

When {2 = R", the radially symmetric solutions to (3) has been studied in [24]. 

When t = —2, problem (1) also arises in the study of MEMS. We refer to [11,15—17,19,20] 
and the references therein. 

When t = —1, Eq. (1) is related to the study of singular minimal hypersurfaces with symme- 
try. See [31,35] and the references therein. 

In this paper, we study quantitative properties of solutions to (1), including the gradient esti- 
mates, L!-estimates, global upper bounds, Liouville properties, classification of stable and finite 
Morse index solutions, and symmetry properties. 

Here we state the main results. 

The first eight theorems concerns solutions to (1). 


Theorem 1 (Gradient estimates). Let u € C?(Q) be a positive solution to Eq. (1) in 2. Then for 
any R > 0, x9 € 2 with Br(xo) C 2 we have absolute constant C = C(R) such that 


|Vu(x)|? < Cu(x)? + u(x)" (4) 


for all x € Br(xo). 
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Theorem 2 (L!-estimates). Letueé C?(2) be a positive solution to Eq. (1) in 2. Then for any 
R >Oand xo € 2 (with Br(xo) C 82), we have absolute constant C(n, tT) such that 


2 
u > C(n,a)R"* =. (5) 
Br(xo) 


Theorem 3 (Global upper bound). Let 1 <u € C?(R") be a positive solution to Eq. (1) in R". 
Then we have absolute constant C(n) such that 


w(x) < C(n)(Ial? + 1), (6) 
and 

|Vu(x)| <C@(Ixl +1), (7) 
forall x ER". 
Theorem 4 (Liouville properties). Assume that n > 2 and t < —-1— on. We have the Liouville 


property that there is no positive convex solution u(x) to (1) both on the whole space R" and on 
the half space R". with u(x) > 1 everywhere. 
Theorem 5 (Compactness). Assume that n > 2 and t < -1— an Let 92 be a bounded or 
unbounded smooth convex domain. Let u be a positive convex solution to (1) on 82. Then, we 
have a uniform constant C = C (82) such that 


u(x) >C, xe. 


Theorem 6 (Stable solutions). If2 <n <2+ mcr + J/t2—T1), then there are no stable 
positive solutions to (1) in R". 


Theorem 7 (Finite Morse index solutions). There is no finite Morse index positive solutions to 
(1) in R’. 


Theorem 8 (Existence). Assume t < 0, t #—1, and let 2 C R" be a bounded smooth domain. 
Given any smooth positive boundary data @. Assume that u is a sub-solution to (1) withu<@ 


on 082. Then there is smooth positive solution to (1) with boundary data @. 


We remark that in the special case when t = —1 Theorem 6 has been obtained in [31]. 
In the next two theorems, we will study a related integral equation 


16) == i x — yl" u(y)? dy, (8) 
R" 


with n > 2,0 < uw <n, h(x) is a positive smooth function, and t < 0. 
We prove the following two symmetry properties. 
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Theorem 9. Given some B > 1 and q > 1. Let 
u™—' € LA(R"), (9) 
be a positive solution of Eq. (8) with 


t—1 2n 


— > : 
fr-1l n-p 


t<O and B= 


Assume that for some plane 1, we have h(x) = h(x (x)). Then u(x) is symmetric to the plane r. 
Theorem 10. Assume that h(x) = h is a constant function. Given some B > | and q > 1. Assume 
that 


t—1 2n 


— > ; 
ot oe n—-p 


t<O and B= 


Then, for any positive solution to (8) with 
u™—' € LP(R"), (10) 


and 
cs x 
bel "u( 3) €L4(R"), (11) 
u is radial symmetric at zero. 


The plan of our paper is follows. In last two sections, we discuss symmetry properties of re- 
lated integral equations (8). We prove Theorem | in Section 2 and prove Theorem 2 in Section 3. 
In Section 5, we prove Theorem 3. Theorem 5 is proved in Section 7. The Liouville property 
is proved in Section 6. The proof of Theorems 6 and 7 is given in Section 8. As we mentioned 
before, we shall discuss the existence theory of positive solutions to (1) in Section 9. Many 
consequences of Theorem 2 will be discussed in Section 4. 

In the following, we shall use C to denote different constants which depend only on n, T, lL, 
and the solution u in varying places. 


2. Proof of Theorem 1 


In this section, we use the maximum principle trick (see [12,30,40]) to obtain the gradient 
estimate for positive solutions of the elliptic equation (1), which is Theorem 1. 


Proof of Theorem 1. Recall the following basic formula. Let v be any smooth function in R”. 
Then, we have 


1 
5 Alver? =(VAv, Vv) + |D?o|”, 


which can be proved by an elementary calculation. 
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Let us begin with the local gradient estimate for positive solution u to the following general 
elliptic equation: 


Au=f(u), inR". 
In our case we shall set f(u) =u". Set 
w =logu. 
Then we have 
Vw= u—!Vu, 
and we can get 
Aw =—|Vw/? + F(w), 
where 
F(w) =u! fu) =e" fe”). 


In particular, F(w) = e—!+®” and F’(w) = (—1+ 1) F(w) for our case. 
Assume Ry > R > 0. Let @ be a cut-off function in Br, (0) with @ = | on Br(0). Define 


P=$¢|Vul’, 


which is usually called the Harnack quantity for the solution u. 
At the maximum point of P, we have the first order condition 


VP=0, 
which implies that 
V|Vwl? =—¢ °VoP 
and the second order condition: 
0>AP = Po(¢)P + ¢A|Vul’, (12) 
where 
Po(p) = Ag —2/V9|"o~*. 
Using the basic formula, we have 


PA|Vwl? = 2¢|D2w| +26(V Aw, Vw). 
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Note that 


29 


2 
o|D°w|? > —|Aw/? = aber +oF(w))’, 


and 
26(V Aw, Vw) > 2F'P —26(V|Vwl?, Vw) =2F'P — 297! (Vp, Vw)P, 
and then, for any ju > 0, 
26(VAw, Vw) > 2F' P — 27!" 7|Vol* P — wo! P?. 


Choose = i Then 


1 
26(VAw, Vw) > 2F’P —4ng-?|Vol°P — ae 
nN 


Hence, 


1 
pA|Vul? > —(—P + oF (w))” + 2F’P — 4nd |Vol?P — 7,0 |P?. 
n 


oe: 
ng 
Then from (12) we have 
A(d, F‘)P > 2 Lp Ep RY = + pr 
n 4n 
Here 
A(d, F') = 4ng™!|Vol’ — 29 F' — $ Pol). 
If P < 2¢F, then we have 
|\Vw|* < 2F. 
We remark that in this case, we have 
|Vul? < 2u? F = 2uf (u). 
Otherwise, we have 
—-P+ oF <—P/2<0 
and 


2 2 1 2 1 2, 
—(-—P+ oF) — —P* > —P?’. 
n 4n 4n 
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Hence, we have 
P <4nA(d, F’). 
In conclusion, we have on Br(0), 


|Vw|? < max(4nA(¢, F’), 2F), 


which implies the conclusion of Theorem 1. 
We remark that our local gradient estimate can be extended to other elliptic equation like 
—Au=u'. 


As a consequence of the local gradient estimate in Theorem 1, we have the following im- 
provement of [31, Theorem 7.1]. 


Corollary 11. For every compact sub-domain K of 92, there is a constant C = C(n, K, 82) such 
that for any sequence (uj) of positive solutions to Eq. (1) with t = —1 and with boundary data 
oj <M, we have 


[Vujl<(M+DC, onk. (13) 


Hence, the limit u of any convergent subsequence of (u;) is a Lipschitz continuous weak solution 
to a free boundary problem of the equation 


Au =U" Xtu>0}- (14) 


For the proof of Corollary 11, we just note that the solution u is a subharmonic function and 
it attains its maximum only on the boundary 092. Then we use the gradient bound to get the 
conclusion. We remark that the result is optimal in the sense that u is not differentiable at its zero 
point as noticed in [31] (see also [23]). It is unclear how large the zero level set 2, (u) = {u = 0} 
is. However, a general study was made in the paper [23] and a partial result was obtained in [19]. 

Note that the gradient estimate implies the Harnack inequality for positive solutions with 
u(x) > 1 for all x € Br(xo). One can use this fact to derive a compactness result. The application 
of such compactness result on the existence theory of positive solutions to (1) will be discussed 
in Section 9. 


3. Proof of Theorem 2 


Our aim in this section is to obtain an L!-estimates for solutions of (1). We shall prove a more 
general version of Theorem 2. 


Theorem 12. Assume t < 0 and assume that 2 C R" is an open subset in R". Let f:R— Ry 
be a positive function such that 


t 


st f(s)-¥ >Co, fors>0, 
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for some constant Co. Let u € C°(Q) be a positive weak solution to the equation 
Au= fw) (15) 


in $2. Then for any R > 0 and xo € 82 (with Br(xo) C 22), we have absolute constant C(n, T) 
such that 


“> C(n, a) RE, (16) 


Br(xo) 


Proof. Without loss of generality, we take x9 = 0. Let Rp = 2R, > 0 and let &(|x|) be a cut-off 
function with its support in the ball Br, (0), €(|x|) = 1 on Br, (0), and 


IVE|<4/Ri, — |A&| < 100/R7. 


Multiplying both sides of (1) by |x|7& and integrating over the ball B R, (0), we then get 


[vatiePe) = [ reosre. 


Note that the right-hand side is bigger than 
fuylxPs 
Br, 0) 
and the left-hand side is less than 
Cc / u, 
Br, (0) 
where C > 0 is an absolute constant depending only on the dimension n. That implies that 
fwlxl? <C i uw. 
Br, (0) Bry (0) 
Let p > 1. Then we have 
1/p (p—1)/P 
(frome) fay cere fs 
Br, (0) Br, (0) Br, (0) 
Using Hélder’s inequality to the left-hand side, we get 


lx|?/? fu) /PyP-DIP < Cl/P / ae 


Br, (0) Br, (0) 
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Choose p = —t + 1. Then by our assumption on f, we have 
i xP cuP / u. 
Br, (0) Br, (0) 


It is elementary to compute that 


/ or Rte 
2+pin—-1) 1 ’ 
Br, (0) 


@n is the volume of the unit ball B, (0). This implies the conclusion of Theorem 12. 


We remark that our argument above can also be used to smooth positive solutions to the 
following equation: 


—Au=u', inQ, 


with tT <0. 

Note that Theorem 2 follows from Theorem 12 when f(u) =u‘. Another proof of Theorem 2 
is to use the convexity of f(u), the spherical average method, and an ODE comparison lemma to 
get the L' lower bound. However, our proof above is more general and works also on manifolds. 

There are many consequences of Theorem 2, and they will be discussed in Section 4. 


4. Consequences of Theorem 2 
As an easy consequence of Theorem 2, we have 
Corollary 13. Assume t <0 and 2 CR". Let f be as in Theorem 2 above. Let u € C°(Q) be 


a positive weak solution to the equation to (15) in 2. Then for any R > 0 and xo € 92 (with 
Br(xo) C R"), we have absolute constant C(n, t) such that 


2 
max u= sup u>C(n,a)Ri. (17) 
IBR(X0) ——Br(xo) 


The proof of this is direct by using the L' lower bound (5) since wu is subharmonic and the 
maximum occurs only at boundary point. 
Corollary 13 immediately implies the following. 


Corollary 14. Assume t < 0 and assume that 82 C R" is an open subset in R". Let f :R— Ry 
be a positive function such that 


t 1 
st-I f(s) >Co, fors >0, 
for some constant Co. Then there is a positive constant C = C(92) such that if the positive 


boundary data @ < C on 082, the Dirichlet problem to Eq. (15) in 2 with u = ¢ on the boundary 
92 has no nontrivial positive weak C°-solution. 
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SUPp U = SUPyn b > C. 


In fact, we take a ball Br(xo) in the domain 2 and let C = C(n, w)RT. Then we have 
Using Theorem 2, we can easily derive the following. 


Proposition 15. There is no positive solution to (1) in a cone-like unbounded domain 92 with the 
bound 


2 
roe fuds <K 


Br 


for every ball Br C Q with R > 1, for some constant K > 0 ando > 0. 


Proof. Assume we have a positive solution u. Note that we can choose an arbitrary large ball 
Br in the domain (2. Then, using our Theorem 2, we get 


R° <K, 


which is not true by sending R > +00. 


We point out that for solution u to (1), the quantity 


2p 
RTs uP 
Br(O) 
is dimensionless. By this, we mean that if u is a solution to (1) in the ball Br (0), then the function 
—_2_ 
v(x) = Rt u(Rx) 


is a solution to (1) in B, (0) with 


Rome? fy dx = i; v?. 


Br Bi (0) 
Hence, in this sense, the L! lower bound estimate in Theorem 2 is the best one. 


5. Proof of Theorem 3 


In this section, we derive a global upper bound for positive solutions to (1) in R”. 
Assume that u(x) > 1 on Br(0) satisfies 


Then 


0<Au<l. 
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Using the gradient estimate in Theorem |, we can easily get that 
u(x) <u(O)eCR® 
for all x € Br(O). Here C is a uniform constant. However, this estimate is too rough. 


We now use the mean value property to do better. Fix 0 <r = |x| < R/4. Since u > 0 is 
subharmonic, on one hand, we have 


On the other hand, let 


2 
w(y) =u(y) — Co 


Then 
Aw = Au—-1<0. 


Hence w is superharmonic, and for R = 27,we have 


iOS fu 2ixl? (18) 
- ~ |Br(0)| n(n +2)" 


Br) 


Note that B,(x) C Br(O) and 


1 | 5 BAO 1 ee ee i 5 WO) 
us us>— us , 
|Br(O)| |Br(0)| |B-@)| 2” Poo a 2” 


R (0) B(x 


Hence, using (18), we have (6): 
u(x) < Cn(|x|? + 1). 


Using the standard interpolation argument and 0 < A < 1, we get the gradient growth: 


|Vu(x)| < Cp (|x| + 1). 
The important consequence of Theorem 3 is the following well-known result. 
Corollary 16. Assume that u > 0 is a positive solution to the equation 


Au=1. = inR". 
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Then u is a polynomial of the form 
n 
ag + > ajx;, 
j=l 


where ag > 0, aj >Ofor j=1,...,n, and2)),aj; =1. 


Proof. We may assume u(x) > 1 by considering u(x) + | if necessary. Using our upper bound 
2 

estimate in Theorem 3, we know u has at most quadratic growth. Consider w(x) = u(x) — aa 

Then w is a harmonic function with quadratic growth. Hence, w is a quadratic polynomial, and 


so is u, which gives the conclusion. 


6. Liouville property for convex solutions 


We prove Theorem 4 in this section. Choose any positive number k > | and let 2 = 
{x € R”; u(x) <k}. By our assumption (u is convex), 2 is a bounded convex domain. Recall 
the Pohozaev identity formally. Let g(u) = —u’ and let 


1 
G pe lS jitt gol EE i 
OS “I eT | 
Multiplying by x Vu the equation 
—Au= gu), 


we have 


|Vul? n-2 4 
0 = div VuGVu) —x—— + xG(u) + ——|Val —nG(u). 


Note that 1 + t <0. By integrating the equation above over (2, we get 


n—2 n 1 
[er + ett 45 fae vu) =o. 
2 092 


Note that by multiplying by u the equation, we have 


fiver faa fue 


Q 022 2 


Hence, using 0,u > 0 on the boundary 082, we have 


—2 ki+t19 
: open for <5 | leo, 
2 1l+t 1l4+t 
Q 


By this we get a contradiction, and then Theorem 4 is true. So we are done. 


1070 L. Ma, J.C. Wei / Journal of Functional Analysis 254 (2008) 1058-1087 


7. Compactness result 


In this section, we study the point-wise lower bound of positive solutions to Eq. (1), and prove 
Theorem 5. 


Proof of Theorem 5. We prove it by contradiction. For otherwise, we have a sequence of posi- 
tive convex solutions {uj} and a sequence of points {x ;} C $2 such that 


uj (xj) = min uj (x) => 0. 


Choose 
i= GOS 0. 
Set 
2 
vj(x) = dj Ty (Xj +Aj;x), 
Q):={xeER'; xjtajxe XQ}, 
and 
Bj= Br,>1(0) 
Then it is elementary to see that 
Avj= vi» in 2;, 
and 
vj(x) 2v;(0)=1. 
Let 


2 =lim 2;. 
ee 


Assume that A jd(x;, 082) > oo. Then @ =R" and by our Harnack gradient estimate and the 
standard L? theory, we can extract a convergent subsequence in C (B,(0)) for any r > 0, still 
denoted by {v;}, with its limit v being a positive convex function satisfying 


Av=v', inR’, v(x) > l=v(0). 


If Ajd(xj;,02) < C for some constant C, then we have Q= R‘. and we can get a positive 
solution v € C?(R',), i.e., 
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and 
v(x) > 1=v(0). 


However, both cases give us a contradiction by our Theorem 4. Then, we have proved Theo- 
rem 5. 


2 
Note that the convexity property in Theorem 5 cannot be removed since u(x) = A|x|'-* isa 
non-negative solution to (1) with 


(i —t)? rs 
A= : 
2n+1)—2(n—1)t 
8. Finite Morse index solutions 


From the variational point of view, it is also very interesting to discuss positive solutions with 
finite Morse index to the following equation: 


Au=u', inR", (19) 
where t <0, with finite Morse index. Assume that u € C? is a positive solution to (19). Define 
E@)= | (Vor +e 19"), 

R” 


where @ € Ch (R”). By definition, we say the positive solution u to (19) with finite Morse index k 
if there exist L? orthogonal nontrivial functions {o;}¥_) Cc Ce (R”) such that we have E(#) < 0 
for d € W := span{¢;} — {O}, and E(¢) > O for @ L W. If k =0, we say that the solution w is 
stable. 

Assume that u is the positive solution to (19) with finite Morse index k. Choose a large ball 
Br(O) which contains the supports of all @;’s. Let 


T, = Br+i+r (0) — Bryi(0). 
Then we have 
E(¢) 20 (20) 


for all 6 € C5°(T,). Let € be a smooth cut-off function with compact support in T,. Let ¢ = 
u4&, Then we have the following stability condition for any € > 0, 


Cr fine 
< ft Dg = qu" Dal? 


ea (1+ iat) fuer + (a? + 2lale) f we? | Du 
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Using the weak form of Eq. (19) with the testing function £*u~*, 6 = 2q + 1 > 0, we have 
pf Pe pup < fucPte? +2 f wPel Dull‘, 
and then we have, using the Cauchy—Schwarz inequality, for any 6 > 0, 
(B= 28) f wP'e)DuP < fhe + = fw er. 


Inserting this into the stability condition we get 


2 
a J + 2\gle _o9— 

2-14 22 < Ce, § i, 24) #2 q / 2q—1+tp2 

(2) fuerte? <c(€, 5.4) fw DEP + ee eel 


Choose —5 <q <-—t+~+t*—T and e, 5 small enough depending on g, we can have 


q* + 2Igle 
2q +1—26 


Hence, for some constant C(t, qg), we have 
Ea < c(e.g) fw DEP. 


Take q > 0 and replace & by & I+"F to get 


2q+1—t 2q 
IG) < cia | (2) en pep. 


Here C(t, q) is another constant. Using the Young inequality 


® @—1/b\et 
Be 4. (2) 


a a € 


l—t 
: +145 
with aw = “2 


get that 


(4, = PL +1), a = (£)?, and b = (€~T | DE])?, and choosing € small, we 


2q+l—t a 
[@) < coe.g) f (EF Ey, (21) 


Take 0 <q <—t+~<t*—T such that 


and then we can find that 
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1 2q+1—-t 
[G) < C(R, 1,4), 


T, 


for all r > 0. Note that the restriction of g is 


(n—2)(1—T) 2 


7 <q<-—tt+vr?—-1, 


which implies that 


n<2+ —W(-1+ 1-1). 


Set g such that n = “4 +2 and p=2q+1-—t. Then p >1n, and we use the lower bound of u 


to get that 
1\? 
IG) <C(R,T,q), 
Uu 


B,(0) 


for any r > 0. Note that 1 = =1 _ i+ : . Using our equation we find that 
|Au| € L?(R"). 
Using the standard L? estimate we find that 


Theorem 17. Let u is a positive solution with finite Morse index on R". We now assume that 
u(x) > u(O) = 1. Then, 


1-2 _ ttl 
| Du(x)] < Cla? =Clx|-, 
and then we have the growth estimate 
4.26 
u(x) <C(1+|x|- 1). 


In the case when the solution u is stable, we can take 7, = B,(0). In this case, let € be a 
cut-off function such that € = 1 on the ball Br(0), 


log |x| 


&(x) =2 log R’ 


for x € Bp2(0) — Br(O), and € = 0 outside Bp2(0). Then we get from the estimate (21) that 


i 1 C 
< > 0, 
u” ~ (log R)"—! 


Br(O) 


which is impossible. 
This proves Theorem 6. 
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We now prove Theorem 7. 


Proof. Using the test function @ = & in (20), we obtain that 


er <i (22) 
Br(O) 
where C is independent of R > 1. 
We now perform the following scaling: 
u(r, 0) = Arr v(t, 9), t=logr, r=|xl, (23) 
l=r\ 2 
where A; = (—~)!. 
Thus we obtain that v(t, @) satisfies 
Sheath i age AY =0, 1€(—00, +00), ES! (24) 
) ——yu,+v v =0, —0o, +00), : 
eae aan” Oeste 


We first claim 
v(t,@) >C_ fort >2. (25) 
In fact, from (22) and (24), we obtain that 


t+1 
i v™!(t,0)dsd@ +0, ast—>+oo. (26) 


t 


Let m = v*—!. Then it is easy to see that m satisfies 


4 
ma + mr + moo + C\m? > 0. (27) 


7; (to-1) 


Let us fix a point x9 = (to, 9) € (1, 00) x S!. Set m = eT m. Then m satisfies 


Mi + moo + Com? 20 (28) 
for (t,0) €[t —1l,t+1)x S!. 


By Lemma 2.2 of [22] (see also [1, Theorem 1.7]), we see that there exists 79 > 0 such that 
for any r > 0 if JB, (xo) mdx < no, then 


Cc 
a(t,0) <> / ti(x)dx for (t, 0) € B,/2(Xo). 
r 


Br (Xo) 
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Choosing fo > 8 large enough so that 


t+1 
t 
/ vt (t,0)d0 <e8no, fort > = (29) 
t 
Then 
t+1 
a 1 to 
i; m(t,0)ds dé < 510 fort > ou (30) 
t 
Thus 


mt,A)<C 


for (t, 8) € B1 ((to, @0)), which is equivalent to that v(t, 0) >C. 
2 
(25) implies that v(t, 0) > C. On the other hand, it is easy to see that by the Harnack inequal- 
ity, v(t, 0) < C. By the results of L. Simon [34], v(t, 0) > v(@), where v(@) satisfies 


4 
veg + = v—v' =0, iv is 27-periodic. (31) 
(1-1)? 


By Theorem 2.1 of [8], v(@) = constant if t 4 —3, and v(9) = (Acos?6 + A7! sin? 6)!/? for 
t = —3. This implies 
li ~ aya > 2H 32 
rae |x| u(x) > (aa (32) 
for some yu > 0. 


Next, by explicitly solving the equation (it is an Euler equation), one finds that any nontrivial 
solution of 


- 4" 1k = (u/r?)k=0 (33) 
: 


has infinitely many (and unbounded) positive zeros if 4. > 0. (Note that under the changes: r = e* 
and k(s) = k(r), we see that k(s) satisfies the equation 


k'(s) + wk(s) =0. 


It is easily seen that k(s) has infinitely many positive zeroes for any 44 > 0.) Thus, we can easily 
deduce that g has infinitely many positive zeros. Our claim holds. 

We denote the zeroes of k as0 <r, <ro <--- <rg <--- where rg > +00 as k > +00. Let 
ko be such that 


(—t) _ 2m 


’ 
r 


r>rp, k>ko. (34) 
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We are now in the position to complete the proof of Theorem 7. Let N > 0 be fixed andi > ko. 
Let h; be the function defined to be k(|x|) for |x| between the ith and (i + 1)th the zeros of k 
and to be zero otherwise. Then h; € H!(R’), h; are orthogonal (in L?(R’) or H!(R?)) and by 
multiplying (33) by h; and integrating between these zeros we see that 


=: 2 T 2: _ UL T 2 
om =f [ism + oe -{|5+ a | 
R2 R2 


is strictly negative at each h;. Hence the span of h; is an (N — 1)-dimensional subspace of 
cs (R*) such that Q(h) <0. Since h; has compact support it follows easily that there is an 
(N — 1)-dimensional subspace of H !(R2) such that 


[[ivncor of aH] <0 


R2 


and hence the Morse index of u must be at least NV. Since N is arbitrary, the Morse index of u is 
infinity, a contradiction to our assumption. 


9. Existence theory; proof of Theorem 8 


We now consider the existence problem of the problem (1). One can easily find the radial 
solutions to (1) in the whole space (see Theorem 3.2 in [31] for the case when t = —1 and 
Theorem 1.1 in [20] for t < —1). 

Given a positive data @ on the bounded smooth domain (2. Consider the boundary problem 
of positive solutions to (1) on §2 with the boundary condition u = ¢ on 092. 

If —1 <t <0, we let 


1 1 
mre 

Q Q 
on the space 


Ao = {ue H'(2); u=¢ on dQ}. 


Since 


1+t 
fur siar( fu) 
Q Q 


we can get a non-negative minimizer of J(-) on Ag. For such a minimizer, one need to handle 
with how large for its zero set. We shall not discuss this issue. One may see [23] and [19] for 
more (see also Appendix A for a brief discussion). 

When t = —1, an existence result has been discussed in [31] by degree argument. 

Theorem 8 gives another type of existence criteria. Since the proof of Theorem 8 is simple, 
we give it here. 
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Proof. Choose a large constant M such that u = M is a super-solution. Then one can use the 
standard super—sub solution method to get a positive solution. 
We give here the variational method. Let 


A={ueH'(2); u<u< Min, u=¢g ind}. 


Define 


1 1 
iw= 5 | !Duk - a f te (35) 


It is easy to see that /(-) is bounded from below on the closed convex set A. Since for any 


u,weA, 
[fate < fu—w. 


(We get this by mean value theorem in Calculus.) Then we can use the Sobolev compactness 
embedding theorem to get a minimizer u of the functional /(-) in the set A, which is the solution 
to (1) with the boundary data ¢ (see [37]). 


The advantage of variational methods is that one may prove that the minimizer on the class 
A is a stable solution in the usual sense. Since we shall not use this fact, we shall not discuss it. 
A natural question is how to find a sub-solution on a bounded domain. The usual way is to use 
one-dimensional (or any lower-dimensional) solution or radial solution on the whole space. One 
can also choose a large ball containing the bounded domain £2, and solve the equation on the ball 
to get radial solutions on the ball. Such radial solutions are the sub-solutions to the equation on 
the original domain if the boundary value of the radial solutions on the domain 2 are less than 
the given boundary data ¢. 

In particular, as an application of Theorem 8, we have 


Corollary 18. Assume t < 0, t 4 —1, and let 2 C R" be a bounded smooth domain. Given any 
positive smooth boundary data $ in 092. Assume that there is a radial solution u(r) in lower- 
dimensional space RE (k <n) or the whole space R” such that $(x) > u(|x|) on OQ. Then there 
is smooth positive solution to (1) with boundary data 9. 


Proof. Here we need only to use u(r) as a sub-solution to (1) on the domain 2 in Proposi- 
tion 8. 


Although the argument in the proof of Corollary 18 is simple, it can be used to study the exis- 
tence result of positive solutions for a large class of singular elliptic partial differential equations 
such as 


Au + aulogu=0 


with Dirichlet boundary data. One may see [18] and [30] for related results. 
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10. Symmetry properties: proof of Theorem 9 


In the last two sections, we consider the integral equation (8) which is closely related to the 
elliptic differential equation the elliptic equation: 


(—A)K?( —h)=—u™, inR”. 


It is clear that the positive solution to (8) is bounded from above by h. 

We shall use the following notation. Given any hyperplane z in R” and any function wu : 
R” => R. For any point x € R”, let x7 be the reflection of x about the plane z and let m(x) Ez 
be projection of x into 2. Define 


u" (x)= u(x”). 


In the famous paper of Gidas and Spruck [13], they proved that for n > 2 and yz = 2, and 


l<t< mts the only non-negative solution to the equation 


—Au=u', inR", 


is zero. However, the negative index Tt case has not been treated before Xu’s recent work [39]. 
So, Theorem 9 can be considered as a generalization of their result to Eq. (8). 

In recent years, there are important progress in the study of symmetry properties of non- 
negative solutions to Yamabe type equations. In particular, X. Xu [39] has obtained some related 
results to ours. His equation is the following: 


oe / lx — yu)? dy, 


R"’ 
which corresponds to the elliptic equation: 
(—A)“?u=uT, inR". 


One should be caution about the negative sign before the Laplacian operator, which forces the 
equation to have no positive solution on the whole space. We will use a symmetry method (see 
also [7] and [6]) to prove our results—Theorems 9 and 10. This symmetry method is powerful in 
our case since we can use the behavior at infinity of the solution. 

We now give a proof of Theorem 9. After using a rotation, we may assume that the hyperplane 
z is orthonormal to x; axis at the origin. So we may assume that h(x) = h is a constant in the 
following argument. 

For a given real number A, we define 


Ti 1 Og ssinsda) | Mie at 


and let x* = (2A — x1, .x9,...,X,) and ua (x) = u(x*). 
We can easily get the following 
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Lemma 19. For any positive solution u(x) of (8), we have 


1 1 
ux(x) — u(x) = a a <=) (aor" —u(y)") dy. (36) 


|x — y|"—# 


Proof. Let 
dead Cale o eneee <0 es <A}. 


Then it is easy to see that 


1 1 
b—u(ay= f aor ay+ f moray 


ee y| 
zy 4 
= ats ay )' dy + — ake! 
=| payne @ payee’) ay 
wy Da 
a i td Td 
= ayn tO) yr Te ype 6) y. 
Dy xy 


Here we have used the fact that |x — y*| = |x* — y|. Substituting x by x*, we get 


1 1 
r\ _ T t 
h—u(x = fest ay fat dy. 
Pr 


DIN 


Thus 


1 1 : = 
u(x”) — u(x) = IC ee —u(y)") dy. 


x= yh 
ay 


This implies (36). 


We shall need the following Hardy—Littlewood—Sobolev inequality (see, for example, [29]) 
| [ vem rordy | < Pon G7) 
with V(x, y) =|x — y|~” and 
1/p+v/n=1+1/q. 


Proof of Theorem 9. Define 


= {x | xE Dy, u(x) > un(x)}, 
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and 
ae = {x | xe Dy, u(x) < uy(x)}. 
Then 
Sy. = 2 US; 


We want to show that for sufficiently positive values of A, X, must be empty. 
Note that for y € &,, we have u(y)’ <u, (y)". Whenever x, y € 3, we have that |x — y| < 
|x* — y| and 


x — yA" > |x — |B", 


Then by Lemma 19, for any x € X,, 


ona / (Ix — ye" = |x* — y |") (uy? — 03.)°) ay 


Pr 
< / be — yl" (ua (y)* —uy)") dy 
ay 
Ss i b= yl" [ee tw a Onedy: (38) 
x 


It follows first from inequality (37) and the Hélder inequality that, for any g > n/(n — 2), 


lea — all pecs) < c| i Ix — yl" [ut (ws, — w)](y) dy 
4 L(y) 
re 


Xd 
t 1/B 
< c( f 6 ay) lu. = ull pace) 
zy 
; 1/B 
<e( fmor ay) lua — Ull paces): (39) 
zy 
By condition (9), we can choose WN sufficiently large, such that for A > N, we have 


1/B 1 
of f more ay) <5: 


Da 
Now (39) implies that 


\|ux — Ulhra(s-) =0, 
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and therefore X’, must be measure zero, and hence empty. Then using the standard moving plane 
trick (see [6,7]), we know that the solution u is symmetric in the variable x. 
So we complete the proof of Theorem 9. 


Finally, we remark that in some cases, using the analysis of ODE, we see that there is no 
radially symmetric positive solution to (8) with the condition (9). However, we shall not discuss 
this here. 


11. Proof of Theorem 10 


Let us now introduce the Kelvin type transform of u as follows: 


oh ee 


for any x 4 0. Then by elementary calculations, one can see that (8) is transformed into the 
following: 


A\x|h" — v(x) = / |x — yh" lyl uy)" dy, (40) 
R’ 


where a = (n+ yt) — (n— )T > O. Obviously, v(x) has a singularity at origin. Since u is locally 
bounded, it is easy to see that v(x) has no singularity at infinity, i.e., for any domain £2 that is a 
positive distance away from the origin, 


[%o ices, (41) 


Q 


aye 
J *or.ar= f (or) dy 
2Q 2 - 


= f (ier uc)" tet dz 


92* 
POP aa 


Q* 


= ¢ f uc" dz 
92* 
< CO. 


In fact, we have 


For the second equality, we have made the transform y = z/|z|*. Since Q is a positive distance 
away from the origin, §2*, the image of (2 under this transform, is bounded. Also note that 
B(n — 4) — 2n > 0. Then we get the estimate (41). 
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For a given real number A, we define, as before, 
y= {= Oitncsx fan) |e >A}, 


and let x* = (2A — x1, .x9,...,X,) and va (x) = v(x’). 
We can easily get the following lemma. 


Lemma 20. For any solution v(x) of (40), we have 


v(x) — v(x) = A(|x* | = |x|4-) 


I( : : )(qanor" 00") d (42) 
J NRE apr eo ye 


a 


Proof. The proof is similar to Lemma 19. Let 


X= {ees cocea) (el <A}. 


Then it is easy to see that 


1 1 1 1 
h|x|#—" — v(x) = ar a0) dy + ff vy" dy 
x— yl"¥ |y|* x— y|"-# |y|% 
Dy xf 
1 Ie apseb 1 mz 
ny ad Same d 
ee dl ye ney oat pete y'dy 
DM X 
/ be aied +f : i GRE 
= ————_ — UJ Uv , 
agree ole” = Jeera pA ee 
yy X 


Here we have used the fact that |x — y*| = |x* — y|. Substituting x by x*, we get 


7 \ 1 
h|x*|" "= oe) = f voy ay 
xy 


+f 1 1 aia 
——_—___ ——_v 4 
|x — yl [yao 
ay 


Thus 


Ga See) (peo — pero") 4 
Uv Vv B 
DEI ot yee? fy 


This implies (42). 
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We shall also need the following doubly weighted Hardy—Littlewood—Sobolev inequality of 
Stein and Weiss (see, for example, [29]) 


| / Ve Ody|, < Pappa (43) 


with V(x, y) = [xP la — yl*lyl™, O<a@ <n/p',0< B <n/q, 1/p + 1/p' =1, and 
I/p+Wta+p)/n=141/q. 
Proof of Theorem 10. Define 
dy ={x|xe Dy, v(x) <u}, 
and 
> — {x | xEL),, v(x) > va (x)}. 


We want to show that for sufficiently negative values of A, X’, and x must be empty. 
Whenever x, y € ©, we have that |x — y| < |x* — y|. Moreover, since A < 0, |y*| > |y| for 
any y € X. Then by Lemma 20, for any x € X,, 


v(x) — v(x) < Ju yle = |x* — yh") yl? (un. (9)? — v(y)") dy 
uy 
<- a Jx* — y|Y "yl * (vay)? — vy)*) dy 
Ee 
x5 i, ke — yl#"|y-2[v™ Hay, — v)]() ay. (44) 
= 


It follows first from inequality (43) and then the Hélder inequality that, for any g > n/(n — tL), 
which will be used below in the form that t < p, 


lu — vllpacary S c| i Ix — yl" lyl-@ [v7 ay, = v)] 0) dy 


LP(S 
- (27) 
, 1/B 
< c( | v(y) ay) len Mheacesy 
on 
: 1/B 
re a6) v(y) oO )B ay) |v, — Vitae): (45) 


uy 
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By condition (41), we can choose N sufficiently large, such that for 1 > N, we have 


1/B 1 
cf f vor Fay) <5: 


uy 
Now (45) implies that 
||v, — VIlta(a-) =0, 
and therefore 2’, must be measure zero. Then we can use the moving plane trick as before to 


get that v is symmetric at zero with respect to the x — | direction. This completes the proof of 
Theorem 10. 


12. Added in proof 

The results of papers [4,5,9,10,14,21,28,32,33,36,38] are related to our work here. Another 
related work is the paper of A. Farina: On the classification of solutions of the Lane—Emden 
equation on unbounded domains of R”, J. Math. Pures Appl. 87 (5) (May 2007) 537-561. 
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Appendix A. Regularity result for non-negative weak solution to Eq. (1) 
We now discuss some regularity result for positive weak solutions to (1). Our first goal here is 
to get upper bound for positive weak solutions to (1) for any t < 0 by assuming a positive lower 


bound. As in the proof of Theorem 2, we take R > p > 0 and a cut-off function € = &(|x|) such 
that |Vé| < : and € = | on By. Then using u(x) > 1, we have as before that 


R-p’ 
faders) = fursre< fier = a, 


Using A|x|? = 2n we have 


where A, B are uniform constants and 
TR,p = Br— Bp. 


We can also derive some other interesting bound without the point-wise lower bound. 
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Take a constant o > 0. Then we have 


= f vuv(ure) = furs, 
Using integration by part, we know that the left-hand side is 
= f vu9(u'e) =-o f ue-vuPe — fw vue. 
of urtivures furte=— fue vuve, 


1 
_furvuven fang os f ul 
l+o (l+o)(R — p) 


Then 


Note that 


TR,p 
where Tr,» = Br — By. Hence, we have 
ool a o+T Cc l+o 
of uo |Vul“+ fu < ———_} ur, (A.1) 
(1+o)(R — p)? 
Br Br TR,p 
Let us first consider two cases. 
Case 1. If we choose o = —T, then we get 
—t / u-*—'|Vul? +|B,(0)|R” < ak, ce / aes 
(1—r)(R — p)? 
Br TR,p 
Case 2. If we send o — 0 in (A.1), then we get 
Cc 
fu ee / u 
(R—p) 
Br TR,p 
In the following, we do iteration. Let o = —t + p in (A.1). Then we have 
(—-t +p) iy ute livy |? + i ur< g / “te, (A.2) 
~ (1=t+ p)(R =p? 
Br Br R,p 


This gives us that 


A(—t + p) five =ptly y+ furs C (are 
(-t+ p+)? (l—t+ p)(R—p)? 
T, 


Br R,p 
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We now in the standard Nash—Moser iteration situation. Hence, for any 0 < g, we have a uniform 


constant C(q,) such that 
C(q, I/q 
sup u < qateal |») b 
Bor (1 — @)R)"/4 


R 


Once we have an upper bound, we can use the standard Calderon—Zygmund L? theory to con- 
clude that u is a smooth solution. 

Generally, it is a difficult topic to know how large the size of the zero set of the non-negative 
weak solutions to (1). One may see [23] and [19] for related results in this direction. 
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0. Introduction 


0.1. Soit F un corps local non archimédien de caractéristique 0. Soit G = G(F), le groupe 
des points sur F d’un groupe algébrique réductif connexe, G, défini sur F et soit o une involution 
rationnelle définie sur F du groupe algébrique G. On notera encore o l’involution de G induite 
par o. Soit H = H(F) le groupe des points sur F d’un sous-groupe ouvert au sens de Zariski 
du groupe des points fixes de o. Le quotient du groupe G par H est appelé espace symétrique 
réductif p-adique. 

La motivation de ce travail est analyse harmonique sur G/H. Noter que G lui-méme peut 
étre vu comme un espace symétrique en considérant l’involution de G x G donnée par I’inversion 
des facteurs. 

Harish-Chandra a établi la formule de Plancherel pour les groupes réductifs réels (cf. [13]) et 
les groupes réductifs p-adiques (cf. [23]). La formule de Plancherel pour les espaces symétriques 
réductifs réels a été établie par deux méthodes différentes par E.P. van den Ban et H. Schlichtkrull 
d’une part et P. Delorme d’ autre part (cf. [1] pour une présentation des deux méthodes). 

Dans plusieurs cas particuliers, les fonctions sur G/H invariantes par un sous-groupe com- 
pact maximal ont été étudiées (cf. [16,17,22]). A.G. Helminck et G.F. Helminck ont obtenu des 
résultats de structure de G/H (cf. [14,15]). Pour l’analyse harmonique sur G/H, on s’intéresse 
aux triplets (77, V, €), ot' (7, V) est une représentation lisse admissible de G et € € V*A ot VA 
désigne l’espace vectoriel des vecteurs H-invariants du dual de V. P. Blanc et P. Delorme ont 
étudié le comportement de ces objets par l’induction parabolique (cf. [3]). 

Enfin on dispose d’une décomposition de type Cartan, ou décomposition polaire, des espaces 
symétriques réductifs p-adiques (cf. [2,11]). 

On considére dans un premier temps le comportement de ces objets sous les foncteurs de 
Jacquet, obtenant une généralisation de résultats de Casselman (cf. [9]), la preuve utilisant les 
résultats de celui-ci. L’expérience du cas réel conduit a s’interresser 4 des sous-groupes pa- 
raboliques P de G tels que P et P := o(P) soient opposés, on les appelle o-sous-groupes 
paraboliques. Alors M = P o(P) est le sous-groupe de Levi o-stable de P. 

Si (z, V) est une représentation lisse admissible de G, si € € V*4 et si v € V, on note Cz,y le 
coefficient généralisé défini par cg ,(g) := (7*(g)&, v), g € G, oti (w*, V*) est la représentation 
gt>' x(g7!) sur le dual algébrique V* de V. On regarde Cz,y comme une fonction sur G/H. 
Nos résultats, joints a la décomposition de Cartan, nous permettent notamment de démontrer que 
siz est bornée, i.e. telle que tous ses coefficients sont bornés, les coefficients généralisés cz,» sont 
bornés, ce qui est l’analogue d’un résultat de M. Flensted-Jensen, T. Oshima, H. Schlichtkrull 
pour les espaces symétriques réductifs réels (cf. [12]). 

On établit analogue d’un Lemme de Langlands (cf. [4, Chapitre IV, Lemme 4.4]) pour les 
coefficients généralisés czy, ob (7, V) est une représentation induite a partir d’un o -sous-groupe 
parabolique. Cela nous permet d’obtenir un résultat de disjonction de certaines parties de la 
décomposition de Cartan de G/H. 

N.B. : Les résultats de ce travail ont été annoncés dans [21]. 

Indépendamment, S. Kato et K. Takano (cf. [19, Paragraphe 5]) ont démontré le Corollaire | 
du Théoréme | et le Théoréme 3 de notre travail. Nous remercions Jacques Carmona de nous 
l’avoir signalé. 
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0.2. On considére divers groupes algébriques définis sur F’, et on utilisera des abus de ter- 
minologie du type suivant : «soit A un tore déployé» signifiera «soit A le groupe des points 
sur F d’un tore défini et déployé sur F ». Avec ces conventions, soit G un groupe linéaire al- 
gébrique réductif et connexe défini sur F. Soit Ag un tore déployé maximal de G ; on note Mg 
son centralisateur. Si P est un sous-groupe parabolique de G contenant Ag, il posséde un unique 
sous-groupe de Levi contenant Ag, noté M. Son radical unipotent sera noté U. On note Ag le 
plus grand tore déployé dans le centre de G. 

On note X(G) le groupe des caractéres non ramifiés de G et X,(G) l’ensemble des sous- 
groupes 4 un paramétre de AG, qui est un groupe abélien libre de type fini. On fixe une fois 
pour toutes une uniformisante @ de F. On note alors A(G) image de X,.(G) dans G par le 
morphisme de groupes A +> A(@), qui est isomorphe a X,.(G) par ce morphisme. On adopte des 
notations similaires pour les sous-groupes de Levi de G. 

Notons 2 (A,y) l’ensemble des racines de A y dans I’algébre de Lie de G et 2’ (P) l’ensemble 
des racines de Ay dans l’algébre de Lie de P et A(P) le sous-ensemble des racines simples de 
x (P). 

On reprend les notations et hypothéses du paragraphe 0.1 notamment pour o et H. 

Un tore déployé de G contenu dans {g € G | o(g) = g7!} sera dit o-déployé, ((o, F)-split 
torus dans [15]). 

On fixe désormais un tore o-déployé maximal, Ag, et on suppose Ag choisi de telle sorte que 
Ao soit un tore déployé o-stable maximal contenant Ag (cf. [15, Lemme 4.5 (iii)] pour I’ exis- 
tence). On note (A;)jce7, un ensemble de représentants des classes de H-conjugaison de tores 
o-déployés maximaux de G, qui est fini (cf. [15, 6.10 et 6.16]). On suppose que cet ensemble 
contient Ag. Les A; sont tous conjugués sous G (cf. [14, Proposition 1.16]). On choisit, pour tout 
i dans J, un élément x; de G, avec x; Agx; _ A; en prenant xg = e, ot e est |’élément neutre 
de G. 

On fixe Py un o-sous-groupe parabolique minimal de G contenant Ag. Soit P un o-sous- 
groupe parabolique de G contenant Py. On note W (Ag) un ensemble de représentants du quotient 
W(Ag) du normalisateur dans G de Ag par son centralisateur dans G, noté Mg. On extrait de 


l’ensemble {x;w | w € W(Ag)} un ensemble de représentants Wriy (resp. Wy) de (H, Py)- 


doubles classes ouvertes de G (resp. (H, P)-doubles classes ouvertes de G) avec Wy, C Wry: 
Ces ensembles sont finis (cf. [15, Proposition 6.10, Corollaire 6.16]). 

On note X(M), la composante neutre de l’ensemble des caractéres de X (M) anti-invariants 
par o. On note dp le module de P, qui est un élément de X(M),. 


0.3. On considére P = MU un o-sous-groupe parabolique de G, de sous-groupe de Levi 
o-stable M et de radical unipotent U. Pour tout nombre réel ¢ > 0, on note : 


Ay (é) := {a € Am; 


a(a)| <2, we A(P)}, 


ou |.| est la valeur absolue normalisée de F'. On pose Ay := Aj, (1). 

Soit (7, V) une représentation lisse admissible de G, notons Vp le module de Jacquet de V 
relativement a P et jp : V > Vp la projection naturelle. On munit Vp de la représentation lisse 
admissible zp de M définie par 2p (m) jp(v) := dp(m)—!/? jp(a(m)v) pour toutme M,veV. 


Lemme 2. Si K est un sous-groupe ouvert compact de G, il existe un sous-groupe ouvert compact 
K’ de K possédant la propriété suivante : 
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Pour toute représentation lisse admissible (1, V) de G, pour tout élément — de V*" et pour 
tout v € vx ona: 


(x*(kK)E, w(a)v) =(E,2(a)v), aeAy, kEK’. 
Le Lemme précédent permet d’utiliser des résultats de Casselman (cf. [9, Théoréme 4.2.4]) 
que nous étendons aux coefficients généralisés dans le Théoréme suivant. 


Soit (27, V) une représentation lisse admissible de G. 


Théoréme 1. Soit € € V*". Alors il existe un unique jpléye (Vp)! vérifiant : 
Pour tout v € V, il existe ¢ > 0, dépendant de v, tel que : 


Sp(a)'/*(§, (av) = (ip), tra) jr@)), ae Ay(e). 
De plus, on peut choisir ¢ indépendamment de — € V*". 
On note (Py, Ag) l'ensemble des racines de Ag dans l’algébre de Lie de Pg. On note 
A(Pg, Ag) Vensemble des racines simples de (Py, Ag). Soient P = MU un o-sous-groupe 
parabolique contenant Py et A(U, Ag) les racines de Ag dans l’algébre de Lie de U qui sont 


éléments de A( Py, Ag). Pour ¢ > 0, soit Aj (P, < €) ensemble : 


{a € Ag; 


a(a)| ,<€, « € A(U, Ag) et |a(a)| , <1, w € A(Py, Ag) \ AU, Ap)}. 


Le Théoréme suivant est une extension aux coefficients généralisés du Théoréme 4.3.3 de [9] 
pour les coefficients. 


Théoréme 2. Pour tout v € V, il existe € > 0 tel que, pour tout — € V4 onait: 
dpa) '/?(E, x(a)v) =(jp), tP(a)jp(v)), ae AG (P, <e). 
Fixons un plongement algébrique t : G > GL, (fF). On peut supposer, et l’on suppose, que 


Tt(Ko) C GLy(O) ot O est l’anneau des entiers de F (cf. [23, I.1]). Pour g € G, écrivons : 
T(g) = Gi, f)i,jat,uns TB |) = (i,9)i,j=1,....n» lel = sup;, ; sup(lai, slr, [Di jle) et : 


lgH||:= |go(g—')]. (0.1) 
Théoréme 4. 


(i) Soit (x, V) une représentation lisse, admissible et de type fini de G. Soit & € V*". Il existe 
c > 0 tel que, pour tout v € V, il existe Cy > 0 vérifiant : 


I(x*(g)&,v)|<CyllgHII®, geG. 


(ii) Si (at, V) est une représentation lisse bornée irréductible de G et € € v*4 alors pour tout 
uv € V, la fonction czy est bornée. 
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Remarque. Le point (i) permet de voir qu’une des hypothéses du Théoréme 3 de [3] est toujours 
satisfaite. 


Noter aussi que d’ apres un théoréme de Howe, une représentation lisse est admissible de type 
fini si et seulement si elle est de longueur finie. 


0.4. Soit P un o-sous-groupe parabolique de G contenant Pg, soient M son sous-groupe 
de Levi o-stable et U son radical unipotent. Soit (6, Vs) une représentation lisse, admissible, 
bornée et de type fini de M. On introduit, pour x ¢ X (M),, la représentation 6, = 5 @ x de M. 
Lespace de 5, s’identifie 4 Vs. On étend l’action de M a P en la prenant triviale sur U. Soit 
ied (6) l’espace des applications g : G — Vs qui sont invariantes 4 gauche par un sous-groupe 
compact ouvert et telles que : 


—1/2 2 
y(gmu) = 5p (m)5,(m!)g(g), geG,meM, ueU. 


Le groupe G agit par la représentation réguliére gauche np , Sur (6). 

Si x € G et E est une partie de G, on note x.E:=xEx7!. 

A tout w é Wri on associe l’espace : V(6,w) = yenoe ee On considére la somme 
V(6) := D,,<ws V(6, w). La projection de V(5) sur V(6, w) parallélement aux autres com- 
posantes sera notée pr(6, w) ou pr,,. 


Soit x € X(M)q tel que |x al soit strictement P-dominant. On associe 4 7 € V(6, e), la 
fonction €,(P, 45, x, 7) définie sur G a valeurs dans V; par les relations : 


(a) ee(P, 5, x,n) =O en dehors de HP. 
(b) Pour tout (h,m,u)€ H x Mx U,ona: 


ee(P, 5, x, n)(hmu) = 8p'/"(m)x (m)8*(m~!)n. 


Pour w € Wy. n € V(6, w), on définit également : 
Ew(P, 5, x,n) = R,-1€e(w.P, w.d, w.x, 0), 


ou R désigne la représentation réguliére droite de G et w.6 (resp. w.x) la représentation de w.M 
déduite de 6 (resp. x) par transport de structure. On définit enfin pour 7 € V(6) : 


j(P.8,x.n)= Yo ew(P,5, x, pr(5, w)n). 


GaiG 
weWy 


On peut appliquer le Théoréme 3 de [3] avec r = 0 grace a notre Théoréme 4 (ii). On en dé- 
duit que pour tout v € Vs, l’application g tr (j(P,5, x,)(g), v) est continue sur G. Alors 
Qre Je (j(P,6, x, n)(k), g(k)) dk définit une forme linéaire sur Le (6), invariante par H sous 


(af, on la note encore j(P,6, x, 7). 
On dispose des intégrales d’entrelacements A(P, P,6, xX) qui entrelacent Ly (8) et ie (6) et 


définies par des intégrales convergentes pour x € X(M), tel que | x5p™| soit P-dominant pour 
Rs > 0 bien choisi (cf. [23, Théoréme IV.1.1]). 
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Le symbole a — g oo signifie que a € Ay et que |a(a)|- — +00 pour tout a € D(P). 


Théoréme 5. On suppose de plus que (6, Vs) est irréductible. Soit x € X(M)q tel que Ixdp | 


et Ixdp | soient strictement P-dominants. Alors, pour tout p € cE (5), geEG, ne V6): 


tim, x(a) u5(a)8p/°(a)( (8) (ga) j(P. 8, x0), ) = ([Pren. (ACP, P. 5, x)())(8)). 
(0.2) 


ou [4s est le caractére central de 6. 


On note A; (Ag) := {A € A(Ag); leAF < g 7 ace A(Pg)}, ob T >0 et A (Ag) = 
Ag (Ag). 

La décomposition de Cartan (cf. [2,11]) donne Il’ existence d’une partie compacte 2 de G telle 
que : 


G= |) @a (py. (0.3) 
yeWii, 


Théoréme 7. I] existe T > 0 tel que la réunion Usews RAF(Ag)y7! A. soit disjointe. 
fl 


0.5. Dans le Paragraphe 1, on précise les notations et on fait quelques rappels, notamment 
sur les involutions rationnelles de G. Dans le Paragraphe 2, on établit les liens entre module 
de Jacquet et vecteur distribution H-invariant (Théoréme 1), on définit le terme constant de 
fonctions sur G/H, on établit le Théoréme 2 et enfin, on obtient une propriété de transitivité du 
terme constant dans le Théoréme 3 et on introduit la notion de vecteurs distributions H -invariants 
cuspidaux. Dans le Paragraphe 3, on obtient des majorations qui nous conduisent a4 comparer la 
fonction ||.|| 4 une autre fonction définie sur G/H par P. Blanc et P. Delorme (cf. [3]). On établit 
ensuite des majorations de certains coefficients généralisés de représentations admissibles de type 
fini dans le Théoréme 4. Dans le Paragraphe 4, on obtient l’analogue d’un lemme de Langlands 
(Théoréme 5) et on en déduit une propriété de disjonction dans la décomposition de Cartan des 
espaces symétriques réductifs p-adiques (Théoréme 7). 


1. Notations et rappels 
1.1, Notations 

On va utiliser largement des notations et conventions de [23]. Soit F un corps local non 
archimédien, de caractéristique 0. On considére divers groupes algébriques définis sur F’, et on 


utilisera des abus de terminologie ou convention du type suivant : 


« Soit A un tore déployé » signifiera « soit A le groupe des points sur F 
d’un tore A défini et déployé sur F ». (1.1) 


Avec ces conventions, soit G un groupe linéaire algébrique réductif et connexe. Soit Ag un sous- 
tore de G, déployé et maximal pour cette propriété, on note Mo son centralisateur dans G. Si P 
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est un sous-groupe parabolique de G contenant Ao, il posséde un unique sous-groupe de Levi 
contenant Ag, noté M (ou Mp). Son radical unipotent sera noté U ou Up. 

Si H est un groupe algébrique, on note Rat(#7) le groupe des caractéres algébriques de H 
définis sur F’. Si E est un espace vectoriel, on note E* son dual. S’il est réel, on note Ec son 
complexifié. On note Ag le plus grand tore déployé dans le centre de G. 

On note ag = Homz(Rat(G), R). La restriction des caractéres rationnels de G 4 Ag induit 
un isomorphisme : 


Rat(G) @z R= Rat(Ac) @zR. (1.2) 
On dispose de l’application canonique, Hg : G > ag définie par : 
eltG-x) = |y(x)|_,, x» €G, x €Rat(G) (1.3) 


ot |.|¢ est la valeur absolue normalisée de F. Le noyau de Hg, qui est noté G!, est l’inter- 
section des noyaux des caractéres de G de la forme |x|r, x € Rat(G). On notera X(G) = 
Hom(G/G!, C*). On a des notations similaires pour les sous-groupes de Levi. 

Si P est un sous-groupe parabolique de G contenant Ao, on notera ap = ay,, Hp = Hyp. 
On note a9 = ay, Ho = Hy. On note ag,r, resp. dg,r image de G, resp. Ac, par Hg. 
Alors G/G! est isomorphe au réseau ag,r. Soit M un sous-groupe de Levi contenant Ag. Les 
inclusions Ag C Ay C M CG, déterminent un morphisme de groupe surjectif ay, rp > dcG,F, 
et un morphisme injectif ag,- — ay.r. Le premier (resp. le second) se prolonge de maniére 
unique en une application linéaire surjective entre ay et ag (resp. injective entre ag et ay). La 
deuxiéme application permet d’ identifier ag 4 un sous-espace de ay et le noyau de la premiére, 
noté Gos vérifie : 


ay = aS, ®ac. (1.4) 
Il y a une surjection : 
(aG)o> XG) 1 (1.5) 


qui associe 4 x @ 5s, le caractére g +> |x(g)|* (cf. [23, I.1(1)]). Le noyau est un réseau et cela 
définit sur X (G) une structure de variété algébrique complexe pour laquelle X (G) est de dimen- 
sion dimp ag. Pour x € X(G), soit v € (a%)c un élément se projetant sur x par l’application 
(1.5). La partie réelle Rev € a¢ est indépendante du choix de v. Nous la noterons Re x. Si 
x € Hom(G, C*), le caractére |x| appartient 4 X(G). On pose Rex = Re|x|. De méme, si 
x € Hom(Ag, C*) est continu, le caractére |x| se prolonge de fagon unique en un élément de 
X(G) a valeurs dans R**, que l’on note encore |x| et on pose Re x = Re |x|. 
De l’isomorphisme naturel (1.2) on déduit aisément I’ égalité : 


AL=Agnce'. (1.6) 
Alors A a est le plus grand sous-groupe compact de Ag. 


On note X,(G) ou X,(Ag) l'ensemble des sous-groupes a un paramétre de Ag. C’est un 
groupe abélien libre de type fini. On fixe une fois pour toute une uniformisante w de F’. On 
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note alors A(G), Pimage de X,(G) dans G par le morphisme de groupes 4 +> A(w), qui est 
isomorphe a X,.(G) par ce morphisme. 

Notons 4'(A,y) l'ensemble des racines de Ajy dans l’algébre de Lie de G, qui s’identifie 4 un 
sous-ensemble de aj,, &(P) l’ensemble des racines de Ay dans l’algébre de Lie de P et A(P) 
le sous-ensemble des racines simples de 2'(P). 


On note W® le groupe de Weyl de G relativement 4 Ao, qui agit sur aj. On 
choisit un produit scalaire sur ag invariant par W®. On le notera (.|.), et |.| la 
norme qu’on en déduit. (1.7) 


On note : 


<p (resp. tap) = {» Edy | v= > XA OU Xy > O (resp. Xq > o}, 
ac A(P) 


a” (resp. a’) ={vedy | (via) > 0 (resp. > 0), we E(P)}. (1.8) 
Comme dans [23, I.1], on fixe Ko un sous-groupe compact maximal de G qui est le fixateur d’un 
point spécial de l’appartement associé 4 Ag dans l’immeuble de G. 
Soit Po un sous-groupe parabolique minimal de G contenant Ao. 
On note : 
as (resp. dp) = {xX E€ap | (a, X) >O0 (resp. <0), aE A(P)}. 
On écrira a (resp. dg ) au lieu de ap, (resp. A p,)s 


tap :={X €ap|(v,X)>0, vea,*}, 


Mj = Hy, (ap) et My := Hy, Gp). (1.9) 


Si N est un sous-groupe fermé de G, on note dn une mesure de Haar invariante a gauche sur NV. 
Si N et N’ sont deux sous-groupes fermés de G tels que N’ Cc N, on notera dn, si elle existe, 
une mesure sur N/N’, invariante 4 gauche par N, positive et non nulle. C’est le cas si N et N’ 
sont unimodulaires. 

Soit P un sous-groupe parabolique de G contenant Ag, soit M son sous-groupe de Levi conte- 
nant Ao et soit P = MU le sous-groupe parabolique de G opposé A P relativement A M. 

Soit P un sous-groupe parabolique de G de sous-groupe de Levi M. On note pp la demi- 
somme des racines de Ajy dans I’algébre de Lie de P, on note dp |’élément de X (M), tel que 
lon ait : 


dp(m) = ePP'Hu™) om eM. 
On note C(G, P, —2pp) l’espace des fonctions continues f : G > C telles que : 
f (gmu) =e 7PPHu™) Fg), xg eG, meEM, ucU. 
On remarque que si f € C(G, P, —2pp), alors f est invariante 4 droite par KgN P. En raisonnant 


comme dans la preuve de la Conséquence 7 de la Proposition 5.26 de [20], et en remplacant 
K OM par KN P, on montre que, pour une bonne normalisation des mesures : 
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Pour toute fonction f de C(G, P, —2pp), intégrale de f (u)du est absolument 
convergente et : 


[ twar=f roa. (1.10) 
Ko U 


Il en résulte que la forme linéaire M sur C(G, P, —2pp) définie par : 


Mify= f f0odk, feC(G,P.—2pp) 


Ko 


est invariante par les translations A gauche par les éléments de Ko, de U ainsi que ceux de M. 
Donc : 


La forme linéaire M sur C(G, P, —2pp) est invariante par les translations 4 
gauche par les éléments de G. (1.11) 


1.2. Involutions rationnelles de G 


On utilisera parfois de fagon implicite les deux faits suivants. Avec nos hypothéses sur F’,, on 
a (cf. [18, Théoréme 34.4 (d)]) : 


Si L est le groupe des points sur F d’un groupe algébrique réductif ZL défini 
sur F,, alors L est Zariski dense dans L. (1.12) 


Il résulte facilement de ceci et du Théoréme 34.4 (c) de [18], que : 


Si L est comme ci-dessus et A le groupe des points sur F d’un tore déployé 
A de L, alors le centralisateur de A est un groupe réductif défini sur F dont le 
groupe des points sur F est égal au centralisateur de A dans L. (1.13) 


Soit o une involution rationnelle, définie sur F’, du groupe algébrique dont G est le groupe des 
points sur F’. Soit H le groupe des points sur F d’un sous-groupe ouvert, défini sur F’, du groupe 
des points fixes de o. 

Un tore déployé de G contenu dans {g € G | o(g) = g~!} sera dit o-déployé, ((o, F)-split 
torus dans [14]). On dira que P est un o-sous-groupe parabolique de G si P est un sous-groupe 
parabolique de G tel que P et o(P) soient opposés, c’est a dire tel que P Mo (P) soit un sous- 
groupe de Levide P. C’est alors le sous-groupe de Levi o-stable de P : en effet, tout sous-groupe 
o-stable de P est inclus dans P 10 (P) qui est o-stable. On utilisera la convention suivante : 


La phrase : «Soit P = MU un o-sous-groupe parabolique de G » signifiera 
que P est un o-sous-groupe parabolique de G, que M est son sous-groupe de 
Levi o-stable (i.e. M = PMo(P)) et que U est son radical unipotent. On notera 
P = MU le sous-groupe parabolique o (P) qui est opposé 4 P relativementaM. (1.14) 


D’apreés [14, Corollaire 6.16], si Po est un sous-groupe parabolique minimal de G, le nombre 
de (H, Po)-doubles classes est fini, donc aussi le nombre de (H, P)-doubles classes pour tout 
sous-groupe parabolique P de G. 
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On a (cf. [15, l’équivalence de (i) et (iv) de la Proposition 4.7 et Lemme 4.5]) : 


Si Pg est un o-sous-groupe parabolique minimal, son sous-groupe de Levi o- 
stable, Mg, contient un unique tore o-déployé maximal de G, Ag, et Mg = 
ZG (Ag). (1.15) 


On fixe désormais Ag un tore o-déployé maximal de G et on note Mg son centralisateur. On fixe 
Ao un tore déployé maximal de Mg. Alors (cf. [15, Lemme 4.5 (i)]), Ao est o-stable et c’est un 
tore déployé maximal de G. Donc : 


Le tore Ao est un tore déployé maximal o-stable de G contenant Ag. (1.16) 


On fixe aussi Py un o-sous-groupe parabolique minimal contenant Ag. On note (A;)j¢7, un en- 
semble de représentants des classes de H-conjugaison de tores o-déployés maximaux de G. On 
suppose que cet ensemble contient Ag. Les A; sont tous conjugués sous G (cf. [14, Proposition 
1.16]). 

On choisit, pour tout i dans 7, un élément x; de G, avec x; Agx; _ Aj en prenant xg = e. 
On note P; l'ensemble des o-sous-groupes paraboliques minimaux de G contenant A;, qui est 
fini, et les éléments de P; sont tous conjugués entre eux par un élément du normalisateur de A; 
(cf. [14, Proposition 2.7]). Comme les A; sont conjugués entre eux, tous les éléments de P; sont 
conjugués sous G a Pg et a P; := x; Pox,’ 

On note M; le centralisateur dans G de A;. Si L est un sous-groupe de G, on note W;(A;) 
le quotient du normalisateur dans L de A; par son centralisateur. On note W(A;) au lieu de 
WolAi). 

On note W; un ensemble de représentants dans NG(Ag) de Wy,(Ag) \ W(Ag) ot Aj = 
x, 'Hx;. Soit WS Vensemble {x;x | x € Wi} et Wii = Ue, WE. Alors (cf. [14, Théo- 
réme 3.1]): 


Win forme un ensemble de représentants des (H, Py)-doubles classes ouvertes 
dans G. (1.17) 


En particulier, comme I’ensemble des (H, Py)-doubles classes est fini (cf. [15, Proposition 6.10 
et Corollaire 6.16]), on voit que J est fini. 

Soit P = MU un o-sous-groupe parabolique de G. On remarque que Ay, le plus grand tore 
déployé du centre de M, est invariant par o, donc o agit naturellement sur ay. 

Si x € G et E est une partie de G, on note x.E :=xEx7! et si f est une application définie 
sur E, on note x. f l’application définie sur x.E par: x. f(xyx7!) = f(y), pour y € E. 

On note X(M), (resp. XR(M),) Vensemble des caractéres non ramifiés de M qui sont 
l'image par |’ application de (1.5) (pour M au lieu de G), de l’ensemble des éléments de (aac 
(resp. a4,) anti-invariants par 0. Alors X(M), est la composante neutre de l’ensemble des ca- 
ractéres de X (M) anti-invariants par o. On remarque de plus que : 


Six €X(M),, alorsx(h)=1, hEMOA, (1.18) 
En effet : 


yoo(h)=x(hy!, heMOH. 
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On en déduit que : 
x(hyr =1, heMOd. 


Alors, pour h e MN Fi fixé, Vapplication continue sur X(M), définie par x t+» x(h) est a 
valeurs dans {—1, 1}. Par connexité, on en déduit que x (A) = 1, d’ot (1.18). 


On fixe Po un sous-groupe parabolique minimal de G contenant Ag et contenu 
dans Pg. (1.19) 


On pose : 


A; (Ag) := {A € A(Ag); 
AW (Ag) := Ag (Ag). (1.20) 


a(a)|p><e", we A(Py)}, ot TSO et 


La décomposition de Cartan (cf. [2, Théoréme 1.1] et [11, Théoréme 0.1]) donne l’existence 
d’un ensemble compact S2 tel que : 


G= U QA (Ag)y !H. (1.21) 
yeWiiy, 


Comme Apo est o-invariant, o agit naturellement sur ag. On définit ag le sous-espace des 
éléments anti-invariants de ag. 


Pour des raisons de dimension, ag est égal au sous-espace vectoriel de ay engendré 
par Hy, (Ag). (1.22) 


Le groupe des automorphismes de ag engendré par o et le groupe de Weyl de G relativement a 
Ao, W®, est fini car o préserve Ao et donc Ng(Ao). En conséquence, le produit scalaire sur ao 
introduit en (1.7) peut étre supposé également o -invariant. 

Soit P un o-sous-groupe parabolique de G contenant Py et M son sous-groupe de Levi o- 
stable. On note Ago (resp. Ay) le plus grand tore o-déployé de Ag (resp. de Am), ag (resp. 
ac,c) ensemble des points fixes (resp. anti-invariants) de ag sous o. 

On note pg la projection de ag sur ag,¢ parallélement a ag, et HG,o la composée po o Hg. 


1.3. Représentations 


1.3.1. Représentations lisses 

Soit (zr, V) une représentation de G sur un espace vectoriel V complexe. Si K est un sous- 
groupe de G, on note V¥ l’espace des vecteurs de V invariants sous 2(K). On dit qu’une 
représentation (zr, V) est lisse si tout élément v de V appartient 4 V“ pour un sous-groupe 
compact ouvert K. On dit qu’elle est admissible si elle est lisse et si V* est de dimension finie 
pour tout sous-groupe compact ouvert K. On dira qu’une représentation lisse est bornée si tous 
ses coefficients lisses son bornés. 

Une fonction de G dans C bi-invariante par un sous-groupe compact ouvert sera dite lisse. On 
note C>°(G) l’espace des fonctions lisses 4 support compact qui est aussi l’espace des fonctions 
localement constantes 4 support compact. 
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On note R (resp. L) la représentation réguliére droite (resp. gauche) de G sur C®(G). 

Si (7, V) est une représentation lisse de G, on définit sa représentation duale (7*, V*) par la 
représentation gto! m(g7!) sur le dual algébrique V* de V et on définit sa contragrédiente lisse 
(7, V) par la restriction de 2* au sous espace V des éléments de V* fixés par un sous-groupe 
ouvert compact. 


Si (7, V) est une représentation admissible de G et K un sous-groupe ouvert 
compact de G, on définit l’ opérateur 2 (ex) par la formule : 


m(ex)v:= [xa dk 


K 
ou v € V et dk est la mesure de Haar normalisée de K. (1.23) 


Comme v est fixé par un sous-groupe ouvert compact, cette intégrale est une somme finie. 
Avec les mémes hypothéses, pour un élément & de V*”", on définit l’élément *(ex )é de 
v** CV par: 


(x* (ex )&, v) :=(&,m(ex)v), veEV. (1.24) 


1.3.2. Représentations rationnelles 

Soit A un élément de Rat(Mo), on appelle représentation de plus haut poids A relativement 
a Po, une représentation rationnelle de G, définie sur F', de dimension finie, (77,4, Vy), irré- 
ductible et possédant un vecteur non nul vy, dit de plus haut poids A, invariant par le radical 
unipotent Up de Pp et se transformant par A sous Mo. 

Une telle représentation, si elle existe, est unique a isomorphisme prés (cf. [18, Théo- 
réme 31.3 (c)]). Il résulte du Théoréme 31.3 (b) de [18] que : 


Pour tout élément Po-dominant, a de Ao, la plus grande des valuations des va- 
leurs propres de 7, (a) est égale a | A(a)|F. (1.25) 


Toujours d’aprés ce Théoréme 31.3, ona: 


Si (,, Va) est une représentation de plus haut poids A relativement a Po, alors 
sa epee contragrédiente (7%, V;) est une représentation de plus haut 
poids A~ ! relativement a Po. (1.26) 


2. Modules de Jacquet et vecteurs-distributions H -invariants 


2.1. Soit P = MU un o-sous-groupe parabolique de G fixé pour ce Chapitre 2. 
On associe a ¢ > 0 ensemble : 


Ay(e):= {ae Am; |a(a|,<2, we A(P)}, 
Si lon veut expliciter la a par rapport a P, on notera Ay(P, < €) au lieu de Aj, (e). 
On notera Ay i= = Ay (1), Ai;(e) = (Ay (©)! et AZ = (Ay) T- 
On dit qu’un sous-groupe sivert compact K de G vpilinet une factorisation d’Iwahori par 
rapport a P s’il vérifie les deux conditions suivantes (cf. [9, 1.4]): 


1100 N. Lagier / Journal of Functional Analysis 254 (2008) 1088-1145 


(a) l’application produit de Kz, x Ky x Ky dans K est une bijection, ol Kg = 
KQU,Ky=KNMetKy=KNU; 
(b) pour tout a € Ayy,aKya_! © Ki,.a: ‘Kya © Kp. (2.1) 


Tout sous-groupe compact ouvert contient un sous-groupe compact ouvert ad- 
mettant une factorisation d’Iwahori (cf. [9, Proposition1.4.4]). (2.2) 


Nous remercions Joseph Bernstein pour nous avoir fourni la démonstration du Lemme suivant : 


Lemme 1. Soit K un sous-groupe ouvert compact admettant une factorisation d’Iwahori par 
rapport a P : K = K;,Ky Kv. Alors il existe un sous-groupe ouvert compact K' de G, contenu 
dans KN Ki Kul. 


Démonstration. Avec la convention (1.1), si G est un groupe algébrique, alors G est un groupe 
de Lie sur F au sens de Bourbaki (cf. [6, Chapitre III, Paragraphe 1, Définition 1]). On note g 
son algébre de Lie. 

La différentielle en (e, e) de la fonction analytique : 


p:PxH—>G 
(p,h) > ph 


est l’application : 


pxhog 
(X,Y) > X+4+Y. 


Or p+6=g (cf. [3, début du Paragraphe 2.4]), elle est donc surjective. Les propriétés des 
submersions (cf. [5, 5.9.1 4 5.9.4]) nous donnent alors l’existence de deux voisinages de e, l'un, 
V,, dans P que l’on peut prendre dans K;, Ky et l'autre, V2, dans H tels que l’image de Vj x V2 
par p contienne un voisinage de e. Quitte a restreindre, on peut supposer ce dernier contenu dans 
K et que c’est un sous-groupe compact ouvert. On le note K’. 


Lemme 2. Si K est un sous-groupe ouvert compact de G, il existe un sous-groupe ouvert com- 
pact K' de K possédant la propriété suivante : 


Pour toute représentation lisse (1, V) de G, pour tout élément & de V*" et pour tout v € V¥, 
(x*(ak)&,v)=(x*(@é,v), aeAy, kek’. 
En particulier, pour tout sous-groupe compact ouvert K" C K': 
(1* (ag, v)=(a*(a)n*(exné,v), ae At (2.3) 


(cf. (1.23) et (1.24) pour les définitions de m(ex)v et de m* (ex )é). 
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Démonstration. D’aprés (2.2), on se raméne au cas ot. K admet une factorisation d’Iwahori par 
rapport a P, on a alors K = K;,Ky Kv. D’aprés le Lemme 1, il existe un sous-groupe ouvert 
compact K’ de G contenu dans K 1 Kj KmH. Soit k € K’, et soient kg € Kg, ku € Ky et 
he H tels que k =kgkyh. Puisque & € vet ona: 


(x*(ak)é, v) =(*(akga~'akya”'a)é,v), ae At. 


De plus akya~'! =ky € Ky et akja7! € Kg carae Ay, donc akya~‘akga7! e€ K. Or 
ve V¥, donc: 


(*(ak)&, v) =(a*(a)é,v), ae Aq. 


On déduit du Lemme 12 de l’appendice que : 


Soit P = MU un o-sous-groupe parabolique de G. Si g est une fonction de Ay 
dans C, lisse et Ajy-finie, elle est entitrement déterminée par sa restriction 4 
Aj (€) pour un é > 0. 


Side plus Ag C M et sig est une fonction définie sur Ay M Ag, lisse et AyyM Ag- 
finie, alors elle est déterminée par sa restriction a Ay, (€) M Ag pour un « > 0. (2.4) 


Si (7, V) est une représentation admissible de G, tout vecteur est Ag-fini. En effet, si v est 
élément de V, il existe un sous-groupe ouvert compact K de G tel que v soit élément de V*. 
Alors, pour tout élément a de Ag, m(a)v est élément de VX et comme (z, V) est admissible, la 
dimension de V¥ est finie. 

Soit (77, V) une représentation admissible de G, notons (zp, Vp) le module de Jacquet de V 
relativement a P, ot Vp := V/V(P), avec V(P) := (a(u)u—v, vE V, ue U), et jp: V > Vp 
la projection naturelle. On munit Vp de la représentation mp de M définie par mp(m)jp(v) := 
dp(m)—'/? jp(ax(m)v) pour tout m € M, v € V. Elle est admissible (cf. [9, Théoréme 3.3.1]), 
donc, d’aprés ce qui précéde : 


Tout vecteur up € Vp est Ay-fini. (2.5) 


Soit (7, V) la contragrédiente de (7, V), on note (7) p, (V) p) le module de Jacquet de 4 
relativement a P et ip Vo (V) p la projection naturelle. Alors (cf. [9], voir aussi [23, Théo- 
réme I.4.1]), il existe un crochet de dualité canonique entre Vi et Vp noté (.,.) p qui vérifie : 


Pour tout (v, 0) € V x Ve il existe ¢ > 0 tel que: 
(ip @), wpa) jr))p =Sp(a) (5, (a)v), ae Aye). (2.6) 
D’autre part, 
Pour tout 0 pe Va et pour tout up € Vp, la fonction de Aj dans C définie par : 
awe (vp, ap(a)up)> 


est lisse et Ajy-finie. (2.7) 
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Le Théoréme suivant est une extension aux coefficients généralisés du Théoréme 4.3.3 de [9] 
pour les coefficients. 


Théoréme 1. Soit P = MU un o-sous-groupe parabolique. 


(i) Soit (1, V) une représentation admissible de G et soit € € V*4_ Alors il existe un unique 
iplée€ (Vp)*™F vérifiant : 


Pour tout v € V, il existe ¢ > 0 tel que: 


dp(a)'*(E, w(a)v) =(i5(E), wP(a)ip(v)), ae Ay (e). (2.8) 


De plus, on peut choisir ¢ indépendamment de & € V*". 

(ii) Soit K un sous-groupe ouvert compact de G. Soit K' C K un sous-groupe ouvert compact 
satisfaisant aux conditions du Lemme 2. Alors pour toute représentation admissible (x, V) 
de G, pour tout élément &€ de Val et pour tout v € VK ona: 


(i3(E), wp (a) jp (v)) = (Jp(z* (ex), tea) ip(v))p, ae Am. 


Démonstration. (i) Soient j5(€) et j5(&)’ deux éléments de Was vérifiant (2.8). Soit 
v € V, alors la fonction yy, de Ay dans C définie par : 


Wy (a) = (ip (EY — ip), tea) jp) 


est une fonction lisse Ay-finie nulle sur A,,(€) pour € assez petit. Elle est donc nulle d’ aprés le 
résultat (2.4). On a donc y,(e) = 0 et ceci pour tout v € V ; d’ot l’unicité de Ip (€) s’il existe. 

Soit v € V, on va définir (ip (€), jp(v)). 

On va montrer qu’il existe une unique application, g,, définie sur Aj a valeurs dans C, lisse 
et Ay-finie valant 6p (a)~!/2(é, w(a)v) pour a € Aj, (€) pour au moins un ¢ > 0. On définira 
alors ( Ip (€), jp(v)) comme étant la valeur en e (élément neutre du groupe G) de @,. Soit K 
un sous-groupe ouvert compact admettant une factorisation d’Iwahori par rapport 4 P et tel que 
ve VK (K existe d’aprés (2.2)), et soit K’ comme dans le Lemme 2. 

Vérifions l’existence de gy. D’aprés le Lemme 2, 


(&, x(a)v) =(x* (ex &, (av), ae Ay. (2.9) 


D’aprés [23, Théoréme 1.4.1] (cf. (2.6)), il existe e > 0 ne dépendant que de K’ et pas de &, tel 
que : 


Sp(a)'?(x* (ex, w(a)v) = (Jp (x* (ex )E), PCa) jP(v))p, GEA (e). (2.10) 
On déduit de (2.9) et (2.10) que : 


Sp(a)'/*(&, w(a)v) = (Jp(a* (ex é), PCa) jp(v))p, ae Ajy(E). (2.11) 


La fonction définie par : 
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v 


gv (a) = (jp (a* (ex é), tP(a)jp(v))p, ae Am, (2.12) 
vérifie : 
gy(a) = bp(a)'/7(E,x(a)v), ae Ay (e). (2.13) 


Donc ¢, convient car elle est lisse et A ,y-finie d’aprés (2.5). Cette fonction est unique d’ aprés le 
résultat (2.4). 
Pour P et & fixés, on voit sur la formule (2.12) qu’elle ne dépend que de jp(v). 


On remarque grace au Lemme 2 équation (2.3) que l’on peut remplacer K’ par 
un quelconque de ses sous-groupes compacts ouverts dans la définition de gy. (2.14) 


Lunicité de y, permet de définir une application j}(€) de Vp dans C qui, a jp(v), associe gy (e), 
pour v élément de V. L’application j%(&) est linéaire grace a (2.12) et (2.14) qui impliquent : 


Pv+u' = Pv + Py, v, v' € V. Montrons que jp (&) € (aye. 
Sim eée MOH, pour ¢’ > 0 assez petit, 


gv (a) = bp(a)"7(E,r(a)v), ae Ay (e’). 
Prim) (a) = Sp(a)'(E,z(am)v), ae Ay(e’). 


Or a et m commutent etm € MM H, donc: 


Prim) (a) = dp(a)'/7(x*(m—!)é, w(a)v), ae Ay (e’). 


Comme m est élément de M1 H, les applications ¢, et 7(m)y Coincident sur Ayle’ ). Comme 9, 
et Yz(m)y sont toutes deux lisses et Ajy-finies, on déduit du résultat (2.4) que @y (€) = Pr(m)v(e)- 
Comme dp € X(M),, d’aprés (1.18), on a dp(m) = 1, m € MOH. On en déduit que ip) E 
Cy 
Montrons que, pour ¢ comme dans (2.10), on a (2.8). On a par définition de j5() : 
(ip (€), tP(@jp(v)) = 5p(aygaay(€), ae Am. (2.15) 


Montrons que : 


Pn(a'yv(a) = Spa’) gy(aa’), a,a' € Am, ve V. (2.16) 


D’aprés (2.12) et (2.14), pour tout sous-groupe compact ouvert assez petit K”, ona: 
y(a) =(jp(m*(exé), tp(a)jp(v))p, ae Am, 
nay» (a) = (Jp (2* (exe), wp (a)jp((a')v)) », 
= dp(a')'"(jp(x* (exé), tp (aa')jp(v))p,  a,a’ € Ay. 


D’ot (2.16). Finalement : 
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1/2 


Pr(ayv(€) = 5p (a) "Gy (a). 


Donc, d’aprés (2.15) : 


(ip (&), tp (a) jp (v)) = go (a) 
= Sp(a)'/(E,m(a)v), ae Aj, (e), 
la derniére égalité provenant de (2.13). Donc ip (€) vérifie (2.8). La preuve montre que € ne 


dépend pas de é. 
(11) D’aprés (2.11), il existe ¢; > 0 tel que : 


Sp(a)'/"(&, w(a)v) = (Jp(x* (ex E). wpa) jp(v)), ae Ay (e1). 
Et d’aprés le Théoréme | (i), il existe ¢2 > 0 tel que : 
Sp(a)'/*(E, w(a)v) = (JE), tP(a)jp()), a € Ay (€2). 
En posant ¢ := min(é1, €2), on obtient : 


(5(€), xp(a)jp(v)) =(Ja(a*(exE), te(a)jp(v))p, ae Ay (e). 


D’aprés le résultat (2.4), on a donc I’égalité sur Ay. 


On suppose que Ag C M ce qui équivaut a Ag C P car Ag est o-stable. 
Corollaire 1. Soit P = MU un o-sous-groupe parabolique. 


(i) On suppose que (x, V) est une représentation admissible de G et soit & € V*". Pour tout 
veV,ar~r (ip (€), wp(a)jp(v)) est Punique fonction sur Ay Ag a valeurs complexes, 
lisse, Ay M Ag-finie qui soit égale a Sp (a)~!/2(é, m(a)v) sur Ay, (€) OM Ag pour au moins 
uné > 0. 

(ii) Plus généralement, on a le méme résultat en remplagant, dans |l’énoncé de (i), Ag par un 
tore a -déployé maximal contenu dans M. 


Démonstration. La fonction considérée vérifie |’égalité voulue d’aprés le Théoréme 1. L’uni- 
cité provient du résultat (2.4), (i) en résulte. Le choix de Ag (précedant |’ équation (1.16)) étant 
indifférent, (11) est immédiat. 


Soit K un sous-groupe compact ouvert de G totalement décomposé relativement 4 Mo au sens 
de [7, Section 1.1]. On note A~(P, K) l’ensemble des éléments strictement P-anti-dominants 
de Ay (i.e. dans Aj,), qui sont (P, K) positifs au sens de [7, Section 3.1]. Les propriétés impor- 
tantes de ces notions sont : 


— Lensemble A~(P, K) est non vide (cf. [8, Lemma 6.14 et l’observation de la fin de la 
preuve]). 
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— Les sous-groupes compacts ouverts totalement décomposés relativement 4 Mo forment une 
base de voisinage de |’élément neutre de G (cf. [7, Lemma 1]). 


Le résultat suivant, du a J. Bernstein, est une forme renforcée d’un résultat de Casselman [9] 
(cf. (2.6)). C’est une conséquence de son Théoréme de stabilisation (voir [7, Théoreéme | pour 
une preuve publiée]) et de la description du crochet de dualité (.,.)p entre Vp et Vp (cf. [7, 
Section 5] et [9], voir (2.6)) : 

Soit K un sous-groupe compact ouvert totalement décomposé relativement 4 


Mo et soit A € A (P, K). Il existe ng € N tel que, pour toute représentation 
lisse de G, (x, V), pour tout v € V, v € V invariants par K : 


-1/2)y Ys ; 
5p(a") (5, (a")v) = (Ja), xe(A")ip(v))p, >No. (2.17) 
On établit le résultat suivant en vue d’une application analogue a celle du Lemme 9 de [5]. 


Proposition 1. Soit K un sous-groupe compact ouvert totalement décomposé relativement a Mo 
eth Ee A (P, K). Il existe no € N tel que, 


Pour toute représentation admissible (1, V) de G, pour tout £ € V*" et pour tout v € V¥, 
on ait : 


~1/2 : F 
5p(A”) : (€,(a”)v) = (jp (E), wP(A")jp(v)), n>no. 
Démonstration. D’aprés le Lemme 2, il existe un sous-groupe ouvert compact K’ de K tel que: 


Pour tout sous-groupe compact ouvert K” C K’', pour toute représentation admissible (7, V) 
de G, pour tout élément € de V*" et pour tout ve V¥, 


(§, 0 (A")v) = (x*(ex)&,2(a")v), AE AZ. (2.18) 
D’aprés [7, Lemme 1], on peut prendre K” totalement décomposé, ce que 1’on fait. Alors, pour 
tout v € V¥ et tout € ¢ V*", v et x*(ex”)é sont invariants par K”’, on peut donc appliquer le 


résultat (2.17). Donc il existe un entier ng € N ne dépendant que de K”, donc de K, et de A tel 
que : 


5p(A") 7 r* (exn)é, 1 (A")v) = (Jp (a*(exné), tP(A")ip())p, n>no. (2.19) 


D’apreés (2.18) et (2.19), et comme A (P, K) C Aj,, on en déduit que pour toute représentation 
admissible (2, V) de G, pour tout € € V4 et pour tout v € V¥ ona: 


bp(a")'(E, (A")v) =(Jo(w*(exé), tP(A")jr(v))p, 2 >n0. 


Or d’aprés le Théoréme | (ii), et en remarquant que K” satisfait aux hypothéses du Lemme 2, 
ona: 
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(ja(x*(exé), wp (A") jp (v)) p = (Jp), P(A") jp(v)), n> no. (2.20) 


La propriété résulte des équations (2.19) et (2.20). 


2.2. Terme constant de fonctions sur G/H 


Considérons l’espace : 


C°(G/H) =| JC(K \ G/H), 
K 


ou K parcourt l’ensemble des sous-groupes ouverts compacts de G et ot C(K \ G/#H) est l’en- 
semble des fonctions sur G/H invariantes a gauche par K. 

Le groupe G agit sur C°(G/#H) par la représentation réguliére gauche L. 

Pour toute représentation admissible (7, V) de G et tout € € (V- )4 notons A(z, €) le sous- 


espace de C°(G/H) engendré par les fonctions cz, : gH +> (m*(g)é, v), v € Vr. 
Posons : 


A(G/H) := U A(z, ), (2.21) 
(x) 


ou z parcourt les représentations admissibles de G et € € (V* ye; 
En utilisant les sommes directes de représentations, on voit que : 


A(G/H) = 5° A(x. &), (2.22) 
(1,8) 
ou 7 parcourre les représentations admissibles de G et € € OF : 


Le sous-espace A(G/H) de C®(G/H) est invariant par la représentation réguliére gauche L. 
On note que si f € A(G/H), f est Ag-finie (cf. (2.5)). 


Remarque 1. On peut se limiter 4 ce que 7 parcourt les représentations admissibles de type fini 
de G etE € (V= )” car tout vecteur d’une représentation admissible engendre une représentation 
admissible de type fini. 


Proposition 2. 


(i) Si f est un élément de A(G/H), il existe un unique élément fp de A(M/M 0 A) vérifiant 
la propriété suivante : 


Pour tout m € M, il existe ¢ > O tel que pour tout a € Air (€), on ait l’égalité : 
5p(ma)'/? f (maH) = fp(ma(M 1 H)). 


On appele fp terme constant de f le long de P. 
(ii) L’application f + fp de A(G/H) dans A(M/M (1 B) est linéaire. 
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(iii) Si (2, Vz) est une représentation admissible de G, si é € Cys. siv€ Vz, et si f =Ce,y, 
alors : 


fr(m(M 0 H)) = (n(n) jp), ipo), me M. 


Démonstration. Prouvons (i) et (iii). Soit f € A(G/H), supposons que deux éléments fp et 
fp de A(M/M 2 H) vérifient les conditions de la Proposition. 
Pour tout m € M, les fonctions sur Ay : 


at> fp(ma(MNH)) et at fp(ma(M Nn H)) 


coincident sur Aq, (e) pour un certain e > 0. Le fait qu’ elles soient toutes deux lisses et A y-finies 
assure alors leur égalité d’aprés le résultat (2.4). D’ot' Punicité de fp s’il existe. 

Si f =c¢,y, la fonction définie par fp(m(M NO H)) = (15 (m)j5(E), jp(v)) convient d’aprés 
le Théoréme 1. 

Dans le cas ot' f est un élément quelconque de A(G/#H), l’existence de fp est claire par 
linéarité. Ceci achéve de prouver (i) et (iii). La linéarité de (ii) résulte de l’unicité dans (i). 


Soit (6, Vs) une représentation lisse de M. On étend l’action de M 4a P en la prenant triviale 
sur U. On considére |’ensemble indy Vs des gy : G — Vz qui sont invariantes a gauche par un 
sous-groupe compact ouvert et telles que : 


y(gmu) = 8, '/?(m)3(m—)g(g), geG,meM, weU. 
Le groupe G agit par la représentation réguliére gauche L sur ind V5. 
Lemme 3. Pour f € A(G/H), on définit l’application : 
fe*:G—> A(M/M A) 
gre (L,-1f)P. 
Alors fi®4 € indS A(M/M 1 H). (2.23) 


Démonstration. Par linéarité, on se raméne 4 f = czy, ok ve V, E € V*4l et (2, V) est une 
représentation admissible de type fini de G. Pour g1 EG: 


(F2(g1)) (mM 9 HY) = (7p (om) jp6), ie ( (sy ")»)). 


Montrons que fi (g1mu) = 5p)? (m) Ln! ind (1); gieG,meM,ueu. 


Cela revient 4 montrer que pour m’ € M : 


(fi84(g1mu))(m' (MO AY) = 842.7 (m7!) (Ly fi (e1)) (mm! (MD). (2.24) 
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(Fi8@(g1mu)) (m!(M 0 H)) = (en) 756), ie (0 (umm! gr") v)) 
= (wp 0m’) jE), jp ((m-!g7')v)) 
= 5°(m™')(x5 (m') 5 (€), tp (m™) jp (787 ')v)) 
= 54? (m7!)(r5 (mm) j5 ©). jr (x (¢7')2)) 


= 547 (m—!)(fi84(e1))(mm'(M 2 HY) 


d’oti (2.24). Le Lemme en résulte. 


2.3. Comportements asymptotiques de certains coefficients généralisés de représentations 
admissibles 


On rappelle qu’on a fixé Ag, un tore o-déployé maximal de G, et Py un o-sous-groupe para- 
bolique minimal contenant Ag. 

Soit 2’(G, Ag) ensemble des racines de Ag dans l’algébre de Lie de G. Alors 3'(G, Ag) est 
un systéme de racines dont le groupe de Weyl s’identifie au quotient du normalisateur dans G de 
Ag, Nc (Ag), par son centralisateur Zg (Ag) (cf. [15, Proposition 5.9]). 

On note (Py, Ag) l'ensemble des racines de Ag dans l’algébre de Lie de Py. On note 
A(Pg, Ag) Vensemble des racines simples de X'( Py, Ag). Si © est une partie de A(Py, Ag), 
on note (©), le sous-systeme de 2'(G, Ag) engendré par ©, et Po le sous-groupe parabolique 
de G pour lequel 2 (Py, Ag) U (@)g est ensemble des racines de Ag dans l’algébre de Lie 
de Po. Alors : 


Po contient Py et Po est un o-sous-groupe parabolique de G, (2.25) 


en effet, comme les éléments de Ag sont anti-invariants par o, |’ensemble des racines de Ag dans 
l’algébre de Lie de o (Po) est égal 4 l’ensemble des opposés des racines de Ag dans I’algébre de 
Lie de Po. 

Soit 0 < ¢ < 1, on note pour P = Pe: 


Ag (P, <€):= {a € Ag; a(a)| , <&, a racine de Ag dans Up}. (2.26) 
Comme ¢ < 1, onal égalité : 
Ag (P, <8) ={a€ Aj; |a(a)|, <6, « € A(Py, Ag) \ O}. (2.27) 


Elle résulte immédiatement du fait que si w est une racine de Ag dans Up, a = > BeA(Py, Ag) 8 B, 
ng €N, alors il existe By € A( Py, Ag) \ © tel que ng, 4 0. 

Ceci est cohérent avec les notations de |’introduction au sous-chapitre 0.3. 

On définit Ay (P, < €):={a€ Ap; |a(a)|F <6, @ racine de Ao dans Up}. 

On suppose, pour la suite de ce sous-chapitre 2.3, que P contient Ag. 


Théoréme 2. Soit (21, V) une représentation admissible de G. Pour tout v € V, il existe e > 0 
tel que pour tout € « V*", 
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Sp(a)'"(, (a)v) = (jp), tP(@)jp)), a Ag (P, <8). 
En d'autres termes, si f est l’ élément de A(G/H) défini par f =cz,y, alors : 
5p(a)'* f(a-'H) = fe(a'(MNH)), ae Ajz(P, <e). 


On peut remplacer P par un o -sous-groupe parabolique quelconque et Ag par un tore o -déployé 
maximal contenu dans P. 


Démonstration. Soient v € V et K un sous-groupe compact ouvert tel que v € V* . On applique 
le Lemme 2 4 P = Py. Alors il existe un sous-groupe compact ouvert K’ de K, tel que : 


(€, w(a)v) =(2* (ex, tau), ae Ay, 
Or Ag C Ajy,- Done ona: 
(§, (a)v) =(x*(ex)E, m(a)u), ae Az. (2.28) 
D’apreés [9, Théoréme 4.3.3], il existe 0 < ¢ < | tel que: 
Sp(ay'7(x* (ex), 2 (a)v) = (jp (a* (ex é), tP(@)jp(v))p, ae AQ(P,<e). (2.29) 
Done d’aprés (2.28) et (2.29) : 
Sp(a)'/7(E, x (a)v) = (Jp (a* (ex é), tP(a)jp(v))p, ae AQ(P,<e)NAG. (2.30) 
On a de plus l’égalité : Ap (P, < €) Az = AG (P, <e), dou: 
Spa) 7(E, w(a)v) = (ip (a* (ex §), tP@)jr@))p, aE Ag(P,<e). (2.31) 
Pour a € Aj (P, < €) fixé, la fonction définie sur Ay M Ag par : 
brs (Jp(a*(ex&), tp (ba) jp(v)) p 


est une fonction lisse et Aj M Ag-finie. Or, pour b € Ay, M Ag etae Ay (P,<e),onabae 
Ag (P, < €). Donc, d’aprés (2.31) appliqué a ba € Ag (P, < e) au lieu de a, on a l’égalité : 


Sp(ba)'/7(&, x (ba)v) = (jp (a*(exé), tp (ba)jp(v))p, bE AWM Ag. 
D’aprés le Corollaire 1 du Théoréme 1| appliqué a v’ := (a)v, on a alors : 


(ip(x* (ex), mp (ba) jp(v)) p =(ib(E), tP(ba)jp(v)), be Ay Ag, a€ Ag (P, <e). 


En joignant (2.31) a cette derniére égalité appliquée a b = e, on obtient : 


dpa) /?(é, x(a)v) =(jp&), mPa) jp(v)), ae Ag (P, <e). 
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2.4. o-Sous-groupes paraboliques 


Donnons d’ autres caractérisations des o-sous-groupes paraboliques. 

Soient A un tore déployé de G, et A € A(A). On note P, le sous-groupe parabolique de G 
contenant A pour lequel les poids a de A dans l’algébre de Lie de P, vérifient |aw(A)|- > 1. 

On a une dualité : 


Rat(A) x X,(A) > Z 
(a, A) > (a, A) 
caractérisée par : a 0 A(w) = w (%4), 
On note P(A) le sous-groupe parabolique de G contenant A dont les racines de A dans son 
algébre de Lie sont les a € '(G, A) tels que (a, A) > 0. 


Remarque 2. P(A) = Py, oA := A). 


En effet, P(A) et P, sont deux sous-groupes paraboliques de G, donc il suffit de montrer 
qu’ils ont la méme algébre de Lie. Mais : 
ah 
=lolp. 


|x| = lo (A(@w)) |, = |o'|, 


Donc : 
lo) p21 @ (aA) 30. 
D’ou la remarque. 


Lemme 4. Soient P un o-sous-groupe parabolique de G, M = P \\.o(P) son sous-groupe de 
Levi o-stable et Ayo le plus grand tore o-déployé du centre de M. Il existe . € A(Ay,<) tel 
que P = P,. Alors M est égal au centralisateur dans G de x. 


Démonstration. D’aprés [15, Lemme 4.6] et en tenant compte de (1.13), il existe A € X,.(A) tel 
que o(4) =47', P= P(A) et M = Z@(A). 

Comme M = Zg(A), A :=A(@) est un élément de A(Ay,,). D’aprés la Remarque 2, on a 
P = P,. Clairement ZG(A) C ZG (A). Par ailleurs, comme o (A) = veal onaoa(A)=A7!. De 
plus, Zg(A) = Zg(a!) et o (Py) = P,-1. Done Zg(A) C Py No (Py) = M = ZG (A). Finale- 
ment Zg(A) = ZG (A). 


Lemme 5. 


(i) Si A € A(Ag) est Pg-dominant, i.e. |a(A)|r > 1,a € A(Pg, Ag), Px = Po, o&1 O = {aE 
A(Pp, Ag); |a(A)|F = 1}. 
(ii) Tout o-sous-groupe parabolique de G contenant Py est de la forme Pg pour © C 
A(Po, Ag). 
(iii) Tout o-sous-groupe parabolique de G est conjugué par un élément de H a un o-sous- 
groupe parabolique de G de la forme xjw.Pe@, © C A(Py, Ag), w € W(Ag), i ET (cf 1.2 
pour définition de 1). 
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On peut remplacer Ag par n’importe quel tore o-déployé maximal et Py par n’importe quel 
o -sous-groupe parabolique de G le contenant dans les trois premiéres assertions. 


Démonstration. (i) est clair. 

Montrons (ii) : soit P = MU un o-sous-groupe parabolique de G contenant Py. D’aprés le 
Lemme 4, il est de la forme P,, pour x élément de A(Ay,,). Or Ayo est contenu dans un 
tore o-déployé maximal Aj, de G, donc x € A(Aj,). Comme Ag et Aj, sont o-stable, ils sont 
contenus dans M = P o(P). Alors Ag et Ay sont deux tores o-déployés maximaux de M, 
donc conjugués par un élément m de M (cf. [14, Proposition 1.16]). Posant 4 = mpm!, ona 
A € A(Ag) et Py =m.P, = P carm € M. Enfin, comme P contient Pg, l’élément A de A(Ag) 
doit étre Py-dominant. Alors (ii) résulte de (i). 

On montre (iii) en reprenant les notations de 1.2. Soit P un o-sous-groupe parabolique de G, 
alors P est conjugué par un élément de H a un sous-groupe parabolique de G de la forme P,, 
pour un élément A de A(A;). Soit uw € A(Ag) tel que A = apa ; alors P = P, = x;.P,. Alors 
il existe v € A(Ag) qui est Pg-dominant, et w €¢ W(Ag) tel que wv = p et x;.P, = Xj; w.Py. 

D’aprés (i), il existe © C A(Pg, Ag) tel que P, = Pg; alors P = x;w.Pe d’ou (iii). 


2.5. Transitivité du terme constant 


Théoréme 3. Soient P = MU un o-sous-groupe parabolique de G contenant Ag et Q un 
a -sous-groupe parabolique de M contenant Ag. On pose Pg := QU de sorte que Pg est 
un o-sous-groupe parabolique de G contenu dans P, on note Mpg son sous-groupe de Levi 
o-stable. Soit (1%,V) une représentation admissible de G et soit — € V*4 alors Jpg (é) = 


i5GR©). 

Démonstration. Soit Py 4 un o-sous-groupe parabolique minimal de M contenant Ag et 
contenu dans Q. Alors Py yU est un o-sous-groupe parabolique minimal de G. Notre choix 
de Pg contenant Ag étant indifférent, on peut supposer Py ywU égal a Py. Alors Py yw = Py NM. 
On pose Ac := A(Pg, Ag), Am := A(Pg.m. Ag), P = Pop avec Op C AG et O= Pog avec 
Og C Ay. Alors : 


Op=Ay etdonc OgC Op. (2.32) 


Soit (zt, V) une représentation admissible de G. Soient € € V*" et v € V, montrons qu’ il existe 
é > Otel que: 


(16 (42 ©), Po (@) iro (v)) = Spq(a)'7(E, wav), ae AG(Po,<e). (2.33) 
En remarquant que IPQ (v) = jo(jp(v)), ona: 
(16 (ip ©), TP9 @)jPo (v)) = (JG (ip ©), To @Jo(ir@)))- 
On remarque que dans le Théoréme 2, on peut prendre ¢ < 1. Alors, d’aprés (2.27) et en appli- 


quant le Théoréme 2 au sous-groupe parabolique Q de M, a la représentation admissible de M, 
(zp, Vp), eta jp(é) € (Vp)*™@ | on trouve qu’il existe 0 < e’ < | tel que: 
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(i575 ©), 70 (@) jo (Jr (v))) = 89(a) (75 E), tP(@ iPr), 


aé Ag, |a(a)|, <6’, we Ay \ Og et |a(a)|,<1, we Ay. (2.34) 


En appliquant d’ autre part le Théoréme 2 au sous-groupe parabolique P de G, a (7, V), repré- 
sentation admissible de G, et 1€ € V*", on trouve qu’il existe 0 < e” < 1 tel que: 


(15 (E), tp (a) jp(v)) = dp(a)!/*(E, (av), 


ae Ay, |a(a)|,<e", w€ Ag \ Op et |a(a)|,, <1, we Ag. (2.35) 


D’aprés (2.32), on déduit de (2.34) et de (2.35) que : 


(15 (73 ©), 70 (@) jo(Jr())) =80(a) 75 p(a)"7(E, x(a)v), 
Q 


ac Ag, a(a)|,<1, a€ Ag. (2.36) 


a(a)|, <min(e’,e”), a€ Ag \ Og, 
L’ensemble des racines de Ag dans |’algébre de Lie du radical unipotent de Pg est, par définition 


de Pg, la réunion disjointe de l’ensemble des racines de Ag dans |’algébre de Lie de Up et dans 
celle de Ug. Donc : 


d po (a) =dg(a)dp(a), ac Ag. 


D’ot (2.33) en posant ¢ := min(e’, €”). 
Or Aup (€) NM Ag C Ag (Po, <). Donc, d’aprés le Corollaire 1 du Théoréme 1, ona: 
Q 


iby ©) = ig(ip®)). 
On reprend les notations du Théoréme précédent. 


Corollaire 1. Soit f un élément de A(G/H), alors fp est élément de A(M/M 1 H), et on peut 
considérer (fp), élément de A(Mo/Mg 1 #). De plus, fro =(FfP)o- 


2.6. Vecteurs distributions H -invariants cuspidaux 


Définition 1. Soit (77, V) une représentation admissible de G et soit € €¢ V*", on dira que la paire 
(at, €) est H-cuspidale si pour tout o -sous-groupe parabolique P de G, distinct de G, j5(€) =0. 


Proposition 3. La paire (1,&) est H-cuspidale si et seulement si pour tout o-sous-groupe 
parabolique P de G, distinct de G, égal a l'un des xjw.Po, pour un © C A(Pg, Ag), un we 
W (Ag) et uni € I (voir notations en 1.1), Ip (€) =0. 


Démonstration. Supposons que pour tout o-sous-groupe parabolique P de G distinct de G égal 
aun des x;w.Po@, pour un © C A(Pg, Ag), un w € W(Ag) et uni € J, on ait: ip(é) = 0. Soit 
P #£G un o-sous-groupe parabolique de G, alors d’aprés le Lemme 5 (iii), il existe hh € H, O C 
A(Pg, Ag), O 4 A(Py, Ag), w € W(Ag) eti € J tels que h.P = xjw.Po. Et donc Jn p&) = 0. 

On note v la classe d’un élément v € V dans Vp := V/V(P) et [v] sa classe dans Vj, p := 
V/V(h.P). 
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On considére |’ application : 
Th: Vp > Vn.p 
ip(v) +> jn.p(a(h)v). 


Tp est bien définie, de plus, c’est un isomorphisme car V(h.P) = 2(h)V(P). En utilisant le 
Théoréme 1, on montre par transport de structure que : 


Ti (it p©) = jp). 


Mais j; p(€&) =0 done jp(€) =0. 


Proposition 4. Soit (7, V) une représentation admissible de G, soit —& € V*4l et soit P uno- 
sous-groupe parabolique minimal de G parmi ceux tels que jp(€) #0, alors (15, jp(&)) est 
H 1 M-cuspidale. 


Démonstration. Soit Q C M un o-sous-groupe parabolique de M, montrons que j6 (jp (&)) = 0. 
En reprenant les notations du Théoréme 3, on a Jo (ip) = Jo (€). Or Po C Pet PQ FP, 


par définition de P, on a donc Jo (€) = 0, d’ot la Proposition. 


On rappelle qu’une représentation admissible de type fini de G, (z, V), est cuspidale si pour 
tout sous-groupe parabolique P de G, distinct de G, jp(V) = {0}. 


Proposition 5. Si (2, V) est une représentation admissible de type fini de G cuspidale et si 
&€ € V*", alors (a, €) est H-cuspidale. 


Démonstration. Soit P un o-sous-groupe parabolique de G, comme j7(&) est une forme li- 
néaire sur jp(V) = {O}, elle est nulle. D’ot la Proposition. 


3. Majorations 
3.1, Fonctions Og et Na, d€N sur G/H 
Fixons un plongement algébrique 
t:G—>GL,(F). (3.1) 


On peut supposer, et l’on suppose, que t(Kg) C GL, (OQ) ot O est l’anneau des entiers de F (cf. 
[23, I.1]). Pour g € G, écrivons : 


T(g) = (i,j )i,j=1,....n> t(g~') = (bi,;)i,j=1 als ne 
Posons 


Il gl] = sup sup(|ai, jl. [bi,jlF)- (3.2) 
i,j 
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On a (cf. [23, I.1]): 
I|gl| 21 pour tout g eG, lgig2ll < Ilgillllgzl| pourtout g1,g2€G_ et 
ki gk2|| = llgl| pour tout ki,k2 € Ko, g eG. (3.3) 
Avec les notations du Paragraphe 1.1 et (1.19), on rappelle que Po est un sous-groupe pa- 
rabolique minimal de G que l’on a fixé. On note (€4,,C) la représentation triviale de Mo, 
(7190, Vo) = (ind, € Mo» ind, C), eo P unique élément de Vo invariant par Ko et tel que eo(e) = 1, 


ou e est l’élément neutre du groupe G. 
Remarquons que (719, Vo) est isomorphe a (70, Vo). Pour g € G, on pose : 


2(g) =(z0(g)e0, €0). 
Alors & est bi-invariante par Ko. 
On dira que deux fonctions /| et fo définies sur un ensemble F et a valeurs dans 


R sont équivalentes sur un sous ensemble E’ de E (on notera f1(x) = f2(x), 
x € E’), s’il existe C, C’ > O tels que: 


Ch) <fA@<Ch), xek. (3.4) 


Lemme 6. Avec les notations de (1.9), il existe Cj, C2 > 0 et d,,dz € N tels que pour tout 
ye Wiig? on ait : 


C15y. py (mm')'/*(1 + log |m'|]) “ < B(m') < C2by.r9(m')'7(1 + log |lm' II), am! € y.MG. 
On a la méme inégalité en remplacant Po par Po et M3 par Mo: 
Démonstration. On rappelle le Lemme II.1.2 de [23] : 


Il existe d € N et, pour tous g1, g2 € G, il existe c > 0 tels que, pour tout g € G, 
on ait : 


a = d 
2(gigg2) <cB(g)(1+log|igll)”. (3.5) 


On l’applique A ymy~! (resp. y~! ymy—!y) pour obtenir l’inégalité de droite (resp. de gauche) 
suivante. Et du fait de la finitude de Wii il existe c},c2 > 0 et d; EN tels que: 


ci(1 + log|| ymy~! lye" G(m)< 5 (ymy7') < c2(1 + log llm|])" S(m), ye Wii mé Mo. 
(3.6) 


De plus, d’aprés [23, Lemme II.1.1], il existe c}, c > 0 et d| € N tels que : 


c5py(m)'/? < B(m) < c55p)(m)'/*(1 + log ml)“, me M3. (3.7) 


N. Lagier / Journal of Functional Analysis 254 (2008) 1088-1145 1115 


En appliquant (3.7) a (3.6), on obtient l’existence de C), C2 > O et d}, d; € N tels que pour tout 
élément y de Win et pour tout élément m de M7, on ait : 


Cir) (m)"/?(1 + log|| ymy—" |) < S(ymy7!) < Co8p, (my! (1 + log lll] 1", 


dp) (m) = 5y.p)(ymy—'), ye Wiig? me M3. 
et il existe C5 > 0 tel que : 


1 


1 + log ||m|| <C5(1+log||ymy~'|), ye Wy. m € Mo, 


puisque ||m|| < ly~! | lymy—! II _y||. Done quitte 4 changer C}, l’assertion est démontrée. 
Lassertion sur Pp est immédiate. 


On pose : 


, geG. (3.8) 


lg #Il = |so(s7") 
Grace a (3.3), on voit que si £2’ est une partie compacte de G, 
llogH|| <|lgH|, we’, geG. (3.9) 


On définit les fonctions Og et Na, d EN, par: 


OG(gH) =(S(go(g')))'", g eG, (3.10) 


et 
d 
Na(gH) = (1+ log|lgH|l)°, geG. (3.11) 


On notera N au lieu de Nj. 

En utilisant le fait que tous les tores déployés maximaux du centralisateur My de Ag sont 
conjugués entre eux par des éléments de Mg, on voit que si 7 est un élément du normalisateur 
de Ag dans G, Ng(Ag), il existe un élément z de Mg tel que zn normalise Ag. On en déduit que 
tout automorphisme de ag induit par un élément de NG(Ag) préserve la restriction du produit 
scalaire de ag a ag d’aprés (1.7). Si deux éléments y, y’ de Win vérifient yAgy—! = y'Agy’“1, 
ona y’—!y € Ng(Ag). Il résulte de ce qui précéde : 


Siye Wiig? le produit scalaire sur y.ag déduit de celui de ag ne dépend que 
de y.ag. On le note encore (.|.) et |.| la norme qu’on en déduit. (3.12) 


Si x est un élément de G tel que x.Ag = A;, l’action par conjugaison induit une application 
linéaire de ay dans a; notée X t+» x.X et caractérisée par (cf. (1.22)) : 
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Hy; (xax7!) =x.Hy,(a), ae Ag, 
ot M; := x;Mgx;'. 
Pour a € Ag et ye Wii on notera dy := yay~! et on remarque qu’alors ayo (ay)! = ay 
car y.Ag est égal a A; pour uni € J (cf. Paragraphe 1.2), donc y.Ag est o-déployé. 
Lemme 7. Soit @’ une partie compacte de G. 


(i) Pour tout y € Win : 


, me y.Mo. 


1 + log |lm'|| = 1+ |Hy.mp(m’) 
Gi) On al égalité : 
Ay Mo (a5) =2y.Hmy,,(4), ye Win ac Ag. 


(iii) Ona: 


N(way"'H) = (1+ |Huy,, (a))). MER’, a Ag» Wiig: 


Il existe des constantes c,C,c', C' > 0 telles que : 


Cell tmy | < |oay "| < Cle Amy) wo 2: a Aj: y Win: 
(iv) Pour toutd €N, ona: 
Na(ayH) = Na(aH), y€Wyj,, 4€ Ag. 


Démonstration. (i) cf. [23, I.1(6)], en remarquant que la formule reste vraie pour y.Mo. 
(ii) Ona: 


Hy.Mg (4) = y-Ha (a*) = 2y.Hy (a) = 2y.Hy,. (€), 


la derniére égalité provenant du fait que a € Ag. 
(iii) Montrons qu’ il existe des constantes C, C’ > 0 telles que : 


), w€2',a Ag,» y Wain: 
(3.13) 


C(1+|Hmy,,(a)|) < N(way7!H) < C’(1+ | Hy, @) 


Ona: 


, g=way!, w€ 2, acAg, yeWS,, 


N(gH)=1+ log||wy~ ayo (ay) ‘o(y)o(o) | 


d’ou: 


N(gH) <1 + log |lal| + log|| y~" | + log||ay |] + log|}o(y)|| + log||o@)~! 


’ 
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g=oay'!,weQ',a Ag. y Wiig: 
Par compacité de 92’ et finitude de Win’ il existe c > 0 tel que: 


N(gH)< c + log||a; 


: g=aay', w Q', a Ag > y Wiig: 


On en déduit linégalité de droite de 1’équation (3.13) en combinant (i) et (ii). L-inégalité de 
gauche se démontre de la méme facon en partant de |’ égalité 


ayo (ay) | = yw"'ga(g) 'o(w)o(y) |. 
VL autre inégalité de (111) est obtenue en exponentiant les inégalités de (3.13). 


(iv) Il suffit de montrer I’ assertion pour d = 1. Soit ye Wry’ en prenant 92’ = {y} dans (iii), 
ona: 


N(yay~'H) x1+ |Huy,, (a) 


», aE Ag ; 
et, en appliquant a nouveau (iii) a y = e et 2’ = {e}, on obtient : 


1+|Huy,(a)|=x N(@H), aeAz, 


d’oti (iv) d’aprés la finitude de Wiig: 


Proposition 6. 


(i) Og est Kp No (Ko) invariante a gauche. 
(ii) Soit Q! une partie compacte de G. Il existe C,C' > 0 et d,d' € N tels que: 


C5 7°(a)N_a(aH) < OGg(gH) < C'S f°(a)Na (aH), 


g=way!,wEQ',a Ag. y Wie" 


Démonstration. (i) est clair. 

(ii) Par compacité de 92’, il existe un ensemble fini F tel que 2’ C (Ko MN o(Ko))F. Par 
invariance de @g a gauche par Ko M o(Ko) et par finitude de F, on se réduit a étudier 
@c(way'H), ae Ag, YE Win pour w ¢€ F fixé. On le fixe. Ona: 


1/2 


Og(way~'H) = (S (wy 'a5o(y)o(@)~')) , a@eAg, ye Wiig: 


Montrons l’inégalité de droite de (ii). D’aprés [23, Lemme II.1.2] (cf. (3.5)) (appliqué a g] = 
wy! et g2 =a(y)o (w)~!) et du fait de la finitude de Wie il existe d € N et c’ > 0 tels que: 


@g(way~!H) < cE (a;)Na(ayH), ae Ag > ye Wis: 


En appliquant l’inégalité de droite du Lemme 6 4 m’ = a, Ee y.Ag C y.M 9» il existe dz € N et 
c’ > Otels que : 
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2 1/2 


< dd 
<c 5, 


@g(way'H) (a5) Na+a,(ayH), acy, yeWx,- 


5,, ay (45) = 5,,(a’) = 85,(@)’, aceAg, ye Wiig: 


La derniére égalité provenant du fait que a € Ag. On obtient alors l’inégalité voulue en appli- 
quant le Lemme 7 (iv). 
LVinégalité de gauche se démontre de la méme facon en partant de |’ égalité : 


ayo (ay) | =yo™'go(g)'o(@)o(y)"', g=eay!, w€ @', aE AG, YEW, 


et en utilisant l’inégalité de gauche du Lemme 6. 


Lemme 8. Soient f et f2 deux fonctions définies sur G/H a valeurs dans Rx. telles que : 
(a) Pour tout x € G fixé, on ait : 


fixgH) = fi(gH), g€G,i=1,2. 


(b) Pour un sous-groupe compact ouvert K, onait fi(kgH) x fi(gH), g€G,keK,i=1,2. 
(c) Pour tout y € Way on ait : 


fi(yay'H) x fi@H), aeAj, i=1,2. 
(d) filaH) = fo(aH),a€ Ag, i = 1,2. 
Alors f\ et fz sont équivalentes sur G/H. 
Démonstration. On fixe 2 comme dans la décomposition de Cartan (1.21) et on utilise cette dé- 


composition de l’espace symétrique G/H. Par compacité de £2, il existe un ensemble fini F’ tel 
que 2 C K F’. Par finitude de Win et F’, il suffit de montrer que f; et f> sont équivalentes sur 


U yews yAg y—!H d’aprés (a) et (b). Ce qui équivaut A montrer que f| et > sont équivalentes 
f 


sur Ag d’aprés (c), ce qui est donné par (d). 


3.2. Comparaison des normes ||\.|| et ||.||Bp 


On note 2(G, Ao) (resp. &' (Po, Ao) ou 2 (Po)) l'ensemble des racines de Ag dans I’algébre 
de Lie de G (resp. Po). On rappelle que l’on note A(Po) l’ensemble des racines simples de 
> (Po). Si © est une partie de A( Po), on note (Q) le sous-systeme de X'(G, Ao) engendré par O 
et Pig) le sous-groupe parabolique de G contenant Po pour lequel 4 (Po) U (@) est l'ensemble 
des racines de Ag dans l’algébre de Lie de Pio). On définit Gg par l’égalité : 


Py = Prog): 


On écrit 
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A(Po) = {a1,..., ak}, A(Po) \ Og = {a1,..., a7}, 


avec k > 1. 

On note 61,...,d% € ay les poids fondamentaux de 2'(Po, Ao). Ils sont nuls sur ag. Alors 
pouri=1,...,/,46; € Oy: Reprenons les notations de [3, Paragraphe 2.7]. Il existe des entiers 
n,...,nj € N* tels que n;5; corresponde a un plus haut poids A; € Rat Mg d’une représentation 
rationnelle irréductible de dimension finie (z;, V,) de G de vecteur de plus haut poids v; relati- 
vement a Po (cf. 1.3.2). La droite Fu; est Py-invariante (cf. [3, (2.23) et ce qui suit]). On note 
uv; unique élément de V;* de poids As’ sous Mo et vérifiant (vy, v;) = 1. Pouri=1,...,/, on 
notera Aj = A; aS oa) et (7;, V;) la représentation rationnelle de G (77; ® (1;* oag),V;® Ve). 
On note v; := 0; ® v; qui est de poids Aj sous 7; relativement a Mo. Alors, il existe un vecteur 
H-invariant non nul sur 77;* dans Ve = (V; ® V;*)* ~ V* @ V; ~ End Vj, égal a l’identité, er > 
vérifiant (EF v;) = 1. On notera bj := 6; — 6; oo, alors 5; € ay Pour i = 1,...,/, on fixe une 
base de V; formée de vecteurs poids sous Ag, ce qui permet de définir une norme sur V; notée 
|| ||; en prenant le maximum des valuations des coordonnées dans cette base, puis une norme sur 
End V; = V7 encore notée || ||;. 

On pose, pourg €G: 


lg Alli = |77 (ge ||, =z (87s) , i=l,...,/, (3.14) 


[gH llo = eGo), (3.15) 


ou l’on a muni dg,, de la norme provenant du produit scalaire sur ao. 
On définit : 


I 
IgM llao=|[lgHli. g€G. (3.16) 
i=o 
Proposition 7. I] existe c,C,c',C' > 0 tels que : 


CllgAllap <llgHil <C'llgH gp, 8 €G. (3.17) 


Démonstration. Soit V un espace vectoriel sur F' de dimension finie et soit || || une norme sur 
End V déduite d’une norme sur V. Alors si I” est une partie compacte de GL(V), ona: 


lvTy'I|<IITI, T €Endv. (3.18) 


Par ailleurs, 


—|Ho,0(g)| + |Ho,o(8’)| < |Ho,0(ge")| < |He,o(g)| +|Heo(g)|, g.8°€G. (3.19) 


Tenant compte de la deuxiéme égalité de (3.14), de (3.18) et de (3.19), et en écrivant way”! = 


wy '(yay—!), on déduit de ce qui précéde : 


Joay "Allan X vay Aap, @€2, ae AG, yEWS,- 
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Et d’aprés (3.3) : 


way" | = yay , M€8,aceAg, y Wiig: 
Montrons que : 


yay" 'H| = |laH|, ae Az, yeWs,- (3.20) 


En effet, 1’ égalité o (ay) =a, ' implique || yay~! H|| = ||a;||, done ||yay~!H|| = || ya?y~! ||. Or, 
d’aprés (3.3) : 


|ya2y~* | = ||a?| =|l\aH||, aeAg, y — Whip: 


D’ot (3.20), ce qui implique : 


|oay'H| x |laH|, w€ 2, ae Az, ye Wy, (3.21) 


On a le méme résultat pour || || gp. 

Tenant compte de la décomposition de Cartan (1.21), on est ramené a prouver les inégalités 
de la Proposition pour g =a € Ag. - 

Pour? = 1,...,/ on fixe une base, f;,1,..., fir, de ve formée de vecteurs poids sous Ag telle 
que fi,1 =v; ® v; (donc de poids Act sous 7t;*) et telle que é* ,, = poe Ci,j fi,j, OU ci) = 1 
et pour j = 2,...,r, cj,; =0 ou 1. On note || ||; la norme sur Ve qu’on en déduit. D’aprés 
I’équivalence des normes en dimension finie, || ||; = || ||;. Alors, en utilisant la premiére égalité 
de (3.14), ona: 


/ 


- 
Soci tO fii 


j=l 


aH |i = 


; acAg. 


U 


Soit encore : 


/ 


: 
aA <A; @ fiat > cit OR 


5 acAg. 
j=2 j 


U 


Comme (z;, V;) est une représentation de plus haut poids A;, inspection des poids sous Ag 
de 7; = 1; ® (m7; oo) montre que |A;! (a)|F = e Mimo) est la plus grande valuation des 
valeurs propres de 7; (a) pour a € Aj. Puisque pour i = 2,...,7, cj,; =O ou 1, ona donc: 


laH ||; x eo" ge 7 ae eo ere 8 (3.22) 


Mae 
aH |lap = e7 Lisl nidi(Huy@)+1Heo@| ge Aj. (3.23) 
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On note agg := ag Nac, a = ON, Nag (cf. (1.4)), ay = ap, Nag et a =a, ap, - On 
remarque que a est non vide car pp, € ae : en effet, pp, est €lément de ap, et Pp, € ay car 
0 (Op,) = —pP Py, puisque Py est un o-sous-groupe parabolique. 

Montrons que : 


Pour fl € ‘ etX € Os si ’on note X = X° + Xg ou X% € a et XG E aga, 
ona: |X| x u(X°%) + |X|, X € az. (3.24) 


En remarquant que la norme |.| sur ag est équivalente 4 la norme X + |X°|+|XG|, ol X = 
X© + XG, avec XP € a et XG € ag,G on se raméne 4 prouver qu’il existe des constantes 
C1, C2 > 0 telles que : 


Ci|X| > u(X)> CX], Xeatnay, 


ce qui résulte du fait que la fonction jz est continue et ne s’annule pas sur le compact {X € 
ay a) ay |X| = 1}. C’est une conséquence du fait que les poids fondamentaux sont des produits 
scalaires positifs ou nuls. e 

, On applique (3.24) a4 w:= oy njoj et X := —Hy,(a),a € Ag. Alors XG = —HG,o(a) et 
5;(X) = 5;(X°), on obtient : 


1 


= So ni5i (Hoy (@)) + |He.0(@| x |— Huy (2) 
i=l 


, acAg. 


En exponentiant cette derniére équivalence jointe a (3.23), on trouve qu’il existe des constantes 
cy, C1, c), Cy > 0 telles que : 


Cye6!!Hm! < aH lap < Cye!#Mol, ae Az. (3.25) 


Or, d’aprés le Lemme 7 (iii), on obtient des inégalités similaires pour ||aH|| et ces inégalités 
conduisent au résultat voulu. 


3.3. Majorations de certains coefficients généralisés de représentations admissibles de type fini 
Théoréme 4. 


(i) Soit (1, V) une représentation admissible de type fini de G et soit € € V*4_ Tl existe c >0 
tel que, pour tout v € V, il existe C > 0 vérifiant : 


I(x*(g)&,v)| <CllgHIl®, g eG. 


(ii) Si (7, V) une représentation bornée irréductible de G et E € v*4 alors pour tout v € V, il 
existe C > 0 vérifiant : 


(x*(g)&,v)|<C, geEG. 
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Démonstration. (i) Montrons le Théoréme par récurrence sur la dimension de G. Si dim G = 0, 
le Théoréme est trivial. Supposons maintenant qu’il soit vrai pour tout autre groupe linéaire 
algébrique réductif et connexe de dimension strictement inférieure 4 celle de G et montrons le 
pour G. En utilisant le fait que : 


(x*(g)é, (x)v)=(n* (x! g)é,v), x, g€G, vEV, 


et grace a (3.9), on se raméne a montrer |’inégalité de (1) pour un ensemble fini de générateurs 
de V. Donc il suffit de montrer que : 


Pour tout v € V, il existe C > 0 et c > 0 tels que: 


(x*(g)&, v)|<CllgHI®, g eG. (3.26) 


Soitve V. 
(a) Montrons d’abord que : 


Il existe C > O etc > O vérifiant : 


(*(ayé, v}| <CllaH||., ae Ag - (3.27) 
Pour © C A(Pg, Ag) et pour 0 < € < 1, on définit @Ag (€) par: 


{a € Ag; 


a(a)|, <epoura € A(Py, Ag) \ Oete< |oe(a)| , <1 pourae eo}. 
Alors on a l’analogue de ce qui suit le Théoréme 4.3.3 de [9] : 


Pour tout 0 <é¢ <1, A; est union disjointe des @ Aj (€) lorsque © parcourt 
les sous ensembles de A( Pg, Ag). (3.28) 


D’aprés le Théoréme 2, pour chaque © C A(Py, Ag), il existe €6 > 0 tel que: 
5p (a) "/7(E, w(a)v) = (jp, (€), TPo (a) jpo(v)), a € AZ (Po, <€e). (3.29) 
On pose € := min@cA(Py, Ag) €@. D’ apres (3.28), Ay est union disjointe des oAyg (€) lorsque © 


parcourt les sous ensembles de A( Py, Ag). Or, on remarque que oAyg (e) Cc Ay (Pe, < €) pour 
© C A(Pg, Ag). D’ apres (3.29), et la définition de ¢, on a donc : 


5p (a) '/7(E, w(a)v) = (ip, (€), Po (a) jpo(v)), a €@ Ag (e), O C A(Py, Ag). 


Pour © C A(P¢, Ag) en utilisant la restriction de t 4 Mo qui définit un plongement de Mo dans 
GL, (F) (cf. (3.1)), on définit la norme sur Mo et sur Me ON A (cf. (3.2) et (3.8)). Donc : 


ImMo NH||=|\mHl|, me Mo. (3.30) 
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Pour © Cc A(Py, Ag), O 4 A( Pg, Ag), on peut appliquer ’hypothése de récurrence 4 la re- 
présentation admissible de type fini (wp,, Vp.) de Mo et a Po (é)€ (Vp, ) eo. De plus, 
comme ¢€ € ]0, I], ona: 


Spa(a)'* <1, ae@ Aj (e). 
Alors : 
Il existe cg > O et Ce > 0 tels que : 
[li2, (E)s To (@ Po (v))| <CollaHII, aee Ag(e), (3.31) 
puisque |ja~'MoN All =||aMo NA| et |laMo NA = |laH|. 


Soit Ag,g le plus grand tore déployé de Ag M Ag. Alors acpy,ay) Ag (€) est compact modulo 
Ag,c donc de la forme @’ Ag g ot 2’ est une partie compacte de G. Montrons que : 


Il existe cq > Oet Cy > 0 tels que: 
(x* (a), v)| <CallaH||4, a €acpy,Ay) Ag (©): (3.32) 


L’application a > (2*(a)&, v) est invariante par un sous-groupe compact ouvert K’ de Ag. 
Comme 2’ est contenu dans une réunion finie de classes 4 gauche de K’ dans Ag, il suffit 
de prouver une inégalité du méme type pour un nombre fini vj, ..., v; de translatés de v, mais 
seulement pour Ag cg. Montrons-le. 

Soit i= 1,...,/. Comme (zr, V) est admissible, la restriction de la fonction g > (2*(g)é, v;) 
a Ac est Ac-finie. D’aprés [23, I.2], il existe x1,..., Xm, des caractéres non ramifiés de AG et 
r > O tels que: 


I(xx*(a)é, vi)| < Sup(|x1(@) 


,-.-,|xm(a)|)(1 + log|lall)", ae Ag. (3.33) 


Mais si x est un caractére non ramifié de Ag, il existe A € (a%)c tel que : 


x(a) =e 4G) ge Ag. 


Donc : 
|x(a)| <ell#e@l ae Ag, (3.34) 


ou |A| est la norme de la forme linéaire 2. Mais (3.25) jointe 4 la Proposition 7 montre qu’il existe 
co > Oet Co > 0 tels que : 


Coe tMo! < aH ||, ae Az. (3.35) 


Comme Hy, (a) = Hg(a), a € Ac, on déduit alors de (3.34) et (3.35) qu’il existe c, > 0 et 
Cy > 0 tels que: 


Ix@|<CyllaHII%, ae AggC AGNAG. 
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Linégalité voulue pour v; résulte alors de (3.33), et de l’inégalité : 
l+logx<x, x21, 


ce qui achéve de prouver (3.32). Donc (3.31) est vraie aussi pour © = A( Pg, Ag). 
Or ||aH || > 1 (cf. (3.3)). On pose alors 


C= max co>0 et C:= max Ce>Q0. 
OCA(P5, Ag) OCA(Pp, Ag) 


En utilisant (3.28), on obtient (3.27). 

(b) On reprend les notations de 1.2. Par un raisonnement similaire, on peut remplacer Ag 
par l'un des A; := x; Agx; | pour i € J dans (a). Toutefois, pour définir la norme sur M;,o := 
x; Mox; } , on doit utiliser le plongement t o Ad x, ' Alors on a seulement : 


lmMi.oO0H|| = |lmH|, meMieo, 


mais cela suffit 4 achever la démonstration de (3.27) pour A; au lieu de Ag. Donc pour tout 
v € V, il existe c; > O et C; > O vérifiant : 


5 71 
|(x*(a)é, v\| <CillaH ||", ae Ap :=xjAGx;. 
On souhaite obtenir une telle inégalité sur A; et non sur A; . Or, Ag est la réunion d’ensembles 


Ag lorsque Py décrit l’ensemble des o-sous-groupes paraboliques contenant Ag. Le choix de Pg 
étant indifférent dans ce qui précéde et J étant fini, on en déduit que : 


Pour tout v € V, il existe c > O et C > O vérifiant : 
|(x*(a)é, v)] <CllaH ||", ae Aj, ie. (3.36) 
On déduit de (1.21) que : 
G= [J @y'A,H, Ay=yAgyT!. 
yeWiig 


Soit v € V et K un sous-groupe compact ouvert tel que v € V*. Soit g € Qy7! 


ayH, ye 
Wri 29 € Ay. Alors : 


(7*(g)&, v) € {(x*(ay)é, (yo ')v}, o € Q}. 
Lensemble y étant compact et v étant invariant par K, l’ensemble {2 (yw~!)v, w € Q} est fini. 


Par conséquent, il existe un nombre fini d’éléments de V, indépendants de ay, notés Vis aay De 
tels que : 


(x*(g), v) € {(a*(ay)é, v5), FHL... rh. (3.37) 
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Soit j € {1,...,r}. Comme Ay est égal a l’un des Aj, d’aprés (3.36) appliqué a vi au lieu de v, 
il existe cy ; > Oet Cy ; > 0 tels que : 


|(7* ay), v4)| < Cy, jllayH|%, ay € Ay. 


eis F fe : ; : 
En prenant C’:= Max jeg}, yew G, Cy j etc = Max jeg) 7}, yew, Cy, j, on obtient : 


I(x*(g)é. v)| <C'llay HII", gH soy layH, w€ 2, ay=yay', ae AG, ye Wy, 
Or, d’aprés (3.20), pour aeéAjg,ona: |layH|| = |laH|| et d’aprés (3.21), pour a € Aj, ona: 
|aH || = ||gH||. D’ou (i). 

(ii) Soit v € V fixé, d’aprés (3.37), il suffit de montrer que : 

Pour tout i € J, il existe C; > 0 tel que: 


(x*(ai)é,v)| < Cj, aj € Ai. (3.38) 


Soit K un sous-groupe ouvert compact tel que v € V*. D’aprés le Lemme 2, il existe un sous- 
groupe ouvert compact K’ de K tel que : 


(a (a, ')E.e)= (28 (Gy "aK Ee), GEA, CAN,» 


ou Mig = x;Mgx;'. Or (z, V), étant bornée, il existe Ci > 0 tel que: 


I(x* (a; ')x*(exé, v)|< Cj, aj € AZ. 


On en déduit (3.38) en procédant comme dans la preuve de (3.36), et (ii) en résulte alors. 


Remarque 3. Ce théoréme permet de voir qu’une des hypothéses du Théoréme 3 de [3] est 
toujours satisfaite. 


4. Un analogue d’un Lemme de Langlands 
4.1. Résultats préliminaires 


Soit P = MU un o-sous-groupe parabolique contenant Py. Par abus de notation, pour x € G, 
on note x = k(x)m(x)u(x), k(x) € Ko, m(x) € M, u(x) € U. On note py la projection de P 
sur M de noyau U. On note Ko, y := pu(P NM Ko) qui est un sous-groupe compact de M. Alors 
m(x) est défini modulo l’action a gauche de Ko,y. On remarque que Hy (m(x)) est bien défini 
et pour x € X(M), x (m(x)) Vest également. De plus, 


Si 92 est un compact de G, l’ensemble {m (x) | x € 82} est inclus dans un compact 
de M. (4.1) 


En effet, §2 est inclus dans un nombre fini de classes 4 gauche modulo Ko, et on utilise ce qui 
précéde. 
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Lemme 9. 
(i) Soit (a, V) une représentation rationnelle de G, de dimension finie, de plus haut poids 
A € Rat(Mo), ayant un vecteur, va, de plus haut poids A, et un vecteur, en. yp» H-invariant 


dans V* pour 1%, vérifiant (e%. Hy: VA) = 1. On note d (ou dr¢) l’élément de ay tel que 


emo (™) = | A(m)| r pour m € Mo. On suppose de plus que i est élément de ayy. Alors il 


existe C € R tel que: 
A(Hu(m(h))) >C, he H. 


(ii) Si x € X(M)gq, avec Re x strictement P-dominant ; alors il existe C’ > 0 tel que |x (m(h))| > 
Ci,hed. 


Démonstration. (i) Soit h ¢ H. On déduit de l’invariance de e*, ,, par h-! ’équation : 
-1 -1 -1 
(A ((u(h)) (mn) (kD) Je. va) = 1. 
ou l’on a écrit : 
h=k(h)m(h)u(h). (4.2) 


Comme Ad est élément de Oye il existe (cf. e.g. [3, (2.23)]) un caractére rationnel, A;, de M, tel 
que : 


Ta(m)vy~ = Ay(m)vyg, meEeM. (4.3) 
Il existe un élément A, de a}, tel que e*1(Au(™) — | A,(m)|p,m € M. Donc: 
eh(Huy(m)) — pi'Hu(™)) ny & Mo, 
En utilisant (1.4) pour M = Mo et G = M, on trouve que A; =A et: 
|Ai(m)|,=e"™ mem. (4.4) 
D’aprés (4.2), ona: 


(x03 ((k(A))"e’y rs va) = (104 (m(h)) 04 (wh) 704 (Je, x. Va): 


Mais e% ;, est invariant par H et v, vérifie (4.3) et est invariant par U, donc 
= =i 
(wi ((k(A)) es 4. va) = Ai(m(h)) (4.5) 
Pour des raisons de compacité, il existe une constante C’ > 0 telle que : 


(rakes ys va)|p<C, ke Ko. 
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De (4.4) et (4.5), on déduit : 
e Hue @™) < Cl, hed. 
D’ou Il assertion en prenant successivement l’inverse puis le logarithme de I’ inégalité. 
(ii) On a: Rex € (ay)*. Soient x; dans X(M), et x2 dans X(G), tels que Rex: € 

(am,o/9G,0)", Re x2 € (aG,o)* et Re x = Re x1 + Re x2. Alors |x| =|x1||x2|. D’autre part, 

|x2(m(h))|=1, hed. 
En effet, puisque |x2| € X(G)q et est a valeurs dans R™, 

|xo)|=1, hed, 
car | x2| 0 =|x2|~!, done |x2|(4) = |x2|"'(h), he H. Or: 
|x21(h) = |x2l(k(h)m(h)u(h)) =|x2l(m(h)), he H, 


la derniére égalité provenant du fait que les caractéres non ramifiés sont triviaux sur les sous- 
groupes compacts et les sous-groupes unipotents. On a donc : 


|x(m())| =|xi(m(h))|, eH. 
Or Re x1 € (auo/aG,c)* donc, d’aprés [3, Remarque 1], il existe m1,...,mx € RetaA,...,An € 
ay tels que Re x; = eae njAj et tels que pour i = 1,..., k, il existe une représentation ration- 


nelle de G de plus haut poids A; vérifiant les propriétés de (i) avec A; := 4.,,;. Puisque Re x est 
strictement P-dominant, les n; sont positifs. On obtient alors : 


k 
|x (m(h))| = eRexi (Au (mth) — lee hed. 
j=l 


D’ou (ii) en appliquant (i) aux A;. 


Lemme 10. Soit x € X(M), tel que Re x soit strictement P-dominant. Alors il existe C > 0 tel 
que pour tout a € Ay vérifiant Hy (a) € —ap on ait: 


, ueU:=a(U). 


|x (m(a“'aa))| < C|x (mi) 


Démonstration. Soit v € ap" (cf.(1.8)) tel que l’on ait : e”? 4") = |x (m)|, m € M. Il résulte 
de [10, (3.14)] qu’il existe Yp € ay tel que l’on ait : 


Hy (m(a)) — Hu(m(a7!ita)) €¥p + tap, aeU, ae AmOAy,'(-ap). 
Comme v est P-dominant, ona: 


v(Hu(m(a)) — Hu(m(a~'ua))) > v(¥p), @EU, ae AMN Hy (-a}). 
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Soit encore : 


erHulm(aliay) < gr) gr'Hulm®), GeO, ae AM Hy! (—at). 


D’ot le Lemme. 


4.2. Une propriété asymptotique des intégrales d’Eisenstein 


Soit P = MU un o-sous-groupe-parabolique de G. Soit (5, Vs) une représentation admissible 
de type fini de M. On introduit pour x € X(M)zq, la représentation 6, = 6 @ x de M. Lespace 
de 5, s’identifie 4 Vs. On étend I’action de M a P en la prenant triviale sur U. On rappelle que 
ind Vs, noté aussi I " (6), est l’espace des applications g : G + Vz qui sont invariantes 4 gauche 
par un sous-groupe compact ouvert et telles que : 


y(gmu) =5p'/"(m)5,(m—)g(g), geG,meM,ueU. 


‘ P 5 ue vee PS P 7P , 
Le groupe G agit sur J, (5) par la représentation réguli¢re gauche axe On note I* (5) l’espace 
de indy, p|Kynp- Alors la restriction des fonctions a Ko détermine un isomorphisme de Ko- 


modules entre J “ (5) et jP (6). On note 7 f xf la représentation de G sur pe (6) déduite de np f 
par transport de structure via cet isomorphisme. 

On note C(G, P, 5*, x) l’espace des applications y sur G, a valeurs dans le dual V* de V5 
qui sont faiblement continues, i.e. telles que : 


Pour tout v € V3, g +> (w(g), v) soit continue et : 
w(gmu) = 5p! (m)x (m)d*(m—)w(g), geG,meM,uevu. (4.6) 


Le groupe G agit par représentation réguliére gauche sur cet espace. 

Siw € C(G, P,6*, x) etge Le (6), on note (Ww, g) = Sk, (U®, g(k)) dk qui définit un cro- 
chet de dualité G-invariant sur ces espaces (cf. (1.11)). (On note que cette intégrale existe car il 
s’agit de fonctions localement constantes sur le compact Kg.) Ceci permet d’ identifier les élé- 
ments de C(G, P, 5*, x) a des éléments de TP). 

On suppose maintenant que (4, Vs) est une représentation bornée et irréductible de M. 

Soit x « X(M), vérifiant Re x5p! * strictement P-dominant. Soit ne Vem 4 | On lui asso- 
cie l’appplication ¢.(P, 5, x, n) définie sur G a valeurs dans V;* par les relations : 


(a) &e(P,6, x,7) =0endehors de HP. 
(b) Pour tout (h,m,u)€@ Hx Mx U, 


ee(P, 5, x, (amu) = 5p! (m) x (m)5*(m!)n. (4.7) 


Remarquons que pour g € HP, la décomposition g =hmu,he¢ H,me M,ue€U rest pas 


unique mais f varie dans une classe a droite modulo MMH et m dans une classe 4 gauche 


modulo MM H. La fonction ¢, est donc bien définie puisque vig Ee X(M), etne ices 


De plus 6 étant bornée et Re x5p! > étant strictement P-dominant, il résulte du Théoréme 4 (ii) 


et du Théoréme 3 de [3] que : 
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La fonction ¢, est élément de C(G, P, 5*, x). (4.8) 


On suppose maintenant que P contient Py. Alors M contient Ag. On reprend les nota- 
tions de 1.2 et on note Ww. un ensemble de représentants dans NG(Ag) des doubles classes 
Wu, (Ag) \ W(Ag)/ Wa (Ag) contenant |’élément neutre e et Wii = {xix | x € Wy,;}. Alors 
(cf. [3, Lemme 9]) : 


Toute (H, P)-double classe ouverte de G est de la forme HyP ou y est un 
élément de : 
wi =U Wii 
ie] 

En particulier toute (H, P)-double classe ouverte est de la forme HyP ou 
y.P := yPy7! est un o-sous-groupe parabolique de G. On notera Wy, un 
ensemble de représentants des (H, P)-doubles classes ouvertes, contenant e, et 

contenu dans We. (4.9) 


—_G ee 
A tout w € Wy, on associe |’ espace : 


-l 
Vs, w) =(vz)"-F (4.10) 
et on considére la somme : 
V6) := GP VE, w). (4.11) 
weWy, 


La projection de V(6) sur V(6, w) parallélement aux autres composantes sera notée pr(d6, w) ou 


Ply: 
Montrons que : 


Si we we, alors w.P est un o-sous-groupe parabolique de sous-groupe de 
Levi o-stable w.M. (4.12) 


Comme Py C P, ona: 
Ao C Myo C Mg Cc PNo(P)=M. 


Donc Apo est un tore déployé maximal de M. Il en résulte que Ay C Ao, donc Ayo C Ag. Ceci 
joint au Lemme 4 montre que P = P,, 4 € A(Ag). Alors w.P = Py, ot w= waw-! €w.Ag. 
Or w.Ag est égal al’un des A;, c’est donc un tore o-déployé maximal. Il en résulte que o (P,,) = 
Po(u) = P,,-1, et P,,-1 est bien opposé a P,, = w.P. Le sous-groupe de Levi o-stable de P (resp. 
w.P) est alors égal au centralisateur dans G de d (resp. 4p = waw7!). Le sous-groupe de Levi 
o-stable de w.P est donc égal a w.M. D’ot (4.12). 

Pour w € Wr, n € V(d, w) et x € X(M), vérifiant Re x5p strictement P-dominant on 
définit : 
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Ew(P, 5, x,n) = R,-1€e(w.P, w.d, w.x, ) (4.13) 


ou R désigne la représentation réguliére droite de G et w.d (resp. w.x) la représentation de 
w.M déduite de 5 (resp. x) par transport de structure. Cette expression est bien définie car 7 € 
yeu Aw7!. 
5 
(4.12). 
Soit oy l’involution rationnelle de G définie sur F, donnée par : 


4 équivaut an € vay "4 et w.P est bien un o-sous-groupe parabolique d’aprés 


Ow(g) = wlo(wew')w, geG. 
Lemme 11. 
(i) Soit P = MU un o-sous-groupe parabolique de G contenant Pg et w € Wy. Alors P est 
UN Ow-sous-groupe parabolique, ow(P) =o (P) et PNoy(P)=M. 
(ii) X(M)g C X(M)z,. 
Démonstration. (i) Montrons que : 
Ag est un tore 0,,-déployé. (4.14) 
Soiti ¢ J etx € Wy; tels que w = x;x, alors 
w.Ag = xjx.Ag = x;.Ag = Aj, 
en particulier, 
w.Ag est o-déployé, (4.15) 
donc : 
Ow (a) = w'o(waw')w =w! (wa-'w!)w = a”. ace Ag. 
On déduit (4.14) de l’égalité précédente. 
D’ autre part, on a inclusion Ay, C Ay C Amg, donc Ay, est un tore o-déployé de A yy. 
Donc Ayo C Ag puisque Ag est le plus grand tore o-déployé de Ay,. En particulier Ayo est 


un tore 0 ,-déployé. 
D’aprés le Lemme 4, il existe A € Ay, tel que P = P,. Alors 


Ow(P) = Po, (a) = Py-1 =O (P), 
donc M = PNoy(P), d’ot (1). 
(11) Montrons que wlo(w) € Mg: 
D’aprés (4.15), ona: 


o(waw') = wa !w!, ace Ag. 


D’ autre part, 


N. Lagier / Journal of Functional Analysis 254 (2008) 1088-1145 1131 


o(waw') =a(w)a(a)o (w'). 


On déduit des deux égalités précédentes et du fait que o (a) = a7! que : 


wa wos a(wya'o(w'). 


Donc w~!o(w) est élément de Zg(Ag) qui est égal 4 Mg d’aprés (1.15). Ceci montre que 


w!o(w) est élément de Mg comme désiré. 
Soit x € X(M),. Comme Mg C M, ona: 


x(ow(m)) = x(wo!o(w))x(o(m))x(wto(w)) , meM. 
Soit encore : 
X(ow(m)) = x(o(m)), meM. 
Comme x € X(M),, onadonc : 
X(ow(m)) = x~'(m),  meM. 


Donec x € X(M)~°. Par suite, X(M), est inclus dans X¥(M)~°. Or X(M), est connexe 
et contient |’élément neutre et X(M)_,,, est la composante connexe de |’élément neutre dans 
X(M)~°~, d’ot (ii). 


/ 


On associe enfin a tout élément 7 de V(6) et a tout x € X (M), vérifiant Re x5,"  strictement 


P-dominant : 
i(P.5.x.m) = D> ew(P.5, x, pr(6, w)n). (4.16) 
—.G 
weWry 
On déduit de (4.8), (4.13) et de (4.16) que : 


Lapplication j(P,65, x, 7) est un élément de C(G, P, 6*, x) et on l’identifie a 
un élément H-invariant de I fs (6)*. (4.17) 


Remarque 4. La condition Re x — 2pp strictement P-dominant dans le Théoréme 3 de [3] 
ou l’induction est non normalisée se traduit ici (ot induction est normalisée) par la condition 


Re x5p/  strictement P-dominant. 
On définit « les intégrales d’ Eisenstein » : 


Si g est un élément de |’ espace 1? (6), E(P, 6, x, , 9) est la fonction sur G/H 
définie par : 


(E(P.6, x., 9)) (gH) =(j(P.6. x.) tf, (g'Jo) 8 eG, 


ot j(P, 6, x, 7) est l’élément de 7? (6)* déduit de j(P, 5, x, 7) par transport de 
structure a |’ aide de la restriction des fonctions a Ko. (4.18) 
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Remarquons que si g € 1 (5), et si @ est sa restriction a Ko, 


(E(P, 5, x.0.G))(gH) =(j(P.5, x.) $8, (g7 Je), g eG. 


Soient P = MU et Q= MV deux o-sous-groupes paraboliques de méme sous-groupe de Levi, 
on rappelle que l’on note 0 :=0(Q). 

Soit w une fonction sur V/V M U 4a valeurs dans Vs. Supposons qu’il existe vg € Vs tel que 
pour tout vo € V5, Vintégrale 


(W(b), Uo) dd 


v/vonu 


soit absolument convergente, égale 4 (vg, to). Alors vo est unique car la dualité entre V et V 
est non dégénérée. Dans ce cas nous dirons que |’intégrale /, v/vau w(v)dv converge et nous 
poserons : 


W(v) dv := vo. (4.19) 
V/vnu 
Il résulte de cette définition que : 
d(m) yr (v) dv = 6(m) i w(v)dv, memM. (4.20) 
V/Vvnu V/vnu 


On rappelle (cf. [23, Théoréme IV.1.1 et équation IV.1 (10)]) que : 
Il existe une constante Rs > 0 telle que, pour tout x € X(M), vérifiant : 
(Rex,@)>R3, we D(P)NZ(Q) 


telle que, pour tout g € Es (6) et g € G, Vintégrale Sv, vay (gv) dv converge 


et l’application g b> Svivau y(gv)dv définit un élément de Ika (6) noté 
A(Q, P,6, x)(g). De plus, A(Q, P, 45, x) est un opérateur d’entrelacement non 


nul entre i (5) et ee (5). (4.21) 
L’application x +> A(P, P, 4, x) admet un prolongement rationnel au sens de 
[23, IV.1] que l’on note de méme. (4.22) 
Il existe un polynéme q non nul sur X (M) tel que si x € X(M) et si q(x) £0, 
l’opérateur A(P, P, 5, x) est défini et non nul (cf. [23, [V(10)]). (4.23) 


Le symbole a — p o0 (resp. a — p 00) signifie que a € Ay et que |a(a)|- — +00 pour tout 
ae€ X(P) (resp. X'(P)). 
On rappelle que (4, Vs) est une représentation bornée et irréductible de M. 
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Théoréme 5. Avec les notations ci-dessus, soit x € X(M)q vérifiant (4.21) pour Q = P et tel 
que Re Wop” soit strictement P-dominant. Alors, pour tout p € i (5), pour tout g € G, et pour 
tout n € V(6), ona: 


lim, x(a)us(a)5p/*(a)(E(P. 5, x, 9))(GaH) = (pren, (A(P, P.5, x)(9))(8)) 


ou [Ls est le caractére central de 6 et @ est la restriction de p a Ko. 


On remarque que l’ensemble des x vérifiant ’hypothése du Théoréme contient l’ensemble 
{x € X(M),; (Rex,a) > R,a € S'(P)} pour R assez grand. 


Démonstration. Par linéarité, on peut supposer 7 € V(6, w) pour un w € Wy, ce que l’on fait 
dans la suite. En remplagant g par L,-1y pour g € G, on se ramene a démontrer le Théoreme 
pour g = e. Avec nos hypothéses, j(P, 6, x, 7) est élément de C(G, P, 6*, x) (cf. (4.17)). Donc 
poura € Ay,ona: 


(E(P.8, x0. Oat) = | (GCP...) 0, elak) dk. 
Ko 


On pose E := E(P,6,x,7,@) et j := j(P,6,x,n). On déduit de (1.10) que l’intégrale 
re a (ju), g(au))du est absolument convergente et que : 


E(aH) = | (7@, elaid) da. 
U 


En changeant i en aia! et en utilisant les propriétés de covariance a droite de g, ona: 


x(a)p5(a)5p/" (a) E(aH) = / (j(a- laa), g(a) di. 


U 


Sia — p ov, ilest clair que a~'ua converge vers e et l’expression sous le signe somme converge 


vers (pr, 7, p(u)) pour tout u € U. 
Il suffit donc de vérifier que l’on peut appliquer le Théoréme de convergence dominée, et de 
montrer que : 


/ (pr. n, (a) di = (pr, n, (ACP, P.8, x)Y))(), ETP (). (4.24) 


U 


Passons a la majoration de |(j(a~!ua), y(a)) |. Posons : 


—1/2 
ayes? 


de sorte que x’ € X(M), et que Re x’ est strictement P-dominant. 
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Soit 7 € UN HwP. Ecrivons i =hwmu oth € H,me M,u €U. Soithy := w ‘hw. Ona: 

ii = wk(hw)m (ry )u (ly), 

ou, avec les notations de 4.1, hy = k(hy)m(hy)u(hy). Donc : 

m(u) = m(wk(hy))m(hy)m. 

Ce qui implique : 

x'(m@)) = x'(m(wk(aw))) x" (maw) x(n). (4.25) 
On vérifie aisément que w!Hw est le groupe des points fixes de l’involution o, = Ad w!o 
o o Adw. En utilisant le Lemme 11, on peut appliquer le Lemme 9 (ii) 4 x’ avec w~! Hw au lieu 


de H. Donc: 


Tl existe une constante c; > 0 telle que : 


|x'(m(hw))| 2c1, AEH. (4.26) 
De plus, (m(wk(hy)))~! reste dans une partie compacte lorsque h varie dans H. Donc : 


Il existe cz > O telle que 
[x'((m(wk(hw)))')| < eo. (4.27) 


Donc, on déduit de (4.25) que : 


, weEeUNHuP. (4.28) 


|x’(m)| < cy 'c2|x’(m@)) 


Soit 7 € U. Si a~!aa € HwP, ona j(a~!ita) = 0. Si a~!aa € HwP, on écrit a~!aa = 
howmouo avec hg € H, mp € M,up € U,etlona: 


i(a7‘ata) = 85'/? (mo) x (mo) 5* (mp5 !)n. (4.29) 


D’autre part, on a: 


= -1/27, = -\\-1 = 
pi) = 5p / (m(i))8y((m@)))e(k@)). (4.30) 
Montrons qu’il existe une constante c’, indépendante de gy € I fa (5), telle que : 


-1/2 


|(i(a-1ta), p@)| < e'|x!(m@) 5p"? (m@)x((m@)~")| 
x |(5*(mg')n, 6((m@)~') e(k@)) 


, eae (4.31) 


En effet, d’aprés (4.29) et (4.30), on a 
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\(i(@ 'ta), pC@))| = [8p mo) x mo) 8p!” (mH) x ((m@D)")| 
 |(8* (mg ')n. 8(m"@)o(K@)}}. 
Or: 
Sp! (mo)x (mo) = x'(mo) 

et d’aprés (4.28) appliquée A a~!iza : 

|x"(mo)| < ef 'c2|x’(m(a7!aza)) |. 
De plus, d’aprés le Lemme 10, il existe cz > 0 telle que : 

[x'(m(aTaa))| <c3|x'(m@)|- 


En posant c! := cy ‘ccs, on obtient (4.31). Comme x/x~! = eae on déduit de (4.31) que: 


|(i(a7 a), p@)| < c!|3p" (m@)| |(8*(m@mg')n, e(k@))]. (4.32) 


Montrer que la partie droite de l’inégalité est bornée revient 4 montrer que pour g € I e (6), 


|(S*(m (i)my')n, y(k(u)))| est bornée indépendamment de u et de a. 

La fonction ¢ étant invariante 4 gauche par un sous-groupe compact ouvert Ky, p(k) ne prend 
qu’un nombre fini de valeurs dans Vs lorsque k décrit Ko, que l’on note v1,..., uy. 

Alors, puisque 6 est bornée et irréductible, d’aprés le Théoréme 4 (ii), il existe C > 0 tel que: 


(S*@n)n, v;)| <C, i=1,...,1, meM. 
On déduit alors de (4.32) que : 


(i(a~!aa), p))| <C\6p'(m@))|, wEU, ae Ay. (4.33) 


Mais (cf. [23, I.1(2)]), 


[\op'onca) ai < +o. (4.34) 
u 


Les hypothéses du Théoréme de convergence dominée sont donc réunies. II reste 4 montrer 
(4.24). 
Le Théoréme de convergence dominée montre que : 


[iter , y(it))| du < +00. 
U 


Lélément g de [ v (6) est fixé par un sous-groupe compact ouvert de G qui contient un sous- 
groupe compact ouvert Ky de M. Donc : 
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[lv n, pi) di = [ive n,o(kmi))di, ky €Kwm. 


U U 


En utilisant les propriétés de g, ona: 


U 


i n, (it)) dit = 5p!" (ky) [(erGaner. n x(k )o(kmitky!))di, ku € Km. 
a 


Or, x et dp étant des caractéres non ramifiés, 55 (ku) — x(k) = 1 pour ky € Ky. En 


changeant de variable, on a: 


i (pr, o(i)) dit = / (s*(ku) pren, y(i))da, ku € Km, 


U U 


et l’intégrale est toujours absolument convergente. 
On a donc, en intégrant par rapport a ky : 


/ (pr, 0. p@))dii = / i: (5* ku) prem, p@)ditdky, 


U Ku U 


ou dky est la mesure de Haar normalisée sur Ky. 
En procédant de la méme manieére, on obtient : 


[in e@)| az = i) [\(6" sn Pre, e@)) az dt < +00. 
U 


Ku U 


On peut donc appliquer le Théoréme de Fubini a (4.35) et on obtient : 


/ (pte. o@\da = / / (3* (kag) prem. 9@@)) dhe di. 


U Ku 


On note ex, pr, 7 1’ élément de Vs défini par : 


(€ky Plen, v) = [tern 500) dhe. ve Vs, 
Ku 


(4.35) 


l’invariance de v par rapport a un sous-groupe ouvert compact de M impliquant que l’intégrale 


se réduit 4 une somme finie. On a donc : 
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/ (or, 1, 9(@)\ da = i lexy Prem. (a) ai 


U U 
D’aprés la définition de te g(u) du (cf. (4.19)), il en résulte : 


i (ren. eC) a= (exy pren, i ola) di 
i U 


U 


Donc : 
/ (pr, 7, @@) dit = / (rr. n, (ku) J ola) dt) dk. 
U Ku 
Soit encore, grace a (4.20) : 
; (pre n, p(a)) di = / (Pr. : sku o(@)ai) dw. 
U Ku U 
Utilisant le fait que yg est K y-invariante 4 gauche et g € J - (6), ona: 
i: (pre n, p(a)) di = / (Pre / olliniky!) di) dy 
U Ku U 
En changeant u en kmitky' , on déduit : 
/ (pr. n, g(a) dit = i (pr. i. ola) di) dk. 
U Ku U 


Soit encore : 


/ (pr. n, p(ii)) dit =(pren, / ola) di 


U U 


Tenant compte de (4.21), on en déduit (4.24), ce qui achéve la preuve du Théoréme. 


Soient P = MU et Q = LV deux o-sous-groupes paraboliques de G tels que Py C PC Q. 
Alors Mc L et V CU. Soient U et V définis par P = MU et O=LV. On pose U':=UNL. 
On reprend les notations du Théoréme 5. Soit Q’ le o-sous-groupe parabolique de G égal a 
(P 1 L)V, qui admet M pour sous-groupe de Levi o-stable. 
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Théoréme 6. Soit x € X(M)q vérifiant (4.21) pour P et Q' et tel que Re Hig” soit strictement 
P-dominant. Alors : 


vee IP (5), VgeG, ne V6), 


; Jim, x(@ua(adp(a)(EC(P. 5, x.0,))(gaH) = / (j(@’), (ACO, P, 8, x)(g)) (@’)) dai! 


U' 


ou [Ls est le caractére central de 6, est la restriction de p a Ko. 


, . Bf cg yes : ‘ 
Démonstration. Par linéarité, on peut supposer 7 € V(6, w) pour un w € Wy, ce que I’on fait 
dans la suite. En remplacant g par L,-1g pour g € G, on se rameéne a démontrer le Théoreme 
pour g = e. D’aprés le début de la démonstration du Théoréme 5, on a: 


x(a)us(a)dp/” (a) E(aH) = | ile'ia), hat. acAy. (4.36) 
u 


On al’homéomorphisme U’ x V —> U, (u’, 0) + ud et, pour un bon choix de mesures, 


[ f@ai- i f@'v)du'dv, f ECOG). (4.37) 
U U'xV 


On a donc, d’aprés (4.36) : 


xX (a)[U5(a)3p (a) E (aH) = [ (ier tiaa~ia), pi o)pai' ai. 
U'xV 


Ora€é A; et i! EUNL. Donc ai! =a et: 


-1/2 ae agehy. apne 
X(a)us(a)dp / (a) E(aH) = / (j(a’aq ba), p(i'd)) di di. 
U'xV 
Sia—@ ov, il est clair que a~'va converge vers e et l’expression sous le signe somme converge 
simplement vers (j(u’), g(u'v)). 
On peut appliquer le théoréme de convergence dominée grace aux équations (4.33), (4.34) et 
(4.37). On peut alors passer 4 la limite et appliquer le Théoréme de Fubini. On a alors : 


lim | x(a)us(a)dp'(ayetat) = ff (i@).ea'o) doa. 
a~>@Q CO 
U' Vv 


On procéde comme dans la preuve de (4.24), pour montrer que : 
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i (j@’), pad) dd = (ia, i ola'yai), 


V V 
On a alors : 
lim x(a)us(a)sp' (Ean) = [ (ia. / lala) ai 
a>oqw 


U’ 4 


On remarque que : 


(A(Q’, P,5, x)(@))(a’) = i Gaya. 


V 
On a donc: 


: Tim. x(a)us(a)5p (a) E(aH) = / (j(@), (A(Q’, P. 8, x)(g)) a’) da’, 


U' 


d’oti le Théoréme. 


5. Une propriété de la décomposition de Cartan 
5.1. Transport de structure 


Soit P = MU un o-sous-groupe parabolique de G contenant Ag. Soit y = x;x € we (cf. 
4.2 pour les notations). Alors (cf. (4.12)), y.P est un o-sous-groupe parabolique de sous-groupe 
de Levi o-stable w.M = wMw7!. Pour ce o-sous-groupe parabolique qui ne contient pas Ag 
mais A;, on peut définir Wy de méme qu’en (4.9), ainsi que V(y.d, w) et V(y.6). En particulier, 


1 


on peut imposer a wy m de contenir y~“, qui est un représentant de la (H, y.P) double classe 


ay.Mny. 


ouverte Hy~!yPy~! = H Py—!. Alors yee a V5 donc : 


V(y.5, y~') = V6, e). 


Si ne € V(6, e), on notera Ny-l l’élément correspondant dans V(y.6, yeu). On note R la repré- 


sentation réguliére droite. Avec ces notations, soit (69, Vs) la représentation triviale de M, soit 


Ne un élément non nul de vies Het soit x € X(M)zq tel que : 


x vérifie (4.21) pour Q = P etRe x5p! * soit strictement P-dominant. (5.1) 
Montrons que : 


(j(P. 80. X. Me). TH (87!) 9) =(F0-P, ¥-80. Xs My-1)s 5 yg (BT RyG), 6.2) 


pour g € I? (80). ye Wwe. 
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En effet, comme on le vérifie aisément, Ry est un opérateur d’entrelacement entre 


(xf. TP (6) et (a a Bf (80), 


1.e.: 


P =) AP. -1 P G 
To, (8 Jo = Ry mys, yy (8 )Ryg, gel, (0), 8 €G, ye Wy, 


(JP. 80, x. Me). 1H (87!) 9) = (Ry i (P, 805 Xs Me) Ts. ye (97) Ryg)- 


(5.3) 


(5.4) 


Or les fonctions de G dans LAr > J(y.P, y.d0, y-X, Ny-1) et Ryj (P, 50, X, Ne) sont toutes deux 


nulles en dehors de Hy~!(y.P), coincident en y~! 


, sont H-invariantes a gauche et vérifient la 


méme relation de covariance a droite sous P donc elles sont nécessairement égales. On a alors : 


: 4 . P 2s 
(J (P, 805 X5 Me)s 5, x(8~')e) = (F-Ps ¥-50, Y-Xs My), Ty 5y,y.4 (8) Ry9)- 
Soit encore, avec les notations de (4.18) : 
(E(P, 0, Xx; Nes ~))(gH) = (E(y.P, y.do, y-X; Ny-ls Ryg)) (gH). 


5.2. 


Théoréme 7. II existe T > 0 tel que la réunion Usews RAz(Ag)y 1H soit disjointe. 
0 


Démonstration. Supposons que ce ne soit pas le cas. Alors, comme Win est fini : 
Il existe y, y’€ Wiig avec y# y’ et une suite (g,) telle que : 


Qn = Onhny! = Oi Ryn et 


1 


Pyh JH r I—1lys 
§n = Wn Any =) Ayn 


OU On, w, € 2,n EN, An, Ai, © A; (Ag), et Ayn = YAnyf, Min t= yeh 


Montrons que c’est impossible. 


(5.5) 


(5.6) 


(5.7) 


On note P (resp. P’) le o-sous-groupe parabolique de G égal a y.Py, (resp. y’.Py), et P := 


y. Py (resp. Pl:= y’ Pp). Alors, comme A, et 4/, sont des éléments de A; (Ag), ona: 


Ay,n >P OO et Dea —p' oo. 


(5.8) 


Par extraction, on peut supposer que w, et wj, convergent dans {2 vers w et w’ puisque 92 est 


compact. 


Soit do la représentation triviale de Mg. Alors 5 := y.d9 est la représentation triviale de M. 


Pour x € X(M), et ge 1? (6), on pose : 
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Ay (9) = A(P, P. 5, x)@) € Ind§ V5, 


On reprend les notations du Théoréme 5, et soit x9 € X (Mg)o vérifiant (5.1) et tel que Ay. x, 
soit non nul (cf. (4.23)). Par symétrie des réles de y et y’ et par extraction, on peut supposer que : 


(x087,/")(An') > (xo8p,")(An'). 2 EN, (5.9) 


ce que l’on fait. On pose x := y.xo. Alors : 
= _ (7 =P (,-1)=P -l)- P 
(E(P, 5, x, ne, )) (Gn) = (J(P. 5, X, Ne), 15 (Ayn) 5, (Yon )G) GETS). 


On pose vp := yo, ' Alors vp converge vers la limite v = yw. Donc il existe un rang ng EeNa 
partir duquel le fixateur de gy contient v~!v,. En remarquant que v, = v(v~!v,), on obtient : 


(E(P, 5, x, Me, B)) (Gn H) = (E(P.5, X, Nes Ty (V)G))AynH), 9 ETP (5), n> Ng. 


Comme P = y.Py, xX = y.Xo et 6 est la représentation triviale de M, on a dp(Ay.n) = Spy An), 
X Ayn) = XoAn). D’ apres (5.8), le Théoréme 5 implique : 


tim  x0(n)3 py," An) (E(P, 5, X, Nes ))(8nH) = (Pre ne, (A(P, P, 5, x)(9))(0)), 


pour tout g € ih (6). 
D’apreés les hypotheses, l’application Ay := Ay, est non nulle. Par G-invariance, il existe 
go € I? (8) telle que (A, (¢o))(v) soit non nulle. On pose C := (A, (go))(v). On a alors : 


(E(P.8, x. ne, 90))(8n HH) ~ x0(An 8p (an NC, 


Nasr} esl he (5.10) 


lim XO (A n Py 7 


n—->+00 


/2 


car Re x05p, est strictement Py-dominant et A, > Py > puisque A, € A, (Ag). En refaisant 


ee et A ee : x : "6 
le calcul pour g, = w), y Myon? on trouve I’existence d’un rang n, 4 partir duquel : 


(ECP, 5, x, Mes Go)) (Sn) = (F(P. 5, X. Ne), TS. x (Myr n) P'0)> 


—1 


pourn > nj, et gy = tf (v')go ot v’ = limy++o0 yor, 


Soit x’ := y’y7!, alors x’/Px’—! est le o-sous-groupe parabolique P’ de G. Notons que 
Hx'P = Hy'(y~'!Py)y~! = Hy’ Pyy! done la (H, P) double classe Hx’ P est ouverte. On 
peut alors appliquer ce qu’on a vu en 5.1 au sous-groupe parabolique P de G, en prenant pour 


y’ le représentant de la (H, P) double classe x’. On obtient alors : 


(E(P, 5, Xs Nes 0) (Sn) = (E(x.P #5. x, Ny-l5 Wo) (Ay nA) 


ot l’on a posé Wj = Ry’ (QO). 
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Comme y# y’ € Wii ona Hy Py # Hy’ Pg. Tenant compte de la définition de P et x’, on 


en déduit que H(x’.P) 4 Hx'—!(x'.P). Done pr, n,/-1 = 0. Comme Mon > rp ©, il résulte 
du Théoréme 5 et des relations de conjugaison qu’il existe une suite é, de ‘limite nulle telle que : 


(ECP, 5, x, Ne. G0)) (Sn) = Enxo(y ')dp,/° (Ai, 1). (5.11) 
On pose : 
= (E(P, 4, x, ne, 90) (Sn H), néN, 
Le xo(An')8p, (An), neN, 
et: 


Alors, d’apreés (5.10) : 
Xn ~ C2n. (5.12) 
Pour tout n € N, Cz, est non nul, et d’aprés (5.12) : 
iCal t=S1, 
D’autre part, d’aprés (5.11), il existe une suite ¢, de limite nulle telle que : 
Ke Seat. WEN. 
Donc : 
lenzh|ICzn|~> > 1. (5.13) 
Mais, d’aprés (5.9), ona: 
O<z,<z, neéN. 


Donc: 


lenzh[ICznl'| <|enC'|, neN. (5.14) 


Comme ¢€, est de limite nulle, on trouve alors une contradiction entre (5.13) et (5.14). On en 
déduit que (5.7) est impossible. D’ot le Théoréme. 
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Appendice A 


Définition 2. Soit A un tore déployé sur F et soit V := (x1, ..-, x/) une suite finie de caractéres 
continus de A dans C*. On appelle fonction de type ¥ toute fonction g de A dans C telle que : 


((La - x(a) ee (La a xi(a))~) (x) =0, a,xeA. 


Soit A un tore déployé sur F et soit A! le plus grand sous-groupe ouvert compact de A, de 
sorte que A = A(A)A}. 


Lemme 12. 


(i) Soit f : A— C une fonction lisse. Alors f est A-finie si et seulement s’il existe une suite 
finie X de caractéres lisses de A dans C* telle que f soit de type X sur A. 
(ii) Soient E:= A @zR et a,..., a; € E* linéairement indépendants, on pose 


P= {r€ A(A) | aj(A) <0, i= 1,...,1} 


etB:=A!xT. 
Si f est une fonction de A dans C, lisse, A-finie et nulle sur B, alors f est nulle sur A. 


Démonstration. (i) Si f est A-finie, en triangulant l’action du groupe commutatif A dans I’es- 
pace vectoriel de dimension finie engendré par les translatés de f par les éléments de A, on 
trouve l’existence de caractéres (x1,..., x)) de A dans C tels que l’action de A dans une base 
bien choisie s’écrive : 


X1 * 
0 xl 
Ces caractéres sont lisses puisque f l’est et f est donc de type (1,.-.., xz). 
Supposons maintenant que f soit une fonction lisse de type Y sur A, ol VY = (X1,..-, XI) 


est une suite finie de caractéres lisses de A dans C. On note A!’ le sous-groupe ouvert compact 
de A par lequel f est invariante. Montrons que f est A-finie. Pour cela, montrons que |’espace 
des fonctions lisses de A dans C, invariantes par A" et de type ¥ est un espace de dimension 
finie. On notera C® (A/A!) x cet espace. Soit C[A(A)]x l'ensemble des éléments f de l’espace 
C[A(A)] tels que : 


(Li — x1 @))...(La— 1@))f =0, A€ ACA). 


On considére application qui a f € C°(A/ A") x associe la famille (Qu) .< 41 ya d’ éléments 
de C[A(A)]x définie par g,(A) = fw), A € A(A), wE ALA! Elle est injective, d’oti le 
résultat puisque Aljal est fini et que C[A(A)]x est de dimension finie (cf. [10, Lemme 3.14]). 
On a bien montré que C®(A/ AN) x est de dimension finie. Comme pour tout élément a, a’ 


de A, Lg commute a (Lg — x1(a))...(La — x1(a)), Vespace C® (A/A!), est stable par les 
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translations a gauche par les éléments de A. Donc les translatés de f € C~(A/ A") x par les 
éléments de A sont encore dans cet espace. Cela prouve (1). 

(ii) D’aprés (i), il existe une suite finie de caractéres lisses de A dans C notée ¥ telle que f 
soit de type ¥ sur A. En reprenant les notations de la démonstration de (i), il suffit de montrer 
que pour w € ALA", la fonction g, de type ¥ sur A(A), est nulle sur A(A). Par hypothése, @,, 
est nulle sur J”. De plus (cf. [10, Lemme 14]), il existe un ensemble fini F C A(A) tel que : 


Toute fonction g de type V sur A(A) nulle sur F est nulle sur A(A). (A.1) 


Soit Ag € A(A) tel que aj (Ao) < 0, i= 1,...,/, qui existe d’aprés l’indépendance linéaire des 
aj, et soit a := max fer, j=1,...,,0;(f). Alors il existe no € N tel que noAg + F C I’. On pose 
A :=NnodAg € ACA). 

Alors, pour tout w € A!/ A", la fonction L ,-1Qw est nulle sur F puisque g,, est nulle sur I” 
donc L,-1@ est nulle sur A(A) d’aprés (A.1). Donec pour tout w € ALAN, la fonction g, est 
nulle sur A(A), d’ot (ii). 
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Abstract 


The purpose of this paper is to show that, for a large class of band-dominated operators on €~(Z, U), 
with U being a complex Banach space, the injectivity of all limit operators of A already implies their 
invertibility and the uniform boundedness of their inverses. The latter property is known to be equivalent to 
the invertibility at infinity of A, which, on the other hand, is often equivalent to the Fredholmness of A. As 
a consequence, for operators A in the Wiener algebra, we can characterize the essential spectrum of A on 
£P(Z, U), regardless of p € [1, oo], as the union of point spectra of its limit operators considered as acting 
on (© (Z, U). 
© 2007 Elsevier Inc. All rights reserved. 


Keywords: Limit operator; Favard condition; Fredholm operator; Wiener algebra 


1. Introduction 


We study linear operators on the space Y° = €%(Z, U) of all bounded two-sided infinite 
sequences with values in a complex Banach space U. If M is a two-sided infinite band matrix, 
with entries m;; in the space L(U) of all bounded linear operators on U and sup ||m;;|| < 00, 
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then, after identifying elements of Y° with infinite column vectors, M acts on Y® as what 
we call a band operator. The closure of the set of all band operators in L(Y) is denoted by 
BDO(Y°); we call its elements band-dominated operators. 

Let K(Y°, P) denote the closure in L(Y°) of the set of all operators A € L(Y™) which are 
induced by a matrix M = [m;;] with only finitely many non-zero entries. It is not hard to see 
that K(Y™, P) is a closed two-sided ideal in the Banach algebra BDO(Y™), and we say that 
a band-dominated operator A is invertible at infinity if its coset A + K(Y™, P) is invertible in 
the factor algebra BDO(Y™)/K (Y%, P). Clearly, the coset A + K (Y™, P) only depends on the 
asymptotic behaviour at infinity of the matrix entries of (the matrix that induces) A. The study of 
this asymptotic behaviour requires the study of the so-called limit operators of A. The idea is to 
associate A with a family, denoted by o°?(A), of linear operators on Y°°, where each member of 
the family represents part of the behaviour of A at infinity. The elements of 0°? (A) are called the 
limit operators of A. It is known [7] that, for a fairly large class of band-dominated operators A, 
invertibility at infinity of A is equivalent to what we call uniform invertibility of ¢°?(A), which 
means: 


(C1) All limit operators of A are injective. 
(C2) All limit operators of A are surjective. 
(C3) The inverses of the limit operators of A are uniformly bounded. 


By looking at the structure of 0 °°(A), in particular using its compactness properties, it is now 
possible to reduce the set of conditions {(C1), (C2), (C3)} to an equivalent subset. In [7] it is 
shown that (C3) always follows from {(C1), (C2)}, so that {(C1), (C2), (C3)} = {(C1), (C2)}. 
In [1] we then went on and partially removed (C2) under the additional assumption that 
A=I1+K with an operator K whose matrix entries form a collectively compact set in L(U). 
Note that all results mentioned so far are shown for operators on (ZN ,U) with N € N and U 
a complex Banach space. The aim of this paper is to show that, under the same assumption of 
A=I1+K as was made in [1] but now for operators on the axis, i.e. for N = 1, condition (C2) 
can be fully removed so that {(C1), (C2), (C3)} = {(C1)} then. The remaining condition (C1) is 
commonly known as Favard’s condition in the literature [5,18,19]. 


Historic remarks. The story of limit operators and Favard’s condition starts in spaces of func- 
tions on a continuous rather than discrete domain. The typical setting was originally that of a 
(ordinary or partial) differential operator with almost periodic coefficients. First of all, Favard [3] 
showed that the condition that was subsequently named after him guarantees the existence of 
almost periodic solutions to a system of ODE’s with almost periodic coefficients and an al- 
most periodic right-hand side. Later, Muhamadiev [10] proved that Favard’s condition implies 
the invertibility of Favard’s almost periodic differential operator considered as operator from 
BC!(R, R") to BC(R, R"). Extensions of Muhamadiev’s result to wider classes of almost peri- 
odic operators can be found in [5,11,12,18,19], for example. For operators A with almost periodic 
coefficients, the connection between A and its limit operators is a lot stronger than in more gen- 
eral settings. In particular, all limit operators of A are norm-limits of translates of A, including 
the operator A itself. 

In [10], Muhamadiev went on to study matrix ordinary differential operators on the real line 
with merely bounded and uniformly continuous coefficients which lead him to define limit op- 
erators as limits of translates of the operator A with respect to what we call P-convergence now 
(see Section 2.2). In this wider setting he states the theorem that injectivity of all limit operators, 
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that is Favard’s condition, implies their invertibility as operator from BC ‘QR, R”) to BC(R, R"). 
We remark that this result is very much in the spirit of our paper; it can, in fact, via reduction 
to an equivalent matrix integral operator, be shown to follow from our Proposition 4.1. (We note 
that Muhamadiev provided no proof of his result in [10] so that we do not know whether our 
methods of argument are a generalization of what he had in mind.) Later on, Muhamadiev [11] 
and Shubin [19] studied elliptic differential operators A with almost periodic coefficients. For in- 
finitely smooth coefficients, Shubin provides a proof of Muhamadiev’s result [11] that the Favard 
condition is equivalent to the invertibility of A on BC™ (RR). In [12], Muhamadiev showed 
that, for Holder continuous coefficients, Favard’s condition is equivalent to A being ®,-semi 
Fredholm between an appropriate pair of spaces of bounded Holder continuous functions. Simi- 
larly and much more recently, Volpert and Volpert show that, for a general class of scalar elliptic 
partial differential operators A on an unbounded domain but also for systems of such, the Favard 
condition is equivalent to the ,-semi Fredholmness of A on appropriate H6lder [21,22] or 
Sobolev [20,22] spaces. Lange and Rabinovich [6] state a corresponding result about semi Fred- 
holmness of band-dominated operators in the discrete scalar-valued 0°(Z , C) setting. 

In the last 10 years, limit operators of band-dominated operators on discrete €? spaces with 
values in an arbitrary complex Banach space U and p € (1, oo) have been extensively studied 
by Rabinovich, Roch and Silbermann [15,16]. The second author [7,8] then extended some of 
their results to p € {1, co}. The reformulation of the so-called ‘richness’ property of a band- 
dominated operator A in terms of a particular compactness property of the operator spectrum 
o°P(A) of A in [7] then sparked a symbiosis of the limit operator method with the generalised 
collectively compact operator theory that was introduced by the first author and Zhang in [2]. 
The first outcomes of this symbiosis are [1] and the current paper. 


Contents of the paper. In Section 2 we introduce the classes of operators that we are interested 
in. We then define what a limit operator is and quote the result that connects the set of all limit 
operators to invertibility at infinity. Concluding surjectivity from injectivity whilst working with a 
family of operators (rather than just a single operator) is one of the main threads of the generalised 
collectively compact operator theory introduced by the first author and Zhang in [2]. Here we 
quote a slightly weakened version of a theorem from [2] that will do most of the work for us 
in Section 3. Roughly speaking, the strategy to conclude surjectivity of a given operator T from 
its injectivity is to embed it into a set of injective operators, B, that enjoys a type of collective 
compactness condition and to approximate T by a sequence of operators, for example periodic 
operators, for which injectivity does imply surjectivity, this sequence being such that its ‘limit 
operators’ (in a certain sense) are in the set B. 

In Section 3 we state and prove the main theorem of this paper. In a nutshell, the plot of the 
proof is as follows. Let A be subject to (C1). Then we prove (C2) in these three steps: 


(a) If B € 0° (A) and B has a surjective limit operator C, then B is surjective itself. 
(b) Every B € 0°?(A) has a self-similar limit operator C. 
(c) Self-similar limit operators (of A, including those of B) are surjective. 


By a self-similar operator we mean an operator C € L(Y™) with C €0°(C). 

Finally, in Section 4 we study a class of operators which are band-dominated on all spaces 
Y? := £?(Z, U) with p € [1, co] simultaneously. For this particular class of operators, the so- 
called Wiener algebra VV, we demonstrate how the study of Fredholmness and the essential 
spectrum of A € W with respect to any of the spaces Y?” profits from our new results in Y°. 
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2. Preliminaries 


Let p €[1, co] and U be a complex Banach space. By Y? := ¢?(Z, U) we denote the usual 
£?-space of two-sided infinite sequences (...,x(—1),x(0), x(1),...) with values x(i) in the 
Banach space U. If we only write the letter Y then the corresponding statement holds with any 
space Y?, p €[1, oo], in place of Y. 


2.1. Operators on Y and corresponding matrices 


By L(Y) we denote the set of bounded linear operators on Y. To every operator A € L(Y) 
we will associate a two-sided infinite matrix [A] = [a;;] in the canonical way; that is, by the 
following construction. For k € Z let Ex: U — Y and Rx: Y — U be extension and restriction 
operators, defined by Ex;y = (...,0, y,0,...), for y € U, with the y standing at the kth place in 
the sequence, and by Ryx = x(k), for x = (xj )) jeZN € Y. Then the matrix entries of [A] are 
defined as 


aij = R;AE; € LU), i,j €Z, (1) 


and [A] is called the matrix representation of A. Conversely, given a matrix M = [m;j;]j, jez with 
entries in L(U), we will say that M induces the operator 


CO 


(Bx) = Yo myx), ieZ, (2) 


j=-00 


if the sum converges in U for every i € Z and every x = (x(j)) jez € Y and if the resulting 
operator B is a bounded mapping Y > Y. 

It is not hard to see that if M is an infinite matrix and B is induced, via (2), by M then the 
matrix representation [B] from (1) is equal to M. It does not work quite like that the other way 
round: For p = oo, there are operators A € L(Y?) (e.g. see Example 1.26 c in [8]) for which 
the matrix representation M := [A] induces an operator B that is different from A. However, for 
every A € L(Y”) with p € [1, oo), the matrix M := [A] with entries (1) induces the operator 
B=A. 

We say that A € L(Y) is a band operator and write A € BO(Y) if it is induced by a matrix 
[m;;] with only finitely many non-zero diagonals, and we write A €¢ BDO(Y) and say that A is 
band-dominated if A can be approximated in the operator norm by band operators. 


2.2. Invertibility at infinity and limit operators 


For an arbitrary set S C Z, let Ps € L(Y) denote the operator of multiplication by the char- 
acteristic function of S. Some frequently used special cases are P := Pio1,.), Q:=1— P, 
aos nj and QO, := 1 — P, forn € N. We then put P := {P), P2,...}, define 


K(Y,P):={T € L(Y): ||QnT|| > 0, ||T On|] > 0 asn— oo} 


and say that a sequence Aj, A2,... € L(Y) is P-convergent to A € L(Y) if ||T(An — A)|| > 0 
and ||(A, — A)T|| > 0 as n — o for every T € K(Y,P). From [8, Proposition 1.65] we 
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know that ‘A, SA if and only if the sequence (A,) is bounded and || Pg(A, — A)|| — O and 
|(An — A) P|] > 0 as n > oo for every k EN. 

Let Ko(Y, P) denote the set of all operators T € L(Y) which are induced by a matrix [m;;] 
that has only finitely many non-zero entries. Clearly, Kg(Y, P) is a dense subset of K (Y, P) since 
||T — PnT Py|| > 0 asn— o for all T € K(Y,P). The set K (Y, P) is a closed two-sided ideal 
in the Banach algebra BDO(Y). We say that an operator A € BDO(Y) is invertible at infinity 
if its coset A + K(Y, P) is invertible in the factor algebra BDO(Y)/K (Y, P). The property of 
invertibility at infinity is of interest for different reasons. On the one hand, it is sufficiently close 
to Fredholmness to be useful for the study of Fredholmness. On the other hand it is relevant to 
determining stability of approximation methods in numerical analysis. 

For the study of invertibility at infinity, we introduce so-called limit operators. To do this, let 
V; € L(Y) denote the operator of shift by k € Z acting by (Vix) (i) = x(@i — k) for every x € Y 
and i € Z. Given A € L(Y), we say that B € L(Y) is a limit operator of A if there exists a 
sequence h = (h(n))nen C Z with |h(n)| > oo and 


P 
V_n~nyAViiny > B 


as n — ov. In this case we also write Ay for B. The set of limit operators Ay, of A with respect 
to all sequences h going to +00 is denoted by oy? (A), respectively. We also put 09P(A) := 
o$?(A) Uo2?(A) and call it the operator spectrum of A. An operator A € L(Y) is called rich if 
every sequence h of integers going to infinity has a subsequence g such that the limit operator Ag 


exists. Here is the statement that connects invertibility at infinity with the study of limit operators. 


Proposition 2.1. (See [8, Theorem 1].) A rich operator A € BDO(Y~) with a preadjoint (mean- 
ing that A is the adjoint of another operator that acts on a predual space of Y°) is invertible at 
infinity if and only if the following conditions hold: 


(C1) All limit operators of A are injective. 
(C2) All limit operators of A are surjective. 
(C3) The inverses of the limit operators of A are uniformly bounded. 


Remark 2.2. It is well known that, for A € L(X) with a Banach space X in the case that X is the 
dual of another space Z, the statements 


(i) A is the adjoint of an operator B € L(Z); 
(ii) the adjoint A* maps Z, understood as a subspace of its second dual Z** = X™, into itself; 
(iii) A is continuous in the weak* topology on X 


are equivalent. 


The statement of Proposition 2.1 also holds with Y° replaced by Y? for p € [1, 00) in 
which case the condition about the existence of a preadjoint is even unnecessary. We will how- 
ever focus on the case when p = oo because then it is possible to slim the set of conditions 
{(C1), (C2), C(3)} down quite considerably. More precisely, in Theorem 2 of [8] it was shown 
that (C3) always follows from (C1) + (C2), which is why we can delete (C3) in the formula- 
tion of Proposition 2.1. The purpose of this paper is to show that, for a large class of operators 
A € BDO(Y~), already condition (C2), and hence (C3), follows from (C1). For such operators, 
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even both conditions (C2) and (C3) can be removed in Proposition 2.1. The remaining condition, 
(C1), is often [4,5,18,19] referred to as Favard’s condition after Jean Aimé Favard’s work [3]. 


Definition 2.3. We say that an operator A € L(Y) is subject to Favard’s condition, (FC), if 
every limit operator of A is injective on Y°. 


2.3. Collective compactness 


A family of bounded linear operators on a Banach space Z is called collectively compact 
if, for any sequences (K,) C K and (z,) € Z with ||z,|| < 1, there is always a subsequence of 
(KyZn) that converges in the norm of Z. It is immediate that every collectively compact family 
K is bounded and that all of its members are compact operators. 


Definition 2.4. For A € BDO(Y), let M(A) C L(U) refer to the set of all matrix entries (1) 
of [A]. Now let UM(Y) denote the set of all K € BDO(Y) for which M(K) is collectively 
compact in L(U). Moreover, by UM¢(Y) denote the set of all rich operators K « UM(Y) and put 


1+ UMg(Y) := {I+ K: K €UMg(Y)}. 


Remark 2.5. (a) Rabinovich and Roch study Fredholmness and the Fredholm index for operators 
in the class J +c in [13], where od denotes the set of all rich band-dominated operators (on E = 
£?(Z, U) with a complex Banach space U) which are induced by infinite matrices with compact 
entries in L(U). This is clearly a superclass, precisely: a proper superclass iff dim U = oo, of 
I+ UMs3(Y). 

(b) It should be mentioned that, if A € J + UM(Y), the invertibility at infinity of A implies 
its Fredholmness [8, Proposition 2.15]. Together with Proposition 2.1 and the main result of our 
paper, Theorem 3.1, this shows that, for A € J + UM s(Y°), the Favard condition (FC) implies 
Fredholmness of A. 


Lemma 2.6. /f U is a finite-dimensional space then 
I+ UMs3g(Y) = UMs(Y) = UM(Y) = BDO(Y). 
Proof. Let U be finite-dimensional. From Corollary 3.24 in [8] we know that then every band- 
dominated operator is rich. Since L(U) is finite-dimensional and M(K) C L(U) is bounded for 
every K € BDO(Y), we get that M(K) is collectively compact, ie. K € UM(Y). O 
We now present our main tool from the collectively compact operator theory developed in §4 
of [2]. Precisely, we give an adapted version of Proposition 5.17 in [1] that is a bit weaker but 


still sufficient for our purposes here. 


Proposition 2.7. Let T € BDO(Y™) and take a sequence T, € BDO(Y™), n € N, such that 


(a) TT: 
(b) T,, injective => T,, surjective, for eachn € N; 
(c) UP, M(t — 1) is collectively compact; 
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(d) there exists a set BC L(Y), such that, for every sequence (k(m)) C Z and increasing 
sequence (n(m)) CN, there exist subsequences, denoted again by (k(m)) and (n(m)), and 
S € B such that 


V_xom) Tam) Vines E€B asm>o; 
(e) every S € B is injective. 
Then T is invertible and, for some no € N, Ty is invertible for all n > no, and 


|7- < sup tp" <00. 
n >No 


3. Main result 


Theorem 3.1. /f (FC) holds for A € I + UMs(Y°) then all limit operators of A are invertible 
on Y~ and their inverses are uniformly bounded. 


The rest of this section is devoted to the proof of Theorem 3.1. Since we know from 
[8, Theorem 2] that condition (C3) of Proposition 2.1 follows from (C1) and (C2), it remains 
to show that (C2) follows from (C1) alias (FC) if A € J + UMg(Y°). We break the proof of this 
fact down into the following three propositions. But first we need two lemmas. 


Lemma 3.2. (See [8, Proposition 3.104].) If A € L(Y) is rich then a (A) is sequentially com- 
pact with respect to P-convergence. 


Lemma 3.3. Let A € L(Y) and B be an arbitrary limit operator of A. 


(a) IfBe oP (A) then o°?(B) C oy? (A), for cat and o°?, respectively. 
(b) If A is rich then B is rich. 
(c) If A€ UM(Y) then B € UM(Y). 


Proof. (a) This is Corollary 3.97 of [8]. 
(b) Let A € L(Y) be rich and B € 0 °?(A). From Lemma 3.3(a) and [8, Proposition 3.94] 
we know that {V_,BV,: k € Z} Ca°?(A). By Lemma 3.2, we get that {V_;, BV,} is relatively 
P-sequentially compact. Together with [8, Proposition 3.102] this shows that B is rich. 
(c) By the definition of a limit operator, the set M(B) is contained in the closure of M(A). 
Consequently, M(B) is collectively compact if M(A) is collectively compact. 


Proposition 3.4. Let A ¢ I + UMs(Y%) and B € o3?(A). If (FC) holds for A and if B has 
one surjective limit operator, C € o4P(B) (with the same choice of + or — as for B), then B is 
surjective itself. 


Proof. Suppose, without loss of generality, that B € a (A). Then B = A; for some sequence h 
of integers h(1), h(2),... > +-oo. By our assumption, there exists a surjective C € oS? (B). By 
Lemma 3.3(a), we have that C = Aj, with some integer sequence hd), h(2), ...—> +00, and by 
Lemma 3.3(b) and (c) we know that C € J + UMs(Y°%). 


S.N. Chandler-Wilde, M. Lindner / Journal of Functional Analysis 254 (2008) 1146-1159 1153 


By passing to subsequences, if necessary, we can always arrange that h(n—1) <h(n) <h(n) 
for all n > 2, with h(n) = h(n) > +00 and h(n) — h(a 1) — +00 as n > ov. Now, for every 
néN, define g+(n) := h(n) — h(n) > 0 and g_(n) :=hA(n — 1) — h(n) <0, and put 


An = Ve_(n)OCV_g_(n) + Vein) PCV —g y(n) + V-na) Piia—1) os hiny—1) 4 Van): 


Our plan is now to check the conditions (a)-(e) of Proposition 2.7 with B = Aj, in place of T 
and with 6 = 0°?(A), in order to conclude that B is surjective. 


(a) It is easy to see that ASA; = B since VeKerAViens 5 Ais 

(b) Since C is invertible it is Fredholm of index zero. So also Dj := PCP + QCQ= 
C — PCQ — QCP is Fredholm of index zero since PCQ and QCP are compact for C € 
I + UM(Y°) (note that all entries of C — J are compact operators and that C can be norm- 
approximated by band operators C’ in which case both PC’Q and QC’P have only finitely 
many non-zero entries). We claim that the same is true for Dz := Vz (ny) QCQV_¢_ (ny + 
Vo,(nyPCPV_o,(n) + Pro_(n)....,g4(n)—1j and every n €N. Indeed, since 


stoese 


ker Dy = {(..., x2, x-1,0,...,0, x0, 21, -..): (xi) € ker Dy}, 


im Dz = {(..., 2, X-1, Ye_(n)s +++» Yeu(n)—1, X05 X1,---): (41) €im D1, yj EU} 
hold with the zeros and y;’s in the positions {g_(7),..., g4+(m) — 1} of the sequence, respectively, 
we get that 
dim ker D2 = dimker D; < ~, codimim D2 = codimim D,; < oo 


and hence D2 is also Fredholm with the same index (namely zero) as D;. But this proves that 


An = D2 + Ve_)QCPV_¢ (n) + Ve, (nyPCOV_¢. ~n) 


+ Venn) Prin—t),...,hiny—1)A — D Vaca) 


is Fredholm of index zero since all of OCP, PCQ and Pitas siy soi iny—y(A — I) are compact. 
So each A, is surjective if injective. 
(c) Clearly, 


LJ Man - DE M(A-DUM(C-1 


n=1 


is collectively compact in L(U) since A — I € UM(Y°) by our premise and C — I € UM(Y®) 
by Lemma 3.3(c). 

(d) Moreover, if (k(m)) C Z is arbitrary and (n(m)) CN is increasing then, since A and C 
are rich, there exist subsequences, denoted again by (k(m)) and (n(m)), and an operator D such 
that 


P 
V_xam) Ancm) Vian) > D. 
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It is an easy exercise to check that D is either a translate of B or a limit operator of B (in 
particular it may be a translate or limit operator of C). In each of these cases D is a limit operator 
of A,andso De B. 

(e) Every D € B is injective by assumption (FC). 

We have seen that conditions (a)—(e) of Proposition 2.7 are satisfied with 6 := 0°P(A) and we 
therefore conclude that B is surjective. 


Definition 3.5. We call C € L(Y) a self-similar operator if C € 0 °P(C). 


Roughly speaking, we think of self-similar operators as containing a copy of themselves, at 
infinity. 


Remark 3.6. A concept that is related to self-similar operators is that of a recurrent operator. 
An operator C € L(Y) is called recurrent [11] if, for every limit operator D of C, it holds that 
o°?(D) =a (C). It is easy to see that, if C is recurrent, then 


(a) all limit operators of C are self-similar; 
(b) all limit operators of C are recurrent; 
(c) the local operator spectra a (C ) and o°°(C) coincide with o°(C). 


We also remark that, in the proof of the following proposition, we even show the slightly stronger 
result that every rich operator has a recurrent limit operator (namely the operator denoted by B’ 
in the proof). It is not difficult to see that an element o°?(B) of the partially ordered set (A, >) 
in the proof below is maximal iff B is recurrent. 


Proposition 3.7. Every rich operator B € L(Y) has a self-similar limit operator C. 
Proof. Let 
A:= {0(B): Be o(A)} 


which is a partially ordered set, equipped with the order ‘>.’ To be able to apply Zorn’s lemma 
to A, we have to check that its conditions are satisfied. So let B be a totally ordered subset of A, 
i.e. 


B:= {oP (B): Be o} 


for a subset 0 C 0 (A), such that for any two B,, Bz € o, we either have 0°(B,) D 0°? (Bo) 
or oP (Bo) Do °P(B)). 
On X := 0° (A) we define the following family of seminorms. Let 


Q2n—1(T) := || PnT I, Q2n(T) := ||T Pnl| 


forn = 1,2,...and every T € X, and denote the topology that is generated on X by {01, 02, ...} 
by 7. By [8, Proposition 1.65] and since ||T|| < ||A|| for every T € X, convergence in (X, 7) 
is equivalent to P-convergence on X. Also, since J is generated by a countable family of semi- 
norms, the topological space (X,7) is metrizable. Therefore, the P-sequential compactness 
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mentioned in Lemma 3.2 is in fact P-compactness, by which we mean compactness in (X, 7). 
In particular, X itself and all elements of 6 are compact sets in (X, T). 
Now put Y :=(),., °° (B). We claim that Y is nonempty. Conversely, suppose 


4= y= () o°P(B). 
Beéeo 
Then 
LJ (X\o%(B)) = X\ () oP (B)=X\D=X 
Beo Beo 
is an open cover of X. Since X is compact, there is a finite subset {B,,..., B,} of o such that 


X= | J(X\o%(B)) =X\ (oP (Bi) 


i=l i=l 


so that ();'_, 0°°(B;) = 9. But that is impossible since {0°°(B,),...,0°°(By)} is a finite sub- 
chain of B consisting of nonempty sets that contain one another. 
So X 4. Take a 


Te D=( \o%(B) Co (A). 


Beo 


From Lemma 3.3(a) we know that 0°? (B) > o°?(T) for every Beéa0.So0°(T) € Ais an upper 
bound on the chain BL. 

Now we can apply Zorn’s lemma to A and get that our partially ordered set (A, >) has 
a maximal element, say o°°(B’) with some B’ € o°?(A). Now pick any C € o°(B’). From 
Lemma 3.3(a) we get o°°(B’) > o°?(C). But the maximality of c°?(B’) means that 0°°(B’) = 
a? (C). SoC € 0 (B’) =o (C) is a self-similar limit operator of A. 


Proposition 3.8. [f C € I + UMs(Y°) is self-similar and subject to (FC) then C is surjective. 


Proof. Since C is self-similar, there is a sequence h = (h(n))yez with |h(n)| > co and 


V_ananyC Vii oC as n —> oo. Suppose, for simplicity of our notations, that h(n) — +oo and 
h(n) > 0 for all n € N. (The argument is completely analogous if h(n) — —oo, where we can 
suppose that h(n) < 0 for alln € N.) 

For every n €N, define C, € BDO(Y™) by 


(Cpu) (i) = (CV_-anmu(B), i=ah(n)+B, aeZ, Be {0,...,h()—1}, 


so that C, commutes with Vain). 

We claim that this construction is such that Proposition 2.7 applies to C (in place of T) with 
B= 0° (C) and therefore proves that C is surjective. So it remains to check that conditions 
(a)—-(e) of Proposition 2.7 are satisfied. 
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(a) It holds that Cy C. This can be seen as follows. Fix an arbitrary m € N. For every 
DeéL(Y*), it is a simple consequence of the definition of the norm in Y° that 


eas 


Therefore, for every n €N, it holds that || Pn (C — Cy)|| = supjez y (m,n, 7) with 


, teZ. 


v(m, n, i) = || Pinqy,....¢+Dh@)—1) Pm (C — VinnyC Vinny) 


But then it is clear that || Pn(C — Cy)|| > 0 as n > o since y(m,n, 0) = 0, 


y(m,n, —1) = || Pem,....-1,(C — V-ninyC Vain)) || > 0 asin > co 


and y(m,n,i) =0 for alli € Z \ {0, —1} as soon as |h(n)| > m. 
Analogously, for every n € N, we have ||(C — Cy) Pm|| = sup;e7 6(m, n, 7) with 


d(m,n,i) = | Ptin(n),....+)h(n)—1}(C — VininyC V-inn)) Pin |], 1 € Z. 


To see that sup;-7,6(m,n,i) > 0 as n — ov, note that (m,n, 0) =0, 


(m,n, —1) = | Pay... -1)(C — V-nyC Van) Pm|| > 0 asin co 


jeiee'y 


and, for all i € Z \ {0, —1}, 


5(m,n,i) = || Puinin),....¢-4nny—1) (C — Vinny V-ininy) Pm | 


ala 


< 2sup || PrC Ps|| > 0 
S,T 


as n — oo by [8, Theorem 1.42] and C € BDO(Y®), where the supremum in the last expression 
is taken over all sets $, 7 C Z with dist($, T) > h(n) — m. 

(b) By Lemma 6.7 in [1] and C,, Vain) = Vain)Cn we get that C;, is surjective if injective. 

(c) Clearly, 


LJ Mica -D EMC -1) 


n=1 


is collectively compact in L(U) since C — I €e UM(Y®). 
(d) Let (k(m)) C Z be arbitrary and (m(n)) C N be monotonically increasing. Write each 
k(m) as a(m)h(n(m)) + B(m) with a(m) € Z and B(m) € {0,..., h(n(m)) — 1}. Then 


‘ (m) (m) 
Din = V—kan)Cnim) Vian) = V—pim) Venom) 20") Vinen(onyy VBOn) 
= V_gom) Canim) Vpn) 
holds for each m EN. If (8(m))men has a bounded subsequence, then it even has a con- 


stant subsequence, of value y € Z say, and the corresponding subsequence of (D,,) converges 
to V_,CV,. Being a translate of C € o°?(C) = B, this operator is also in o°?°(C) = B. If 
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(6(m))men goes to infinity, then, since C is rich, it has a subsequence for which the corre- 
sponding subsequence of (D,,) is P-convergent to a limit operator of C, clearly also being an 
element of B. 

(e) All operators in B = 0°?(C) are injective by our assumption that (FC) holds for C. 


4. The essential spectrum of operators in the Wiener algebra 


Our main result from Section 3 is only valid in Y°°. By this we mean that there are examples 
of band-dominated operators all limit operators of which are injective on Y? without all of them 
being surjective. But in this section we study a class of operators, the so-called Wiener algebra, 
which are bounded on all spaces Y? with p € [1, co] and for which it is possible to profit from 
our Y® results in the general Y” setting. 

Let p € [1, co] and recall that an operator A € L(Y) is called a band operator if it is induced 
by a banded matrix M. From the boundedness of A we get that every diagonal d, of M is a 
bounded sequence of elements in L(U). We then put 


+00 +00 
Allw:= >> Iidelloo = D> sup llaj+e lle 
k=—0o k=—00 JE 


and denote by W the closure of BO(Y) in the norm ||.||yy. The set W, equipped with the norm 
l|.[|;4y, turns out to be a Banach algebra and is called the Wiener algebra. 

It is easy to see that || All zy) < || Ally for all band operators A, so that the closure of BO(Y) in 
the ||.||;,7 norm, i.e. WV, is contained in the closure of BO(Y) in the operator norm, i.e. BDO(Y). 
Not only are operators A € W bounded and band-dominated on all Y?, p € [1, oo], simulta- 
neously, one can also show that if A is invertible on one of the spaces Y, its inverse A~! is 
automatically in W again and therefore acts as the inverse of A on all spaces Y. Another im- 
portant result is that all limit operators of A € W, with respect to any of the spaces Y, are also 
contained in W so that o°P(A) is contained in W and does not depend on the space Y under 
consideration. 

The following two results follow immediately from Corollaries 6.43 and 6.44 in [1] and our 
Theorem 3.1. For illustrations of these results in the particular case of a discrete Schrodinger 
operator and for a class of integral operators on the axis, see the final two chapters of [1]. 


Proposition 4.1. Suppose A € I + UM¢(Y) is in the Wiener algebra W and A, if considered 
on Y%, has a preadjoint (acting on a predual space of Y°°). Then the following statements are 
equivalent: 


(FC) All limit operators of A are injective on Y™. 
(i) All limit operators of A are invertible on one of the spaces Y. 
(ii) All limit operators of A are invertible on all the spaces Y and 
sup sup | Bo oO. 


1 
< 
pe[l,co] Beo?(A) Iho) 


(iii) A is invertible at infinity on one of the spaces Y. 
(iv) A is invertible at infinity on all the spaces Y. 

(v) A is Fredholm on one of the spaces Y. 

(vi) A is Fredholm on all the spaces Y. 
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Further, on every space Y it holds that 


speCe.(A) = U spec(B) = U specroint(B). (3) 
Beo°P(A) Beo?(A) 


In equality (3) we denote by 
spec(B) = {A EC: AJ — B is not invertible on Y} 
the (invertibility) spectrum of B, by 
spec,..(A) = {A € C: AI — A is not Fredholm on Y} 
the essential spectrum of A, and by 
specroint(B) = {4 €C: AI — B is not injective on Y*} 
the point spectrum of B on Y°. 


Remark 4.2. (a) In [13], the Fredholm index of A (see our Remark 2.5(a) for the class of opera- 
tors studied in [13]) is shown to be subject to 


ind A = ind(P Bs P + Q) + ind(QB_Q + P) (4) 


for an arbitrary choice of operators B+ € GLA); respectively. The arguments there are made 
for operators on £?(Z, U) with p € (1, oo) but inspection of the proofs shows that the result 
carries over to p € [1, oo]. The other condition in [13] is that the Banach space U has to have 
what Rabinovich and Roch call the symmetric approximation property (sap). This means that 
there is a sequence IT, I7z, ... of finite rank projections on U such that IT, — I and IT; > I* 
pointwise on U and its dual space U*, respectively. Note that [13] extends results, in particular 
formula (4), from [14,17], where band-dominated operators on £? (Z, C) are studied with p = 2 
and p € (1, 00), respectively. 

(b) In [9], Fredholmness and index of operators on €? (ZN , U) are studied for (almost) arbi- 
trary Banach spaces U and arbitrary operators A € W. In particular, it is shown that if A € W is 
Fredholm on one of the spaces ¢? (ZU) with p €[1, co], then it is Fredholm on all of these 
spaces and its index does not depend on p. The key observation here is that A has a Fredholm 
regularizer in the Wiener algebra that acts as its regularizer on all spaces ¢?(Z, U). 


In the particularly simple case of a finite-dimensional space U we know, by Lemma 2.6, that 
I+ UMs(Y) NW =W and that the predual of Y° = £°(Z, U) exists and is isomorphic to 
¢'(Z, U*) and the preadjoint operator of A € L(Y) always exists and is induced by [aj] on 
e!(Z, U*). Consequently, the conditions of Proposition 4.1 simplify, and we can even make a 
statement on the Fredholm index. 


Corollary 4.3. Suppose A € W and U is finite-dimensional. Then statements (FC) and (i)-(vi) 
of Proposition 4.1 are all equivalent. Moreover, if A is subject to all these equivalent statements 
then the Fredholm index of A is the same on each space Y and is given by (4). Further, on every 
space Y, (3) holds. 
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